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Abstract: In this paper, we consider an initial-boundary value problem for a non-linear fractional
diffusion equation on a bounded domain. The fractional derivative is defined in Caputo’s sense with
respect to the time variable and represents the case of sub-diffusion. Also, the equation involves a
second order symmetric uniformly elliptic operator with time-independent coefficients. These initial-
boundary value problems arise in applied sciences such as mathematical physics, fluid mechanics,
mathematical biology and engineering. By using eigenfunction expansions and Banach fixed point
theorem, we establish the existence, uniqueness and regularity properties of the solution of the problem.
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1. Introduction

The classical diffusion equation describes the random motion of particles suspended in a medium.
But when the particles do not obey a certain law, it may not give a correct result. Anomalous diffusion
which occurs in a very heterogeneous aquifer, is an example of this case. Here, fractional diffusion
equations can be used as an accurate model [1-3]. In recent years, these equations have been getting
more attention, since they are able to create new models for a wide range of natural processes in
physics, medicine, and so on [4].

Some of the significant works for initial-boundary value problems (IBVP) involving fractional-
order diffusion equations are as follows: Luchko [2] solved this kind of problem for the homogeneous
equation and by the same method, the inhomogeneous case was studied in [3]. As for the non-linear
equations with fractional order 0 < @ < 1 and Laplace operator, Luchko et al. [S] and Jin et al. [6, 7]
considered existence, uniqueness and regularity of the solutions. Kian and Yamamoto [8] studied a
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more general operator for 1 < @ < 2. In [4, 9], some systems involving non-linear fractional diffusion
equations were examined. In this work, we generalize these results by taking a more general elliptic
operator with 0 < a < 1.

As for the recent algorithms for the non-linear partial differential equations which include fractional
derivatives and integrals, we refer to [10-12].

2. Preliminaries

We use eigenfunction expansions in order to establish the weak solution of the problem, which
is a fundamental technique for finding solutions of IBVP for partial differential equations. In the
literature, this method was used by [1,2] for a homogeneous linear fractional diffusion equation. In [2],
since the operator in the equation is a symmetric uniformly elliptic operator with time-independent
coefficients, the problem for a fractional partial differential equation was solved by transforming into
two different problems for fractional ordinary differential equations. Their solutions were obtained by
using Laplace transform and the theory of boundary value problems for elliptic equations [13]. By
using the result of [2] in the case of inhomogeneous classical partial differential equations, Sakamoto
and Yamamoto [3] obtained the solution of the IBVP for an inhomogeneous linear fractional diffusion
equation. Then, Luchko et al. [5] and Jin et al. [7] used this idea for a non-linear fractional diffusion
equation.

In order to investigate the existence, uniqueness and regularity properties of the solution of the
problem, we use a priori estimates in L?(Q2). Sakamoto and Yamamoto [3] proved regularity of
solution of an IBVP for an inhomogeneous linear diffusion equation. For non-linear fractional diffusion
equations, Jin [7] applied a generalized method of Bielecki [14] which is widely used in the theory of
functional equations.

Letd € {1,2,3} and

0,r1), ifd=1,
Q=2 (0,r)x(0,r), ifd=2, (2.1)
0,71) % (0,r) x(0,r3), ifd=3

be a bounded domain in R¢ such that r, r,, 3 are positive real numbers. See Table 1 for the symbols
and notations used in the paper.

We consider a partial differential equation with the Caputo fractional derivative in time ¢ for 0 <
a < 1, and the fractional derivative is defined by

t
1 o-u(x, T)dT
ri-oJ ¢t-0* "~
0

8%u(x,1) = (2.2)

see [15, 16]. Let us assume that

F(x,t,u(x, 1) = glu(x, t)) + s(t)p(x), 2.3)

and g, s, p are given functions in Q X (0,7) and T > 0 is a fixed value.
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Table 1. Nomenclature.

Type Notation Description
d dimension of the space domain,
Symbol k a fixed positive number,
ri, 72,13 positive real numbers,
t the time variable,
X the space variable,
AL the second order symmetric uniformly elliptic operators,
C; positive constants for 1 < j < 29,
E.p the Mittag-Leffer function,
T the upper limit of time domain,
oY a-th Caputo fractional derivative.
a the order of the fractional derivative,
Greek .\
B a positive real number,
Symbol
0, T parameters,

A; the j-th eigenvalue,

u a parameter for Mittag-Lefller function,
& the vector & = (¢4, ....&,) € R",

®; the j-th eigenfunction,

I the Gamma function,

h3 the summation symbol,

Q

domain of the solution according to space coordinates.

Abbreviation IBVP Initial-Boundary Value Problem

We aim to solve the equation
OMu(x,t) = Lu(x,t) + F (x,t,u(x,1)), (x,H) e Qx(0,7T)
satisfying the following initial and boundary conditions:
u(x,0) = b(x), x € Q,
ulx,t) =0, (x,t) e 0Qx[0,T].
We also define the second order symmetric uniformly elliptic operator by
d
Lu= Z 0y, (aij (%) 0xju) ,x € Q.
i,j=1
Here, we assume that the coefficients have the following properties:
a;; € C” (5), a;; = ajj,

for every integer 0 < i, j < d, and there exists a constant v > 0 satisfying
d d
2
v ) & Szaij(x)é:ifj'
=1 ij=1

1

1
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2.7)

(2.8)
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In this paper, Hé (Q) and H? (Q) denote the usual Sobolev spaces [17, 18]. Additionally, the space
H’ (Q) is associated with the elliptic operator

A:H* (QNH)(Q) — L*(Q), (2.10)

where it is assumed that s > 0 is a real number, A is defined as A = —L. The spectrum of A consists
entirely of eigenvalues {/l j}:;. By Section 6.5 of [19], there exists an orthonormal basis {(,o j}j‘il of
L? (Q) such that

Ap; =20, ¢, =0, @2.11)

thus, ¢; € H*(Q) is an eigenfunction corresponding to j-th eigenvalue A;.
For any s > 0, the space H* (Q) is defined by

B (Q) = {v e*(Q): i/lj. (v, goj)‘z < oo}, (2.12)
j=1
and it is a Hilbert space with the norm
VI, g = i Blne)| = 47 (2.13)
j=1
Moreover, we have H* Q) c H(Q) for s > 0 and
H*(Q) = H*(Q) N H} (Q). (2.14)

Since H* (Q) ¢ L2 (), by identifying the dual (L (Q))’ with L2 (Q), we have

H (@ cL*(@c (i (Q))' , (2.15)
see [3,7]. Here, we can write
H(Q) = {v eL*(Q): Z % (v. QOj)‘Z < oo} = (& (Q))'. (2.16)
j=1 7

Since our solution will be written by using the orthonormal basis, we will work in the space L? (Q).
Furthermore, for 0 < @ < 1, the space C%® ([0, T];L? (Q)) is defined as

u(,t)—u(.,s
{u e C([0,71: L* () : LaCL) (a Nz oo} 2.17)
0<t<s<T |t — 5]
with the norm
le (., 1) — u (., Ol 2
||u||C0v"([O,T];L2(Q)) = ”u”C([O,T];LZ(Q)) + sup . (218)

0<t<s<T |t — s]”

see [3].
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In this work, E, s (z) denotes the Mittag-Leffler function, for @, > 0 and z € C. The function
E, 4 (2) satisfies the following properties (see Section 1.2 of [16]):

(i) Let 0 < @ < 2, B8 be an arbitrary real number and u satisfy 7@ < u < min {x, 7a}. Then there
exists a real constant C; = C; («, B8, i) such that

|Ea,,6 (Z)| < , 1< |arg (z)l <. (2.19)

Ci
1+ 7]
(ii) We have
dm
dWEa,l (_/lnta) = _/lntw_mEa,a—mH (_/lnta) (220)
for t, a, 4, > 0 and positive m € Z.
From now on, we assume that C;,1 < j < 29 are positive constants which are independent of the
function F in (2.4) and the initial condition b in (2.5). But it may depend on the fractional order «, the
coeflicients of the operator L and the domain of the solution.

3. Main result

By the method of eigenfunction expansions, the solution is sought in the form of

(o8]

TCOEDIACINES 3.1)

n=1

where the functions ¢, (x) are the solution of the following problem:

L‘pn = _/lﬂ(pn’ (pn (32)

50 = 0-

From (3.1), we see that
Uy (1) = (1), 0,) 120 5 (3.3)

where (., .);2(q) denotes the usual inner product of the space L? (€2). We multiply both sides of Eq (2.4)
by ¢, and integrate it with respect to the space variable and we get

Ou(.,p), cpn)Lz(Q) =(Lu(.,1), gon)Lz(Q) +(F(,t,u(.,1), gon)Lz(Q) ,t€(0,7). (3.4)

By analyzing the terms in (3.4), we have

(a;yu (-’ t) s ‘;Dn)Lz(Q) = a?un (t) s (35)
(Lu (05 0,) 12 = —Anttn (1) . (3.6)

For simplicity, we can denote
Fn (M (t)) = (F (" t’u('? t))"pn)Lz(Q) . (37)

Similarly, for the initial condition (2.5), we can write
U, (0) = (b, ¢,) 120 - (3.8)
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Now, u, () can be found by the means of Laplace transform, and then we have

uy (1) = (b, ¢,) Eai (A1) + f (t = 1) Eq (=2, (1 = 1)) F, (u (7)) dr. (3.9)
0

By substituting (3.9) into (3.1), solution of the problem can be written as follows:

u(x,t)y=1 (x,t) + L (x,1), (3.10)
where .
Lot =D (b,9,) Eay (=417 @, (x), (3.11)
n=1
L(x, 1) = Z { f (t =D Eqq (=2, (t = D) F, (1)) d7 |0, (x). (3.12)
n=1 0

Since solution (3.10) is in the form of an integral equation, we can use the Banach fixed point theorem,
see [20,21].
The main result of this paper is given in the following theorem:

Theorem 3.1. Let b € H? (Q), s € C[0,T] and p € L*(Q). We also assume that for any u,v €
C ([0, T]:L? (Q)) there exists a positive real constant C, such that

llg ((.0) =g (v (Dl < Collu (1) =v (Dl - (3.13)

Then, for problem (2.4)—(2.6), there exists a unique solution u and a constant C5 > 0 such that

lellcqo.ra @) + 10llcqo.r2@) + ||5?”||c(<o,n;u<g>) +lullcoa(o.11:22()

< Cs (bl + Islleror 1Pl 2o - (3.14)

Moreover, we have .
ue ™ ([0,T]: L7 () N C((0.T]: H* (), (3.15)
du € C((0,T1: L2 (Q)),du e C((0.T]; L* (). (3.16)

In the proof, we will use the same method as [7]. It can be seen as a generalization of Bielecki’s
method [14] which is used to investigate solvability of initial value problems for ordinary differential
equations.

Proof. We will show the existence of the solution by defining a map in the following form:
M : C([0.T1: L*(Q)) - C([0.T]: L* (). (3.17)
M (u(x,t)) =u(x,t). (3.18)

Here, instead of the usual norm of C ([O, T]:L? (Q)), we consider

e = max {[le”u ()] (3.19)
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for any fixed k£ > 0. In order to use the Banach fixed point theorem, we will determine the value of k
later. The function u is a solution of problem (2.4)—(2.6) if and only if u is a fixed point of the map M.
We have

IMu(,0)-M®u(, t))||iz(g)

¢ 2
= Z f(t—T)”‘1 Epo(=4, =1 (W (7)) =g (1), ¢) 120 d7| > (3.20)
n=1 0
and using the Cauchy-Schwarz inequality, we get
o t
2
eHNM (1) =M (D)g < Z f [t = " Ega (=2, (t = D)) a1 ||, iz(m
n=1 0
t
X e~ f llg () = g (v (. DIIFa(q) dT
0
= L) X1 (1), (3.21)

for any u,v € C ([0, T]:L? (Q)). Using (2.19), the properties for function ¢, and the fact that 4, >
C4n*? n € N by [3], we evaluate

t
o

o o 12 2
13 (t) = Z fl:w 1Ea,a (—/an )] dw |()0n L2(Q)
n=1 0
1 (/l wa)(a—l)/a 2
2 n
(O Z; Q )2(0_1)/0 f 1+ A,we w |<Pn L2(Q)
n= n 0
< (3.22)

Now we consider I, with (3.13), (3.19), we get

t

L) < e f C2lt () = v D 7
0
t
2 =2kt -2kt 2 2kt
< Cle max {2 Ml (1) = v (D2 7dT
0
1 1
= C%g{(l—ﬁ)llu—vlli. (3.23)

Multiplying the terms /5 and I, we get
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1M (u) = M W)}

max {e 1M (1) = M (D)} q

t€[0,T]

1 1

< 202 L g b )
< trel[l()a}%(] {tCSszk (1 ezm)llu vllk}

20 | 1 2
< CSTCZi{ 1- 627 ||Lt - V”k

T
< C6k llee =V} . (3.24)

With the choice of
k> CiT, (3.25)

inequality (3.24) becomes a contraction on the space C ([O, T];L? (Q)) with the norm ||.||,. From the
Banach fixed point theorem, we conclude that the transform M has a fixed point, which is the solution u
of the integral equation (3.10).

Next, we will show the uniqueness of the solution. Let us assume that u and iz are two solutions of
initial-value problem (2.4)—(2.6). We set

@:q% (3.26)
By (3.18), we can write
1M () = M @I = llu— all; < C3 llu— @l » (3.27)
and
(A -=C)Ilu—all <0. (3.28)
Therefore, we have
llu — all, = 0, (3.29)

which implies u = &. Thus, the solution « is unique.

Finally, we will examine the regularity property of the solution. We can divide this part of the proof
into five steps.

Step 1. From (3.10), we write

||M (" t)”iZ(g) <2 ”Il (~7 t)”iZ(Q) +2 ||12 (-’ t)”iZ(Q) . (330)
Here, using (2.19), (2.20) and the Cauchy-Schwarz inequality, we get

2

2
”Il (-’ t)llLZ(Q)

Z |(b’ QOn) E(l,] (_ﬁntw)
n=1

IA

o 1
Cil-Lhlizg, ), —
n=1

n

IA

CR 1Bl (3.31)
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and
2

IR = f (t = D" Enq (=4, (t = %) F (u (D)) dr
n=1 0

t 2
S ||F (u)llé([O,T];Lz(Q)) Z f(l - T)a_l Ea,a (_/ln (t - T)a) dT
n=1 0
t 2
- d| 1
_ 2 @
"= 1o
= 1
2 ay)\2
< 20F oy [Z} [T+ (Bt (<27) ]}
2 2
< C9 ”F (u)||C([O,T];L2(Q)) .

(3.32)

Now, we examine the right hand side of (3.32). By the hypotheses of Theorem 3.1, we can write

IF (g = IF (D) = F u(0,0)) + F (u(0,0)|2:,

21l5(1) p (6) + g O + 2118 (e (1) =  (u (0, O)IP2 g

IAN A

IA

Clo +4[sOP lIpllf2q) + 2C3 1 (. 1) = u(0,0)[I72 g »
and by (3.19), (3.24), we have

2T 2
k

-2k ~ 2 —2ki ~ 2 ~
e ! ||l/l ('a t) —u (" t)llLZ(Q) < max {e ! ”I/t (-’ t) —u (" t)”LZ(Q)} < C6_ ”M - u”k .

T 1e[0,7]
Taking a sufficiently large k implies
e u () = @ (DI} ag) < Chis

and
~ 2 2 2k 2
”I/t (at) - u(-at)”LZ(Q) < Clle ! < C12'

Therefore, it yields
IF s )y < Co + 4Ls OF 1Pl g, + 2C3C3,

and taking the maximum with respect to the time variable ¢ on [0, T'], we obtain
|1F (u)”c([o,T];LZ(Q)) < Ciz lIsllco,r 1Pl 2 -
From (3.31) and (3.32), we get
I (s Dllz2) < Cra {1Bllrzcey + sllero.r 1Pl 2y}

which results in
llc(ro.ri20) < Cis (||b||H2(Q) + Isllcro.m ||p||L2(Q))

4[5 (O 1PIRsqy + 418 O 111P2iq +2C3 lu (1) = u (0, 03 g,

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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and u € C([0,T]: L* (Q)).
Step 2. In this step, we will show the inequality

ldleo ) < Cis (1Bl + Isllcron 1Pl (3.41)

We apply the second order operator L to both sides of (3.10) by using (3.2), then we have

1Lt () < 2105 DIy + 21 DI gy (3.42)
where .
s (Ol = D |~ (Bo9,) Bt (~ ") (3.43)
n=1
and t )
16 (. DI}z = Z —A, f (t =) Eqa (=2, (t = 1)) F, (u (1) d7] . (3.44)
n=1 0

On the other hand, with a similar technique to the one used in the previous steps, we can write

”15 (" t)”iZ(Q) S C%7t_2(1 ”b”ip(g) ’ > O, (345)

M (s D2y < CHIF @I 0 112y < Clollslegor 1P1gy - (3.46)

By adding (3.45) and (3.46) and taking the maximum of both sides with respect to ¢, we reach (3.41)
and therefore we obtain
ue C((0,T1;H* (Q) N Hy Q). (3.47)

Step 3. Here, we will prove the inequality
||atu||c((0,T];L2(Q)) < Cyp (”b|lH2(Q) + [Illcro,ry ”p”LZ(Q)) . (3.48)

By calculating the classical derivative of (3.10) with respect to f and making use of the Leibnitz integral
rule, we get

101 (s D22y < 217 (DI ) + 2115 (o D22 (3.49)

where o

- a2

17 Co Dy = D 1B ) (~A) 17 Eay (=20t) (3.50)

n=1

and
' 2
s (s Dy = ) f O [(t =1 Eq (=, (t = 1)) Fy (w (D)) 1| (3.51)
n=1 0

Then, we see that
117 (o Dll72qy < Coit > bl » 1> 0, (3.52)

and
s (s D2y < Coat 2 IF @0 7112y + ¢ > O (3.53)
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By (3.52), (3.53), considering (3.38) and taking the maximum of both sides with respect to ¢, we
get (3.48).
Step 4. For this step, we will obtain (3.14), (3.16) and the inequality

167 40l 0 11129y < Co3 (10l + Islcro 1Pl2c@)- (3.54)

Since, the terms on the right-hand side of Eq (2.4) are examined in the first and second step, we can
easily write inequality (3.54). As for (3.16), the first part is obvious from (2.14) and (3.47). We can
write the second part by (3.54).

Step 5. Finally, at this step, we will prove

”u”Cva’([O,T];LZ(Q)) <Cy (||b||H2(Q) + ||S||C[0,T] ||p||L2(Q)) (3.55)

and (3.15). By taking s = ¢ + h, we can rewrite the norm of the space as

(3.56)

[t [ o sup MGIED UG 0leg
Co 0,7 ;L2 Q = c(o.r ;L2 Q '
(10.73:22() (10.73:L2() 0<t<s<T he

We know from the previous steps that the first term on the right hand side is finite. Now, we consider
the second one and we set

u(C,t+h)—u(C,t)=L,0)h"+Lo(,0)h* + L; (., 1) h°, (3.57)
where N
Li(,0Hh" = Z (b,0,) [Eq1 (=2, (t + 1)) = Eq1 (=2a1)] @, (X), (3.58)
n=1
o t+h
Lo (., t)h* = Z {f (t+h-1)" Eoo (4, t+h—-7)")F,(u(1)) dT] @, (x), (3.59)
n=1 ¢
. t
i Gone = Y| [ Wan): Fuw@dr|e, . (3.60)
n=1 0
and
W (1) = [+ h =1 Ega (-2, (t + h=1)") = (t = D" Ego (=2, (t = 7)) (3.61)
Since
t+h 2
. P —ﬂnTa_l h 2a h 2a
|Eat (=2 (t + 1)) = Eqy (2,6 = f | <G (;) < Cs (5) : (3.62)
t
where ¢ is a number such that 0 <6 <t < T, and
t+h—-1 Coh
= 2p (=1, dT| < 2 3.63
W (2, 7)] fr a1 (AT dr| < S (3.63)
-7

AIMS Mathematics Volume 8, Issue 3, 5432-5444.



5443

we can evaluate (3.58)—(3.60) and obtain the following results.
There are two cases for the term Iy, which are

2
C§7 ”b”HZ(Q) hZQ
5201

2 2
“19 ('a t)”LZ(Q) h “ <

forO<6<t<T and )

4C
s (. Dllzaqy 1™ < S Bl B

for t = 0. We also have

1110 (. D72 H** < Cg IIF (u)lli([omz(g)) h*

and

111 G D72 B < Co IIF )} H.

C(10,T1:L2(Y))

By considering (3.64)—(3.67), we get (3.55). Therefore, we can write

ue o ([o, T]:1? (Q)).

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

Using (3.41), (3.48), (3.54) and (3.55), we obtain (3.14). Additionally, taking into account of (3.47)

and (3.68), we have (3.15).
This completes the proof of the theorem.

4. Conclusions

O

In this study, we consider an initial-boundary value problem for a non-linear fractional diffusion
equation. We prove the existence, uniqueness and regularity properties of the solution under some

conditions on the non-linear function F and the initial condition.
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