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Abstract: Our focus of this paper is on global Mittag-Leffler synchronization (GMLS) of the Caputo-
type Inertial Cohen-Grossberg Neural Networks (ICGNNSs) with discrete and distributed delays. This
model takes into account the inertial term as well as the two types of delays, which greatly reduces the
conservatism with respect to the model. A change of variables transforms the 23 order inertial frame
into 3 order ordinary frame in order to deal with the effect of the inertial term. In the following
steps, two novel types of delay controllers are designed for the purpose of reaching the GMLS.
In conjunction with the novel controllers, utilizing differential mean-value theorem and inequality
techniques, several criteria are derived to determine the GMLS of ICGNNs within the framework
of Caputo-type derivative and calculus properties. At length, the feasibility of the results is further
demonstrated by two simulation examples.
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1. Introduction

Fractional calculus, as a prominent branch of mathematics, traces back to the 17th century [1]. It
has been extensively used in environmental mechanics, engineering applications, automatic control and
signal processing [2-5]. In contrast to integer order integrals, fractional order integrals can additionally
describe procedures of all kinds with memory and hereditary properties. It was first developed in
the 1940s to model neural computation, which is the foundation of Neural Networks (NNs) models. In
the last few years, NNs have received significant attention from several scholars, and rich results are
available in the reports [6—10].
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In 1986, as can be noticed, Babcock and Westervelt brought inductance into a class of circuit
models, resulting in inertial NNs (INNs). As a particular class of NNs, INNs take the form of
second-order differential systems. The inclusion of the inertial term gives rise to some complicated
behavior, such as instabilities and chaos. Therefore, INNs have caught sufficient attention of numerous
researchers to yield some fascinating results. It is not difficult to see from these studies that the
treatment of the inertial term is in general a method of order reduction or direct analysis. [8] discussed
the problem of stabilization of INNs, which used analysis approach. [9] considered the inertial
system by the method of non-separation. Based on integer order INNs, various synchronization and
stability problems were widely discussed [9-14]. Compared to integer-order NNs, fractional-order
NNs (FONNs) have the property of infinite storage and have the superior ability to describe dynamic
behavior. As a result, a growing number of scholars have introduced inertial terms into fractional
systems to form FOINNSs, with a plethora of intriguing results [15-18]. In actual applications, INNs
are widely used in engineering, such as secure communication [19], image encryption [20], etc.

It may be noted that the CGNNs were raised by Cohen and Grossberg as a generalization of
the network models. This class of exceptional NNs model has attracted considerable attention
in the areas of associative memory, classification, solving optimization problems and pattern
recognition [21-24]. Recently, a large amount of results for CGNNs have been reported. In [25],
the problem of synchronization of complex-valued CGNNs is addressed by constructing appropriate
controllers. In [26], proposed the model of delayed fuzzy CGNNs with discontinuous activations
and uncertain term. Due to the particularity of INNs and CGNNs, some scholars add inertial term
to CGNNs to form a kind of inertial CGNNs (ICGNNs) and the dynamic behavior analysis of this
class of NNs has received wide attention [8, 27-29]. For example, [8] proposed the condition of
judging the stability by the direct approach of ICGNNs with generalized delays. [27] gained several
new criteria to verify the ICGNNs with proportional delays. [28] established the criterion of fixed-
time synchronization for ICGNNs by constructing a controller with two exponential terms. To better
describe the dynamic behavior of some neurons, [30] proposed the delayed of FOICGNNs. As a
matter of fact, some results of FOCGNNs have been reported [31-34], where the models do not take
into account the inertia term. Furthermore, there are some systems of FOINNs that are not combined
with CGNNs [15-18]. It should be pointed out that model is based on the Riemann-Liouville type
FOICGNNSs in [30]. Thus, we found that there is relatively little research on FOICGNNSs in the
Caputo sense. It is noteworthy that various types of synchronization have been extensively discussed,
including but not limited to anti-synchronization [12], fixed-time synchronization [7, 11, 19, 26, 28],
finite time synchronization [25, 35, 36], quasi projective synchronization [25], global asymptotic
synchronization (GAS) [16,27] and GMLS [17, 18]. Currently, various effective control strategies
have been applied to solve the synchronization problem, such as impulsive control [37], predefined-
time control [12], linear control [25, 29], pinning control [13, 38] and sliding mode control [14].
Therefore, the problem of GMLS for Caputo-type FOICGNNs with discrete and distributed delays
is not yet considered.

Motivated by the front statement, our main goal of this paper is to study the GMLS of Caputo-type
delayed ICGNNSs. The following innovations are listed:

(1) The model being considered is constructed on the basis of Caputo-type ICGNNSs that have both
discrete and distributed delays. The model takes into account two distinct time delays, thus making it
more comprehensive and more practical than the models of ICGNNs [28,29].
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(2) The inertial system is converted into two ordinary fractional systems by variable substitution.
The difficulties caused by delays are overcome using two novel control strategies. Different from [30],
the novel controllers are designed to achieve the GMLS of Caputo-type ICGNNs, which reduces the
control cost and improves the control precision to a certain extent.

(3) Compared with the matrix inequalities approach [32], the novel conditions of GMLS are
derived by the algebraic inequality technique, which can avoid the complex calculation and facilitate
the verification.

(4) The derived conditions are characterized by the form of algebraic inequalities, which are easy
to put into effect in reality. The validity of theoretical results is confirmed via simulation results.

2. Preliminaries

Subsequently, the basic concepts, lemmas and the Caputo-type delayed ICGNNs model
are described.

Definition 1. [1] For a function u(-), its fractional integral with order B is

Wl Pu(t) = —— /to t(z — )P~ u(s)ds, B > 0.

Definition 2. [39] For u(-) € C*([0,+o0],R), its Caputo derivative of the B-order is

N A /’ u™)(s)
wDr u(t)—r(n_ﬁ) . (t—s)ﬁ*”“dS’ t>1t.

Lemma 1. [40] If ¢(¢) is differentiable and ¢ (t) € Clty,+0), then
WL (07(0) <200 DF0(), 0<B <1,
Lemma 2. [41]Ife >0, 61,0, € R, then

2

1
0107 < 6124-%62

£

2

Lemma 3. [42] For V(t) € C[0,+o0), if satisfies BDEV(t) < —AV(t), then
V(1) <V(0)Eg(—AtP),

where B € (0,1) and A € R.
The Caputo-type delayed FOICGNNS is investigated as follows:

6D rie(1) = — 8§ DP re(t) — aue(rie()) L (ric (1)) — h; din i (ra(1))

- Z bicp Wi (ra(t —71)) Z Cxh Wi(ra(s))ds — Iie(1) }, (2.1)

—T
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where oy (r(t)) is the amplification function; /1, (r(¢)) means well behaved function; ri(¢) stands for
the state of the k th neuron, y;(ry(2)) refers to the activation function, 7; denotes the constant time
delay, 1, is the distributed delay; dy, by and ¢, are connection weights, I () represents the external
input and 0 < |I,c(1)| < Ix.

Considering the following variable transform:

wie(t) = §DP re(t) + mere (1), 2.2)

then, the system (2.1) is expressed as:

6DP ri(1) = — Tor (1) + wicl0),

A

SDPWK(I) = — (T — SK)”K(l) — (0 — T )wic (1) — (e (1)) [ (e (2)) — hi,ldxhllfh(rh(f)) (2.3)

_ Zthwh rlt—11) Zcm / W (r(s))ds — L (7).

h= I—T
Analogously, the response system of the system (2.3) can be depicted as:

§DPy (1) = — ey (1) +vie(t) + Pe(t),

A

BD?VK(I) = — (T — 8ic)yie(t) = (8 — W) vic(t) — e (e (1)) [ (1)) — i dinWn(yn(t)) (24)
=1

- Z binWn(n(t — 1)) Z cin | Wn(va(s))ds — Ii(1)] + Qi (7).

—7

We set the initial-value of systems (2.3) and (2.4) as:

ric(0) = ric(0), wi (1) = wic(0): yx(0) = yic(0), v (0) = v (0).

Let ex (1) = yic(t) — ric(t), 2 (t) = vic(t) — wi(t), the above error systems are given by:

EDPE(t) = — meen(t) +Zc(t) + Pelt),
(C)Df'z}(t) =Qx(t) — Ty (7 — $ i)ex(t) — (8 — )2 (1) — [0 (Ve () ) e (Ve (2))

n

— O (ric (1) )i (ric(2))] + ot (i (2 hzdxh Wi (va(t)) — wa(ra(t)))
=1

4 ibmwh(yh(r—m)—w(rh(r—m))] 25)

+ ot (ric (2 chh/

—T

wOn(o)ds— [ valra(s))as

+ [0 (yie (1)) — ot (ric(t dehllfh (1)) + ibthh(rh(t_Tl))
A=t A=t

+ zn: Cxh /ttr2 Wi (v (s))ds + I (1))

h=1
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Assumption 1. The function of o.(-) satisfies:

0<a<a(re(t)) <o < oo,

| ot (y) — o (r) ] < oty — 71,
where y,r € R and o, > 0.
Assumption 2. [f exists @y > 0, the functions o(-) and h(-) satisfy:

O (1) i (1) — Qe () e (y)
r—y

> w)ﬁ

where r #y,r,y € R.

Assumption 3. Yy, r € R, if the activation function yy(-) satisfies:

(Wi (y) — W (r)| < Wly —r],
where W5 > 0.
Assumption 4. For yy(-), the constant My, > 0 exist such that
(Wi (+)| < Mp.
Definition 3. The systems (2.3) and (2.4) can reach GMLS under the controllers Pc(t) and Q«(t), if
there exists one constant ¢ > 0, such that
1
~ - ~ ~ 2
[ e(e) I, +1120) [l < {f(H e(0) |13 + 11 2(0) ||%)Eﬁ(_/\fﬁ)} O0<p <L

3. Main results

The controllers of system (2.5) are designed:
n
— e (t) — Hiex(t — Ty _ZZK(I)RZ]Q|CKH‘MF172 £
Pi(t) = — 7“K:(_x|bh1€|\PK‘3; 3.1)

ex(?)
O« (t) = —Przi(?).
where e, (1) # 0.
Theorem 1. The systems (2.3) and (2.4) can realize GMLS, when A > 0,A = min{A,A;}

n
Al =T+ ﬁK - [1 + Ok + ’7[1% - 77:K61<| + Z (aKMh(|d1<h| + |bk’h| + ’CKh|T2) + (_x|dhK|lPK)
h=1

£
+051<I;<]31;
n
Ao =P — T+ O — [1+ | 71g — W Oc| + @i+ Y (M (|dicn| + |brca| + [ T2) + &l dicn | P
=1

_ 1
+ 0| bn|Wr) + aK’IK]z_gl-
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Proof. Constructing V(-) as

1 & -
V() =5 ) [ + %) (32)
k=1
Based on Lemma 1, one has:
DPV (1) < Z ()PP () + Xn‘, Ze()5DPZ (1) (3.3)
0 K‘ () K' k\l)ot Zx\l)- .

Substituting (2.5) into (3.3), we have

Dby (1 <ZeK )= Ttex(t) + 2 (t) + Pe(t) +iz,< (t){ =T (M — B )2 (1)
=1 k=1
— (8 = o)z (1) = [ e (1) (9 (1)) — Qe () e (i (1))
(

e zdﬂ, v 0n(©) — v () + Y. byt — 1))
h=1
vl — )]+ ) Y cun [ wnGn(o))ds
h=1 =7

— O (et Z Cxh Vi (ra(s))ds + [0t (v (2)) — Ot (ric(t [Z dicnWn(ru(?))

—7 hi=1

bt =)+ Y can [ vnOn()ds-+10)]+ Q1)

h=1

_|_

ngE

I
_

n

—mex(t) + Z ex(t)zi(t) + Z ex(t)Pi(1) Z T Tcb)x(1)Zx 1)
—1 k=1

(7 — 61)2 il Ot (yie () e (yxe (£)) — Qe (ric () e (rxe (1) )]

I
1= .

=
Il

1=

_|_

A
—_

s

A(Wa(a(t)) — wi(ra(2)))]

+ZZK‘ OCK)’K
k=1

I M:

N

+ Y () o (e i bin(Wn(yn(t —71)) — W (ra(t — 71)))]
k=1 h=1

N

# 3 (e Lew [ winods= Y con [ vl
K h=1

—1 1—T h= —T

S

+ Y Ze){loc(yx (1)) — o (re(t)) [Z din Wi (ra(t)) + Z binWn(ra(t —11))
k=1 =1 h=1

BN

+Y e [ " Wn(n(s))ds+ ()] + 0x(0)}- (3.4)
h=1 —T

From Assumptions 1 and 2, it gives

(=72 + M6 ) e (1) Zc (1)

-

sDPV (1 <Z — Tl +Zex 2kt i «(1) P(r) +
i=1

i=1
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Z — 822 (r) + Z ()@ Z (Wi (a(2)) = Wi (ra(2)))]
+ ) ()Y bl (Wn(a(t — 7)) = wi(ra(t — 1)) = Y Ze(0) D (t)
k=1 h=1 k=1
n n t
Z Z Vi (yn(s))ds — Wi (rn(s))ds]
k=1 h=1 —7 —T
Z (t){ocex(t [Z den ¥ (ra(0)) + Y, ben W (ra(t — 11))
=1 =1 h=1
Zcxh | vnOn(s))ds +1c(1)]} + Z Zx(1) Q1) (3.5)
=1 (]
By Assumptions 3 and 4, one obtains
ngV(t) < Z —mei(t) + Z ex(t)Zi(t) + Z — Ux€ (t— T1) — 22k (1) Z |cxn| M)
k=1 k=1 h=1
+Z( K+7TK5K e]( +Z ZwKZK
k=1 k=1 k=1
+ Y ) adenWhlen(n)ze(t)+ Y, Y 0y Phlen(t — )|z (1)
k=1h=1 k=1h=1
Z (1) Y alexnlMima+ ) Ze(r)ex(s [Z | dicn| M, + Z | bicn|Mp
k=1 = k=1 = k=1
Z Oc| Cicn|Mp 2 + i (1) Z Pzt (3.6)
From Lemma 2, one has
~ ~ €1 < 1
e(0)Z(r) < S0 + 50, 37
(et —11) < S2(0) + 2t — ) (3.8)
e €x 1 ) (S 281 1 .
~ €] 1
n(1)2e(t) < SE(0) + 5 %), (3.9)
1
~ ~ 81 ~ 1 ~
Eh(l—fl)ZK(t) < ieh(l‘—fl)‘f‘z_zk-(t). (3.10)
&
Substituting (3.7)—(3.10) into (3.6), then
n n 8 " 1 . n o
cDlv (1 <Y M0+ Y580+ 550+ Y e () — et m)
k=1 k=1 2 281 k=1
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1 A L E1 1 1 A
+ Y |72 - mebi| [k (1) + 2]+ Y (e — )22 (1)
k=1 2 2 1 k=1
LY 02200+ L2014 Y Y @ldal [ L30) + 2 (0)
= K 7 K 2¢ K - kh| T'h 2 h 26, %
n o n _ ) 1 5
+ Y ) albn|Phl5e(t — 1) + 724 (1))
Py | 2¢
+ Z [5ex(t) + _ZK Z | dicn |Mp + Z |y | M,
= 2 2g hiel
n n
+ Z | Cxen|Mp T2 + Ol (2) Z P ZK'

—

( ){ T — i + [1+wx+ ’n;%_ﬂKSK‘

N
1=
)

aw

A
I

_I_
1=~

_ &
(0eMp(|din| + [bxn| + exn| T2) + Oldpi|Px) + OCKIK]E}

3+
Il
—_

_31() +[1+ |7F,%— TEKSK’| + O

+
1=
v
AN
T
e

~

+

i
I

_|_
M=

(| dicn|Mp + Ouc|bien | My, + Q| € icn | M T2 + O dih | Pr

h=1
n n
+ O|bicn| W) + (XK‘IK‘ Z Z (t—m) 06|th|‘{’,<3 — M)
n - - N n
=- Z 12(( ){”K—f—rlk [ wk+|752—7751<51c’+2 OCKMh<|th|

h=1

A
I

+|bK‘h|+|CKh|T2)+(_X|dhK|‘PK’)+aKJK‘ } Z (O){Px—

n
+ 0 — [1+ | 7tg — MO + @i+ Y (M (|dicn| + |brca| + [cxen] T2)
h=1

_ _ 1
+alth|‘I’h+a|th|‘Ph)+oc,<1,<]2—81} < —AV(r). (3.11)

Because of the condition A = min{A,A;} > 0, where,

n
At =T+ e — [1+ O + |1 — 7Ok + Y (M (|din| + [bicn| + [cxn|72)
Al

_ €
+a|dflK"‘PK’)+aK’1K]§l;
n
Ay =P — T+ 6 — [1 + |7¢ — TS| + B+ Y, (M (|dicn| + |bin] + |cxn| 22)
Al

) ) 1
+ 0|dicn ¥ + 0| bicn|¥r) + axlx]z—gl
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From Lemma 3, one can get

V(1) <V(0)Eg(—AlP). (3.12)

Therefore,
[e) |+ 120 L <Y &) +2 Y 2(0))?
k=1 k=1
1 & 1 & 1
—[4G Y &0+ Y A0
K=1 k=1

<[4(V(0)Eg(—AP))2

= {20112(0) 13 + 1 200) I31Eg (—ArP) . (3.13)
By Definition 3, the systems (2.3) and (2.4) can realize the GMLS. |

In order to realize the automatic adjustment of control gains, the controller of system (2.5) are
designed as follows:

—Mcei(t) — Pl (t = 71) = 22 (1)@ ¥ |ewn| My

& _
Pe(t) = A0 Hie = = @l bag ¥ (3.14)

Qx(t) = = Be(0)Ze(t), DI Oxlr) = puZi(t),
where ¢ (1) # 0.
Theorem 2. If ¥ satisfies A > 0, when A = min{A;, Az},

=
I M=
A

c A ) n
Ay == [ | = (e — )| + @+ Gl [ ¥+ Y, M ([dcal + by

h=1
+ |Ckh|7~'2) + aK'IK'] + e + N,
1 n . n
A=—o s[4 | = (e — O) | + @ + & (|din| + [brn| ) + Y M (|dicnl
h=1

+ |bxh’ + |CK71|TZ) + aKIK] — T + 81("‘ 19;:-7
the systems (2.3) and (2.4) can realize GMLS.
Proof. Designing V (+) is

VO =1 Y 041 Y 20+ Y o [0x() - 33 (3.15)
=—) ¢ - Y z — [ (2) — ) .
2 k=1 ) 2 k=1 - k=1 2px )

By utilizing Lemma 1, the Caputo type derivative of (3.13) can be obtained,

507V (1) Z Pec(t) + Z 21§D Zic(t) + Z [ (1) — OLJZ2(1). (3.16)
k=1 k=1

k=1

Substituting (2.5) into (3.16) yields
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SDPV(1) < Y ()|~ melr) + Zelt) + Pelt)] + Y. Zelt){— (T — 8)2(0)
—1 k=1
_(SK T )Zic(t) — [0 (Ve (£) ) e (Vi () — Qe (ric (1) ) e (7 (2))]
(

T e LY. den(nOn(0) — (@) + Y. ben(Wa(onlt — 1))
h=1 h=1

— Vi(ra(t —11)))]
Fae(relt ZcKh Wi (v ())ds — ot (r(t Zcm Wi (ra(s))ds

1—T —T

+ [t (vie (1)) — Ot (ric(2 Z dienWn(ra(t)) + Z binWn(rp(t —11))

h=1
n
v Z c,(h/t W (o (5))ds + I ()] + 0w ()} + Y [0 20). 317
T k=1
From Assumptions 1 and 2, one has
n n
oDﬁ V() <— Z Ter(t) + Z ex(t)zi(t) + Z — ey (t) — Uyt — T1) — 22 (t) Z CinMy o]

k=1 k=1 h=1

n n n

+ Z[ TCK(TEK' 51( ZK Z 5;( 7[1( ZK' - Z (D.Ke;( t)ZK(t>
k=1 k=1 k=1

2] den (W0 (1) — Wi (ra(0) +beh W Oom(t — )
hi=1 h=1

k=1
=)+ ¥ @ ¥ il wnds— [yt

_ —1

+
™=
Ql

N

+ i e ( f)ZK(f)[Zd 2 W (ra(t)) + Z binWn(rn(t — 1))
k=1 n=1

+Zcm Wi (n(s))ds + I] — Z +Z&< Zﬁ,ﬁi (3.18)

—7 _

According to Assumptions 3 and 4, we get

0DﬁV <—Z7r,<e —i—ZeK 2 (t +Z —Nicere(t) — Uxes (t 7))
k=1
n n n
-2 Z k(2 Z |Cxen|MpT2] + Z — T (T — 61( )z (t)ex Z 31( ﬂK)Z,Z((I)
n
— Z (D'Ke,( ZK Z t Z th‘I’;—,|eh t |—|— Z th‘Ph\eh(t — T])H
k=1 k=1 h=1 h=1
n n n n
+2 Z (_XZK‘ t Z |CK'h|MhT2+ Z aK'eK(t)ZK(t)[Z |dkh|Mh+ Z ‘bxh‘Mh
k=1 h=1 k=1 h=1 h=1
n n 2
+ Y lexn| M+ 1] — Z Bzl (3.19)
h=1 k=1
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From (3.7)—(3.10), then we get

DIV <= Y medn(t) + Y (50 + 5 T+ Y [~k () — it = )]
k=1 k=1 1 k=1
n N . 1 . n N .
+ Y |- (e~ 8 [220) + 5 (1)~ Y (b~ mo)Z(0)
k=1 2 281 k=1
B8R 4 2 v Y G Blapn, 12
+ K; Bxl &(t) + 55 7(0)] + ,;m; &V [5 E5(1) + 5 (0]
n n 1
+ Y Y albal i — )+ 2— )] + Z Ot Z \dyer| M,
k=1h=1

_|_
M=

|bicn|Mp + Z |Cxn|MpTa +IK][ 2 ( )+ _ZK Z ﬁKZK'

=1 A=l
<— ) m Z +—z,< +Z[ ey (t) — e (t — 7))
k=1 k=1
- €15 1 5 C A 2 - €12
£ Y |- (e = 80lIEE (0 + 5 20] - Y (Be—m)B(0) + Y, Bl 22 0)
k=1 2° 2¢ = =
1 > nono €l » non 1
+ e B0+ X Y aldnd WS E0 + Y Y aldual a5, 30
€1 k=1h=1 ey |
n n B { n € ~2 1
+ Y Y b ¥es et — )+ Y ow[5er(t) + 5 —2(r) Z | dxen| M
Kk=1h=1 k=1 2 2¢
n n n n n 2
+ ) banlMi+ Y lexnMpra+ 1+ ) Y @!bth’h — Y %z
=1 =1 K=1h=1 k=1

n
_[1 + ’ - 715,((71',( - 51()’ + O + d‘dhx‘lpk‘{‘ O‘K( Z ‘drcthh + Z ’bxh’Mh
h=1 h=1

A
I
—_

N
+ S
0T

exnlMa T2 + 1)) = T — i | 2(0)

St

s |

—

1 A ] ,
+ Z {28 [1+ ] — T (e — Ok) | + @ + @ (|dicn| + [brn|)¥n + 06 (Y [dicn| M
= A=l

N

n
+ Y 1bcnlMi+ Y lexnMuTy 4 1c)] + 7o — Ok — 19;}32’((,)
=1

>
I
—_

Lt by | W — )02t — 1)

=
Il
—

+
1=
NT“’

E a _
- 51[1 + | = (e — Ok )| + @k + | dpic| P

N
|
WM
S

™
AN
=

—

s

+ Z My (|dicn| + |bycn| + |exnlT2) + ctclic] + 7T1c+77x}
h=1
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1 a _
- Y R0O{ - 51+~ Bl 801+ Bl + )P

+ Z M (|dren] + D] + e 72) + Ol — T + S + 19;';}
h=1

—AV(2). (3.20)

Based on the condition A = min{A,A,} > 0, there,

£ A B n
Ay =— 31[1 + | = (T — Oxc)| + Bic + O dpic[ e + Z My (|dicn| + |bien
h=1
+ |Crch|7v'2) + aK‘IK‘] + T + N
1 N ) n
Ay = " 2e ) S [+ = (T — k)| + @ + (| din| + |bien|)¥'n + Z QM (|dicn]
h=1
+ |bin| + |cxn| T2) + Quclic] — T + S + B
From Lemma 3, then
V(1) <V(0)Eg(—AP). (3.21)
Therefore,
_ _ n " n " l
le) lla+1120) <2 Y, ex(t)+2 Y zZ(0)]?
k=1 k=1
1 ~ 1 ~2 1
— [ Y @0 +5 Y20
k=1 k=1
< [4(V(0)Eg(—ArP)]?
1
2
= {2l e(0) I3+ (0 u2-+-§: SPIE(-AP) ). (322)
Note that,
1€(0) |15 + 11 2(0) [I7 + Z — 8> <H(|| €(0) |5 + 1| (0) [13), (3.23)
where H is a positive constant.
Thus,
1
~ - ~ - 2
[ e(@) [l + 1 z(2) [l < {ZH(II e(0) |13+ 11 2(0) II%)Eﬁ(—NB)} : (3.24)
From Definition 3, the systems (2.3) and (2.4) can realize GMLS. O

Remark 1. Different with the GAS [37], quasi projective synchronization [25], finite-time
synchronization [26,35,36], Mean-square synchronization [38], fixed-time synchronization [7,26,28],
exponential synchronization [29], pinning synchronization [43] and adaptive quantitative exponential
synchronization [44]. The GMLS of ICGNNS is discussed in the article.
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Remark 2. Note that the attack resistant control [44], sliding mode control [14, 45], pinning
control [13,38] and intermittent control [46] are inconvenient and undesirable in practical applications.
Two novel feedback controllers are designed to achieve GMLS in this article, which is more convenient.
Different with the linear control and adaptive control, in this paper, two control inputs P (7) and Q(?)
are incorporated into the the model of response systems. It can be seen that the selection of the novel
feedback controller with time delays is more efficient and extensive.

Remark 3. Compared with the models of integer order ICGNNs considered in some literature [8,
24,27-29], we study the FOICGNNs. Different with the dynamic properties exhibited by integer-
order ICGNNs, FOICGNNs possess infinite memory characteristics and offer a more accurate
depiction of neuronal dynamics. Consequently, they are particularly well-suited for application in
realistic domains. Different from the model [30], the model of this article is based on the derivative
of Caputo’ sense. In other researches, various types of time delays have been considered such as
proportional delay [27,31], discrete delay [30,47], time-varying delay [13,33] and leakage delay [47].
However, the system of this article are considered both discrete and distributed delays. For these
reasons, the proposed model of the nervous system is less conservative.

Remark 4. Different from some approaches such as event-triggered approach [28], matrix inequalities
approach [33] and contraction mapping principle [32], several efficient guidelines are derived to
implement the GMLS of Caputo FOICGNNSs through the method of variable substitution and inequality
technique. The resulting criterion is formulated in the form of an algebraic inequality, which greatly
reduces the computational complexity and is easier to prove and implement in practical applications.

Remark 5. In [37], the GAS of fractional-order dynamic systems was realized within the framework
of event-based delayed impulsive control. However, in this paper, the GMLS of Caputo-type delayed
ICGNNSs is considered. As a matter of fact, the GMLS is simplified to the GAS. Thus, the GMLS
of this paper can apply to the GAS. In [43], pinning synchronization of integer-order NNs was
achieved. Instead, the model of fractional-order is discussed in this paper, which can overcome
the disadvantage that the integer order model does not agree well with the experimental results. In
addition, the fractional-order model is more clear and concise in describing complex physical and
mechanical problems.

4. Illustrative examples

Some simulations are provided to check the availability of the results in this part.
Example 1. Considering two-dimensional FOICGNNs with discrete and distributed delays:

2
6D rie(1) = = 8§ DP re(t) — aue(rie(6)) L (ric (1)) — ;;1 din ¥ (ra(1))

- Z bicp Wi (ra(t —71)) Z Cxh Wi (rn(s))ds — (1)}, (4.1)

—T

WhereK:1,2,and0<[3<l,let'B—O95 ,o1(ry) = 09+1+r2,oc2(r2) 0.9+ + L2 1.(t) = sint,

vi(-) = cos(+), hi(r)) = 0.2r; — 1+ L2y (ry) = 0.2r) — 12322. By calculating ¢ = 0.9, @ = 1.1,
o =0,=02,m = =0.18.
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Then, choose T = 2.9, m = 2.9, §; =4.6, 6 =4.6 dy; =0.23, dip = —1.5, do; = —0.64,
d»» =0.3, b1 =0.12, bip = —0.1, by = —0.2, by =0.16, ¢y =0.15, ¢cjp =—-0.3, ¢ =0.2,
cp = —0.15, 1y = 1p = 1. € = 1. The Lipchitz constants ¥} =¥, = 0.5, y;,(:) =cos(-). 1 =L =1.

The parameters of the controllers, we choose: 1} =8.6, 1, =9.1, p;1 =9.0, p, =8.7, u; =0.088,
Uty = 0.0715, 2a(ciy +c12) = 0.99, 20(ca;1 + ¢22) = 0.77. The initial values are given as r;(0) =
2.9, 72(0) = —1.5, w1 (0) = 5.7, w2(0) = 1.5, y1(0) = 0.4, y5(0) = 2.3, v1(0) = —1.9, v»(0) = —0.1.
Therefore,

2
Ay =T+ Tl — (14 @ + |77 — 0| + Y, (oM (|dic| + |bicn| + |cxn | T2)
h=1
_ &l
2
A2 :Ijx — T + 51( - [1 + |7T,% - 77:1(51(‘ + O + Z (aKMh(|d1ch| + |b1<h| +Cr<h’7:2)
h=1

_ _ 1
+ (X‘d,(hllph + (X|th|lPh) + OCKIK]2—81,
when K = 1, A} =7.86575, A, = 6.76875; k =2, A; = 8.185, Ay = 6.7225; then A = min{A|,Ar} =
6.7225 > 0. Thus, the systems (2.3) and (2.4) can realize the GMLS. The figures of each state variable
of the systems (2.3) and (2.4) are given in Figure 1. As is shown in the picture, the curves for the
state of the system are eventually coeval. The error curves of systems (2.3) and (2.4) are portrayed in
Figure 2.

—ri(t) —a(t)
= = nlt) 25 = ()|

2 0.5
u 7
vV
4 Oy
-
-6 -0.5
0 5 10 15 0 5 10 15

Figure 1. The state curves of systems (2.3) and (2.4).
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Figure 2. Evolution of synchronization error of systems (2.3) and (2.4).

Example 2. Considering two-dimensional models (2.3) and (2.4): Where k = 1,2, and 0 < B < 1,
let: B =0.9 Otl(rl)—03+1+r2, Otz(rz)—03+1+r2,l,€( ) = sint, Yy(-) =cos(-), I =L =1,
hl(l‘l) = COS(I’l) 1+r 7 /’12(7‘2) = COS(}"Z)
o = o, =0.3.

The relevant parameters are selected as m = 3.4, mp, = 3.4, 31 =3.9, 32 =39 d1 =03, dip =
—1.4, dr; =0.03, dyy =1.0, by =0.12, bjp = —0.1, by; = —0.18, by =0.13, c;; = —0.45,
c1p=—0.14, c1 =0.2, ¢33 =04, 11 = 1, 1o = 1. The Lipchitz constants ¥ = ¥, = 0.5. Taking the
initial values as: r1(0) = 2.9, r,(0) = —3.5, w;(0) = 2.5, wp(0) = —1.9, y1(0) = —0.8, y2(0) = 2.4,
v1(0) =—=1.9,v,(0) =1.5.

Under the controller (3.14), select p; =1, po = 1.5, $(0) = 1.2, %,(0) = 1.8, ¥y =7, ¥; =5,
ﬁl =17.0, ﬁz =74, up =0.0675, up = 0.05175, 256(C11 +012) =1.062, 256(6‘21 +022) = 1.08,
Therefore,

1+2Bycalculatlngoc 03, x=0.9, a; = =0.6,

&

A=—21

2
‘H ( K_5K)‘+(D.K+(_x’dhl('|lpl('+ZaKMh(|th|+‘th|
h=1
+ [exn| T2) + Cuclic] + T + s
1

2
Mo == 5[+ = Tl = 8|+ @+ @l + [bsal) ¥+ Y, oM
n=1

A |bxn| + [exn| T2) + Quclic] — Tt + 81( + Uy,
when Kk = 1, A| =7.76375, Ay =4.515; k =2, A} =7.878, Ay = 2.8165; then A = min{A|,A} =
6.7225 > 0.
Therefore, the simulations confirm the validity of proposed Theorem 2, the systems (2.3) and (2.4)
can reach GMLS. The curves of control gains are provided in Figure 5. In Figure 3 represents the state

trajectories of the systems (2.3) and (2.4). The synchronization error of systems (2.3) and (2.4) are
exhibited in Figure 4.
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Figure 3. Trajectories state of systems (2.3) and (2.4).
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Figure 4. Synchronization error of systems (2.3) and (2.4).
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4.5

0 5 10 15

Figure 5. Evolution of adaptive gains 9 (7) and ,(¢).

5. Conclusions

The GMLS analysis of delayed FOICGNNSs is presented in this article. By means of variable
substitution and Caputo-type derivative property, the 28 order inertial system is converted into two
general systems with B order. Some criteria are formulated by the use of the differential mean-value
theorem and fractional differential inequality techniques, the GMLS of FOICGNNSs is implemented by
designing the novel controllers. Ultimately, two numerical simulations are furnished to demonstrate
the feasibility of the results. In our future works, we will further investigate event-triggered control on
finite-time Mittag-Leffler synchronization of FOICGNNs with time-varying delays.
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