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Abstract: One of the most harmful and widespread sexually transmitted diseases is syphilis. This
infection is caused by the Treponema Palladum bacterium that spreads through sexual intercourse
and is projected to affect 12 million people annually worldwide. In order to thoroughly examine
the complex and all-encompassing dynamics of syphilis infection. In this article, we constructed
the dynamics of syphilis using the fractional derivative of the Atangana-Baleanu for more accurate
outcomes. The basic theory of non-integer derivative is illustrated for the examination of the
recommended model. We determined the steady-states of the system and calculated the R, for the
intended fractional model with the help of the next-generation method. The infection-free steady-
state of the system is locally stable if Ry < 1 through jacobian matrix method. The existence and
uniqueness of the fractional order system are investigate by applying the fixed-point theory. The
iterative solution of our model with fractional order was then carried out by utilising a newly generated
numerical approach. Finally, numerical results are computed for various values of the factor @ and
other parameters of the system. The solution pathways and chaotic phenomena of the system are
highlighted. Our findings show that fractional order derivatives provide more precise and realistic
information regarding the dynamics of syphilis infection.
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1. Introduction

Treponema pallidum is a spirochete that has a morphology for different body organs and tissues,
causes the infectious illness named as syphilis infection, which has complicated clinical
symptoms [1-3]. Syphilis is one of the most contagious illnesses that is frequently spread through
sexual contact [4]. There are two basic ideas that are most popular, however the exact cause of
syphilis is uncertain. One hypothesis argues that the illness originated in America and was brought to
Europe after Columbus exploration in 1492. One more contends that syphilis was widespread in
central Africa before Columbus expedition and spread to Europe [5]. In a secluded Guyanan
community, researchers have uncovered a DNA-related strain of 7. pallidum, that causes an illness
that resembles both syphilis and yaws. This creature may have served as the ancestor from whom 7.
pallidum originated many millions of years ago, according to certain theories [6]. Extragenital
inoculations are conceivable but are less prevalent because most syphilis transmission occurs when
infected individuals share sex toys or engage in sexual activity without using condoms [7]. The
Syphilis illness has three major stages: the primary, secondary, and latent. The primary stage
symptom may manifest as a singular, painless chancre at the infection area. Without treatment, this
illness advances to the secondary stage with indications resembling lymphnodes, skin rashes, and
muscous membrane lesions [8]. The signs of the infection are more visible at this stage. The disease
progresses to a latent phase if untreated along with secondary stage symptoms and has the potential to
be fatal or harmful to internal organs [8]. It has been challenging to eradicate this disease entirely
regardless the discovery of penicillin in the middle of the 20" century. It continues to be a significant
concern among human illnesses, and its frequency is rising quickly in many regions of the
globe [9-11].

In order to fully comprehend the dynamics of infectious diseases, epidemiological models are
crucial to create efficient control measures [12, 13]. To be more precise, study of these models
forecasts important variables that are crucial to the transmission and treatment of the
infection [14, 15]. An equation to forecast a disease was one of the early successes of mathematical
epidemiology. In order to determine variables for diverse contagious illnesses and utilise those
variables to examine the impacts of potential therapies, mathematical models make use of several
fundamental mathematical assumptions and principles [16—18]. These models have been constructed
in large numbers to analyze the mechanics of the propagation of syphilis infection. In [19,20], the
authors structured the propagation of the infection with the effect of treatment. Various categories
were created throughout the population based on factors including age, sexual intercourse, and
gender [21], but the latter stages of syphilis were integrated. Milner and Zhao [22], offered an ODE
model based on partial immunization and vaccination (presuming a 30 effective vaccine is made) in
more recent study, and they demonstrated that there exists backward bifurcation for specific input
variables. Mostly of the researchers illustrated the dynamics of this infection through integer
derivative, therefore non-integer framework is a best option to demonstrate the dynamics of syphilis
infection.

Fractional-calculus has been quite popular in recent years due to its wide range of applications in
different research areas [23—-25]. It has the capability to consider the memory impact [26,27], which
occurs frequently in biological models. In recent years, a novel FO derivative has been developed
in [28,29]. These novel concepts have been successfully applied to simulating real-world issues in
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several disciplines, such as physics, engineering, biology and several other areas [30-32]. A single
kernel fractional derivative was initially proposed by Riemann and Louiville. In [28], Caputo and
Fabrizio offered a fresh definition of fractional derivative without single kernel that many scholars
found to be accurate and useful. A Few years ago, Atangana and Baleanu developed a fractional
operator in the Caputo sense based on the generalised Mittag-Leffler function with non-singular and
non-local kernel named as ABC derivative [33]. In the sense of CF and ABC, numerous non-integer
order models have been constructed [34-37]. To be more specific, the dynamics of biological
processes are more accurately explored through non-integer derivative . The authors in [37, 38],
numerically illustrated the fractional dynamics of HIV infection while the numerical examination of
bovine babesiosis infection has been presented in [39]. These findings made fractional-calculus more
attractive for the researchers and scientists. Therefore, the dynamics of syphilis infection is structured
in fractional framework for more precise findings. The main objective of this work is to formulate the
intricate transmission of syphilis infection between men and women with primary and secondary
infections to obtain more realistic results. The effect of the antibiotic on the transmission route of
syphilis infection will also be a part of this study.

A brief introduction to the infectious syphilis model is described in Section 1, along with basic
definitions and terminologies related to the FO derivative are involved. The formation of syphilis
model is presented in Section 2. In Section 3, we examine the model of infectious syphilis while
also looking at equilibrium points and the basic reproduction number Ry. In Section 4, the fixed-
point theorem is utilized to demonstrate the existence and uniqueness of the solution to the specified
FO derivative model of Syphilis. In Section 5, we presented a numerical scheme for the solution of
our model while the model syphilis infection is illustrated numerically in Section 6. We finish up by
presenting the results and conclusions of our study analysis in Section 7.

Preliminaries

Here, we present a couple of mathematical theorems and definition of Caputo [40] and Atangana-
Baleanu fractional derivatives [33], which will be utilized in the upcoming sections.

Definition 1.1. Let g : [p,q] — R be a given function, then the derivative of Caputo for g stated
in [40] is given by

1 m m-¢—
CDY(g(a)) = Tm =) f:g (e)a— &)™ " de,
for ¢ € (m — 1, m), where m € Z.

Definition 1.2. Let g be a given function such that g € H'(p, q), ¢ > p, and ® € [0, 1], the ABC is then
described as follows

ABC 1y® _B@®) ™, _ (a-8)°
» Dggla) = 1—<Dfp g(e)Eq,[ 0 — ]d&

Definition 1.3. The 4% I} g(a) denotes the FO integral associated with the AB derivative and is defined
as

ABC 1@ _ -0 ) “ o\ 0-1
» 1a8a) = B@) gla) + —B(CD)I“((D)fp g&e)a—e)" de.

It is clear that the original function can be achieved when ® approaches zero.
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Theorem 1.1. If g is a function such that g € C|p, ql, then the following conclusion is acceptable [33]:

B(®
I, DZ @)l < 7 ( q))ug(a)n, where [|(@)l| = maxyzasqlg(@)l

Moreover, the Lipschitz condition fulfilled by ABC derivative [33] is as
1P Dg g1(a) = 5P Dgga(@)ll < Qligi(a) = g2(a)ll.
Theorem 1.2. [33]. The FO differential equation of the following form has one and only one solution
27Dy g(a) = X(a),

given by
1- ® ¢ o
gla) = —B((D) K@+ 5o f,, X(e)(a - £)*de.

2. Evaluation of fractional dynamics

In formulation of the model, the humans strength N(¢) is categorized into the following inclusive
compartments: susceptible men §,,(f), susceptible women S ,,(#), men with primary infection /,,,(t),
women with primary infection /,,,(f), men with secondary infection 1,,,(f), women with secondary
infection /,,,(¢), men with latent infection L, (), women with latent infection L, (7), recovered men
R,,(?), and recovered women R,,(¢). Then, we have

N@) = Su(®) +Sw(0) + Lyp(0) + Lp(®) + Ls () + Los(t) + Ly (1) + Ly(0) + Ry(2) + R,,(0).

The recruitment rate to S, 1s indicated by m,, at time t. The population has grown due to the rate ¢,, of
males who survived syphilis illness after losing their natural resistance. The number of vulnerable men
decreases due to the growth of newly infected men with syphilis who proceed to the men with primary
stage by awme n» Where ¢ denote the average number of sexual partners per hour and «,, stands
for the possibility that syphilis illness will be transmitted by a woman. The number of vulnerable males
decreases at a proportion of u due to the natural causes of mortality. Thus the equation seems to be

ds (I »+ Lo+ Ly
a | —m—

_:nm"“mem_ N

7 )Sm—,uSm.

The recruitment rate to S ,, is indicated by r,, at time t. Syphilis illness recovery and subsequent immune
system degradation also lead to an increase in vulnerable women at rate ¢,,. The population will be
diminished by becoming affected with syphilis illness at the amount a,,, i (W) S, and migrating
to women who are already afflicted with the disease, where «@,, is the likelihood that these males will
transmit the disease to women. Deaths brought on by natural causes lower the population at a rate of

u. Therefore

ds.,, (Im,, + 1, + L,
a| ——————

2, R, — S\ = 1S
s T O

Because of the spread of newly infectious syphilis people from the susceptible man at the amount
aww( “"+I“°+L )S m» the number of men with primary stage 1,,,(f) grows and is lowered as a result of a
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rate y,, migration of males with later stage syphilis /,,;. Natural mortality is indicated by i and the use
of antibiotics in therapy at rate &, substantially reduces this population, resulting in

dlyp L, + 1+ L,
dt " N

)Sm - )’mlmp - /Jlmp - é:mllmp*

The incidence rate from susceptible class of women is @,y (%) S,, which moves to 1,,,(r) and
is decreased when syphilis progresses to the secondary stage in infected women (l,,,) at rate y,,. The
population is declining because of natural mortality at rate 4 and the use of antibiotic at the rate p,,,.
Thus

dl,, 3 Ly, + 1,5 + Ly,
dt " ( N

The transition of men from the class (1,,,) to the class (I,,,) occurs at rate y,, causes a rise in the amount
of infected men /,,,(#). Males with secondary stage of the infection (/,,;) proceed at a rate 3,, to men
with latent stage syphilis (L,,), which results in a reduction in the population. Natural death rate is
indicated by p and &,, is the rate of antibiotics which move from the current class to the next class.
The equation is given by

)SW - 7w1wp _/lep _pwllwp-

dl,
dt
The transition of women from the class /,,, to the class (/) occurs at the rate y,, causes a rise in the
amount of infected women 1,,4(f). Women with secondary stage syphilis (/,,;) proceed at a rate 3,, to
women with latent stage syphilis (L,,), which results in a reduction in the population. By dying from
a natural cause at the rate u and through the use of antibiotics at rate p,,,, the population is further
diminished and the equation becomes

dl,,
dt

The population of men transfer from /,,, at rate 3,, to the class (L,,) while the reduction of natural death
at rate u decreases them. The addition of therapy (antibiotics) at the rate &,,, progressively reduces this
population, resulting in the equation being as follows

dL,,

S I =L,y — &y Ly,

The population women moves from the class (Z,,) at rate §,, to the class (L,,) while the reduction of
natural death at rate u decreases them. The addition of therapy (antibiotics) at the rate p,,, progressively
reduces this population, resulting in the equation being as follows

de—,BI L L
dt — Mwlws /J w PW3 we

= ymImp _ﬁmlms - fmzlms - #Ims

= )/wlwp _ﬁwlws _pwzlws - IUst-

The advancement of cured men from primary, secondary, and latent phases of syphilis (1, s, L)
respectively, at rates &,,, &n,, and &,,, which are the recovery rates of syphilis illness in the men
community, results in an increase in R,,(f). This population is diminished by natural mortality at a rate
of p and by loss of immunity brought on by medication and migration of such persons to the vulnerable
man population at a rate of ¢,,, resulting in

dR,,
7 = é:m]Imp + fmzlms + §m3Lm - /JRm - (mem
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The advancement of cured women from primary, secondary, and latent phases of syphilis (/,,,, L5, L)
respectively, at rates p,,,, pw, , and p,,,, which are the recovery rates of syphilis illness in the women
community, results in an increase in R,,(¢). This population is diminished by natural mortality at a rate
of u and by loss of immunity brought on by medication and migration of such people to the vulnerable
women population at a rate of ¢, resulting in

dR,,
dr

Since there are three stages of infection, so the syphilis model it described in detail as follows:

= PwiLwp + Py Lws + Pws Ly — URy, — @R,

= T+ QuRiy a’w'ﬁ(%)sm = US s
e T ) Ay
% - ')’m mp ﬁm ms gmzlms _:ulms’

dstm _18"1 ms IULm fm3Lm,

dRy _

a - fmllmp + 'fmzlms + ‘fmng - /lRm - ‘mema (2 1)
das,, Lp+Ims+Li .
= T+ QuRy — ()8 — S,

dly,) Im3+L,,,

d}"_’: = (et Lnpt )S ¢ = Ywlwp — tthp — Py Lps
dT‘;X - 7‘4’ wp IBW ws pwzlws /’lIWS9

dzw _ﬁw ws w ,0W3LW,

dtv = pWIIWP + pwzlws +pW3LW - /JRW — ()Owa,

subject to the initial conditions:

S(0) = S,,00) >0, 1,,,(0) = Lypo 2 0,

1,5(0) = 1,,50(0) > 0, L,,(0) = L,0(0) 2 0, 2.2)
S,,(0) =5,00) >0, L,,(0) =1,,0 >0, ’
1,5(0) = L,,50(0) = 0, L,,(0) = L,,0(0) = 0.

To obtain the dynamical behaviors of the overall population of system (2.1), the related subcategories

are combined, which results in

dN

a =y +m, — uN.
It is well-known that the results of fractional-calculus are more precise and accurate. Fractional systems
possess hereditary property and can capture the nonlocal behavior of biological systems. Therefore,

we represent our system through ABC derivative as

gBCDfDSm — 7Tm + QDm " a,ww( wp+[wv+Lw )Sm _ MSm,
éBcD?l - w'vl’( W+IWA+LW )S ymlmp /llmp - é‘:m|lmp’
éBCD?I 7m mp ﬁm ms é:mzlms - /Jlms’
éBCD?Lm ﬁm ms m §m3Lm’
éBcD?Rm = ‘fmllmp + é:mzlms + §m3 ,URm - (mema
éBCD;DS =y + ‘PW w a’m‘/’( mp+l’m+Lm )S IUSW,

m7 Im_s Lm
QBCD?I = o (——F— o IS w 7’w wp = MLywp = P, Lops
éBcD?st 7w wp ﬁw ws pwzlws /llws’
éBCD;DL ,Bw ws /le pW3Lw’
SBCD?R Pw1] + pwzlws + pw;Lw - MRW - ()Dwa-

(2.3)
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The fractional derivative {*D}” utilised in the recommended system (2.3) has often been referred to as

Atangana-Baleanu derivative in the Caputo interpretation.
3. Investigation of the dynamics

In this section of the paper, we will analyze the recommended fractional model of the infection.
The stead-states, basic reproduction number, stability of steady-states will be investigated.

3.1. Steady-states

To determine the steady-states of (2.3), we set all the fractional derivatives to zero as

0 = 7w + @R — Y (=—— W”+IW°+LW )Sm = 1S ms

0= a’ww( W+IM+LH )Sm ymlmp /JImp - fmllmp,

O 7m mp Bm ms é:mzlms _,uIm.Y,

0= Bm ms m é‘:m3Lm7

0 = gmllmp + é:mzlms + fmem - /JRm - ()OmRm, (3 1)

0=, + @R, — aup(letntlnyg S '
w ‘;Dw+lw L m N w — MO w,

0= @mlﬁ( gt )SW - ywlwp - ,ulwp - pwllwp,

0 ’YW wp ﬁw ws pwzlws _ﬂlws’

0= ﬁw ws ,ULw pW3Lw,

0 = oy, Lup + P Lvws + Py L — UR,, — @R,

The meaningful steady-states of the system (2.3) are infection-free and endemic steady-state. We
calculated and assessed the Jacobian of system (2.3) at infection-free steady-state for the stability
analysis of the system. The indicators of the Jacobian’s eigenvalues are used to evaluate the local
stability of E,. For infection-free steady-state, we take the first equation of system (3.1) without
infection as

0=rmm~+ ¢,0 —a, ¥ (0)S,, — uS .,

TTm

which implies that S% = et Similarly, from the sixth equation of (3.1), we have
0=m,+ (pwo - aml/’(O)Sw - IUSW’

TTw

which implies that S ?v = Thus, the infection-free steady-state is

(5010 L0 R SO [0 LORO) (Fooooﬂoooo) (3.2)

mp?® -ms> —m?~"m? w2 Twpd Tws?

Let us assume that endemic steady-state is indicated by
(S L3 I** I** L** R** S** I** I** L** R**)

m>tmp> “ms> ~m > w o fwps Tws?

of the recommended fractional system of the infection. Let

_ mp
m = N** > Two T N**

any(y + 1+ L) o (L, + 10+ L)
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indicate the force of infection, and let

=S, +Imp+ImS+Lm +R, +S, +pr+lws+Lw +R, .

Then the above system (3.1) become as

0=rmn+ @R, —a Wyl S, —usS,,
0 = awA,S, = VYmlyy = 1Ly = Em 1,
0= YmI;;:, _ﬁml** Emy Ly — My

0 'fmll** + 'fmz]** + fmzL?* — R, — ouR,;

0O=m, + tpr** ;S —uSyy
0= anpd;Sw — yuly, — ply, —pwlI;;,
0= Yl = IBWI::; = Py — uli,

0= Bl — Ly = pus L,

0=pw 1, +pwl +pw Ly —uR;y — @R, .

wp ws

Solving the above system (3.3) through mathematical skills, we have

S** — blbz[:u
oy (A )
I** — bZI;:,S
Ym
I = TmYmb3ba
ms blb2b3b4_(ftrz3ﬂm7m¢m+k3§m2’yml//m+‘)0m§ml h2b3) ’
sk _ PBmlg
Ly = by >
R = b10alu—ymmm
- ’
YmPm

S** — hthIW’;
W )
I** — 2]W3-
Yw
I** ﬂw7v¢h3h4
hihahsha=(puws Byt hspuy Yl +@upuy hohs )
L** _ Bwl,, m

9

9

(3.3)

(3.4)

h3

R** — (7w+,u+pw1)(ﬁ»v+p»¢'2+l‘)1;v§_7w7rwv
w

YwP2

b

where by =y, +u+ &, br=Bn+u+&n, b3 =pu+&y, s =pu+e,and hy =y, +u+p,,, hy =

Bw + Pw, + s hy = i+ Py ha = 1+ @y

3.2. Reproduction parameter

The basic reproduction number Ry is the average number of secondary illnesses brought on by one
infected individual when the entire community is vulnerable. Ry = p(FV~!) is used to represent the
epidemiological threshold for syphilis illness, where p is the predominate eigenvalue. We also utilised
the methods in [41] to obtain the basic reproduction number for system (2.3), we have

AIMS Mathematics

Ww( M,,+IWS+L )Sm
0
0

Imp+Imx+Lm
amw (T) S w

0
0

and V=

_ymlmp + (ﬁm +u+ é:mz) Ims

_7wlwp + (,Bw +u+ pwz) st

(Ym + 1+ Em) Ly

_ﬁmlms + (,Ll + éjm3) Lm
(Yw + 1+ Pw) Lp

_IBWIWS + (/1 +pW3)Lw

Volume 8, Issue 3, 6206-6232.
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Here, the transition terms are present in the matrices F' and V of the recommended model (2.3). At
syphilis-free equilibrium, the jacobian matrices of F' and V are evaluated, we obtain the following

yYm ywYm QYT

0 0 0 Am+My  Am+Ty A+,
0 0 0 0 0 0
sl 0o 0 0 0o 0o o
- Ay Ay APy 5
T+ T+ Tty 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
and
ym + /'l + 'fm1 O O O O 0
_7m ﬁm + /J + é‘:mz O 0 O 0
V= 0 —Bum M+ Emy 0 0 0
0 0 0 Y + 1+ P,y 0 0
0 0 0 —Yw By + 1+ Py, 0
0 0 0 0 _IBW M~ Pw,

Therefore, model (2.3) has the basic reproduction number Ry, given by

(3.5)

Ry = '// Ay Ay T 7Ty (ﬁmym + Ymq2 + CIZQ3) (ﬁwyw + Ywqe t QSC]6)
0 =
(T + 7)” 419203949596

where g1 = (Ym+u+E&n), 42 = B+ p+Emy)s g3 = WUHEny), g4 = Y T+ Pwy)s g5 = By + 1+ Py,
and g¢ = (u + py,). The reproduction parameter of a system is a significant value which predict about

the status of the infection.

3.3. Stability analysis

Theorem 3.1. If Ry < 1, the syphilis-free equilibrium of system (2.3) is locally asymptotically stable
otherwise it is unstable.

Proof. At syphilis-free equilibrium, the Jacobian matrix of system (2.3) is as follows

o 00 00 e 0 R D DR 0
awmm aw¥mm awYmm
0 —&2 0 0 0 0 Tm+7w T+ T+ 0
0 0 By -g. O 0O 0 0 0 0
0 ‘f m ‘fm f m —85 0 0 0 0 0
E°) = a 17r, avzn. 0,371, s

j ( ) 0 - 7rw:/f7r:, - 7rw fn:, - 7rn :b—n: 0 —86 0 0 0 Pw
0 e e w00 -g 0 0 0
0 0 0 0 Vi —gs 0 0
0 0 0 0 0 0 0 B -89 0

0 0 0 0 0 0 P, Pw, Pws =810

where

AIMS Mathematics Volume 8, Issue 3, 6206-6232.
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g1 =M, §2 = ('ym+,u+§m1), 83 = (ﬁm+,u+§m2)a 84 = (ﬂ+§m3)a 85 = (/'l+‘10m)a
8 =M, &7 =Y+ +py) 8= Yw+u+py), & =+ py),and g = (u+¢,).

Here, J(E®) implies that 4, = —u < 0, 4 = —(u+ @) <0, A3 = —u < 0,and A4 = —(u + ¢,) <0,
and also give the following

g 0 O QyYTm yPtm XYTtm
—82

Am+Tyw  Am+Ty A+,

Ym —&3 0 0 0 0

0 ﬁm —84 0 0 0
aml//ﬂw a’m‘/’”w le//ﬂ'w _ O O * (3'6)

TTm+7Ty T +7Ty T +7Ty g7

0 0 0 Yw —8& 0
0 0 0 0 IBW —89

The following is a definition of the characteristic equation for (3.6) is given by
A%+ BiA° + ByA* + B3A* + ByA* + BsAd + Bg = 0, (3.7)
where the coeflicients of (3.7) are given as

By =(g+8+8+8 +8+&9),
By =g9(g2+83+gat g7+8s8) +83(g2+83) +8283+87(82+ 83+ 84)+8s(82+ 83 + 84 +g7)—bicy,
By =(g9(84(82+83) + 8283 +87(82+83+84) +8(82+83+84+87)+87(84(82+83) + 8283)
+83(84 (82 + 83) + 8283 + 87 (82+83+84))+ b1¢182 + 828384 — bict 2 + vy + ¥m) + (82+83+84)) ,
By = (c1 (Ymb182+Ymb183)+ 85 (87 (84 (82+ 83) + 8283)—¥Ymb1C1 + D1¢c182 + 828384—D1c1 (82 + &3 + 84))
— (Ymbic1 = brc1g —2) (82 + &3 + 84) Yw (br1c182 — Ymbic1 + b1c1g7)
+ 80 (g7 (84(82 + 83) + 8283) + 88 (g4 (82 + g3) —bic1 + 8283+ 87(82 + &3
+84)=Yuwbict = Ymbicy + bic1g2 + g28384—bic1 (g2+83+84))—bic1g5—bicy (84 (g2 + 83) + 8283)
+ 82838487 — Ywbic1 (82 + &3 + 84 + 87) — Bwywbic1 — BuwYmbic1),
Bs = (B, (yw (b1c182 — ymbic1+ bic1g7) + ywbicigs)
~Yw (87 (bici1g2 — Ymbic1 + bici1g7) — 1 (Ymb1&2 + Ymb183) + ¢ (Clb% + blg%)
+ BuYmbrc—1)—go (Ymbic1—b1¢182) (82 + &3 + 84)— 85 (87 (84 (82 + &3) + 8283) — Ymb1C1 + b1C1&2
+ 928384 — bic1 (82 + 83 + 84)) — €1 (Ymb182 + Yub183) = Vi (B1C182 = Yubic1 + bic1g7) + bic1g)
+ bic1(84(82 + 83) + 828—3)— 82838487 + Ywb1c—1(82 + g3 + 84 + 87) + Buymbic—1)—gs (ymb1c,
— bic182) (82 + 83 + 84) — €1 (Ymb182 + Ymb183) + b1c185 + bic1 (84(82 + 83) + 8283)—828—38—4g
+ bic182) (82 + 83 + 84) — €1 (Ymb182 + Ybi183) + bic1g3 + bici (84 (82 + &3) + 8283)—828—38—4¢7
+ BuYmbic1) + v (bic182 — Ymbic1 + bic187) (82 + g3 + 84 + 87) — ywbic1 (84 (g2 + g3)—bic1 + 8283
+ 87(82+ &3+ 84)) — Buwywbici (&2 + 83+ 84 + 87+ &s)),
Bs = (B (yw (D1¢182 — ymbic1 + Dic1g7) + ywbici18s) (82 + 83 + 84 + 87 + &s)
— 89 (yw (87 (b1¢182 — Ymbic1 + bic187) — ¢1 (Y182 + Ymb183) + ¢ (C1b% + blgﬁ) +BM7mblcl)

+ 83 ((Ymb1C1 —bic182) (g2 + &3 + 84) — €1 (Ymb182 + Yub183) + biC185
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+ bicy (84 (g2 + 83) + 8283) — 82838487 + Bun¥Ymbi1¢1) — Yw (bic182 — Ymbic1 + bic1g7) (82 + 83 + g4
+ 87) + ywbic1 (84 (g2 + 83) — bict + 8283 + 84 (82 + 83 + 84)))

= Bw (Y (87 (b1c182 — ymbi1c1 + Dic187)

— 87) + Ywbic1 (84 (82 + 83)—bi1c1 + 8283 + 84 (82 + 83 + 84)))—Bw (Yu (87 (D1c182—ymb1c1 + D1c187)
= €1 (Ymb182 + Yub181) + €1 (15} + b1g3) + Buymbic — 1) + g5 (v (b1c182 = Ymbic1 + bicigy)

+ Ywbic188)) — Buywbici (84(82 + 83) —bi1c1 + 8283+ 87 (82 + &3+ 84) + 83 (g2 + &3 + 84 + 87))) -

By utilizing the Routh-Hurwitz argument, one can determine that the above Eq (3.7) fulfills all the
conditions of Routh-Hurwitz. Hence, the infection-free steady-state of the proposed model is locally
asymptotically stable. O

4. Fractional order model solution

In this section, the solution of the recommended system (2.3) will be investigated with the help of
fixed-point theory. Through the use of fixed-point theory we had also demonstrated the existence and
uniqueness of the FO model (2.3) solution. The following form can be used to quickly describe the
system of Eq (2.3) as

{ ABCDPy(1) = X(a, y(a)), 4.1)

y(0) =yp, 0<a<A < oo.

In system (4.1), the vector function X is continuous and y(a) = (S ms Tnps Dnss Lins Ry S vos Ly Ly L, Rw)
represents the state variables as vectors, while X is defined as

X] T + (pm m a'ww( W+IM+L )Sm - ,uSm
W IWA Ll«V
XZ Ww( oo )S ’}/mlmp ,UImp - §m11mp
X3 Ym mp ﬁm ms é:mzlms - :UIms
X4 ﬁm ms m - §m3Lm
X = XS gmllmp + gmzlms + §m3 /lR - SDmRm
- X mp+ImS+Lm _
6 Ty + @uRy — @ (=—F—)Sw — S
m 1"13’ Lm
X7 A (——— At )Sw = Ywlwp — pdyp = Py Lp
§8 /}/W wp :Bw ws pwzlws :UIWS
9 :Bw ws w - pW3va
XIO pwllwp +pw2]ws + pW3Lw - ,uRw - SOWRW

and yO(a) = (S m(o)’ Imp(o)a Ims(o)’ Lm(O), Rm(o)’ S W(O), pr(o), st(o)’ LW(O)’ RW(O))’ 1s a suitable Stal“ting
condition vector for state variables. Additionally, the Lipschitz function satisfies the criterion. Also,X
is declared as

1X(a, y1(@)) = X(a, y2(a)ll < Nllyi(a) = y2(a)ll. (4.2)

Next, we assert and demonstrate the subsequent theorem regarding the existence and originality of the
solution of FO dynamical model (2.3).
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Theorem 4.1. If the following condition is met, then the given system of Eq (2.3), will have a unique
solution

(I-®) ®
ABC(®) +ABC((D)1"(Q))A’"”N <l 4-3)

Proof. The non-linear Volterra integral equation shown below is obtained by applying the Atangana-
Beleanu (AB) fractional integral shown in Definition 1.3 to system (4.1), in order to obtain the desired
result

1-0
y@a) = yo + -7—=—X(a, y(a)) + *1X(e, y(e))de. (4.4)

()]
ABC(D) ABC(D)[(D) fo (@-e)
Assume that I = (0, A), and the operator Q : C(I, R‘O) — C(I,R!%) defined by

Q@] =30+ e @3@) + gt [ a- o™ e 4.5)
Equation (4.4) can be expressed as the following
ya) =Qya)], (4.6)
II.l;, is used to indicate the supremum norm on I, which is described by
Iy(@ll; = sup lly(@ll, y(a) € C. 4.7

ael

Obviously, C(I, R'%) with norm ||.||; create a Banach space, in addition to which it is readily apparent
that

< AllL(a, allilly@llr, (4.8)

f L(a, e)y(e)de
0

with y(a) € C(I,R'), L(a, &) € C(,R) such that
IL(a, &)ll; = suPI 1L(a, &) 4.9)

We get the following by utilising the definition of Q provided in (4.6) as

-0
120y (@] - QLya@]ll; - < ‘ LsT@))(X(“’”(“” - A @O @)

X f (a - &)""'(X(&, y1(e)) — X(g, ya(e)))de R
0

(4.10)

Additionally, after simplification, we obtain the following by implementing the Lipschitz
condition (4.2) and the triangle inequality to the solution in (4.8)
(1 -®d)N N ()
ABC(®) ABC(D)I'(D)

1Qy1(@)] = Qyi@]ll; < ( max)llyl(a) ya2(a)lly. (4.11)

As a consequence, we obtain

Q1 (@] = Qi@ < Bllyi(a) = y2(a)lly, (4.12)

where
(1 -d)N O] ®

= + NA, .-
ABC(®) ABC(D)I(D)
It is obvious that 2 will be a contraction if condition (4.3) is met. This demonstrates that the fractional
order dynamical system (4.1) has a singular solution. O
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5. Numerical scheme

In this section, we emphasise the suggested model’s numerical solution (2.3). In order to
numerically solve our system with the non-singular and non-local kernel, we first design an iterative
approach. Then, simulations are run to show the suggested FO dynamical system. We use the newly
created numerical technique described in [42] to approximate the AB integral operator. We briefly
examine the aforementioned approach and apply it to our dynamical system in order to get an iterative
scheme using the newly established numerical techniques followed in [42] for the system (2.3).
System (4.1) is rewritten into the fractional integral equation form shown below using the
fundamental theorem of fractional calculus

1-o) O
ABC(@) @Y+ e B X (@) fo

@) - y(0) "X xe)a— e de. (.1

Ata=aj,,j=0,1,2,.., we have

1 -

)’(Clj+1) - y(0) m

X(aj, y(ap)+

dj+1

X(&, y(©))aji — &) dD,

ABC(®) x r(cb)fo
1 _

D
= ABC(@)X(aj,y(aj)H

(I) J i+ 1 oot
ABC@) X T@) 2 f X(e,y(@))asn — )7 dD. (5:2)

The function X(e,y(g)) can be estimated over the interval [a,,a,.;], we apply the interpolation
polynomial

X(e.)(e) = X—(“K’}ly G (4 g, ) - X—“K‘“g(““‘”) (a-a,), (5.3)
substituting in (5.2) we get
Yaj) = yO)+ ABC((I)) Aap @)+ @) < T(@)

Z (X("K’—y(“K))faKH(a — ac-1)(aj — )" dt

k=0

X(ak 17y(aK 1))f (a aK)(a]H _a)‘D ldl) (54)

Ay

the approximate solution after the computation of these integrals are obtained as:
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1-® o
yajn) = ﬂmﬁ*‘____x“bymﬂ)+ABC@»;;

ABC(D)
h®x o Y(ay . ) . .
(—n(g:y;—c)l (410G = k24 ®) = (=0 — 4 2+ 20)
h®X(a,_1,¥(ac 1)), . O+l i NDo:
St (VR B MR Y K+ 1+d))). (5.5)

Finally, we obtained the recurrent formulas shown below for the proposed model:

Swla) = Sular) + AZC(?D)XK aj.y(@)) + - Bg)@) 2.
(hQ)}ﬁgiyz(f D+ 10" =+ 2+ ©) = (=07~ K+ 2+ 20))
_h% (e D (4 1= 0™ = (=0 =+ 1+ D),
Lnp(aj) = Inp(ao) + %Xz(%ﬂaﬂ) + 1%@ KZ:;
(g(b}l%gkiyz(f D+ 1-0"G =kt 2+ ®) = (=07~ K+ 2+ 20))
_g‘DXZEC(’g:yZ(;’K—I)) ((G+1=0™" = (= 0°Gi =k + 1+ D)),
%@mzz%%HA%g§MMMMﬁ@%5;
(hcp}ﬁg(giyz(;l D4 1= 0"~k + 24 @) = (= 0"~ + 2+ 20)
—h®X3lEc(lg1;y2(§lk_l))((f 1™ (=0 =K+ 1+ CD))),
L@y = La(an) + 3 e (@) + o )
(gcp}ligkiyz(f D+ 10" =+ 2+ ©) = (=07~ K+ 2+ 20))
_g‘DX4;‘(’g:y2()"K-l)) ((G+1=0™" = (=0 =K+ 1+ D),
Ru(aji1) = RA%)+g%é%gX*%J“UD+AB?mn2;

(G+1 -0 —k+2+D)— (-2 -k +2+2D))

(h(DXS (ak’ y(ak))
T(® +2)
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_ hq)X5 (ClK—l 5 y(aK—l ))
I'(®+2)

G+ 1 =0 = (=0 - k+ 1+ D)),

1-® LR
Swaj1) = Sy(ap) + mxdai’y(af)) * ABC(®) ;

()]
(gXd””“”%0+1—KWQ—K+2+¢»—U—KWQ—K+2+2®»

(D +2)
g"Xs(a1, (@), . NI .
ey U 10 =GR e T )
1-® > ¢
pr(aj+1) = pr(aO) + MX7(Q[, y(a/)) + m Z
k=0
h®X;(a y(a) | . . , ,
( &$+§?»«J+1—@%]—K+2+®y—Q—KFQ—K+2+2®»
h®Xs (a1, ¥(a-1)) g .
@iy IR =0k 1+ D))
1-® o
Lys(aj) = IWS(a0)+mxg(aj’y(aj))-'_ABC((D);

D
(g XS(aK’y(aK))((j_l_1_K)®(j_K+2+(I))_(j_K)q)(j—K+2+2(D))

(@ +2)
‘fxﬁgig?”»ﬁﬂ4—«W“—U—KWQ—K+1+®M,
bl = LW(“°)+AZEZ)X““”W’”)*AB?@)ZO
w%ﬁgig?»«f+1—@WJ—K+2+®%—U—KWU—K+2+2®»
Jﬂx¥%£:§?4»«1+I—KW“—%j—@%j—K+1+®»)

_ 1-® @ !
Ry(aj1) = R,(ap) + MXIO(“P)’(“/)) + ABC(D) Kz:(;

*Xiolan (@) ,, . . . .
E &g:??”«]+1—@%]—K+2+®)—U—KWU—K+2+2®»

%X 0(ap-1, y(a-1)) ,, . D+l e D

—T@iy U190 — (=0 -k + 1+ D). (5.6)

This scheme will be utilized to illustrate the solution pathways of the recommended system. There
are numerous numerical schemes in the literature for fractional system. Here, we mainly focussed
to show the chaotic and dynamical behaviour of the system through the above technique. However,
accuracy, stability and other properties of the numerical scheme will be investigated in the future work.
In [43-45], the authors considered an epidemic model of covid-19 infection through Caputo derivative
and we considered the dynamics of syphilis infection through ABC derivative. These models are
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different, the analysis is different and the results of these models are different from each other.
6. Results and discussion

In this section, we demonstrated numerical findings obtained during different scenarios. Applying
the above recently proposed iterative approach (5.6), we will graphical represent the outcomes of the
fractional order model (2.3) of syphilis infection. The dynamical behavior and chaotic behavior will
be demonstrated numerically with the help of different input values. The parameter values are taken
from Table 1 for simulations and the state-variables are taken to be §,,(0) = 1200, Z,,,(0) = 80, 1,,,(0) =
130, L,,(0) = 100, R,,(0) = 80,5,,(0) = 1000, 1,,(0) = 100, 1,,4,(0) = 300, L,,(0) = 200 and R, (0) =
130.

Here, we perform different simulations to understand the dynamics of the recommended model of
syphilis infection. We visualized the solution pathways and chaotic behavior of the system. In the first
simulation presented in Figures 1 and 2, we assumed different values of fractional order and illustrate
the solution pathways of the proposed system. In Figure 1, we have shown the time series of infected
individuals of men and women with ® = 0.4,0.5,0.6,0.7 while the value of fractional order ® are
assumed to be 0.7,0.8,0.9, 1.0 in Figure 2. It can be seen that smaller value of ®@ reduce the infection
level in primary and secondary individuals of both the classes. Figure 2 also represents comparison of
integer and non-integer cases which shows that fractional framework is more flexible and suitable for
data fitting. We noticed that the order of the fractional operator has a positive impact on the infected
individuals of both the class and the control of fractional order can control the infection level.

In the second simulation illustrated in Figure 3, we variate the input parameter ¢ and assume it to
be 0.40,0.43,0.46 and 0.49. The rise of this parameter increase the infection level of primary infection
of men and women and is recommended to be a critical factor. This parameter is predicted to be
critical which increase the risk of syphilis in the community We noticed the effect of  on the infected
individuals of men and women in this simulation. In the third simulation presented in Figures 4—6,
we have shown the chaotic phenomena of the system with different input parameters. In Figure 4, the
chaotic phenomena is demonstrated with y,, = 0.435,v,, = 0.23 and ¥ = 0.8 while in Figure 5, we
represent the chaotic plots with y,, = 0.0435,y,, = 0.023 and ¥ = 1.0. In Figure 6, we demonstrated
the chaos of the system with the input parameter ¢, = 0.35,¢,, = 0.16 and ¥ = 1.0. It has been noticed
that the chaos of the system is closely related to the initial values of state variables and input parameters.
The chaotic phenomena bring the system to the unstable situation, therefore, further investigation is
needed to find out the most flexible values of the parameters to control the chaos of the system.
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Figure 1. Plotting the solution pathways of the recommended model (2.3) of syphilis
infection with variation of fractional order @, i.e., ® = 0.4,0.5,0.6,0.7.
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Table 1. Parameter values and description for the recommended fractional syphilis model.

Parameters Description Values Source
B Men to men transmission with secondary to latent class Various Assumed
Tm Recruitment rate for men population by susceptible individuals 0.3 [43]

Ty Recruitment rate for women population by susceptible individuals  0.45 [43]

Qy Probability of women syphilis spreading infection 0.2 [19]

Buw Woman to woman transmission with secondary to latent class Various Assumed
fo' Probability of men syphilis spreading infection 0.5 [19]

Vi Rate at which a primary infected man develops secondary syphilis  0.01 [19,44]
Vi Movement rate from women with essential syphilis 0.627 [19,44]
v Average number of partners for a woman with Various Assumed

secondary syphilis per unit of time

©Om Syphilis recovery rate in infectious men 0.1 [43]

O Syphilis recovery rate in infectious women 0.1 [43]

ém, Men with primary stage syphilis-treated rate Various Assumed
Em, Men with secondary stage syphilis-treated rate 0.1 [43]

Ems Men with latent stage syphilis-treated rate 0.2 [43]

P, Women with primary stage syphilis-treated rate Various Assumed
P, Women with secondary stage syphilis-treated rate 0.1 [43]

Pws Women with latent stage syphilis-treated rate 0.2 [43]

u Rate of natural death 548 107 [8]

7. Conclusions

In this research paper, a new approach in syphilis modeling via Atangana-Baleanu fractional
derivative is suggested to deeply explore the intricate dynamics of syphilis infection. Instead of using
the traditional order derivative, we had used fractional derivative to offer findings that were more
realistic and trustworthy. We used the next-generation method in order to obtain R, for the suggested
fractional model. We have shown that the infection-free steady-state is locally asymptotically stable if
Ro < 1 otherwise unstable. Existence and uniqueness of the fractional order system are investigated
through fixed-point theory. A novel numerical method is being employed to iteratively solve the
fractional order model. Eventually, the dynamical behaviour of the system is highlighted through the
proposed numerical method. Moreover, the contribution of input parameters in the solution pathways
of the system has been conceptualized through different scenarios. With particular input factor values,
the system’s chaotic behaviour is also demonstrated. We have shown the most significant factor of the
system and illustrated that fractional derivatives provide more precise and realistic information
regarding the dynamics of syphilis infection. In the future work, the recommended model of syphilis
infection will be validated through real data and different control measure will be introduced in the
system for the prevention of the infection.
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