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1. Introduction and preliminaries

Several fixed point problems involving product of operators have been investigated in many
literature and monographs, for example [1-5]. However, the problem considered in [6] is more general
than those [5, 7-10].

Quadratic integral equations(QIEs) have been investigated from different points of view and using
different techniques (see [11-18]). The QIEs can be widely applicable in more applications like the
dynamic theory of gases, the theory of radiative exchange, the traffic theory, etc. see [4,6, 16, 19]. For
the case of Banach algebras, many recent references have been appeared, for example [20-22]. For
solvability of some QIEs on unbounded interval see [19,23,24].

The multi-term fractional quadratic integral equation

s)a,-—l

x(r) = ; fi(t, x(t))f(; (tl:(— gi(s, x(s))ds, a;>0 (1.1)

@;)

has been studied in a Banach algebra [25] by using some fixed point theorem [26].
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The quadratic integral equation of fractional order

o (1)
x(t) = k(t, x(7(0) + £(t, X(u(t)))(a(t)+ fo v(t, 5) g(s, x(1())) ds)

has been investigated in [27] by applying the nonlinear alternative of Leray-Schauder type.

Motivated by these results and by the monographs that studied ¢-fractional quadratic integral
equations, in this article, we focus our attention on a nonlinear multi-term quadratic functional integral
equation of fractional order

n t _ a;—1
x(t)=;ﬁ(t,xmi(t)))(ai(t)+ fo (@) F(O‘ff;)) G AU () ds), @ >0, (12)

forall teJ=1[0,1], where a;: J - R, f;:JXR->R,, g :JXR—->R and n;, ¢¥;: J — J.

By a solution of the quadratic functional integral equation of fractional order (1.2), we mean a
function x € C(J, R) that satisfies Eq (1.2), where C(J, R) stands for the space of continuous
real-valued functions on J.

For proving the existence results for the quadratic functional integral equation of fractional Eq (1.2).
We recall the following fixed point theorem [26] which enables us to prove the existence theorem for
solutions of the functional integral Eq (1.2).

Theorem 1.1. Let n be a positive integer, and C be a nonempty, closed, convex and bounded subset
of a Banach Algebra X. Assume that the operators A; : X - X and B; : C - X, i=1,2,...,n,

satisfy

(a) Foreach i€ {l,2,....n}, A; is D—Lipschitzian with a D—function ¢;;
(b) Foreach i€ {l,2,....n}, B; iscontinuous and B;(C) is precompact;

(c) Foreach y € C, x =) Ax.B;y implies that x € C.
i=1

n
Then, the operator equation x = ), A;x.B;x has a solution provided that
i=1

Z Mp(ry<r, Nr>0,
i=1

where M; =sup||B;x|l, i=1,2,....,n.
xeC

2. Existence results

Equation (1.2) is investigated under the assumptions:

(@) g: JXR — R, i=1,2,..,n satisfy Carathéodory condition (i.e., measurable in ¢ for all
x € R and continuous in x for almost all ¢t € J) such that:

|lgi(t, X)| < my(t) + bilxl, b; >0, m; e L"(,R), i=1,2,...n Y (t,x) e JxR

and k; = suplg" m;(t) forany B; <a;, i=1,2,...,n suchthat k; #0 Vi

teJ
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(@) fi: J xR - R, i=1,2,...,n are continuous and bounded

with h; = sup |fi(t,x)|, i=1,2,...,n.
(t,x)eJxR
(iii*) There exist constants L;, i =1,2,....,n satisfying

|ﬁ(t’ -x) _fz(t,)’)| < Li |x_y|’ l = 192a e

forall teJ and x, y € R.
(iv¥) ni,; + J — J, i =1,2,3......,n are continuous functions.
(vx) ¢ isincreasing and absolutely continuous function.

(vix) a;:J = R,i=1,...,n are continuous and bound with f; = sup |a(?)|.
teJ

Theorem 2.1. Let the assumptions (i*)-(v*) be satisfied. Furthermore, if

S
<
L T(a; + 1)

then the quadratic integral Eq (1.2) has at least one solution in C(J,R).

Proof. Set X = C(J, R). Consider the closed ball B,(0) in X centered at origin 0 and of radius r,
where r = i [ LT f,]

-1
n
bih;
S Tpi+D) - l;l r(ai+1)] > 0.

Consider the mapping A; : X — X and B; :B,(0) - X on C(J,R) defined by:

(A0 = filt, x(n(0)
! — a;i—1
(Bix)(1) (@) — ¢(5))

ai(r) + | (@) 8i(s, x(Yi(5)))¢' () ds.

Then the quadratic integral Eq (1.2) can be written in the form:

T x(t) = Z Ax(£).Bix(f). 2.1)

i=1

We shall show that A; and B; satisfy all the conditions of Theorem 1.1.
Let us define a subset C of C(J,R) by

C:={xe C(JR), |Ix]| < r}.

Obviously, C is nonempty, bounded, convex and closed subset of C(J,R).

For all ¢ € J, since the assumptions (ii*) and (iii*) are satisfied, the mapping f; is well defined
and the function A;x 1is continuous and bounded on J. Again, since each g; is continuous in
x and each y; is continuous function, then the function B;x is also, continuous and bounded by
m(t) = my(t) + bir , m; € L'(J,R) (in view of assumptions (i*) and (vi*)). Firstly, we show that A; is
Lipschitzon X. Let x, y € X be arbitrary. Then by assumptions (ii*) and (iii*)

|Aix(1) — Aiy(D) \fi(t, x(mi(2))) = fi, y( (D))
Lilx(ni()) = y(:(1))]
Lillx=yll, i=12,.,n.

IA I

IA
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For all ¢ € J. Taking supremum over ¢
lAix = Al < Lillx = yll, i = 1,2, ..,n

for all x, y € X. This shows that A; is a Lipschitz mapping on X with the Lipschitz constants L;.
Secondly, we show that B; is continuous and compact operator on B,(0). First we show that each B;
is continuous on B,(0). To do this, let us fix arbitrary € > 0 and let {x,} be a sequence of functions
in B,(0) converging to x € B,(0). Then we get

I(Bix,)(0) — (Bix) (1) f (¢(0) — ¢(S)) a

IA

81‘(5’ Xa(Yi(5)) — gi(s, x(¥i(s)))

3 f (p(t) F((ﬁ())) " [Igi(s, X (i) + |2i(s, x(lﬁi(S)))l] ¢’ (s)ds

a;—1
f (p(1) r(¢())) mi($)¢ (s)ds

(l’,'*l
v oop, [ GO N (s)ds
0 r( l)

a;—1

2157 Pmi(o) + 2byr f @) r(¢(§)) & (s)ds

L (@) = p(s)) Pt (P(1) — &(s)"
2k; ; e, - 5) @' (s)ds + Zbir—r(ai AN
LR O R RO

T —Bi+ 1) T + 1)
2ki 2b,-r

T@—-Bi+1) T+
< € for telJ

IA

IA

IA

IA

2k;

IA

Thus
[(Bix,)(t) — (Bix)(t)| < € asn — oo.

Furthermore, let us assume that ¢ € J. Then, by Lebesgue dominated convergence theorem, we obtain
the estimate:

(Z,'—l
lim(Bix)(H) = ai(®)+ lim f (¢) F("“j)) 215, Wi (s) ds
= am+ [ EOZIODT N () ds
0 I'e))
B0

f_or all r e J_ Thus, B;x, — B;x as n — oo uniformly and hence each B; is a continuous operator on
B,(0) into B,(0) has a Cauchy subsequence. Now by (i*) and (vi*)

a;—1
IBix, (1) < Ia(f)|+f(¢(t) I (;)) |gi(s, X2 (Yi($)))Ig’(5) ds

k' bil"

f;
T+ Ta+D
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forall r € J. Then ||Bix,(?)| <% + F(rxfbﬂ) + r((l;l-':l) for all n € N. This shows that {B;x,} is a

uniformly bounded sequence in B;(BB,(0)).
Now, we proceed to show that it is also equicontinuous. Let ¢, t, € J (without loss of generality
assume that #; < f, ), then we have

Bus(t) = Bl < laits) — ai(n)] + 012 ("5(’2);(3(;))0” 85 5 WP (5) dis
0“ (‘ﬁ(tl)r_(jf)s))m_l 215, X Wi (5) dis
< Jaln) - alml + 0” ("’(”)r_(c‘ff)”)m_l 815, %a () (5) ds
v (¢(l2)r_(c‘ff)s))m_l 215, X (Wi (5) dis
- O“ (‘p(“)r_(zf;))m_l 815, Wi (8) ds
< lai(t) - i)l + O“ (08) - ‘b(”)m;(;f)‘p(“) IO (s x5 di
+ ("’(tz)r_(jf)s))m_l 215, W (5) dis
< lait) - ain) + ("’(”)r_(if;))m_l 18105, 5 Wi (5) ds
0“ ($(t2) - ¢<s>>“f-;(; COE B o s
Therefore,
Box(t) = Bt < las(t) — as(n)] + ("’(mr_(if;))m_l ) + b1 (5) dis
) 0“ (6(1) - ¢<s>)“i-;(; COE B b ds
< lait) — ait)] + k; : (¢(t2)r(_afb(_s)ﬁ):_ﬁi_l¢’(s) ds
by ("S(Q)F‘(if)s»%ld(s) ds
< lait) - ait)] + k"(?((ii:g_(i)i?_ﬂi + bir((br(g;qi()tl))m.

Using the uniform continuity of the functions a; and ¢ on J, we obtain
|Bix,(12) — Bixa(1))] = 0 as 6, - 1.

As a consequence, |B;x,(t;)— Bix,(t;)| > 0 as t, — t;. This shows that {B;x,} is an equicontinuous
sequence in X. Now an application of Arzela-Ascoli [28] theorem yields that {B;x,} has a uniformly
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convergent subsequence on the the compact subset J of R. without loss of generality, call the
subsequence it self. We show that {B,x,} is Cauchy sequence in X. Now |B;x,(t) — Bix(t)] —
Oas n— oo forall ¢t € J. Then for given € > 0 there exists an ny € N such that for all m, n > n.
Therefore (or m, n > ny ), we have

! _ (Ii—l
Bixn() — B () < sup f @0 — #(s) gi<s,xm(wi<s>>)—gi<s,xn<w,~(s)>)]¢’(s> ds
te] 0 r(ai)
! _ a;i—1
< sup fo GO GONT | (5, xnwis())) — (5, a W) (5) dis < e

['(a;)

This shows that {B;x,} C F (E(O)) C X is Cauchy sequence. Since X is complete, {B;x,} converges
to a point in X. Hence B:(B,(0)) is relatively compact and consequently B; is a continuous and
compact operator on B,(0).

Next, we show that A;xB;y =x = x € @,(0) forall y e E(O). Then,

A

Xl < 1Ax@IBiy()

< |fit, x(iODITY | gi(t, x(ri(D))I]
< hi(fi + i + bir )
F(ai _ﬁi + 1) F(a, + 1)
. ki bir
< h,-(f,- + Ma,— g+ 1) + T+ 1)) <r forall relJ

Taking the supremum over t. we obtain |lx||] < r for all y € B,(0), r =

n

2 [ +

-1
1- El r([;,-}i 1)] . Hence hypothesis (c) of Theorem 1.1 holds. Here,

k,‘ + bl-r
(i —Bi+1) T(a+1)

M; = ||Bix|| <t + I"|gi(t, x(Yi(D))| < T; + T

Therefore we can get, for every x € C we have

1 h,‘ki bihir —
(T x)(@)] < Z [fihi + T —Bi+ 1) * T+ Dl "

i=1

Then, ¥x € C andhence TC C C.

Since all conditions of Theorem 1.1 are satisfied, then the operator 7 = } A;.B; has a fixed point

i=1
in C.
3. Features of the solution

In this section, we shall demonstrate some characteristics for the solutions of the n-term quadratic
integral Eq (1.2).

AIMS Mathematics Volume 8, Issue 2, 2783-2797.
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3.1. Uniqueness of the solution

In aim of proving the uniqueness of the solution of (1.2), we replace assumption (i) by the following
assumption:

gi: JXR — R, i=1,2,..,n satisfy Carathéodory condition (i.e., measurable in ¢ for all
x € R and continuous in x for almostall # € J) and

|gi(t9 -x) - gl(t’y)l < Cil-x _yla l = 1,23 vy 11 v (ta X) € J X R
and p; = sup|gi(¢,0)| forany i =1,2,...,n suchthat k; #0 Vi.

teJ

Theorem 3.1. Let the assumptions (i) and (iix)—(v=) be satisfied. Moreover, if

C +Ci hic;
E (Li(f,-+ ’01+cr)+ ¢ )<1
I'a; + 1) I'a; + 1)

i=1

then the quadratic integral Eq (1.2) has a unique solution in C(J,R).

Proof. From the assumption (i*) we have

lgi(s, x()| = lgi(s, O < gi(s, x(5)) — &i(s, 0)] < cilx|
lgi(s, x(s)] < cilx| + |gi(s, O)]
lgi(s, x(NI < cilxl + p.

Let x;, x, be two solutions of the integral Eq (1.2), then

t _ a;—1
O(ato + fo %gis,xm(@»m) ds)

" (p(1) — (s)!
I'(ai)

"(p(1) — P(s) !
I'a))

lx1 () = x2(D)]

> e nmoao+ | s, X2 i) (5) s
i=1

+ ;ﬁ(t,Xz(m(t)))(ai(tH O gi(s. 11 Wi (5) ds)

n ¢ _ a;—1
- Zﬁ(r,xzmi(r)))(ai(rn [T i o) ds)

I'(a;)
>

i=1

_ a;—1
v Zlf(t sno) [ LI e witom -

IA

a;—1
it ) — £t o) asto) + f WO = SN () (s) ds

[(ai)

IA

_ (l/,‘—l
> o - s+ [ PO IV g wime s i
i=1 !

n t _ a;—1
0 @0) = 9(s)

"Jo T(e;) cilx1(Wi(9)) = x2(i(s)|e' () ds

IA

a;—1
Zuxl(n,(r)) s+ [ LOZID s pawno ) ds)

AIMS Mathematics Volume 8, Issue 2, 2783-2797.
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Z": o - ¢(s)"!
I'a;)

+

€i Sup |x1(s) — x2(8)|@"(5) d's

IA

pl+c, ) hc,llxl — x|

ZLm(t) xz(t)l(f " T, CT(ai+1)

=1
n

pi +cir hc,llxl - x|
Lilx, - (f,- DA
; b=l F Z T + 1)

i=1

C pi+ct h('z )
L;(t + - .
,E:l( G+ Fo ) T o~

IA

IA

Then

n pi+cir hic;
1 - (Ll fi )) - <0.
(1= 25 (B + T+ T+ )0

i=1

iTCi hi i —
Since 21 (L + g255) + ) < 1, then xi(0) = 300 0

3.2. Continuous dependency

Firstly, we discuss the continuous dependence of the unique solution of the Eq (1.2) on the delays
functions n; and ;.

Definition 1. The solutions of the quadratic functional integral Eq (1.2) depends continuously on the
delay functions n; and ; ifV € >0, 9, o > 0, such that

() =il < Sand (1) —y; <o = |x-x<e i=12,..,n

Theorem 3.2. Let the assumptions of Theorem 3.1 be satisfied, then the solution of the functional
integral Eq (1.2) depends continuously on the delay functions n; and ;.

Proof. Let 6 > 0 and o > 0 be given such that |r;(t) — 77(#)| < ¢ and |yi() — Y ()| < o YVt € J, then for

n ¢ _ a;—1
x*(r)=;ﬁ<r,x*<nr<t»>(a,-<r>+ fo (¢ F(O‘ff)s)) G XGOS ds), 1€ ) a0,

|x(t) = x*(0)]

a;—1
Zf(r <)o) + f 0B 5. x50 5) ds)

['(ai)

"(p(0) — p(s)n!
I'(a))

"(p() — P(s)!
I'(a;)

" (p(1) — p(s)™!
[(ai)

;fi(t,x*(n?(t))) ai(f) + fo (CORKC) 215, X W) (5) ds)
' Zﬁ(t’x("?(’”)(“"(m i s X)) ) ds)
i :Zlf"“’x(”?(”))(“i(”+ ; s () ds)
' Zﬁ“’xm‘”)(“i(”* ) G5 X W)Y 5) s

AIMS Mathematics Volume 8, Issue 2, 2783-2797.
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" (p(1) — p(s)™!
[(ai)

e xman(a + | 85, X WM (5) ds )
i=1

(p(1) = ()™
[(ai)

IA

Z it xn0) = . xti oDl + | (5. XU (5) )

a;i—1
+ Zm(r X} () f O s xW o) — i IO () ds

+ Z iz, x(; (1)) — filt, x"(7; (D))

_ a;—1
(jaon + f @® F("’() D g, W DI (5 ds)

IA

n ! _ a;—1
35 tlatn) = s+ [ FELER el o)

a;—1
" Zlf(t X)) f 0B 500459 = (5. K IO (5 ds

+

a;—1
Zv(r X)) f 0BT 5,200 (50) = i G O ) s

"(p() — P(s)¥ !
I'(a))

+

S Lixtri ) - corofir | (o1 + il W (DD (5) s
i=1

IA

ZL,-|n,-<t>—n;*<t>|(fi+ T )+Z] T U lusn) ~ i o)

pi"‘Ci")

- Z o T S - x(r>|+ZLsup|x<r>—x<r>|( S

ZL&( r( +'1)) Z F(a,+1)

h 1 L 1 1
+ Z (Lifi + M)” — x|

IA

Z T(@ + 1)
Then

= ) hici+Li(pl-+cir))] " - ( ( pi +c¢ir ) C; )

I - LL; - < Lol + ——— hi————
[ L ( R P Te | ; T+ D) T’

C pitor Ci

—x < L,~6(f,+—) i—)
b=l < 2 ( T+ D) T+

[1 _ a (Lifi 4 h,‘Ci + Li(pi + c,-r))]‘l

. T(a; + 1)

O

Next, we investigate the continuous dependence of the unique solution of the Eq (1.2) on the
functions f; and g;.
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Definition 2. The solutions of the quadratic functional integral Eq (1.2) depends continuously on the
functions f; and g; ifV e >0, 9, o > 0, such that

Ifi(t,x) = fi(t,x)| < 6 and |gi(t,x) - g (t, )| <o = |x-x|<e i=12,.,n

Theorem 3.3. Let the assumptions of Theorem 3.1 be satisfied, then the solution of the functional
integral equation (1.2) depends continuously on the functions f; and g;.

Proof. Let 6 > 0 and o > 0 be given such that |f;(z, x) — f(z, x)| < 6 and |g;(, x) — g (¢, x)| < o VYt € J,
then for

(o) — ()
['(a)

X0 = Y6 X ao(a + G X WEDF () ds). 1€ J a>0,
i=1

" (p(1) — (s)!

[x(t) = (1) o

'(t)))(ai(l) * 8i(s, x(Wi(5))¢' (5) dS)

n ! _ a;—1
D mon(an+ [ COTEN g w0 ds)
P (@)

C — a;—1
+ ;fi*(t, xmi(O))| a;(®) +f (p(1) r(¢l()s)) 25, X)) (5) ds)

I'(ai)

n B - 1
* ;fi‘(nx(m(t))) ai(1) + f @ 1"(¢1()S)) 87 (s, X" Wi()¢' (5) ds)

(g0 — P(s)!

= S o+ f 00— IO s st 5 ds)
i=1
( ()

- L exmoan + |
i=1

g1 (5, X Wi(9))' (5) ds)

" (p(1) — p(s)!
[(ai)

IA

DAt = 7 sononl(a + | (s, XY () ds)

;-1
+ Zlf oatnon) [ PO IO o - g x Gl 5 ds
00 ~ gy
)

a;—1
S oflaol+ f O PN (o et ) ds)
2 (@)

" (p(1) = p(s)!
['(ai)

+ Z 7 (2, x(ni(0)) = f7 (2, x*(m(t)))l(lai(t)l + lg; (5, X" (Wi())Ig' () dS)
0

IA

+ Z Ifi (e, X(m(t)))l |gi(s, (Wi () = &; (s, X(Wi()))Ng' (s) ds

a;—1
. Zlf (5 0 f 0 g5 xs) = 815X IO () ds

4 _ a;—1
. ;Lipc(m(r»—x*(m(t))|(|ai(r>|+ [T I s el e o) s

n n

Zé(f,»+ p,-+c,~r)+ h; 7
Nai+ 1)) & T +1)

i=1 i=

IA

AIMS Mathematics Volume 8, Issue 2, 2783-2797.
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a;—1
Zh f OB hatui(5) = 3 W) (5 ds

pitar )

+ L,|X(T],([)) - X (Tll(t))l 1
; ( T(a; + 1)

s - x||+ZL||x e+ £ )

C Pi T ¢
= ;6(fi F(ozl+1)) Z F(ozl+1)
D

=1

Then

= h,’Ci + Li(pi + Ci}")
1= S (L _x
[ . (”+ T+ 1) )]”x ol

[5(fi N pi +cir ) N h,o ]
I'a;+1)) T(a;+1)
[6(f,~ N pi +cir ) N h,o ]
I'a;+1)) T(a;+1)

¢ 4+ L(0; + c;r)\]~
[1 B (Lifi N hici + Li(p; + ¢;r) )]
. I'(a; + 1)

IA
= T[M=

IA

[l — 7l

4. Discussion and remarks

e Incase a; =0, the operators B; have the following form

Bo() = f (¢ F(‘ﬁ()s))l 215, XY (s) ds.

Then we get the n-term quadratic integral equation of fractional order

a;—1
x(1) = Zf(r X(3(0)). f Sl r(¢() DT o soxiong ) ds., red. @)

By a simple calculation we can verify that the operators B; satisfy the assumptions of
Theorem 1.1 and hence the quadratic integral Eq (4.1) has a solution in C. For ¢(f) =
in Eq (4.1), we obtain the quadratic equation which is studied in [25].

e Taking n =1 we obtain the quadratic integral equation

t _ a-1
ay+ [ DI (o wals) #'(s) ds 4.2)
, T T

x(t) = f(t, x(¥1(0))

and putting ¢(t) = ¢, then we have the same result studied in [27].

AIMS Mathematics Volume 8, Issue 2, 2783-2797.
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e Letting a; — 1,i = 1,2. Then we have the n- term quadratic integral equation

X0 = Y i (o + fo (s XUi(s)) ds), 1€ J
i=1
and for n =2, we have

x(t):fl(t,x<m(t)>)(a1<t)+ fo 2105, x4 1(5))) dS)"‘fz(f,X(Uz(f)))(az(f)+ fo 225, 3(a(5))) ds).

Therefore we obtain the same result obtained in [29] when a; = 0,i = 1,2 and n;(¢) = ¥;(¢) = t.
e Letting n =2 we obtain the two term quadratic integral equation

"(p(1) — s

T(a) 8108, x(Y1 ()¢’ () dss

x(®) = filt, x(m(2))) )

! _ ar—1
ot x(ma(D)) f WO = PO s () ds, 1 d. (43
0 I'(ay)

o Taking ¢(t) =t, n1(t) = m(t) = ¢, Y1(t) = Y(t) = tand fi(z,x) = 1 in (4.3), then we get the
hybrid differential equation of fractional order

" D(,z(xa) — [ g,(1, X(1))
fZ(t’ X(t))

where D is the Riemann-Liouville fractional derivative of order a, € (0, 1).

) = g0, 1€,

e Taking @, — 1, g1(t,x) = 0, ¢(1) =1, m(t) = (1) =1, Y1(t) = Yo(r) = rand fi(t,x) = 1
in (4.3) we have the initial value problem
( x(1)
Ja(t, x(1))

Example 1. For n = 2, consider the nonlinear quadratic integral equation

y:&Qx@LteLxm%ameR

w0 = Ao e [ e ds)
0

Iﬂ(%)
+ ﬁmam@+ tg;jﬁli&@J@DM>t€mJL
0 I'(3)
where
fit,x(@®) =1+ %_2);(0, ot x(®) = Vi + 3 + |x(2)|
- 3x(0) 12 1 )
g1(t, x(2)) = sin(t) + m’ ga(2, x(2)) = 5 + 3 T4 )
cm0:§i£ﬂ9,@m:1

We can easily verify that the functions fi, f>,g1 and g, satisfy all assumptions of Theorem 2.1. Then

o Y _ 3 PP bihy bahy  _ 03 05 _
hy = hy =1, by = 5, by = 35, which implies that TetD T TotD = e + m = 0.898437 < 1.

Moreover, we get r > 0.
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5. Conclusions

Many previous papers have discussed quadratic integral equations of fractional order by using
different techniques in several classes of functions [3, 18, 30-34].

We have investigated existence and uniqueness of the solutions for a multi-term ¢-quadratic integral
equation of fractional order in C(J,R). The giving problem is converted into an analogous fixed point
problem which is solved using typical functional analysis tools to prove our results. As a pursuit
of this, sufficient conditions are given for the existence of solutions to that singular quadratic integral
equation. Next, the continuous dependence of the solution on some functions has been proved. Finally,
some particular cases, remarks and example to validate our results.
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