AIMS Mathematics, 8(12): 30668—-30682.
DOI: 10.3934/math.20231567
ATMS Mathematics Received: 12 September 2023

Revised: 05 November 2023

Accepted: 08 November 2023
http://www.aimspress.com/journal/Math Published: 13 November 2023

Research article

General stability for a system of coupled quasi-linear and linear wave
equations and with memory term

Zayd Hajjej'"* and Menglan Liao’

! Department of Mathematics, College of Science, King Saud University, P.O. Box 2455, Riyadh
11451, Saudi Arabia
2 School of Mathematics, Hohai University, Nanjing, 210098 Jiangsu, China

* Correspondence: Email: zhajjej@ksu.edu.sa.

Abstract: In this paper, a system of coupled quasi-linear and linear wave equations with a finite
memory term is concerned. By constructing an appropriate Lyapunov function, we prove that the total
energy associated with the system is stable under suitable conditions on memory kernel.

Keywords: coupled wave equations; finite memory; exponential stability; nonlinearity
Mathematics Subject Classification: 35B35, 35B40, 93D23

1. Introduction

Let Q € R", n > 2 be a bounded open set with a regular boundary I' = 9Q. A coupled wave
equation, via laplacian and with just one memory term is considered:

!
|yl‘|pyl‘t(x’ t) - aAy(x’ t) - CA}’tt + CAZ(.X:, t) + f g(t - S)AY(X’ S)ds = 0’ in Q X (09 OO)’
0
Zl‘t(x, t) - AZ(X, t) - %Azlt + CA)’(X’ t) = 0’ in Q X (0’ OO),

(1.1)
y=z=0, onlI x(0,0c0),
)’(X, 0) = yO(x)a Z(X, 0) = ZO(X)9 yt(xa O) = yl(-x)a Zt(-xa 0) = Zl(x)7 in Qa
where a > 0, ¢ € R* such that a > ¢2, and
a=b+c (1.2)

where b is a positive constant satisfying

l:b—foog(s)ds>0. (1.3)
0
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Throughout this paper, we assume that p is a positive constant that verifies

p>0ifn=2 or 0<p< 2ifn23.

n—

Morris and Ozer [17, 18] proposed the following piezoelectric beam model

PVt — @y + YPBPxx = 0, in (0, ) X (0, 00),
HP1 = BPxx + YBVax = 0, in (0, £) X (0, c0),
v(0) = p(0) = av (£) — yBp.(£) = 0,

Bp«(€) — yBvi(€) = =12,

where the coefficients p, @, ¥, u, B, € and h > 0 are the mass density per unit volume, elastic
stiffness, piezoelectric coefficient, magnetic permeability, impermeability coeflicient of the beam and
Euler-Bernoulli beam of length and thickness, respectively. V(f) denotes the voltage directed to the
electrodes that included full magnetic effects. They obtained that for a dense set of system parameters
with V(¢) = p,(¢, 1), the system (1.4) is strongly controllable in the energy space. Ramos, Gongalves
and Corréa Neto [22] added a damping term 6v, with § > O in the first equation of problem (1.4) and
set V() = 0. They analyzed the exponential stability of the total energy of the continuous problem and
showed a numerical counterpart in a totally discrete domain. Ramos, Freitas and Almeida et al. [23]
replaced ov, by & v, +&v,(x, t —7); that is, they considered a system with time delay in the internal state
feedback, where &v,(x,t — ) with & > 0 represents the time delay on the vertical displacement and
7 > 0 represents the respective retardation time. By using an energy-based approach, the exponential
stability of solutions was also proved in [23]. Soufyane, Afilal and Santos [24] generalized their
results and established an energy decay rate for piezoelectric beams with magnetic effect, nonlinear
damping and nonlinear delay terms by using a perturbed energy method and some properties of convex
functions. Recently, Akil [1] investigated the stabilization of a system of piezoelectric beams under
(Coleman or Pipkin)-Gurtin thermal law with magnetic effect. It is certainly not the object of the
present paper to consider the evolution equations like (1.4) with nonlinear damping and/or timet-delay

(1.4)

terms. In this paper, we mainly consider the effect of the viscoelastic memory damping g(t -

0
$)Ay(x, s)ds, which is presented only in the first equation of the evolution equations like (1.4) and with
Dirichlet conditions on the whole boundary. Viscoelasticity is the property of materials that exhibit
both viscous and elastic characteristics when undergoing deformation. Generally, one makes full use

00 t

of the memory term (infinite memory g(s)Ay(x, t — s)ds or finite memory f g(t — $)Ay(x, s)ds)

to describe the viscoelastic damping effoect. The aforementioned model can be %sed to describe the
motion of two elastic membranes subject to an elastic force that pulls one membrane toward the other.
We note that one of these membranes possesses a rigid surface and that has an interior that is somehow
permissive to slight deformations, such that the material density varies according to the velocity. The
study of viscoelastic problems has attracted the attention of many authors and a flurry works have been
published. It is certainly beyond the scope of the present paper to give a comprehensive review for
only one viscoelastic equation. In this regard, we would like to mention some references regarding
the energy decay in the presence of viscoelastic effects, for instance, [2,4-7,10, 15,21] and references
therein. It is not difficult to find that with the analysis of exponential stability for models consisting of
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two coupled wave equations, one of them with a memory effect is a subject of great importance. Dos
Santos, Fortes and Cardoso [9] first investigated the issue of exponential stability of the following two
coupled wave equations:

PV — @iy + VPP + f L 8= $)vu(s)ds =0, in (0, £) X (0, c0),
WPt — BPxx + VPV =0, in (0, £) X (0, 00),

with boundary condition
v(0,1) = p(0,8) = v ((,1) = p(£,) =0, >0,
and initial data
v(x, 0) = vo(x), vi(x, 0) = v1(x), p(x,0) = po(x), pi(x,0) = p1(x), x€(0,0),

v(x, —t) = va(x, 1), (x,1) € (0,€) X (0, 00),

where vy, Vi, V2, po and p; are known functions belonging to appropriate spaces and @ = «; + y*S
with @, positive constant satisfies « := a; — fooo g(s)ds > 0. They deduced that the past history term
acting on the longitudinal motion equation is sufficient to cause the exponential decay of the semigroup
associated with the system, independent of any relation involving the model coefficients. Zhang, Xu
and Han [25] considered a kind of fully magnetic effected nonlinear multidimensional piezoelectric
beam with viscoelastic infinite memory; that is, they studied the following problem

ovu(x,t) = aAv(x, t) — yBAp(x,t) — fooo g()Av(x,t — s)ds + fi(v, p), xeQ, t>0
Hpux,t = BAP(x, 1) — yBAV(X, 1) + (v, p), x€Q, t>0
v(x, 1) = p(x,t) =0, x€ly t>0
@ (x, 1) = YBL(x, 1) = BL(x, 1) — B (x, 1) = 0, xel, >0
v(x, 0) = vo(x), vi(x, 0) = vi(x), p(x,0) = po(x), p:i(x,0) = pi(x), x €Q,
v(x, —s) = h(x, s), xeQ, s>0,
where 0Q = ToUTy, ToNTI; = 0, 7 is the unit outward normal vector of I'; and the functions

fiv,p),i = 1,2 and h(x, s) are nonlinear source terms and memory history function, respectively.
Based on frequency-domain analysis, they proved that the corresponding coupled linear system can
be indirectly stabilized exponentially by only one viscoelastic infinite memory term. Moreover, by the
energy estimation method under certain conditions, they obtained the exponential decay of the solution
to the nonlinear coupled PDE’s (partial differential equations) system.

We also recall the works [12, 13, 19, 20], where the authors studied the wellposedness and the
asymptotic behavior of a linear (and quasi-linear) system of two coupled nonlinear viscoelastic wave
equations. We also cite the recent works [3, 11], where the authors studied a similar problem to (1.1)
with p = 0, without dispersion terms and under different types of damping (localized frictional and past
history damping). Through our review of the literature, we found that no prior studies have explored
this type of coupling (one equation is quasi-linear and the other one is linear) with the presence of a
memory term (or a past history term). Consequently, the significance of our work is that it pioneers
the impact of memory term in this context and, furthermore, our main result extends exponential
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decay outcomes, which have previously been established for the coupling of two viscoelastic wave
equations via zero-order or first-order terms to the realm of coupling by second-order terms. Also, our
result removes the assumption of equal wave propagation speeds, a common feature in numerous prior
studies.

Motivated by the above works, we are concerned with the stability of a system of coupled quasi-
linear and linear wave equations with only one viscoelastic finite memory involved. Different from
the works in [9, 25], in this paper we focus on the finite memory damping and the system is quasi-
linear. Some technical difficulties may be caused by the nonlinearity and the finite memory term. The
remaining part of the paper is subdivided as follows: In section two, we give preliminaries and technical
lemmas, which are crucial to establish the decay rates. By using the perturbed energy method, we prove
the general decay of the energy associated with system (1.1) in the last section.

2. Preliminaries and technical lemmas

In this section, we give necessary assumptions and establish three lemmas needed for the proof of
our main result.

We use the standard Lebesgue space L>(Q) with its usual norm || - ||. We denote, respectively, by C »
and C; the embedding constants of Hj(Q) < L*(Q) and Hy(Q) — L (Q),forr >0ifn=2 or 0<
r<Zifn>3ie,

IVl < GVl Iyll, < CIVyIlL, Yy € Hy(€),

where ||z]|, denotes the usual L"(Q)-norm.
In this paper, we take into account the following conditions:

(H1): g : R, — R, is a differentiable function such that g(0) > 0 and g’(s) < O forany s € R, .

(H2): There exists a nonincreasing continuous function & : R, — R, satisfying

g <-&mg), Yi=0. 2.1)

The energy of solutions of system (1.1) is given by

E@) = —— f PP+ ( f g(s)ds) f VyPdx + 320 VYD) + 5 f Vy,Pdx
- f |z,|2dx+— f \Vz,[2dx + = f lcVy — Vz?dx, (2.2)
2 o) 2C O 2 o)

(8o Vy)() = fo g(t = 9IVy(@®) = Vy(s)lPds.

where

The energy satisfies the following dissipation law.

Proposition 2.1. We have
’ 1 ’ 1 2
E'(1) = E(g o Vy)() — Eg(t) [Vyl"dx < 0. (2.3)
Q
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Proof. Multiplying (1.1), by y, and (1.1), by z,, we integrate by parts on € to obtain

d 1 a c
—|— P2 — | WP — | Vy|Pdx| - Vz-V
dr(p+2fg'y" d“zfg' y'd“zfg' y"dx) C(fg : y’dx)

—f g(t—s)ny(s)Vytdxdt:O 2.4)
0 Q

1d 1
—— f |z*dx + f \Vzl?dx + — f \Vz,[*dx| - ¢ f Vy - Vzdx| = 0. (2.5)
Zdt le) Q c Jo O

Thus, a direct computation shows that

fg(l—s)ny(s)Vy,(t)dxds
0 Q

and

1 1
E(g’ o Vy)(®) — Eg(t) f IVy(t)|*dx
Q

1d 2
- 35 {(g o Vy)(t) — (f(; g(s)ds)LlVy(t)l dx}. (2.6)

Using (2.6) and the fact that a = b + ¢? in (2.4), we infer that

d 1 1 ! 1 c
|7 | xS b - deZd (g0 VYt —szd
dt(p+2£|yt| X+2( fog(s) S) Q| vl x+2(go y)()+2 Q| y,[?dx

2 d 1 1
+= 2 f IVylPdx — ¢ f Vz- Vydx|—=(g o Vy)(t) + =g(1) f IVy(1)|dx = 0. (2.7)
2 dt Jo o 2 2% Jo

By adding (2.5) and (2.7), (2.3) holds true. O

(2.3) implies that system (1.1) is dissipative, and so E(¢) < E(0).
Using the Faedo-Galerkin method, for instance, Liu [12] and Mustafa [19], we obtain the following
local existence result:

Proposition 2.2. Let (yo, y1), (z0,21) € Hy() X H)(Q) be given. Assume that g satisfies (H1) and (H2),
then problem (1.1) has a unique local solution (y, z) satisfying

.32 € C([0,T); Hy(Q)),

for some T > O.

Thus, it is easy to see that

l 5 c 5 1 5 1 5 c? c?
— | IVyI"dx+ = | |Vydx+—- | |VzI°"dx+ — | |Vz|dx < |2+ —|E@®) <2+ — | E(0),
2 Q 2 Q 4 Q 2C Q l l

which gives that the solution of problem (1.1) is bounded and global in time.

Lemma 2.3. Under assumptions (H1) and (H2), the functional

1 1
Alt) = —— fny,Ipy,dx + cf VyVydx + fzztdx + — f VzVz.dx
p+1Ja Q Q ¢ Ja
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satisfies along the solution and the estimate:

1 l 1
Al < — f ly P 2dx — = f IVy[*dx + ¢ f IVy,|*dx + f lz,[Pdx + — f |Vz|>dx
p+1Jg 2 Ja Q Q ¢ Ja

b-1
f lcVy — VzPdx + 7(g o Vy)(1). (2.8)
Q

Proof. Multiplying (1.1), by y and integrating by parts over €, we obtain

d 1 1

—_ P - o+2 v 2 v Vy_V

dip+1 leytl yidx p+1f9|y;| dx+bfg| yl dx+cfQ y(cVy — Vz) dx
d ‘

+— f cVy,Vydx —c f Vy,Pdx — f V(1) f g(t — $)Vy(s)dsdx = 0. (2.9)
dt Jo o o o

Therefore, multiplying (1.1), by z and integrating by parts over €, we infer that

d dl 1
— f zz,dx — f |z.2dx + f IVzPPdx — ¢ f VyVzdx + —— f ViVzdx — - f IVz,?dx = 0. (2.10)
dt Q Q Q Q dtc O c Jo

Combining (2.9) and (2.10), we find

1
Al = — f ly[FHdx — b f |Vy|*dx — f lcVy — Vzl’dx + ¢ f |Vy,*dx
p+1Ja Q Q Q
d 1
+ ny(t)fg(t—s)Vy(s)dsdx+flztlzdx+—f|Vzt|2dx. (2.11)
Q 0 Q ¢ Jao

It is easy to check that [14]
!
f Vy(t)f g(t — s)Vy(s)dsdx
Q 0

l b-1
<b-=) f IVy]> dx + ——(g o Vy)(?). (2.12)
2" Jo 21
Inserting (2.12) in (2.11), the inequality (2.8) holds true. O
Lemma 2.4. Assume that (H1) and (H2) hold and (y, y,, z, z,) is a solution of (1.1), then the functional

1 !
B(t) = f (Ayt - —Iyzlpyz) f g(t—5) () — y(s)) dsdx
Q p+1 0

satisfies

1 d o b2
B() < -—— ( f g(S)dS) f yP2dx + — | |cVy — VzPdx + (—2 +2(b — 1)252) f IVy]? dx
p+1\Uo Q 2 2 Q

I}
2(p+1)
[52+52C‘ (215(0)) f (s)ds) f IVy,[? dx
p+1 Q

+
cb-0) b
( 25, + 2% + (b — D26, + E)) (go Vy)®)
cOf, Gy
T 5, (1 "ot 1)(‘8 ° Vy)®), 013

for any 61,6, > 0.
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Proof. By exploiting Eq (1.1) and integrating by parts, we have

B(n = — ( f g(S)dS) f P *?dx + b f Vy() f gt = V(@) — y(s))dsdx
0 Q Q 0

p+1

+ cf(ch—Vz) f’g(t— V(1) = y(s))dsdx — (f g(s)ds)f Vy, Pdx
Q 0 ; .
) L(ﬂ“““wﬂwﬂ(£Arww@m—ﬂmwyx

- fg V(1) fo g'(t = V(1) — y(s))dsdx

\Lm%ﬁﬁgﬁ—ﬂ@m—ﬂQMMx 2.14)

p+1

By the Young inequality and Cauchy Schwarz inequality, we infer for any 6; > O that

cb-1)
26,

c f(ch - Vz)f g(t = s)V(y(t) — y(s))dsdx < %61 f lcVy — VzlPdx + (go Vy)r). (2.15)
Q 0 Q

Likewise, for (2.15) it is easy to check that for every 6, > 0,

b-1
ny(t)f gt — )V(y(t) — y(s))dsdx < —f|V Pdx + (25 )(goVy)(t) (2.16)

and

f V(1) f g'(t = V(@) — y(s))dsdx < 6, f IVyi|*dx — @(g’ o Vy)(@). (2.17)
Q 0 Q 46,

Now, the remaining terms can be estimated as estimates (3.11) and (3.15) in [16]:

- f ( f gt — S)Vy(S)dS) ( f g(t—S)V(y(t)—y(S))a’S)
Q 0 0

1
< (26, + E)(b — I)(g o Vy)(©) + 26,(b — 1)? f \Vy|*dx (2.18)
2 Q
and
1 A
— f [yely: f g'(t = )(t) — y(s))dsdx
p+1
Cz(”“)é g(0)C;,
< E Vy,|? oV 2.1
< 22 @Yflwdx o 0T (2.19)
The combination of (2.14)—(2.19) yields to the desired inequality (2.13). O

Lemma 2.5. Let Z = (y,;,2, 2:) be a solution of (1.1), then under the assumptions (H1) and (H2) the
functional

1
D(t) = —— f v’ yv:i(cy — 2)dx + ¢ f z(cy — 2)dx + cf Vy(cVy — Vz)dx + f Vz,(cVy — Vz)dx
p+1Ja Q Q Q
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satisfies

b? b-1
Do < s f cVy = Vefdx + 2 f yPdx + 2= (g 0 vy)0)
o 203 Jo 203

3¢ C254
+2+3C2fV2d——f 2dx + S —1fvzd
(c+cC) Q| yil“dx 1 lezl x o+ D) Q| zl"dx

¢ ((p+2EWO0)™= "
(p+1 + 20+ )0 )Llytlp dx (2.20)

for every 63,04 > 0.
Proof. Multiplying (1.1), by cy — z, using (1.1), and integrating by parts over €, we obtain

d 1 1
- 0 _ d - 0 _ d
dtp+1 Llytl yley = D)dx o+ 1 LU’A yi(cy = 2)udx
d

+b f VyV(cy — 2)dx + f (czu — Azy)(cy — 2)dx + —c f Vy,V(cy — z)dx

Q Q dt Jo

t

_Cf Vy:V(ey = 2)idx - f(ch - Vz)f g(t — 5)Vy(s)dsdx = 0,

Q ) 0

which implies that

1
p+1

t
+c f Vy,V(cy — 2),dx + f Vz,V(cy — 2)dx + f(ch - Vz)f gt — s)Vy(s)dsdx
Q Q Q 0

c 1
= f Wyl dx — —— f vl yizidx — b f VyV(cy — z)dx + ¢ f Zydx — ¢ f [ARES
p+1Jo p+1Jg Q Q Q

D0 f i yi(ey — 2dx— b f VyV(ey - D)dx + ¢ f 2ey — D
Q Q Q

!
+c? f |Vy,2dx — f \Vz,[dx + f (cVy — Vz2) f g(t — $)Vy(s)dsdx. (2.21)
Q Q Q 0
Thanks to Young’s inequality and Cauchy Schwarz’s inequality, we find for any 63 > O that
—b | VyV(cy—2ddx < —= | |cVy—=Vzl"dx+ — | |Vy|"dx (2.22)
Q 2 Ja 263 Ja
and
f(ch - Vz)f gt —s)Vy(s)dsdx < — f lcVy — Vz|°dx + ——(g o Vy)(?). (2.23)
Q 0 2 Jao 263

Using Holder’s inequality, Young’s inequality and Poincaré’s inequality, we derive that

c
czfztytdx < Zflz,lzdx+c3f|y,|2dx
Q Q Q

< = f zldx + °C;, f \Vy,[*dx, (2.24)
4 Q Q
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A

1 1 p:l _}_
T f il yadx < { f x| f &2 I’”de}”
Q

2p+1)
< p+2d /J+2 f p+2d p+2
= g T2+ Dos n@ b
25, @+mﬂm“2
< : Vz Pdx + 2 2.25
= 20+ 1)L| Zl"dx + 200 + 1), f|)’t| X, ( )
for any 64 > 0.
Inserting (2.22)—(2.25) in (2.21), we obtain (2.20). |

3. General stability

We define the functional F by
F(t) = NE(t) + N|A(t) + N,B(t) + N3D(¢),

where N, N;, N, and Nj are positive constants that will be chosen later.
It is easy to check, for N sufficiently large, that E(r) ~ ¥ (¢), i.e.,

aE@) <F ) <cE®), V>0, 3.1)

for some constants ¢y, c; > 0.
The main result of this paper reads as follows.

Theorem 3.1. Let (o, y1), (z0,21) € Hy(Q) X Hy(Q). Assume that (H1) and (H2) hold true, then for
any t; > 0, there exists positive constants 3y and 3, such that the energy E(t) satisfies

B f &(s)ds
E(t) < pre In : (3.2)

1]
Proof. Set gy = f g(s)ds > 0. By using (2.11), (2.13), (2.20) and (2.3), one obtains for all # > 1,
0

F'(t) <

{N N,g(0)

C? .
25, (1 +p+1) (g o Vy))

2
I P 0
o+l " 200+ 1), Vi

a2
N]l 252 2 2
{7 - ( +2(b-1) 62) 26, }flVyl dx

5 C2(p+1) 2
Mgo—Nm—A@E 11 ( Emﬁ) N5(c? +ccz}j}V%%u
e c
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3¢cN-
_ { cNs —Nl}fmﬁdx
3 o

Ny N3C264 f )
- <N — — — Vz|°d
{ 3 c 2(p+1)} IVaidx

Noo
- {N1 0 —N353} cVy — VzPdx
Q

Nl(b_l) cb-0) b= N3(b-1)
+(b-D26 + —)|+ ——— Vy)(1).(3.3
{ 2( %, + 25, + (b= I)( 2+4(52)) 26, }(go )(0).(3.3)
By choosing 6; = ch 0y = W, 03 = 1\1713 and 64 = 2;‘?22\1;3" (3.3) becomes
21 Ab-0 3b-DB*+4b-0DY\ 20b-DN;
") < {N;b- — = |+ N?
Fo < { i )( b2+ 4(b - 1)2)+ 2( N, 4N, TN
N  N2g(0)B? + 4(b - 1)%) C? /
X (goVy)t)+ {2 . 2N, (1 +pf1> (g’ o Vy)(©)
%
Nogo N ¢ 3cCNy((p +E0)) .
T pxl prl Blprl T a2 L'y’l g
2N2p? 3¢N AN
- N31 f|vy|2dx—{ "43 —Nl}flz,lzdx—{Ng——1}f|V2,| dx
Q Q
Nl cXe+b (o «
— {N2g0 — N]C — D+ 4(117 1)2 (1 + pA-}- 1 (EE(O)) )— N3(c2 + CSCIZJ)} f |Vyt|2dx
- Q
N
- —1f|ch—Vz|2dx. (3.4)
4 Jo

At this point, we choose N; for any positive real number and we pick up N3 and N,, respectively,

such that AN
N3 > —]
3 3¢’

3¢C2N5((p + 2)E(0))”%
4Ny (p + 1)

N2g0>N1—N3 C+

and

Nyl cXeth (o
Nzg() > Nic + ! (1

0
2, 30
b2+ 4(b — )2 ot 1 (EE(O)) )+ N3(c* +°C)).

After this, we choose N sufficiently large so that (3.1) holds true and

N%g(())(b2 +4(b - l)z)(1 . Cf)
21N1 p+ 17

Therefore, it follows for some constants m, C > 0 and all ¢ > ¢, that

F'() < —mE(t)+ C(g o Vy)(). (3.5)
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Denote L(t) = F(¢t) + CE(¢). Clearly, L() is equivalent to E(t). It follows from (3.5) that

!
L) < -mE(t)+ Cf g(s) f IVy(t) — Vy(t — s)|*dxds. 3.6)
0 Q
Next, we multiply (3.6) by £(¢) and use Assumption (H2) and (2.3) to obtain

DL (1)

IA

-mg OB+ Cew) [ o) [ 1930 = Tyt - Pdxas
0 Q

< —mEWE@D) +C f £(s)g(s) f IVy(t) = Vy(t = 5)Pdxds
0 Q

< -mEME@R) -C f g'(s) f IVy(1) — Vy(t - s)dxdss
0 Q
< —-méME@R) - CE'(f), Vit>1. (3.7)

Denote R(1) = &) L(t) + CE(t) ~ E(t), then we have from (3.7) and the fact that £ is nonincreasing
that, for any ¢ > 11,
R'(t) < —m&WE().
Using the fact that R ~ E, we obtain
R'(1) < -BiR(1)

for some positive constant 3. By applying Gronwall’s Lemma, we obtain the existence of a constant

C; > 0 such that
!
” f £(s) ds
R(Z) S C]e g ’
which yields to

" f £(s) ds
E(t) < Bre nh

for some constant 5, > 0. O

b

Remark 3.2. By replacing in (1.1) the memory term by a past history term of the form f ) g()Ay(x,t—
s)ds, and by defining the new variable n (as in [8]) by ’
n(x, s, t) = y(x, 1) = y(x,t =), Y (x,5,1) € QX (0,+00) X (0, +00),

{ Mo(x, 8) = 1(x,5,0) = f(x,0) = f(x,5), ¥ (x5)€Qx(0,+c),
(1.1) becomes
Ve’ vy — kAy — cAy, + cAz — foo g()An(x, s,t)ds =0, in QX (0,00) X (0, c0),
2 — Az — 1Az, + cAy = 0, ir? Q x (0, ),
n(x, s,1) + ny(x, s, 1) = y(x,1)  in QX (0,00) X (0, 00), (3.8)
y=z=0, onI x(0,0c0),
y(x,0) = yo(x), 2(x,0) = z0(x), ¥:(x,0) = y1(x), 2(x,0) = z1(x), in €,
y(x,=1) = f(x, 1), inQXx(0,c),

AIMS Mathematics Volume 8, Issue 12, 30668-30682.



30679

where k = [ + ¢*. The energy of solutions of (3.8) is defined by

1 I 1
&6 = —— f ly P 2dx + = f |Vy|2dx+E f |Vy,|2dx+E f |z.*dx
Q
+ — f IVz,Pdx + = f lcVy — Vzl*dx + f f g()IVn(s)|*dxds.

G(1) = M&(t) + M A(t) + M,B(1) + M3D(1),

1 (oo}
B(1) = f (cAyz——Iyzlpyt) f g(s)n(s)dsdx.
Q p+1 0

Now, we suppose that g satisfies

(H3): g € C'(R,) N LY(R,) satisfies foo g(s)ds >0and g(s) >0, ¥V seR,.

(H4): Forany s e Ry, g'(s) <0 and ;‘)here exists two positive constants by and b, such that
—bog(s) < g'(s) < —bi1g(s).

By proceeding as in the last section, we can prove for suitable choices of M, My, M, and M5 that
G ) <-CE(1), V>0,

for some positive constant C,. Therefore, we have the following result:

Define

where

Theorem 3.3. Assume (H3) and (H4), then the energy of solutions of (3.8) decays exponentially, i.e.,
there exists positive constants u and { such that

E(t) < u&EW0)e™, Yit>0. (3.9

4. Examples

In this section, we give two examples that illustrate explicit formulas for the decay rates of the
energy.

(1) Let g(¢) = pe 1+,

t>0,where p>0,0<¢g < 1and p > 0 are chosen so that g satisfies (1.3).
It holds that

g'(1) = —pgk(1 + "1™ " = —&(n)g (),
where &(t) = gk(1 + £)?"!. From (3.2), we obtain that
E(f) < Bre P "y 1> .

(2) Letg() = ey t),, , where p > 1 and a > 0 are chosen such that (1.3) holds true. One has
’ —ap
g = T —&(0g(1),
where £(7) = £ =
Therefore, it follows from (3.2) that

E®t) < 1> 0.

C
, Y
(1+0r
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5. Conclusions

This paper focused on the stability of solutions for a system of two coupled quasi-linear and linear
wave equations in a bounded domain of R”, subject to viscoelasticity dissipative term existing only in
the first equation. This system modeled the motion of two elastic membranes subject to an elastic force
that pulls one membrane toward the other. As a future work, we can change the type of damping by
considering, for example, structural damping (of the form Ay,), Balakrishnan-Taylor damping (of the
form (Vy, Vy,)Ay) or strong damping (of the form A%y,).
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