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1. Introduction

Attractors are important concepts for characterizing the long-term behavior of dynamical systems.
There are many types of attractors, including global attractors, uniform and pullback attractors for
non-random dynamical systems (NDS), random attractors and random uniform attractors for random
dynamical systems (RDS), see [1-3,6-8,11,14,18,21,23,24,26]. However, these attractors may attract
orbits at very slow speeds and their dimensions may be infinite. In order to solve these problems,
Eden et al. in [12] introduced the concept of exponential attractor for autonomous deterministic
dynamical systems. Since then, the concept of exponential attractor has been greatly developed,
including pullback and uniform exponential attractors for NDS, random exponential attractors and
random uniform exponential attractors for RDS, see [4,5,9,10,13,15-17,20,22,25,27-30]. In recent
years, Han and Zhou in [16] defined the random uniform exponential attractor for non-autonomous
random dynamical systems (NRDS), and presented an existence criterion and proved the existence of
random uniform exponential attractors for the stochastic non-autonomous lattice systems.
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Our goal is to prove the existence of random uniform exponential attractors for the following
Schrédinger lattice system with quasi-periodic forces and multiplicative noise in the weighted space 52:

i% + (A + i + [l = ge(6(0)) + ia + ibug o W, 1> 0,

ur(0) = urp, keZ,

(1.1)

where i is the imaginary unit; o € T/, &(f) = (xt + o)mod(T’) € T/, x = (x,...,x;) € Rl is a fixed
vector and xi, ..., x; are rationally independent numbers; a, b € R; A is a linear coupled operator; for
ke€Z A >0, u, gi((1) € C, f(lue|*) € R, || is the absolute value of u; W(f) is a two-sided
real-valued Wiener process on a probability space (Q, ¥, P), where Q = {w € C(R,R) : w(0) = 0},
¥ is the Borel o-algebra induced by the compact-open topology of €, P is the Wiener measure on
(Q,F), W(t,w) = w(t) for v € Q; “u, o W’ denotes the Stratonovich sense of the stochastic term;
u(0) = (ux(0)),7, € 3, the weighted space £, will be described in more detail below.

The nonlinear Schrodinger equation and its discrete form are mainly used to describe the motion
law of the state of microscopic particles changing with time, it is one of the basic equations in quantum
mechanics and is widely used in the fields of solid state physics and nuclear physics, see [19]. For
the Schrodinger lattice system (1.1), Karachalios and Yannacopoulos [18], Chen et al. [8], Zhou and
Tan [28], Cui and Zhou [7], Zhou et al. [29], Jiang et al. [17], Wang and Wang [24], Zhang and
Zhou [30] proved the existence of global attractors, exponential attractors, random attractors, pullback
and uniform exponential attractors, random exponential attractors, weak pullback random attractors,
random uniform exponential attractors in £ respectively.

Let p(-) : Z — (0, +0c0) be a positive-valued function and p(k) = p; for k € Z, p = (pp)kez. As we
know, when p; = 1, k € Z, the weighted space Kg = {u = Upkez : Dopez Prlurl* < 00, u € C} is reduced
to the regular non-weighted standard space £2, thus £* C £;. In addition, £; has other good properties:
% is dense in £; if ¥z i < oo, then €2 C £ C 7, thus £ contains infinite sequences with bounded
components, see [15]. We will further study the existence of a random uniform exponential attractor
for the system (1.1) in weighted space é’g in this paper.

This paper is organized as follows. In Section 2, we present preliminaries and assumptions
concerning the term of the system (1.1) and quote the existence criterion of random uniform
exponential attractors for NRDS defined on the space of infinite sequences with complex-valued
components. In Section 3, we study the existence of a random uniform exponential attractor for
system (1.1) in 3.

2. Preliminaries and assumptions

In this section, we introduce some notations, concepts and a criterion concerning the existence of
a random uniform exponential attractor for a jointly continuous NRDS, which is obtained directly
from [6, 16, 30].

Let T’ be the [-dimensional torus

T = {0 = (04, ...,00) : o;€[-nmn], Yj=1,..1}
with the identification

(0-19"'9 O-j—la -7, O-j+l5"'7 O-l) ~ (0-15"'9 O-j_l,ﬂ-, 0-j+l9~'~9 O-l)a VJ = 19"" ly
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and the norm in T’ is given by

=

ol = ()" 03)’s Yo =(o1,.0) € T

.MN

Il
—_

J

Let x = (x1,..., x;) € R’ be a fixed vector such that xy, ..., x; are rationally independent. For ¢ € R,
define

&0 = (xt + )ymod(T'), o €T,
then {1, },ex is a translation group on T’ with
9T =T, VteR,
and
(t,0) > V0 is continuous.

B(T') denotes the Borel o-algebra of T'.
Denote by fg = {u = ez : 3 prlml*> < oo,u; € C} the Hilbert space with inner product
keZ

(u,v), = kzzpkukv_k and induced norm lull} = (u,u), = kz,zpklukl2 for all u = (kez, v = Vidkez € £
€ (S

Particularly, p, = 1, for all k € Z, fg becomes the standard space £> with the inner product (-, -) and
induced norm || - ||. Thus, (u,v), = 2. (oxu)vi = (ou,v) = (u, pv).
keZ

Let X = T' x £ be the extended space with norm
1X]lx = (lerlfz, + ||X||§)%, VX ={o}x{x}eX, xel, (2.1)

and Borel o-algebra B(X). Norm || - ||xx induces a metric.

Let (Q, 7, P, {6,};cr) be an ergodic metric dynamical system, see [1]. We call two groups {1#;},cr and
{6, };cr the base flows. Hereafter, for simplicity, we identify “a.e. w € " as “w € Q”.

Given a NRDS ¢, define a mapping 7 : R* X Q X X — X, and

n(t,w, {o} X {x}) = {90} X {o(t, w, 0, x)}. 2.2)

The 7 is called a skew-product cocycle generated by ¢ and . Note that 7 is continuous, that is, the
mapping X — (-, -, X) is continuous in X, if and only if ¢ is jointly continuous in T/ and fg. We often
write n(t, w, X) as n(t, w)X for convenience.

Let

Dy ={B:B =T XB={T' X Bw)uea and Be D)} (2.3)

Note that any element of Dx is random set in X. D = Z)({’g) be the collection of all tempered bounded
random sets of {’g, ie.,

D : D is the bounded random sets in fz satisfying
D= oo .
eIDEO- )2 > 0,¥y > 0,w € Q
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We list the following assumptions on the continuous skew-product cocycle {7 (z, w)};>0.eqo On the
extended space X:
(H1) There exist a tempered random variable R, and a tempered closed random set Dy = {Dy(w)}uen
satisfying that Ry,, is continuous in ¢ € R and supy yep,w)llX — Yllx < R, < co; Moreover, for any
w € Q and D(w) € D € Dy, there exists a T(D, w) > 0 such that n(¢, 6_,w)D(0_,w) C Dy(w) for all
t > T(D,w). Forany w € Q, s > 0, set

X(0_,w) = U s max (T ([Dg,w),T(Do,0-sw)} 7T (#, 0—1—sw)Dy(0_,—sw) € Dy(0_,w); (2.4)

(H2) There exist positive numbers A, 8, 1, random variables Co(w), C(w) > 0 and ko € N such that for
any w € Q, X, Y € y(w), t > 0 and {o;} X {x(0_,w)} € y(0_,w), i = 1,2,

It @)X — 71, )Yl < b DX Y Ve [0,7], (2.5)
and

_ - 2
|6x(to, 65,0, 01, xp(_4w)) — iFo, 65, w, 072, X3(0_))|
|k|>2ko+1

S(e—ZEOJrfJO Ciwyds §efgo Eo(es(u)ds)z (2.6)
2
10 w) — 20 2 )
X ([Ixo(0-w) = x5(0-w)ll, + lloy = om2ll),

where_ A, 0, ?0_, ko are _iniiependent of w;
(H3) Co(w), Ci(w), A, 6, 1y satisfy:

=2 0<EC(@] <L, 0<ECyw)] <o,

- -2 R EIC) @)+ T E[Co(@))) 2.7)
O<6§min{1i6,e‘"% 1,E[Cy(w)]+A1E[Co }

Theorem 2.1. [16, 30] Assume that conditions (HI)-(H3) hold. Then the continuous skew-product
cocycle m acting on X generated by jointly continuous NRDS {¢(t, w, 0)}>0.weq.oert With base flows

{6:}ier and {9},er possesses a Dx-random uniform exponential attractor O = {O(w)}ueq-

To study the existence of a random uniform exponential attractor for system (1.1), we need to make
assumptions about pg, A, A, f, g(0), a in the system (1.1). Denote by ¢;(i € N) the positive constants.
(AO)Vk €Z,0 < p < pr = p(k) < p < +oo0, p(k) < cop(k £ 1), |o(k £ 1) — p(k)| < agp(k).

(A1) The linear coupled operator A is non-negative and self-adjoint with decomposition A = D*D =
DD*, where D and D* are defined by (Du), = ZO djugsj, (D*u) = Z(]) d_jugj, for all u = (u)rez,
J=—mo Jj=—mop
\djl < 1,k € Z, =mg < j < mg, my € N and D" is the adjoint of D in £2.
(A2) There exist two constants A, 4 > 0 such that
0<A< Y <A< +00, keZ

(A3) f € CI(R,R), £(0) = 0, and there exist constants f, p > 0 such that [f’(s)| < fo(1 + |s|?) for any
s € R.
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(A4) g(0)=(gr(0)ez € C(T, £3), where C(T', £3) is the space composed of all continuous functions of
the fﬁ-value defined on T, also there exist d = (dj)iez € fg, and d;, > 0, such that

lgr(o1) — (o)l < dilloy — omall, k € Z.

(A5) ap in (AO) satisfies
A

0= )
2cyc0'(2mg + l)z(c? +cy)

2 -1 -2
where ¢ = max{l,c,"}, c; = ;" + ¢’

(A6) Ja| < 2.

Remark 2.1. Note that ig-valued continuous functions defined on compact torus T' are bounded. For
each n € C(Tl,fg), ||77||3 = ma)lilln(a)llg < oo, and for every € > 0, there exists I(€) € N, such that
€T

+---4+ 1.

max Y, pu7i(0) < &
o€T! |k|>1(s)

For w € Q and ¢ € R, denote by z(6,w) as Ornstein-Uhlenbeck process for the ergodic metric
dynamical system (Q, 7, P, {6,},cr ), and solves the equation dz + zdt = dW, and z(w) has the following
properties, see [22]:

(i) 3Q C Q, such that P(Q) = 1, and z(w) is tempered;
(i) For w € Q,

0 I
fim 2O _ i L f 26,w)ds =0, (2.8)

f—+00 t t—+o00 [ 0

_ fkew)ds r(45)
lim 2" — E[|z(6,0)|'] = , Yr>0, seR, (2.9)
t—+o00 \/E
4 3
E[eez(exw)] < \/;-'_ e, VS c R, |6| < 1’ (210)
3+n

E[ef [ KOWlds] < ¢! Y7 eR, t>0, 2.11)

where I'(-) is the Gamma function, “E” denotes the expectation.
The system (1.1) can be rewritten as the following vector form:

d .
id—b; v Au+ idu+ fQuPu = g(3(0) + ia + ibyu o W, >0, o)
u(0) = (uro)kez = o, keZ,

where u = (wkez, Au = (Atrez, fuPu = (Fluuiez, 8(6) = (Qu(0)kez, u o W = (g © Wiez;
W(z) is a two-sided real-valued Wiener process on the probability space.

Introducing a variable transformation ¢(t,w) = e @0yt ), where u(t, w) is the solution
of (2.12), then the system (2.12) is equivalent to the following random system without white noise
term:

d .
d_‘f = A()D — /lQD + if(eQaZ(eyw)|¢|2)(p _ l-e—(a+lb)z(61w)g(0~_(t)) n ((l n lb)Z(@t(,())(p, (>0, (2 13)
@(0, w) = po(w) = @y = e~ @Dy,
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3. Random uniform exponential attractor for (2.13) in fﬁ

In this section, we will prove the existence of a random uniform exponential attractor for the
system (2.13) in ff).

3.1. The well-posedness of system (2.13) in fg

We first consider the well-posedness of the system (2.13) in é’g. For the system (2.13), we have the
following lemma.

Lemma 3.1. Assuming (A0)—(AS) holds, then for every w € Q, the following properties hold:

(i) Yo € T, po(w) € €2, problem (2.13) admits a unique solution (-, w, o, go(w)) € C([0, +o0), {’g).

(ii) Let @i(-, w, 04, 9}(w)) be the solution of problem (2.13) with o; € T! and i\(w) € €3, i=1,2, T > 0
is fixed, then there exists a constant c(T, w) > 0 such that for all t € [0,T],

ec(T,a))t

l1(2, @, 071, 9 (@) = @a(t, W, T2, PRI} < (lpo = @3llz + llory = ol

Proof. (i) Let T > 0, w € Q be fixed, and B(r) = {¢ € £ : llgl, < r}, r > 0. Let

Lirw. )=5 sup 09 forall r > 0.1 € [0.T] g1 = ez 92 = (Aeez € B0, elgi

€2az(0;w)|90i|2 < L%(l’, w,T), and

Y oA Py — i < max fA(9)ller — ol
keZ s€[0,L2(rw,T)]

) 3.1)
5 i@ lgP) = @GP < Af (1 + L (. T L. Dl = gal]
€

Denote
F(t,w,p,0) = iAp — Ap + if (2O ) — ie™ PO o((1)) + (a + ib)z(Bw)ep,
forall r > 0, @1, 0, € B(r), o € T!, w € Q, we have

”F(t’ w,P1, 0-) - F(t, w, P2, O-)Hp

-
<[4@mo + Dcley +47 +8  max  fX(s)
5€(0,L2(rw,T)]

1
+32f5(1+ L, 0, T))’Li(r, 0, T) + 4(@* + b7) max @] ller - all,.

where ¢ = max{ 1,c3’"°}, t € [0,T]. Therefore, F satisfies local Lipschitz condition. By using a

standard argument, we know that there exists a Ty,,x < +00, such that Eq (2.13) has a unique solution
() € C([0, Tmax), fg). Moreover, if Tpya < +o0, then limsup, . [l¢(?)||, = +o0. We next prove that

this local solution is a global one. Let T € [0, Tph.), taking the real part of the inner product of the
system (2.13) with ¢ in £, we have

1dllell?
2 dt

= Re(iAp, ¢), + Re(=1g, @), + Re(—ie” "0 (5(1)), ¢), + az(@w)llgl- (3.2)
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By [26] and (AS), we obtain

A
Re(iAp, ¢), < Ollgll? < lecpllﬁ, (3.3)
where Q = Jagcacfici(2mo + 1)* + Saocicacl(2mg + 1)%.
According to (A2) and (A4), we get
Re(-1¢, @), < —Aligl’, (3.4)
: —(a+ib)z(6iw) ,( ~ 1 —2az(6;w) 2 /—l 2
Re(—ie (1), ¢)p < 7€ “lgll; + ZIIQOII,J. (3.5)
It follows from (3.2)—(3.5) that
dllell? 2
2 < (—A+ 2az(0w))lgl]) + =e >0 g] 2. (3.6)
dt A
Using Gronwall inequality to (3.6) on [0, ] (0 < ¢ < Tpax), We get
eI
t 2 ! t
—at+ [ 2lallz(Ogw)) ds 2 2 (—A+2lallz(0sw)]) ds—2az(Ow)
e A fo a2 00 g (3.7)
=60°(1, , llpo(w)ll,).
Thus, 6(t, w, |leo(w)ll,) is continuous in ¢, which implies that T',,, = +oo and property (i) holds.
(11) Let y(t’ (,()) = SD](I, w,01, ()D(l)(w)) - (102(ta w, 07, QD%((J))), then
d . . .
2 Ay — Ay + if(@0) g Pypy — if (€00, g
(3.8)

dt
t>0,

—ie™ PO (g(671 (1)) — g(02(1)) + (a + ib)z(6,w)y,
(0, w) = yo(w) = yo = gy(w) = gy(w).
Taking the real part of the inner product of the system (3.8) with y in £2, we get

dllyl? . . :
£ =2Re(iAy,y), + 2Re(=1y, ), + 2Re(if (€™ |p D) — if (€™ |ps )2, ),

+ 2Re(—ie” I (G (1) ~ g(62(1))), Y), + 2az(G,w) V. (3.9)

Similar to (3.3) and (3.4), we have

. 3
2Re(iAy, y), + 2Re(=Ay, y), < —5/_1||y||,3~ (3.10)

By (3.7)
llpit, I < 61, w, llgh()ll,), i=1,2, (3.11)
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where 6(t, w, ||(,06(a))||p) is continuous in ¢ € [0, +0c0). Then, by (3.11), we get

Zpklf (ez"z“’"")IQOiIZ)ykI2

keZ

1 1
<fo(l+ [;ez""z@f“’)eZP(r, , llpy(W)l],))’ =) ;9“0, . lleg(@)l)IN

=0,(t, w)llyll’,

az(6;w az(6;w 2
D PP F@ o) = F(@ g
keZ

1 2
<[ f3(1+ /;eZ“PZ“’f“)(HZ(t, w, llpy(@)ll,) + (1, w, lgy(@)l,))")

1
Xt te) ;(39“@, . lg5(@)llp) + *(t, . lgs(@)ll,) IV

=05 (t, W)Y
It follows from (3.9), (3.12) and (3.13) that
2Re(if (g1 P)pr = if (€ Npa)pa, v,

A 4
SIbi + 261 w) + 60 )]

1 4 4 2
:(5 + ZG] (t’ (L)) + ZQZ(l’ w))”y”l’
By (A4),

2Re(—ie” P g(& (1)) — g(&2(1)). )y
<e O -llory — ool + €Oyl

It follows from (3.9), (3.10), (3.14) and (3.15), that

d 4 4 —arBow
d—t||)’||ﬁ2, <(-a+ igl(t’ w) + 592(1, w) + e 4 2az(0,w)) Iyl

—az(® 2 2
+ e N2 - llory = ool

which implies

d
(1 + llory = omll2)

4 4
<4+ 201w+ 20t w) + e 1 2)al|z(Gw)| + e NPV + oy = omallz,).

Applying Gronwall inequality to (3.16) on [0,7] (0 <t < T), we have

2 2 2
Ivlly <lylly +lloy = ol

<o I (as 46, (s,w)+%Hz(s,w)+e’“1(93“’)+2|a||z(95a))|+e’a1(95“’)||d||12)) ds

2 2
X (llyoll, + llor = o2l7).

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Letco(T,w) =4+ max (%01(& w) + %Hz(s, w) + e %) + 2)a|lz(B,w)| + e=““)||d||?), then property (ii)
holds. The proof is completed. O

According to Lemma 3.1, we have the solution of the system (2.13), which generates a jointly
continuous NRDS (¢, w, o) : {’g - fg, and

(1, w,0) 1 po(w) = D1, w, 7, 9o(W)) = @1, w, T, po(w)), V120, weQ, oceT.
In the following, we will prove the existence of a D-random uniform exponential attractor for ©.

3.2. Uniformly absorbing set of system (2.13) in fg

Forany w € Q, o € T/, t > 0, let o(r) = ¢(r, 0_,w, T, eo(A_,w))(r > 0) be the solution of (2.13) with
o € T' and initial value (6-,w) € £;, then

d . . C tasi o) .
d_f = iAp — Ap + if (2O )p — ie” PO e(G(r)) + (a + ib)z(b,—w)p, T =0, (3.17)
(0, 6_,w) = po(O_,w) = e~ @16y ¢ > (),

Lemma 3.2. Let (A1)-(A6) hold. Then for every w € Q and D € D, there existaT = T(w, D) > 0 and
a tempered random variable My(w) > 0 such that for ¢y(0_,w) € D(6_,w),

A q o
||(p(l', 9—1‘(1)’ o, 500(0—10-)))”[2; + 3 f ej; (=5 +2lallz(0s-w)I) ds
0

X |l(l, 0-w, o, @o(0-w))I[; dl
< Mi(w), t>T

holds uniformly for o € T'.

Proof. Taking the real part of the inner product of the system (3.17) with ¢(r) in £2, we obtain

dllgl?
dr

/l 2 —zd. w /—l
< (=5 + 2lalz@-@)Dlel} + 5e > llgl? - Sl (3.18)

Using Gronwall inequality to (3.18) on [0, ¢], we get

/l 4 1, A
60000, u(@- N + 5 [ elihzocwnis
0
X (1, 0-,0, 7, o0 i (3.19)

0,1 1
Se_ f—t(%_2|d||2(95w)|)ds”(po(e—tw)”ﬁ + EM(Z)((U),
where

2 4. o (" [P =2lallz(@;w))) ds—2az(®,
Mi(@) = =gl f emh b dmetodl (3.20)
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Since z(6,w) 1s tempered and by (A6), for ¢y(0_,w) € D(6_,w), we have
i* a w S
e ﬁ(g 2lallz(0sw)) d ||S00(9—zw)||2

~2lallz(@sw))) ds oo

< -G 0,
< sup e llgll; —

@eD(0_1w)

and for any x > 0,
—xt 2 ety oo [ - A2l di-2az0
M) = e lgly [ el GO det) g
— 0(t > +00).

Thus, M;(w) is tempered. This completes the proof. O
Remark 3.1. Let

Bo(w) = {p € & : |lgll} < Mj(w)}, Vo e Q. (3.21)

By Lemma 3.2, By € D is a uniformly(with respect to o € T') absorbing set for ®, which is a bounded
closed random set.

3.3. Estimation of the tail of solution for system (2.13) in 5;
For every w € Q, let T.(w) = T (w, By) and

B(0-,0) = Upsmax(T. (0.1 ()Tt O——s)(T! X By(0-—sw)), s> 0, (3.22)
where 7 is the skew-product cocycle generated by @ and J;
7(t, 0_1—s)(T' X Bo(0_—,w)) = Uyer{tho} X O(t, 0_,_,w, ) Bo(0_—sw).

Evidently, P2BB C By, PrB = T', where Py is the projection from T'x(} to £2, Py is the projection from
T'x £, to T'. The definition of projection P is given in [16]. Given an increasing function ¢ € C'(R*,R)
satisfying

&(s)=0 0<s<1;
0<&(s) <1, 1<s<2;
&(s) =1, 2<5< 400

E'(s)| < H;, VseR* and some constant H; > 0.

Lemma 3.3. Let o(r) = ¢(r, 0_,w, 0, po(0_,w)) be the solution of (3.17) with {0} x{@y(0_,w)} € B(6_,w),
then for every w € Q, € > 0 and I(= 1) € N, there exists a T.(w) > 0 such that

|| 1
Z f(T)PkKOk(t, -0, o, po(0_W))I* < &+ C4(7 +y1OMi(w), t 2> Tow),
keZ

where vy is defined in (3.28).
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Proof. Taking the real part of the inner product of the system (3.17) with x = (&(7 &

get

)@i(1))kez In é’ , we

k
Zf(l pden(r < Re(idp, v, -1 Y £ Dpudgu )P

keZ
‘ I (3.23)
+Re( = ie” P g(@(1), x), + azlbr-w) Y EOpulen(rIP.
keZ
From (A0) and (A1), we get
Re(iAg, x), = ~Im(Dg, D(px)) = —Im > (D) (D(px); < —||so||p, (3.24)
keZ
where ¢ = cj(cj)*Hymo(2mg + 1)?, and
Re( - ie_(“”b)zw’*"")g(o*(r)) x),
3.25
<ot e g + 2 S el (3:2)
— keZ keZ
It follows from (3.23)—(3.25) that
- Zf( Dpue? <(- 5 + allz6,-0)) Y £ Dpulgil
) hez (3.26)
||90||2 3 o200 kZZ: M )pklgk<a<r>>| .

Applying Gronwall inequality to (3.26) on [0, 7] and by (3.19), we have

S el puigutt.0.0.0. 000w
ke (3.27)
<(1+2 M e s O S0 w)|2 + c4( +y1)Mj(w),

where
26‘3 1

4= —=+ ——0,
4 oligll?

yur = max 3 pidgo )l (3.28)
|k|>1

. 0,2
Since lim, (1 + %)ef—r<‘%+2'“"'z<9xw>'>dsngoo(e_,w)ng = 0, we have that for any € > 0, w € Q, there
< gfort > T.(w). The proof is

0 2
exists T.(w) > 0 such that (1 + %)ef—r(‘fﬂ'“"'zwx‘”)')dsllgoo(e_,w)llﬁ <
completed. m|

3.4. Existence of a random uniform exponential attractor

In this subsection, we assume that conditions (A0)—(A6) hold. For every w € Q, s > 0 and € > 0,
set

B(0-sw) = Usmax(T. (0-s0).To(@).T. 01y} + To(@) T (L 6_i—sw)(T! X Bo(6-;—sw)). (3.29)
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Then it is easy to check that B possesses the following properties:
(al)Forallr>0,t >0, w € Q, we have

n(r, 6_,w)B(O_,w) C B(6,_,w), (3.30)
which along with Png C By imply that forall » > 0,7 > 0, w € Q,
O(r, 0_,w, 0, ¢) € By(0,,w), Y{o}x{p}e B ,w). (3.3

(a2) For any {0} X {¢} € B(w), the following holds:

k 1
Z f(%)ﬂk|§0k|2 <e+ C4(7 + Y1) My (w). (3.32)
kezZ

To obtain the existence of a random uniform exponential attractor for @, we need to check that
satisfies conditions (H2) and (H3) of Theorem 2.1. on B.
Forany r >0, > 0, w € Q, {0} X {506(9_,a))} eBO_,w),i=1,2,let

)7(’") = QD](V) - (102(’.)’ QDI'(}") = QD(r, 9_1(,(), o, 906(9_t(1))), l = 1» 2 (333)
By (3.31), we have
%i(r) € By(,-,w), llp:(Nll, < Mo(6,-,w), i=1,2 (3.34)

It follows from (3.17) and (3.33) that

ay . . . .
d—i = iAY = A + if (Ol Py — if (20 pa)pr

—iem @O0 (g(6 (1)) — g(F(r)) + (a + iD)z(6,-w)F,  r=0, (3.35)
50, 0_,w) = F0(0_w) = P (O_w) — RO w),  1=0.

Lemma 34. Foranyr > 0, t > 0, w € Q and {0} X {cpf)(H_,w)} € B(O_,w), i = 1,2, there exists a
random variable C|(w) > 0 such that the following holds:

72, 0_w){o1} X {po(0-1)} = 72, 0_,w){02} X {@5(6-,))|x

[l ci@wdsg 1 2 2 2 Yz (330
< el -1 (llpy(0-1w) — (;00(9—t0))||p + oy — O-ZHTI)Z'

Proof. Taking the real part of the inner product of the system (3.35) with J(r) in fg, we get

d. . - - -
Ellyllﬁ = — 2Im(A§, §), + 2Re(-17, ),

= 2Im(f (1)1 — f( @ Npa)p2, 3), (3.37)
+ 2Im(e~ PO (g(&1 () - g(F2(N)), ),
+ 2Re((a + ib)z(6,_w)y, ) "

By (A0)-(A2),

—2Im(A7, 7), < 20I5I>,  2Re(=43,5), < —24I[7ll7. (3.38)
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By (A0), (A3) and (3.34),

= 2Im(f (>l g1 = f( @ lpa )2, 3),
2
M()p(gr—tw) )ezaz(gr_tw) M(% (Qr—l‘w)

< 2 1 + eZapZ(Gr_,a)) .
[ (fo( o > ) (3.39)
27 x M (6, 1w 2MZ(6,_w
+2(fo(1 + e2apt6r0) . 0 Ori) 2o 2Mo Orr) ))]Ilyllz.
pr g
By (A4),
20m(e PO (g(0r1(r) — g(62(M))), ),
U o w . (3.40)
<=2 OO - o = ol + A,
and
2Re((a + ib)z(6,-,w)3, 3), = 2az(6,w)|IFI. (3.41)
It follows from (3.37)—(3.41) that
d o 2 ") 2
- 1= O2lp) = 1\YUr—t 1= O2lp)s .
dr(llyllp + lloy = onall) < 2C1(0—)IFl, + llot = omall) (3.42)
where
M3*(w 2apz(w)
2C 1 (w) =20 + A + 2 foe* ) ol )(3 £ — M (@)(2"" + 1)
1 £ £ (3.43)
+ /—16_2“(‘”)|Idll,§ +2lal - lz(w)l.
Using Gronwall inequality to (3.42) on [0, r], we obtain
IFOIE + llot — ol < eh 20Cds (150 (0_ )| + llovy oallz). (3.44)
o o
The proof is completed. O

Lemma 3.5. Foranyt > 0, w € Q and I(= 1) € N, there exist random variables C>(w), C3(w) > 0
such that for any {o;} X {goé(&,w)} € B(6_,w), i = 1,2, the following holds:

(S pdsoR)’
|k|>41+1 (3.45)

0 o) 1
-1 Cr(Bsw)d ! C3(6,w)d ~ 2 2\3
<(eteefi 0t L COD0) (50 W) + llory = ol

where 0; is defined in (3.56).
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Proof. Let M(> 1) € N, set g, = 5(%)%(, q = (qi)kez. Taking the real part of the inner product of the
system (3.35) with ¢ in £2, we have

1d |k|
57 DG =Re(iAF. ), + Re(=17. ),
keZ

+Re(i f (€ NpiP)pr — if (el ), q),,

o 3 (3.46)
+ Re( — ie” PO (g(61(r)) = g(62(1)), q),
£, f(—)pkazw )5l
kezZ
Similar to (3.24), we arrive
Re(iAy, q), + Re(=4, q), < ||y|| - /IZ f(—)pklykl (3.47)
kezZ
Re(if (¢ lp) Y1 = if (€ loa)pa, q),
az(0ryw |k|
<2 ) pufoe® il + I PIEC B
keZ
p+2 2a(p+1)z(6,-1w) 2(p+1) 2(p+1) | |
+272 " pufoe (i P + IgtPe e DBk
keZ
By (3.30) and (3.32), for |k| > 21, I(= 1) € N,
112 212 2 1 2
ol + leiel” < 5[8 e+ Y1.0MG(6,-w)],
B 1 17+1 1 +1 742(p+1)
IQD |2(p+1) +|Q0 |2(p+1) < 2p+2( eht ( +7 )p M (9 ta)))
pp+1 pp+1
Thus, for M > 21, we get
Re(if (e lg 1 = if (€ lpal ), q),,
def, 2020—w)  D2p+2) op+l fo eZa(pH)z(Brftw)
<(—= + ~ Zpkf(—)|yk|
p ’Op keZ
4c4 Joe* <O M2(6,- w) 1 3.48
0 Y P 549
'L_) keZ
23p+5 P"’lf e2a(p+1)z(9r ,w)MQ(P‘H)(Q tw)
— W ””)Zpka—nm
/_) kezZ
Re( _ ie—(a+ib)z(6r7tw)(g(5-l(r)) — g(G5(1r))), q)
(3.49)

1
<5l - aznT,Zpkf( 2 + -Z“Zw”“”zpkf(—nyu O<e<1).

kezZ kezZ
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From (3.46)—(3.49), we have that for M > 21,

3 el + =200, 0D Y EC PP

kezZ keZ

4fo

<(2c3 + )(— Y101 + D M, )T

23p+6ci+1f0 1
(Ip+1

+ p+1)62a(p+1)1(9r ,w)MZ(pH)(er zw)”y”
pp+1

2
+ ;72,1”0'1 — o2l

<es(e)5y(1 + PO MG, )

"2C (05 w) ds ()~ 2 2
X e 28|15, @ W) + [l — o),
where
8e eZaz(w) 22p+58p+1 eZa(p+1)z(w) ~
2C,(w) = Jo + fo + 072 4 2)az(w)),
p pp+l

1
1 8cafy 2p+1  237HOcktl £,
y2r = ) el es(e) = — + (205 + ) +—t
|k|>1 p+1 8
_ ] |
oy = 7+711+Ip+1 +7f; + Yar.

Applying Gronwall inequality to (3.50) on [0, 7], we have that for M > 21,

Zf(—)pk|yk<r)| <P 5 2 1 o) — oyl
keZ

T ~ 112 2 2C1 (0 2C(0s ds
+ 51(I50I + llory — o2 )e LieC1 G 2Ctwn ds

t

Note that

0
f cs(e)e™ (1 + 2D (g, w)) ds

-t
0 0
<( f ' ds)*( f c2(e)(1 + 2P0\ 2D (g ) di)
~t ~t

1 0 N a(p+1)z(0sw (p+1) o
<—e£t2°§(5)(1+e4 (p+1)z(6s )Mgl’ (st))db, (by \/; < ex’ x> 0)

W

0
X f cs()e? (1 + 20Dyl g ) ds.

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)
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It follows from (3.54) and (3.55) that for M > 21,

D oo <Z§<—>pk|yk(r>|

|k|>41+1 keZ

0 o) )2 0
—22+2C>(O5w)) d (01 2C5(05w) d ~ 12 2
S(ef-,( A+2C2(0sw)) ds + Tef—r 3(6:) S)(”yOHp + ”0-1 - O-ZHTI)’

where
2 da(p+1)z(w) 3 74 P+1) (51)2 1 <
C3(w) = Ci(w) + Cr(w) + c5(e)(1 + P8 Mg (w)), = ;. (3.56)
4 2 \/Z
The proof is completed. O
Lemma 3.6. Assume that |a| > 0 and € = &y > 0 are small enough such that
\Vrd 1 1
< 3.57
lal < mint == o 3 g (3-57)
4 3 4 22p+4 8p+1 /l
vt 3e dheo (2T S gy A (3.58)
3 '\/7_.( 8 Bp"' 2 32
then
4 2
0<E(C)(w)) < 1_6 0 < E(C5(w)) < oo. (3.59)

Proof. By (2.9), (2.10), (3.51), (3.57) and (3.58),

4 2p+4
E(Cy(w)) :%E(em”) + %E( 2a(pr1e@)y 1 LV 2000y 4 F(|az(w)])

p+
P - (3.60)
LMoso 2204 fght! 80)4\/‘+ 3¢, lal _ é
2 pri 20 3yr Nr o 16
By (3.56),
E(C}(w)) =3E(C}(w)) + 3E(C3(w)) + 6E(ci(&0)) + 3E(ci(sg)e 7 )
(3.61)
+ 3E(ci(e0) M) " ().
By (2.9), (2.10), (3.43) and (3.57),
M (w) 2227 + 1)
E(C}(w)) =80 + 2% + E(18£7¢*°) + E(183 24 )+ E(OpZT i)
My" @)y 2
E(2 fo@rt + 1)2/°OZ(T) + E(Fe“‘“(“’)nd”ﬁ) + E(8laz(w)?) (3.62)

1
=co + 182 EE(zvzg(w)) +2020 4+ 1)2f2 E(M)" " (w)),

82(p+1)
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where
2fO2(2erl +1)?

Co =80° +24° + E(18f75) + B ———e*¥ )
, 2 (3.63)
+ E(?e“‘“z“’)lldllﬁ) + E(8laz(w)*) < +oo.
By (3.51), (3.52) and (3.57),
E(C3(w)) < + o0, E(ct(gy)) < +oo,
Gl <em Rla?
E(c5(go)e ) < +oo.
By (3.20), (3.57) and Holder inequality,
E(M,""*(w))
14 s 8D+ 7 8pi7 fo Sl 47+ 3e (3.65)
- (Z p+D)Al; ~(32p+32)lall dl _
In the same way
E(M}(w)) < 00, EM;"*"(w)) < . (3.66)
It follows from (3.61)—(3.66) that 0 < E(Cg(a))) < oo. The proof is completed. O

Theorem 3.1. Assume that (A0)—(A6), (3.57) and (3.58) hold, then {D(t, w, 0)}50 wea et has a D(fg)—
random uniform exponential attractor {O(w)},ecq in ff) with properties:

(1) O is a random compact set;

2(1+819+1) In(> V“;f")“)n)
— ,Yow € Q;

In3

(ii) There exists an Iy € N such that dimO(w) <

(ii1) For every w € Q, D € Z)(ﬁf)), there exist random variables T(w, D) and Q(w, ID(w)ll,) > O such
that

Aln %

Sup dlSlfg (‘)D(t’ 9—1(‘)’ ﬁ—to-)D(e—lw), O(Q))) S Q(U), ”D(w)”p)e_gmn}zt’ t 2 T(LL), D)’

oeT!

where D = T! x D.

Proof. From Lemma 3.2 and (3.29), ® satisfies condition (H1). Taking ¢ = 7o = ¥22 in (3.36) and

(3.45), @ satisfies condition (H2) on B. From Lemma 3.6, it follows that the number v = ZISE[Cg(w)] +
ARE[C3(w)] < o. Let

_2,

n= min{ﬁ,e 3y,
Since 6; — 0, as I — +oo, thus, we can choose I = I big enough such that §; < . Thus, ® satisfies
condition (H3). Finally, by Theorem 2.1, we complete the proof. O

Remark 3.2. (i) The positive integer I in Lemma 3.5 is related to weights p; of fg according to the
results of the proof. So the upper bound of dim;O(w) in Theorem 3.2 is related to weights py of {’g.

(ii) The attracting speed of the random uniform exponential attractor {O(w)}.cq is also related to
weights py ofé’ﬁ based on O(w, ID(w)||p) in (iii) Theorem 3.1.
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