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Abstract: Constructing permutation polynomials is a hot topic in the area of finite fields, and
permutation polynomials have many applications in different areas. Recently, several classes of
permutation trinomials were constructed. In 2015, Hou surveyed the achievements of permutation
polynomials and novel methods. But, very few were known at that time. Recently, many permutation
binomials and trinomials have been constructed. Here we survey the significant contribution made to
the construction of permutation trinomials over finite fields in recent years. Emphasis is placed on
significant results and novel methods. The covered material is split into three aspects: the existence of
permutation trinomials of the respective forms x"A(x*), 1, x* + x” + A3x° and x + x*@" =D+ 4 x(@"=D+1
with Niho-type exponents s, 7.

Keywords: permutation polynomial; trinomial permutations; Niho-type exponents; binomial
permutations
Mathematics Subject Classification: 05A05, 11T06

1. Introduction

Let F, be the finite field with g = p" elements, where p is a prime number and 7 is a positive integer.
A polynomial f(x) € F,[x] is called a permutation polynomial over F, if it is a bijection of F, into
itself. The study of permutation polynomials on finite fields began by Hermite [27], Dickson [15] and
Carlitz [12] has since been carried out by many other researchers [1,3-5, 8,9, 35, 87]. The study of
permutation polynomials over finite fields has been attracting researcher interest for many years due
to their wide applications in cryptography [36, 59, 61, 62], coding theory [17, 18] and combinatorial
designs [16]. In many cases, compositional inverses of permutation polynomials are necessary. In
block ciphers, substitution boxes, which form the confusion layer during encryption, are often designed
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by using permutation polynomials and their compositional inverses. Very important progress has been
achieved in the area of the construction of permutation polynomials and their compositional inverses
(see [55,77-79]).

Permutation polynomials with fewer terms are particularly desirable due to their good algebraic
structure over finite fields. The three most basic types of polynomials are monomials, binomials and
trinomials. Permutation polynomials of the monomial or binomial type have been widely investigated
in recent decades. However, much less is known about polynomials with more than two terms, such
as trinomials and quadrinomials. The monomial x” is a permutation polynomial over F, if and only
if ged(r,q — 1) = 1. It is challenging to ascertain the conditions on a, b, n,m and ¢ under which the
binomials ax" + bx™ are permutations on F|,.

In 2015, Hou [32] briefly surveyed the known classes of permutation binomials and trinomials, but
very few classes were known at that time. The purpose of the present paper is to review some of the
recent contributions to the area while providing more details and background. Our primary focus is on
the results of permutation trinomials that have appeared in the last decade. In addition, we will present
the reader with a selection process for recently developed approaches and methods.

An old and yet very useful result on the theory of permutation polynomials is the following theorem,
proved by Hermite [27] for prime fields, and Dickson [15] in the general case.

Lemma 1.1. (Hermite-Dickson criterion) [27] Let F, be a finite field of characteristic p. Then, f(x) €
F,[x] is a permutation polynomial of F, if and only if the following two conditions hold:

(1) f(x) has exactly one rootin F,;
(2) For each integer t with1 <t < qg—2andt %0 (mod p), the reduction of f(x') (mod x? — x) has
a degree < g — 2.

The following Lemma 1.2 shows that polynomials of the form x"h(x'9~V/4) over F, have a close
connection with the d-order subgroup p, of F.

Indeed, there have been many construction results that were obtained by using the method of
constructing permutation polynomials over u; to obtain permutation polynomials over the original
finite field. It was first stated by Wan and Lidl [69], and later modified by Wang [70] and Zieve [87].

Lemma 1.2. [69,70,87] Let d,r > 0 with d|(q — 1) and h(x) € F,[x]. Then, f(x) = X h(xla~Didy
permutes F, if and only if

(1) ged(r,(g — D/d) =1,
(2) x"h(x)4=Y4 permutes ug.

Theorem 1.1. [47] Let p be a prime and n,ry,r>,- -+ , 1, be non-negative integers such that

n=dy+dip+dop*+---+dp* (0<d;<p-1), YO<i<s,
rj = j0+dj1p+dj2p2+"'+djsps (OSdﬂSp—l), VOS]SI,VOSZSS

Then,
o) = o) -+ (aioa,)
(VI,VZy---J”r) - (dlo,dzo ----- dio) """ \dis.das,.ndss (mOd p)'

t
Further, it follows that( " ) £0 (mod p) ifand only if 3, djj=d;, Y0 < j<s.
i=1

F15125ee01t
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Definition 1.1. [74] Two permutation polynomials f(x) and g(x) in F,[x] are called the
quasi-multiplicative equivalence if there exists an integer 1 < d < q — 1 such that gcd(d,q — 1) = 1
and f(x) = ag(cx"), where a,b € F;,.

Definition 1.2. [47] A polynomial f(x) € F,[x] is said to be a complete permutation polynomial over
F, if both f(x) and f(x) + x are permutations of F,.

To check the permutation property of any given polynomial over a finite field, we can use Akbary,
Ghioca, Wang(AGW) criterion. We make use of the subfield of the finite field and a known polynomial
that permutes the subfield. For instance, a permutation polynomial over F, can be used to check the
constructed polynomial over F», regardless of whether it is a permutation polynomial or not.

Lemma 1.3. [1] (AGW criterion) Let K, L and L be finite sets with |L| = |L|, and let
¢g:K—>K, g:L>L w:K—L

and &: K — L be maps as shown in the Figure 1, such that @ o g = g o w. If both w and & are
surjective, then the following statements are equivalent:

(1) g is a bijection from K to K;
(2) 2 is a bijection from L to L and g is injective on w™'(l) for each | € L.

So, if g is a bijection on L, we can make conclusions about the permutation of g over K.

K
L

Figure 1. Commutative diagram.

=

g
EE——
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|

g

There are several approaches that can be employed to decide whether f(x) is a permutation
polynomial. When investigating the permutational properties of a polynomial, a well-established
connection with algebraic curves is provided by the following observation. For a given polynomial
f(x) € Fy[x], let us consider the curve C; with the affine equation

SO -fO)
Ty T

Cy 0.

Deciding whether a polynomial is a permutation polynomial over any field is based on the investigation
of the set of F-rational point of C;. The Hermite-Dickson criteria [27] constitute another well-known
tool for use in the construction of any type of permutation polynomial, and when using these criteria,
one may use the Lucas sequence [47] to compute binomial coefficients in the polynomial expressions.

Here, the main aim is to compute the sum ), f(x)* for the integer 0 < s < g — 1. However, computing
x€Fy

the sum is a little lengthy and the toughest one. To overcome this difficulty, recent discoveries have
been made, including Lemma 1.2. The main construction method involves the use of the multivariate
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method [21] and discussions of the number of solutions of special equations f(x) = d. Recently, one
more method has come into existence for the computation of the permutation binomials and trinomials,
i.e., the computation of the fractional polynomials [39]. The AGW criterion is another significant
technique to determine a polynomial’s permutation property (see [1]).

In Section 2, we list all of the existing permutation trinomials, and those of the forms x"A(x*), 4;x* +
Aox? + A3x¢ and x + x*C" =D+ 4 x@"-D+1 with Niho-type exponents s, f are discussed in the Sections 3-5,
respectively. In addition, in Sections 3-5, we provide a discussion about current conjectures and open
problems that have been mentioned in the literature.

2. Permutation trinomials

There are compelling findings about both the existence and non-existence of permutation
binomials, but there is not a comparable instance of non-existence in the case of permutation
trinomials. Nonetheless, there have been numerous permutation trinomial discoveries from a variety
of backgrounds. The Dickson polynomial of order five, i.e., Ds(x,a) = x° + ax’ — a’x, is a
permutation trinomial over F3» with a wide range of uses; it also produces a family of ideal nonlinear
functions for cryptography, as well as linear codes for data transmission and storage. Similarly, the
Dickson polynomial D(x,a) = x’ + x> + x of degree 7 with m # 0 (mod 3) comprises permutation
trinomials over F3». In 1997, Lee and Park [38] investigated permutation trinomials; they assumed
that g = 1 (mod 3) and there is a fixed primitive root g of F, for @ € F,, and that log, « is the residue
class k (mod g — 1) such that « = g*; here, s = % and w = g°, h(x) = X'f(x*), where
f(x) =ax* +bx+c€F ,[x]. Similar to this, in [13,21] both authors used two distinct concepts to
investigate the permutation property of the trinomial

(m+1)/2 (m+1)/2 A(m+1)/2
f(x) — x2 + X2 +2 + x32 +4

over F» when m is odd. Lee and Park [38] established the following theorem, which is the primary
method of creating numerous permutation polynomials of the form A(x) = x” f(x).

Theorem 2.1. [38] Let h(x) = x"f(x*) € F,[x], where f(x) = ax’> +bx +c € Fy[x] and s = % with
d | (g —1). Then, h(x) is a permutation polynomial over F, if and only if the following conditions are
satisfied:

(1) (r,s) =1,
(2) for0 <i <3, f(w) %0,

(3) log, £ = log, £4 # r (mod 3).

3. Polynomials of the form x"A(x*)

The permutation behavior of polynomials of the form f(x) = x"i(x“~D/?) over a finite field F,, has
drawn the interest of many scholars since the majority of permutation polynomials can be expressed
as x"h(x*) over a finite field F;,. Over the past few years, a large number of permutation polynomials
of this form have been discovered. Wan and Lidl [69] first investigated the permutation behavior of
the form f(x) = x"h(x“V/4), where dlg — 1 and 1 < r < % over F,. In this section, we list all
of the permutation polynomials of the form x"A(x*). In his contribution to the field of permutation,
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Zieve [87] introduced a common method to find permutations of the type f(x) = x"h(x‘9"V/?) over F. g
by exploiting the behavior of the permutations g(x) = x"2(x)?"" in y1,.1; as an added feature, and from
this fact, Zieve [88] constructed several classes of permutation trinomials over F ..

The approach involves rational functions over F,. that map u,.; to either p . or F, U {oo}. He first
constructed a general polynomial of the form

fOo) = XD (px™ = BY =y =B

forn > 0, k > 0, B,y € Fp with g7 = 1 and y“*Y # 1, which permutes F,. if and only if
gcd(n +2k,g — 1) = 1 and ged(n, g + 1) = 1. He also investigated polynomials of the form

F) = 2D (@ = B = 8 = B

with 6 € F 2 but 6 ¢ F; it is a permutation polynomial over F if and only if ged(n(n +2k),g—1) = 1.
As a consequence of the above fact, he mentioned some trinomials in the following corollaries for
n = 3 and certain values of 3, 6, y.

Corollary 3.1. [88] Let q be a prime power and k > 0. The polynomial

Fx) = XKD 4 3pkarDra2 _ kar+3g

permutes Fp if and only if gcd(2k + 3, - 1) = 1 and 3 1 q.
For the values k = ¢ — 3, k = 1 and k = 0, the above corollary reduces to the following corollary.
Corollary 3.2. [88] Let q be a prime power with 3 t q. Then,

(1) x4 +3x247" — x2'~4! permutes F .
(2) x4 + 3x24%3 — x%* permutes F . if and only if ¢ # 1 (mod 5).
(3) x* + 3x7*% — X3 permutes F p if and only if g = 2 (mod 3).

Regarding the case of ¢ = 22™*!, the first two parts of the above corollary were conjectured by Tu
et al. [64]. Later, Zieve [88] provided the alternative proof for [28, Theorem 1] in [88, Theorem 5.1].
Using this, he further determined the permutation binomial for h(x) = x? + 87! in the following
corollary. The proof encompasses demonstrating that /(x) has roots in g, if and only if =g~" is in

(ig+1)?, which equals p,.1y/ ged(g + 1, d).

Corollary 3.3. [88] Let q be a prime power; let r and d be positive integers and let B be the (q + 1)™
root of unity in Fp. Then, x*4™D + B~'x" permutes Fp if and only if all of the following conditions
hold:

(1) ged(r,g—1) =1,
(2) ged(r—d, g+ 1) =1,
(3) (_ﬁ)(q+1)/gcd(q+1,d) + 1.

There are numerous classes of permutation trinomials over finite fields in the literature, some of
which have profound connections to other areas. Recently, a complete determination of the permutation
trinomials of the type

f(x) =ax+bx? +x*7" € F,lx]
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over F» was demonstrated in [29-31]. Trinomials of the form
f(x) =ax+bx?+x*"' e F,lx]

were taken into consideration by Hou [29]. The main theme is dependent on the fact that
f=@+b+1x (mod x? - x),

so f(x) is a permutation polynomial of F, if and only if (a + b + 1) # 0.

Motivated by the work of Fernando et al. [22] i.e., a study of permutation polynomial over finite
fields defined by functional equations, which also detailed the discovery of a class of permutation
binomials in [28] over F, in 2013, Hou [29] determined a class of permutation trinomials of the form

f(x)=—x+bx?+x* " e F,[x]

over Fp when g > 2. The following theorem is similar to the theorems mentioned in [28], but the
method presented is different from that of [28].

Theorem 3.1. [29] Let g > 2 be a prime power and f(x) = —x + bx? + x*~! € F,[x], where b € F.
Then, f(x) is a permutation polynomial of F » if and only if one of the following conditions applies:

(1) qisevenand Ty (%) =0,
(2) g =1 (mod 8) and b* = -2.

Regarding sufficiency, the author applied the existence of the solution x € F, of the equation
f(x) =y for every y € F, and, regarding the necessity

2, =0

xeF
2

for 1 < s < g — 2. The sum can be expressed as a double sum in terms of the binomial coefficients; it
can be solved for s = (¢ — I)gand s = 1 + (¢ — 2)q. When s = (¢ — 1)gq, the sum

D=0

xeF
2

gives 1 +4b7% as a square in F o> and when s = 1 + (¢ — 2)g, the simplified sum implies that b* = -2.

Hou [30] used another approach that involves the use of 7r(x) and N(x). The idea behind this
approach is that the polynomial f(x) € F,[x] permutes F,. if and only if f(x) = ¢ has a unique
solution in F,. for any ¢ € F . This can be achieved by proving that f(F,\F,) C F\F,, followed
by ¢ € Fp\F,. Then, it is sufficient to prove that (Tr(x), N(x)) is uniquely determined by c, since
(Tr(x), N(x)) can be uniquely determined by the set {x, x?} and f(x) # f(x?) = f(x)?. Here, Hou [30]
considered two cases on ¢ and stated the following theorem.

Theorem 3.2. [30] Let f(x) = ax + bx? + x*~' € F[x). Then, f(x) is a permutation polynomial of
F, if and only if one of the following conditions is satisfied when q is odd:

(1) a(a — 1) is a square in F*, and b* = a* + 3a,
q
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(2) a =1 and b* - 4 is a square in F*,
(3) a=3,b=0and g=-1 (mod 6),

Alternatively, it is a permutation polynomial if and only if either condition is satisfied when q is even
and g > 2:

(1) a#1, Trq/z(aﬁ) =0and b*> = a® + a,
(2) a=1,b#0and Try(})=0.
After the computation of permutation trinomials [30] of the form f(x) = ax+bx?+x*""' € F 4[x] for
all primes with ¢ > 2, Hou [31] came up with certain new conditions to determine general permutation

trinomials of the form ax + bx? + x24~! over F »2- The results cover two cases on g, odd and even, and
the methodology is based on the method described in [30].

Theorem 3.3. [31] Let f(x) = ax + bx? + x*"' € F 2lx] and q be a prime power. Then, f(x) is a
permutation polynomial of F p if and only if one of the following conditions is satisfied:

(1) When q is odd:

(a) a=b=0and g=1,3 (mod 6),

(b) (—a)¥*V2 = —1or3and b =0,

(c)ab#0,a=b"%and 1 - 2—’2‘ is a square of F?,

(d) ab(a - b'"%) # 0, 1 — 3% is a square of F, and b* — a*b%™' —3a = 0.

(2) When q is even:

(a) a=b=0andq=2%,
(b) ab#0,a=>b"%and Tryn(b™'"7) = 0,
(c) aba—b""1) #0, 5 € F,, Tryp (;—2) =0and b*> + *b7"' +a = 0.

Remark 3.1. In [30, 31], Hou considered the general trinomial
f(x) = ax + bx? + x>

over Fp. The construction discussed in [31] included more general conditions on coefficients,
including the conditions mentioned in [30].

Using the criterion proposed by Akbary et al. [1], Tu et al. [65] determined the permutation
trinomials over a finite field of even characteristics. They investigated whether, for a positive integer

mand v € F7,,, the trinomial

2i 7
Fx) = x4 2 px

is a permutation polynomial over F,s.. Later, Wu and Lin [73] noticed that
o) = " 2y

can be written as
fx) = x(Trfnm(x) + X) + vx;
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using this, they derived complete permutation polynomials of the form
Sx) =x(Tr,"(x) + x) + vx

over Fom for any v € Fpn\{0, 1}.

By combining different techniques with the multivariate method proposed by Dobbertin [21], Ding
et al. [19] constructed different types of permutation polynomials over F,» with non-zero trivial
coeflicients. Two classes of permutation polynomials have been constructed under the condition that
m is odd. Both classes of trinomials are described in the following theorem.

Theorem 3.4. [19] For any odd integer m > 1, the following trinomials are permutation polynomials
over Fom:

(]) f(x) — x4+ xz(m+l)/2_1 + xz)n_z(m+l)/2+1,
(2) f(x) = x+ x>+ 3222

And, using the fact that, for a positive integer m, the equation x> + ux + v = 0, where u, v € F»» and

u # 0 has roots in Fy» if and only if T'r,,,» = 0, they determined that the trinomial
f(x) - x+ xz(m+2)/2_l + xzm_2m/2+l

is a permutation polynomial over F,» for any even m > 2. They observed that one of these above

classes works for any finite field F;» such that ¢ # 0 (mod 3). Using the Dobbertin [21] multivariate
methods, they obtained the general class of permutation trinomials listed below.

Theorem 3.5. [19] Let k be a positive integer, q be a prime power with g # 0 (mod 3) and m be an
even positive integer. Then,
F(x) = x + X40D 4 e Dkgn

is a permutation polynomial of F g if and only if one of the following three conditions holds:

(1) m=0 (mod 4),

(2) g =1 (mod 4),

(3) m =2 (mod 4), g =2 (mod 3) and exps(k) > exp;(q"'* + 1), where exp; denotes the exponent
of three in the canonical factorization of i.

Normally, it is hard to determine an explicit expression of the compositional inverse of a
permutation polynomial. However, they obtained the compositional inverse of the permutation
trinomial by substituting k£ = 2 and ¢ = 2 in the above theorem. Similarly, for g =2 and k = 1.

Motivated by the work of Ding et al. [19], Li et al. [40] constructed four classes of permutation
trinomials over F,». In the following theorems, they considered two classes of trinomials with non-
zero trivial coefficients.

Theorem 3.6. [40] Let ¢ = 2% and k be a positive integer. Then, f(x) = x + x* +x2 2 *lisq
permutation trinomial over F if and only if k # 0 (mod 3).

They only mentioned a sufficient condition to be a permutation trinomial in the preceding
Theorem 3.6. Later, Gupta and Sharma [26] observed that, as a consequence of Theorem 3.10, case 1
the above-mentioned Theorem 3.6 reduces to

22k—| _2k—1 +1

k
2 4 x ,

f(X)=x+x

which is a permutation trinomial over Fyx if and only if gcd(m, 3) = 1.
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Theorem 3.7. [40] Let g = 2* and k > 0 be an odd integer. Then, f(x) = x + x> 2 + X2 #2715 ¢4
permutation trinomial over F,.

Nevertheless, Gupta and Sharma [26] enhanced Theorem 3.7 by asserting that
fx) = x+ K22 4 2

is a permutation trinomial over F, if and only if & is odd.
By constructing the fractional polynomial g(x), Li et al. [39] observed that Theorem 3.7 can be
improved for g = 2k and gcd(3,k) = 1; then,

F? = (1 + X772 + 5170
for r = 2 and h(x) = 1 + x> + x~'; the fractional polynomial becomes

- P+ +x
X)= —7"-——,
& X +x+1

which permutes y,,; when k # 0 (mod 3). In the next two theorems, they introduced two new classes
of permutation trinomials of the form f(x) = x + ax® + bx® over F ¢ Wherea,b € F ;.

Theorem 3.8. [40] Let g = 2°* and k > 0 be an integer:

2k+l_1 2k—1 22k_2k 1
f(x)=x+ax +a” x -,

where a € F, and the order of a is 2F + 1. Then, f(x) is a permutation trinomial over F,,.

Theorem 3.9. [40] Let

2k+1_~k+1 2k+1_~k+2
g= 22k+1’ f(x) — x+ax3 +612 2 )C2 2 +2’

where a € F,. Then, f(x) is a permutation trinomial over F,.

Later, Gupta and Sharma [26] presented four new classes of permutation trinomials of the form
x"h(x*"~') over Fy». Among those four classes of permutation trinomials, two classes give necessity
conditions for Theorem 3.6 and Theorem 3.7.

Theorem 3.10. [26]

(1) The polynomial f(x) = x* + x> + x32"*! € Fyum[x] is a permutation polynomial over Fyum if and
only if gcd(m, 3) = 1.

(2) The polynomial f(x) = x> + x*?" + x
only if gcd(m, 3) = 1.

(3) The polynomial f(x) = x> + x*"** + x*2"*1 € Fou[x] is a permutation polynomial over Fym if and
only if m is odd.

(4) The polynomial f(x) = x> + x
only if m is odd.

32"-1 e Fyu[x] is a permutation polynomial over Fyn if and

3.0m 2m+2_1

+ X € Fym[x] is a permutation polynomial over Fyn if and

In addition to the above four classes of permutation trinomials, they also stated the following two
conjectures on permutation trinomials.
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Conjecture 3.1. [26] The polynomial
fx) = x° + 22 4 M e Fo

is a permutation trinomial over Fum if and only if m = 2 (mod 4).

Conjecture 3.2. [26] The polynomial
fx) =X+ 37+ X% € Fpm

is a permutation trinomial over Fu if and only if m = 2 (mod 4).
Wau et al. [74] observed that the above Conjecture 3.2 can be written as

S2"=1)y

f) = X7HEDA 4 2 4 x

which permutes F,2. if and only if ged(5 + 2k,2™ — 1) = 1 and 2/m for m > 0,k > 0. Using this, the
authors determined some of the similar permutation trinomials. Later, Zha et al. [82] also proved the
above two conjectures. Based on the work done by Gupta and Sharma [26], Zha et al. [82] investigated
permutation trinomials of the form x"a(x*"~') over F,. by applying a bijection over the unit circle of
F>m with order 2 + 1. And, from Conjecture 3.1, they derived new permutation trinomials.

Theorem 3.11. [82] The trinomial
fx) =2+ 2 15 € Fom

is a permutation trinomial over Fun if and only if m = 2 (mod 4).

Subsequently, they demonstrated that Conjecture 3.2 was correct, and they obtained the following
classes of permutation trinomials from Conjecture 3.2.

Theorem 3.12. [82]

(1) 2+ 32" + 2" € Fapu permutes Fyn if and only if m is odd.

(2) x>+ x*"*2 + x> € Fym permutes Fyn if and only if m is odd.

(3) ¥+ x*?" 4 X3 € Fyom permutes Fyn if and only if m = 2 (mod 4).

(4) The mapping gs(x) = x>(1 + x + x°)*"~! permutes pin,, if and only if m is even.

They established a connection between two families of permutation polynomials over Fp« in the
following theorem.

Theorem 3.13. [82] Let r, 1 be integers and m be even with gcd(r,2™ — 1) = 1. Assume the following:
h(x) € Fynlx] and H(x) = (1 + x + x*)'h(x).

The polynomial
F(x) — xr+21H(x2m—1)

permutes Foun if and only if ged(r+21,2" — 1) = 1 and the polynomial f(x) = x"h(x*"~') permutes Fyn.
Fernando [23] extracted permutation trinomials from reversed Dickson polynomials of the (k + 1)”

kind whenn = p' + 2 and p > 3, where [ € N.
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Theorem 3.14. [23] Let p > 3 be an odd prime and q = p¢, where e is a non-negative integer. Let k
be an integer such that k # 0,2,4and 0 <k < p—1. Let

L1
2

=@ -kx7 + kT 4 (2 — k)x.

Then, f(x) is a permutation polynomial of F, if and only if | = 0 and k # 3.

Through the study of the number of solutions of special equations, Ma et al. [52] constructed one
class of complete permutation trinomials:

2m | p2m+1 pm

f)=-x+x7 +x 7

for any odd prime p over F .. They also proved that

2m 2m
p+1 P+l m
14

f)=—=x+x72 +x =
is a permutation polynomial over F . if and only if
h(x) = x + xP" = x!*7" "

applies over F . Using the multivariate method introduced by Dobbertin [21], they constructed the
two classes of trinomial permutations over Fy» listed below.

Theorem 3.15. [52] Let m > 1 be an odd integer, and write k = ’"T” Then, for each u € F3,, the
following trinomials are permutation polynomials over Fom :

(1) f(x)=x+ Mzk’l—lxz"—l + uzk*'xzkﬂ’
(2) f(x) = x+ux® 4 2 22

For the field of characteristic 2, let ¢ = 2¥ and f(x) = x"h(x?"") € F,», where
hx) =1+ x"+x"(1 <m < n);

then, f(x) permutes F,. if and only if ged(r,g — 1) = 1 and g(x) = x"h(x)?! permutes Hg+1- The
fractional polynomial of g(x) is

q mq nq n n—m
IC0 L o o e IS i b i R

= x"h(x)? = = = .
§(x) = Xh(x) xh(x) o 1+ xm+ x" o 1+ X"+ x"

3.1
using this specified equation, Li et al. [39] constructed several classes of permutation trinomials of the
form x"h(x?"~V/4) with m = 2k and d = p* + 1 for p = 2, 3, and they proposed Conjectures 3.3 and 3.4.

By construction of the fractional polynomial and Lemma 1.2 the next theorem was developed and
it is a generalization of Corollary 3.2. For the next theorem, r = 3 + (¢ + 1)/ in the first case and
r =2+ (g + 1)l in the second case were considered.

Theorem 3.16. [39] Let g = 2X; then, f(x) = x'h(x7") = x* + x + x° is a permutation trinomial of
F, in the following cases:

(1) a=Ilg+1+3,b=(+4)g+1-1andc=(I—-1)g+1+4, when k is even and gcd(2l+3,q—-1) =1,
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(2) a=Ilg+1+2,b=(+2)g+landc = (-1)qg+1+3,whenk #0 (mod 3) and gcd(I+1,g-1) = 1.

In the following theorem, they considered f(x) = x"h(x?7!), where i(x) = 1+ x* + x™' and r =
2 + (g + 1)/, and they obtained new class of permutation trinomial.
Theorem 3.17. [39] Let g = 2*. Then,
Fx) = x9¥192 g g2y (=Dt
is a permutation trinomial over F» when k = 2,4 (mod 6) and gcd(I + 1,4 - 1) = 1.
In the following theorem, they considered f(x) = x"h(x?"'), where h(x) = 1 + x> + x™' and r =

3+ (g + 1)l in the first case and r = 1 + (¢ + 1)/ in the second case.

Theorem 3.18. [39] Let g = 25; then, f(x) = x’h(x™") = x* + x> + x° is a permutation trinomial over
F, in the following cases:

(1) k£2 (mod4),a=Ilg+1+3,b=(1+3)qg+Lc=(U-1)g+I1+4andgcd2l+3,9q-1)=1.
(2) kiseven,a =Ilg+1+1,b=(U+3)g+1-2,c=U-1Dg+1+2 | >0isan integer and
ged2l+1,g—-1) = 1.

Theorem 3.19. [39] Let g = 2%, r = 1 +(q+ 1)I, where gcd(2l+ 1,qg—1) = 1, and h(x) = 1 + x* + x2.

Then,
f(x) — xlq+l+1 + x(l+4)q+l—3 + x(l—2)q+l+3

is a permutation trinomial over Fp if k # 0 (mod 3).

Following the method described by Hou [30], Li et al. [39] obtained two permutation trinomials
over F3x with fixed exponents by applying 7r(x) and N(x). Then, they generalized these trinomials to
two classes of permutation trinomials with one parameter in each class.

They obtained the following two classes of trinomials over Fsx, of the form f(x) = x"h(x47!), by
using the fractional polynomial method. In the following theorem, the first case was considered for
h(x) = 1 — x* + x7%; they later computed the fractional polynomial g(x), which permutes y,,; when
k # 0 (mod 4), as does f(x). Similarly, in the second case of r = 1, h(x) = 1 + x* + x™!, and the
fractional polynomial g(x) permutes u,.; when k is odd; this is also true for f(x).

Theorem 3.20. [39] Let g = 3*. Then,

(1) whenk £ 0 (mod 4), f(x) = x — x*7! + X 2%2 s g permutation trinomial over Fp,
2) when k is odd, f(x) = x — X372 + x4'=9* i q permutation trinomial over F .
p q

Together with the above classes of permutation trinomials over F 2, they also proposed the following
two conjectures. They verified Conjecture 3.4 by using MAGMA for 1 < k < 6, and they observed
that, by using Lemma 1.2, one can prove Conjecture 3.4.

Conjecture 3.3. [39]

(1) Let g = 3%, k be even and f(x) = x!4*1+5 4 xUHDa+l _ x(=Da+l+6 yohere ocd(5 +21,qg — 1) = 1. Then,
f(x) is a permutation polynomial over F p.
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(2) Let g = 3* and f(x) = x/atie! — xEHa+l=3 _ x(=2a+153 yphere ged(1 + 21,q — 1) = 1. Then, f(x) is
a permutation polynomial over F p.

(3) Let g = 3* and f(x) = x/a*i*1 4 xEDa+l=l _ x(=2a+13 phere ged(1 + 21,g — 1) = 1. Then, f(x) is
a permutation polynomial over F . if k # 2 (mod 4).

Conjecture 3.4. [39]
(1) Let g = 3%, k be even and g(x) = ;ﬁi:\f&x Then, g(x) permutes i ;.

(2) Let g = 3* and g(x) = Zhxiol Then, g(x) permutes pig.1.

—xT+x3+x"

(3) Let g = 3* and g(x) = ;’jitf_ﬁ" Then, g(x) permutes (i, if k # 2 (mod 4).

Remark 3.2. According to our observation, all three parts of Conjecture 3.4 have been resolved. In a
way, Conjecture 3.3 can be considered to be resolved as well since it is equivalent to Conjecture 3.4
based on Lemma 1.2, although no direct proof is available in the literature.

Using the approach involving the resultant of two polynomials and rational points on curves, Bartoli
and Giulietti [5] proved the first part of Conjecture 3.4. Later, by analyzing the quadratic factors of
the corresponding fifth and seventh-degree equations over Fsx, Li [41] proved the last two cases of
Conjecture 3.4. He used the theory of the existence of a unique solution in y,,; for the equation
g(x) = tforany t € p 1. Also, using the technique introduced in [39], Liu and Sun [49] partially settled
parts (2) and (3) of Conjecture 3.4. To prove these two parts, the authors first determined two classes of
permutation trinomials of the form f(x) = xh(x)?"' over F ., which are listed below. They considered
f(x) = xh(x)?""; in the first case of the below theorem, f(x) can be written as x(1 — x* + x2)7"!, and
the corresponding fractional polynomial is

X+ xt -1
which permutes p,.; if m # 0 (mod 3). Similarly, in the second case of the below theorem, f(x) can
be written as x(1 — x> + x~2)?"!; the corresponding fractional polynomial is

g1(x) =

) = -+ X +x
= e 1
which permutes y,,; if m is odd.
Theorem 3.21. [49] Let g = 3"™. Then, the following holds:
(1) The polynomial f(x) = x — x*73 + x*~%4 is a permutation trinomial over F 2 ifm#0 (mod 3).
(2) The polynomial f(x) = x — x> + x**0 is a permutation trinomial over F p if m is odd.
Bhattacharya and Sarkar [10] constructed permutation binomials and trinomials. They extracted
permutation trinomials of the form

s s—1
4 P v ax e Folxl,

where s and ¢ are positive integers from permutation binomials of the form

*

2"-1
x7= " fax e Fulx], n=2%, ac F,.

They used Hermite-Dickson criteria, the Lucas theorem and Wan-Lidl criteria to get the following
trinomial.
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Theorem 3.22. [10] Let s and t be positive integers. Then, the polynomial

K} s—1
e 2 4 ax e Folx]

is a permutation polynomial over Fy if and only if ta = 1, s = {1,2} and t is odd.

Wau et al. [74] explicitly determined all permutation trinomials over F,» from the results of Zieve’s
paper [88]; they also proved the conjecture proposed in [26]. All of the explicit trinomials were
obtained from

Fx) = XD (™ = By — oy (7 = y1B)")

by simplifying the coefficients of x*%@=1 and x*¢=D from the polynomial (yx?~! —B)" —y(x4~! —y4B)".
To construct the permutation polynomial f;, they considered

!
n= Zn,-p’, 0<n <p;
i=0

!
using the Lucas formula, they came to know that there are [[(n; + 1) integers k with 0 < k < n and
i=0

(Z) # 0 (mod p). Then, by simplifying and considering all cases on vy in

J(x) = XD (T = Y = y(x T = yIB),

they ended up with conditions which are mentioned in the following theorem. Following a similar
procedure for the polynomial

fOx) = XD (6x17T = ) = 5 = Y,

they obtained f>.
Theorem 3.23. [74] Let m > 0 and k be an integer, g = 2™. Then, the polynomial

fl(-x) — x3+k(q+1)(x3(q—l) + xq—l + 1)
permutes F ;2 if and only if gcd(3 + 2k, q — 1) = 1. The polynomial
F(x) = XT84 =D | qy

permutes F ;2 if and only if gcd(6 + 2k, g — 1) = 1.

Using Conjecture 3.2, Wu et al. determined some similar permutation trinomials in the following
theorems.

Theorem 3.24. [74] Let m > 0,k > 0 and q = 2™. Then, the polynomials of the form
Fx) = @D (] g @D g b=y
permute Fyn if and only if gcd(n + 2k,2™ — 1) = 1, when
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(1)1, =41, =5and?2 | m,
(2) Lh=21L,=3and3 { m,
(3) Ly =1,h,=3and3 ¥ m,

forn =5,4,2, respectively.

Li et al. [43] constructed four classes of permutation trinomials over F, using Lemma 1.2 and the
fraction polynomial method. In the first case of the following theorem, they considered polynomials
of the form

f(X) — xl"+l+3h(xq_1),
where h(x) = 1 + x® + x72, and, in the second case, they considered f(x) = xh(x?"!), where

2g-1
3

h(x):1+)cq§*2 + X

Later, Zheng et al. [83] listed all of the necessary values of s for these classes of permutation trinomials.
Theorem 3.25. [43] Let g = 2. Then the following holds:

(1) If k > 1, L is an integer and f(x) = x/at1*3 4 x(#Oa+l=3 o x(=2a+1+5 " thep f(x) is a permutation
trinomial over F 2 if and only if gcd(3 +21,q — 1) = 1 and k # 0 (mod 4).

2_34+5 242 -3q+4
(2) If kis odd and f(x) = x + x5 +x 30, then f(x) is a permutation trinomial over F p.

(3) If k # 1 (mod 3), then f(x) = x + XTI 4 x4 g a permutation trinomial over F .
(4) If k # 1 (mod 3), then f(x) = x + X0 4 x0T s g permutation trinomial over F .

Using the Niho exponents, Bai and Xia [2] investigated permutation trinomials of the form
f(x) = yP=Da+l o ypa _ ya+(p=1)

for p = 3,5 and a positive integer k. They verified that (p — 1)g + 1, pg and g + (p — 1) are Niho
exponents over F . They also considered general polynomials of the form

g(x) = gt DHp=Dg+1 | (q+Di+pg _ x(c/+1)l+q+(p—1)’
where [ is a non-negative integer and gcd(2/ + p,g — 1) = 1. The authors concluded that the same two

polynomials may not be permutation polynomials when p > 5. They proved the following theorems
by using an idea that originated from [30] and was used in [39].

Theorem 3.26. [2] Let g = p* and
f(x) = xP~Da+l o ypg _ a+(p=1)

be the trinomial. Then, for p = 3 or p =5, f(x) is a permutation polynomial of F . if and only if k is
even.

Theorem 3.27. [2] Let g = p* with p € {3, 5} and | be a non-negative integer satisfying gcd(2l+ p, g —
1) = 1. Then,
g(x) = X atDH(p=Da+1 o (q+Di+pg _ ,(q+Dl+g+(p=1)

is a permutation polynomial of F . if and only if k is even.
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Bartoli and Giulietti [5] constructed permutation trinomials of the form x*”"*" + x”*" + Ax" over Fy,
for the case that 2p°* + r < p’, and it was an extension of Bhattacharya and Sarkar’s [10] work when
p =2 and r = 1. The authors characterized certain classes of permutation trinomials when s and r are
non-negative integers given that 1 € F,; and fi(x) = x**"*" + x7*" + Ax" in Fx[x]. If r = 0, then d = 0.
Ifr #0, write r = p*vwithu > 0and p { v;then,d =2p*™“+vifu < sandd =2+ p"*vifu > s, that
is,

d=Q@2p*+n/p", m=max{nz0:p"|2p*+r),p"|(p* + 1), p"Ir}.

Theorem 3.28. [5] Assume that d* < p'. Then, fi(x) is a permutation polynomial of F, if and only if
one of the following cases holds:

(1) p=2 tisoddand fi(x) = x> + x> + xor fr(x) = X + x> + x,
(2) p=2 (mod 3), tis odd and fy(x) = x* + x* + 1x.

There are some papers that make considerable use of the methodology based on the relationship
between permutation polynomials and algebraic curves; however, the most challenging aspect of such
a methodology is the investigation of the singular points of the curves. However, difficulty can be
minimized by considering the algebraic curve C: F(X,Y) = 0, defined over F,, and demonstrating that
C has no completely irreducible components over F,. Using this technique, Bartoli and Timpanella [7]
determined permutation trinomials of the form

Fama(X) = Xn+m(1 + AX™aD 4 BX”(‘]—l))

over F 2, where g = 2**! and n and m are odd.

To show that C has no absolutely irreducible components over F,, Bartoli and Timpanella
investigated singular points of C, and they proved that C splits into two components that share no
common irreducible components whose degrees are close enough. By finding the lower bound on
(degA)(degB), later, by using Bezout’s theorem [24, 57], they arrived at the final conclusion by
contradiction.

Theorem 3.29. [7] Let (m,q + 1) = 1. Suppose that F s p,.,(X) is a permutation polynomial of F .
Letn =i (mod 8) and m = j (mod 8). Then, one of the following conditions is satisfied:

(1) 2(n+m) > d < /g,

(2) BEF,

(3) A>+ B #0, B¢ F,and n < 5m,

(4) A*+ B =0,B¢ F,, (i, j) €{(1,5),(3,7),(5,1),(7,3)} and n < 38m,
(5) A+ B =0, B¢ F,and (i, j) ¢ {(1,5),(3,7),(5,1),(7,3)).

Kyureghyan and Zieve [37] determined permutation polynomials of the form x + yT'r, /q(x(‘12+”/ )
over F 2, where y € F» satisfies (2y)*!/? = 1, which is equivalent to

2
_ 93 5344 1)(g-1
x71+x4(‘11)+x(4 )(q )).

Similarly, following Theorem 4.3, Qin and Yan [58] constructed permutation trinomials with the index
g+1 over F 2 by using monomials of f(,+1y/2 and —fi+1)/2 to study the permutation property of x"A(x)7"!
on (.. In the following theorem, they characterized more generalized permutation trinomials over
Fp.

R
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Theorem 3.30. /58] Let ¢ € F satisfy that (c/2)4D/2 = 1, and let k be an integer. Let gcd(r, g*>—1) =
1 and gcd(2r —2k—1,(g+1)/2) = 1. Then, the polynomial x"(c + x* + x?*7) is a permutation trinomial
in the following cases:
_ q*+2g-3+4k(g-1)
(]) § = 4 4:— 1 >
(a) g =1 (mod 4),
(b) g =1 (mod 8) and k is an odd integer.
_ 3¢*+2q—-5+4k(g-1)
(2) s= %

’

(@) g=1 (mod 4),
(b) g = 5( (mod 8)) and k is an odd integer.

Furthermore, motivated by the idea of Li et al. [43], Qin and Yan [58] determined several classes
of permutation trinomials of the form x"(1 + x"1@D 4+ x2@~V) over F,» with the index g + 1, where
g = 2F and k is odd. In addition, they considered another kind of permutation trinomial of the form
x(c — x4~ 4 x2@=D) gver F », which is listed below.

Theorem 3.31. [58] Let ¢ € F,» and k be an odd integer. Let gcd(r, ¢*—1) = 1 and ged(2r—2k—1, (q+
1)/2) = 1. Then, the polynomial x'(c — x*'4~V + x2@=D) js a permutation trinomial in the following
cases:

(1) s1= (22 +k). 5= (T2 + k+1) and (c/2)*V> =1, ¢ = 5 (mod 8),
(2) 1= (%2 +k) o= (352 +k+1) and (/202 =1, ¢ = 5 (mod 8),
(3) 51 = (3455 + k) 5y = (qzﬁq iy 1) and (=¢/2)4*V2 =1, g =1 (mod 8),

(4) s1= (22 +k), 5, = (3‘1 3+ k+1) and (=¢/2)@*D? = 1, g = 1 (mod 8).

Theorem 3.32. [58] Let c € F;z and k be an integer. Let gcd(r,q> — 1) = 1. Then, the polynomial
x"(c — xM14D  x2@=Dy s a permutation trinomial in the following cases:

(1) s1= (52 +k). 52 = (3‘1%*54 +k+1)andq=1 (mod 4),

(2) s1= (22 +k), 5, = (4 +k+ 1) and g = 1 (mod 4).

4. Polynomials of the form A, x% + x> + 13x¢

The permutation polynomials of the form A;x? + A;x” + A3x¢ are included in this section. One can
see that the majority of polynomials of any form can be expressed in the form of x"/a(x*). In this case,
there are also a lot of polynomials of the form A;x* + 1,x” + A3x¢ that can be expressed in the form of
x"h(x*), but we are separately listing this form for the benefit of future research so that it will be easier
to obtain new classes by referring to this article.

Using the multivariate method introduced by Dobbertin [21], Wang et al. [71] constructed six new
classes of permutation trinomials over F:.. In the following theorem, all five classes of permutation
trinomials over F,» when n =0, 1,2 (mod 3) are listed.

Theorem 4.1. [71] Let k be a positive integer. Then, f(x) = x* + x” + x is a permutation polynomial
over Fy if, for the case that n = 0 (mod 3),

AIMS Mathematics Volume 8, Issue 12, 29182-29220.



29199

(1) k%2 (mod 3) fora = 2% + 2Kk -1, b = 2%,
(2) k#2 (mod 3) fora=2%*+2k—-1,b=2%4+2k_1;

for the case thatn = 1 (mod 3),
a= 22k+1 +2k+1 +1. b= 2k+1 +1:

for the case thatn =2 (mod 3) andn =3k — 1,

(1) a=23%"1_2% 42k p=0k_1,
(2) a=2%+2%+1,b=2%+1.

In the following theorem, the last class of a permutation trinomial over F»» with n = 0 (mod 4) is
stated.

Theorem 4.2. [71] Let k be an odd integer, and let m, n,d be positive integers satisfying

2m
n=dm, 1<k<n-1, gedm k) =1 and d= ) 2*.
i=0

Then, f(x) = x¢ + xX*"" + x is a permutation polynomial over Fa.

Yuan and Ding [80, 81] determined many classes of permutation trinomials of the form cx — x* +
x?* by using the AGW criterion. The obtained permutation polynomials were derived from a linear
bijection between subsets S and S of a finite field, as well as their permutation behavior, which was
related to 6. Using this construction as their reference, Zheng et al. [83] looked into the relationship
between permutation trinomials of the form cx — x* + x?° and permutation polynomials of the form
(x7 — x + 0)" + cx, restricting them on ¢ over F . (see [83, Proposition 3]). There is no inclusion
of subsets or their bijections in the proposed relationship between these two varieties of permutation
polynomials. Furthermore, they stated that a variety of classes of permutation polynomials of the form
(x?— x+0)® + cx without a restriction on ¢ can be constructed on the basis of this relation. In addition,
they constructed the four classes of permutation trinomials of the form cx — x* + x?° over F . that are
listed below.

Theorem 4.3. [83] Letc € F ;2. The polynomial cx — x* + x?* permutes F p in each of the following
cases:

2 _

>

q

(a) g =1 (mod 8) and (—%)% =1,
(b) g =5 (mod 8) and(g)%l = 1.

_ (q+1)?
(2) s ===,

g+l
(a) ¢=5 (mod 8) and (-2) * =1,

(b) g=1 (mod 8)and (2)* = 1.

(3) s=291 c=landg=1 (mod 3).
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Theorem 4.4. [83] Let q be power of an odd prime and s = ¢° + q* — q. Then, the polynomial
f(x) = x — x* + x75 permutes F -

Li et al. [44] proposed several classes of complete permutation binomials over a finite field based
on certain polynomials over its subfields or subsets. In addition, a class of complete permutation
trinomials with Niho exponents was studied, and the number of these complete permutation trinomials
was also determined. They found that certain polynomials over F,:» can have the same properties
those of ax* + bx over Fy. for a positive divisor m of n such that 2 is odd. Later, they presented
complete permutation trinomials of the form ax?”" 7"+ +a?" x" +(a”"*+'+1)x with Niho-type exponents.
Liu [48] modified the conditions and generalized the results based on the results presented in [44];
they also showed that the relationship exists between two permutation polynomials proposed by Zheng
et al. [83].

The following corollary is a generalization of the result stated in [83].

Corollary 4.1. [48] For a positive integer m and c € F},, the polynomial

2(2241) |22+

glx)=x X +cx

is a permutation over Fosm.

In the next proposition, Liu [48] considers an arbitrary value for ¢ and generalizes the result, which
was constructed with the coefficient 1 in Theorem 4.3 case 3 by Zheng et al. [83].

Proposition 4.1. [48] Let g = 2™ be even with s = quTq”, andlet g = 1 (mod 3). Then, the polynomial
cx + x* + ¢x? permutes F  for c € F;z satisfying Tr’l"(cq“) =0.

The binomial ax* + bx over F»», which was proved for the case of an odd value of m in [44], Liu
considered the same binomial and proved it to be a permutation trinomial for all positive values of m
by using different methods.

When we go through the permutation polynomials’ application part, involve the concept of
differential uniformity, which is crucial to the S-box. On the way to determining the permutation
polynomial’s differential uniformity, Peng et al. [56] constructed permutation trinomials of the form
X273 4 ax®*2 4 bx over Fyx and established its differential uniformity by using MAGMA. They
observed that x> *3 + ax?*2 + bx € Fou permutes Fox if and only if

g(x) =X+ (b+Db+aa)x® + [(b+b+aa)a+a)+ab + balx* + [(a + a)* + (b + b + aa)(a + a)* + bb)x

permutes F,«. Furthermore, g(x) permutes Fy if and only if g(x) = x° for k = 2 (mod 4) or g(x) =
x° + ax’ + a*x, a € Fy for odd values of k. Later, Peng et al. [56] conjectured that the differential
uniformity of the permutation trinomials is 12 and 10 for both cases when k > 5.

Sharma and Gupta [60] constructed permutation trinomials of the form ax + bx?*? + x
ax? + bx?3 + x*7**, The polynomial

2g+3 and

f(x) = ax + bx?™? + x21%3

can be written as xi(x?*'), where h(x) = x> + bx + a. For any a € F,,,

g@) = a@® + (b + b)a* + (a + a’ + bT)a® + (ab? + a’b)a’ + aa,
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it can be further simplified as
G(x) = X+ axt + ax + azx* + agx.

Using this simplification, they proved that f(x) permutes F . if and only if g(x) permutes y,, if and
only if g(x) permutes F,, which is subject to the condition of if and only if G(x) permutes F,. Following
certain assumptions on coefficients a and b, they proved the following theorems.

Theorem 4.5. [60] Let g = 2. The polynomial f(x) = ax + bx?** + x**3 permutes F p if and only if
one of the following conditions is satisfied:

(I) m=1,a+b+1,a, =0and either a; = 1 or a; = ay,
(2) m=3,m#0 (mod 4), a, = a; = 0and a} = as,
(3) m>3isodd, aa, + as :Oandagza‘l‘+a%a2+a4.

In the above theorem, under the condition that a € F, f(x) permutes F . if and only if either (1)
m=1landa # b+1or(2)m > 3isodd, either »*' = 1anda = b*, ora = b7 and > V+p?~1+1 = 0.
Similarly, under the condition that b € F o f(x) permutes F . if and only if either (1) m = 1 and
a+b+1;2Qm=1,a#b+1anda+a*=b>or(3)m>3isodd,a?"' =1anda = b’

Similarly, Sharma and Gupta [60] determined the necessary and sufficient conditions for the
coefficients when ¢ = 3", ¢ = 5" and ¢ = p™, p > 5 for the permutation polynomial of the form
f(x) = ax + bx?*? + x*7*3 over F». And, they determined conditions on g and coefficients a,b € F,
for the polynomial of the form ax* + bx?*> + x*** over F .. The polynomial

f(x) = ax + bx?"? + x**3

can be written as
f(x) = Xh(xh),

where
h(x) = x* + bx + a € Fp[x].

By Lemma 1.2, f(x) permutes F if and only if
ged(2,g+ 1) =1 and g(x) = xX*(x* + bx + a)?*"

permutes p,- = F,. Here, g(x) permutes F, if and only if g(x) permutes F,, which is subject to the
condition of if and only if
G(x) = O+ a1+ apxt + a3 + agx’®

permutes F,; so, by taking different conditions on ¢ and coefficients a,b € F, over F,, this can be
achieved.

A permutation polynomial f(x) € F,[x] of degree n is said to be normalized if f(x) is monic and
f(0) = 0, and the coefficient of X" equals 0 if p { n, where p is a characteristic of F,,. By knowing
some of the normalized permutation polynomials of degree 5 over F»., Liu et al. [50] determined some

necessary and sufficient conditions for the coefficients (by, b,) € F § such that

f(x) = X% + by x°% + box

is a permutation polynomial, where ¥ is a conjugation of any x € Fyu., which is denoted as X = x*".
Permutation polynomials that have been determined are presented in the next theorem.
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Theorem 4.6. [50] For the two positive integers m,n with n = 2m, let (by,b;) € Fy, which are not
both zero. Then, the polynomial
f(x) = X% + by x*% + byx

is a permutation polynomial over Fon under the following condition:

(1) if and only if m is even with m = 2 (mod 4), b, = 6b, and b, as a root of x* + 0 2wx + 6 *w = 0,

where 0 € F},, and w € FJ,, is a primitive third root of unity.

It is also true if condition (1) is not satisfied but one of the following two conditions are satisfied when
m is odd:

(2) by =0, by = 6w or by = 6w?, where 8 € F%, and w € Fy is a primitive third root of unity.
(3) by = 0w or b, = 0w?* and b, = 6? + Onw?* or by, = 6 + Onw, where O € F*,, n € F3, and w € Fy is
a primitive third root of unity.

Guo et al. [25] observed that, by reversing the method introduced by Tu et al. [64], so many new
classes of permutation trinomials with a coefficient of 1 can be determined. On that note, they
determined the permutation polynomial x¥ + x> + x% and its compositional inverse fori = j+m — 1,
which is listed below.

Theorem 4.7. [25] Letn = 2m, m > 0,i,j € N, I # j,u€ Z J =2 and I = 2'. Suppose that
ged(d, 2" —1) =1, ged(2 = 2/,2" + 1) = 1 and

dy =271 =27y ux (2" + 1),

dy =271 + 2771 4 (u = 27712 + 1),

dy = -7+ 27 + (u+27H2m + 1),
where ﬁ (mod 2" + 1) =1, 0 <t < 2"+ 1. Then, x" + x® + x® is a permutation polynomial over
Fon.

Considering the work of Guo et al. [25], Zieve [89] made remarkable observations and provided
another and simpler proof, which demonstrates the general method for producing the permutation
polynomials that were introduced in [88]. Moreover, Zieve observed that the newly constructed
permutation trinomials [25] are multiplicatively equivalent to many previous results.

Recently, Xie et al. [76] proposed two classes of permutation trinomials over F s for an arbitrary odd
characteristic based on the multivariate method and some suitable manipulation; this was done to solve
equations with low degrees over finite fields. In the following theorem, two classes of permutation
polynomials are listed. They stated that sufficient conditions in both classes are also necessary, but
they were kept as an open problem.

Theorem 4.8. [76] Let q be an odd prime power and a,b € F (’;3. Then,

(1) f(x) = axd@=ath) 4 px@-atl 4 2x js q permutation polynomial of F g if one of the following
conditions is satisfied:

(a) ab = 1 and a? 9! # —1,
(b) ab € F;\{1} and a?’ el 4 2ab + pTHI! = ),
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(2) f(x) = X 4 gx? 4 bxisa permutation polynomial of F if one of the following conditions is
satisfied:
(a) a’h = 1 and a®+1+! £ —1,
(b) a'h € F\{1} and a®*™*' = 2a%b + b*+1*! = 0,

Inspired by the work of Wang et al. [71], Zheng et al. [84] investigated infinite classes of permutation
polynomials with the form f(x) = x + ax*" + bx?, defined on F., under the condition that m is any
positive integer, d = Zz‘, 2 with k being an odd positive integer satisfying gcd(k,m) = 1, and a, b € F3,.

i=0
And, following the case considered in [45],

2k -1
9t =\~ |
(5.1) (2k—1 2k—1)
where k is a positive integer satisfying 1 < k < m — 1 and ged(2¥ — 1,2 + 1) = 1; also, assuming that
a,b € F,, they obtained some sufficient conditions for a and b such that

f(x) = x+ axs(q—l)+1 + bxl(q—1)+1
is a permutation polynomial of F,.. Also, they observed that
f(x) = x + ax* D 4 pylla-bH

is a permutation polynomial of F 2, where ab # 0; then, a + b + 1 # 0. In the following theorem, they

m . .o, . . j 7 . .
2" + bx? permutes F,. when m is any positive integer, d = Y, 2%, with k being

i=0

proved that f(x) = x +ax
an odd positive integer satisfying gcd(k,m) = 1, and a,b € F,,.

Theorem 4.9. [84] Let k be an odd positive integer and m,n and d be positive integers such that

n

2
n=2m, 1<k<n-1, gedtk,m)=1 and d:ZZik.

i=0

Leta,b € Fi,, witha+b+1# 0. Then, f(x) = x + ax*" + bx? permutes F,. if one of the following
items is satisfied, where B € Fn such that B¥-!' = a:

(1) b=B" (5 + &+ + =) and Tr (k) = 0,

a+b+1

(2) b:sz(§+§+---+321_1)2+szandTr§"( b ):0,

a+b+1

Later, they mentioned an open problem based on the above theorem with the same conditions as
mentioned above; as with a € F},, and b € F3,, f(x) will be a permutation polynomial for any B € Fyn.
Recently, Ding and Zieve [20] analyzed these open problems by using geometric techniques. In the

following theorem, another class of permutation trinomial is described.

Theorem 4.10. [84] Let n = 2m and gcd(2* — 1,2 + 1) = 1, where m, k are positive integers with
k < m. Let d = ord,(gcd(k,m)) and a,b € F,,, witha+ b+ 1 #0. If

b\
_ a
(a2+b2+1) A2+ + 1
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a’+b?
(=222 ) =0
2d(az+bz+1)

(a+Db)Tr} (

and

b
2. 12 =0,
at+b*+1
then the trinomial
f(x) = ¥ 4 qx @D =D

permutes Fn, where
3 2k -1
(s.1) = (ﬁ m)

In the above theorem, when k = 1 and a € F;,, sufficient conditions are also necessary when m is
even, but it is not true when m is odd.

By transforming the permutation problem into a root distribution problem in the unit circle of certain
quadratic and cubic equations, Liu [51] investigated the permutation behavior of the trinomials over
Fp and quadrinomials over F,2.. In the following theorem, he investigated the permutation trinomial
of the form

) = x+ (22l Db
over Foyum.

Theorem 4.11. [51] Let m be a positive integer; then,

3 7 4 3
f(.X) = x+ x2 m_pmy1 + X2 m_pamym

is a permutation trinomial over Fun.

Together with trinomials, he investigated permutation quadrinomials of the form

11 22m_nm

m m+1_
X +ax

fX)=x+x
over Fyn, which is mentioned below.
Theorem 4.12. [51] Let n = 2m be an even integer, with m being even and m > 2. Assume that
a,u e F2m S(ltl.Sfy

1
1 0, 1 0, Tr'{——1]=0
+a# +a+u# 1(1+a)

and

u
T (1+ ———| =0
r‘( (1+a+ﬂ)2)

Then, the quadrinomial

+1_1 22m_zm+1

m m-
X2 +ax

fx)=x+x
is a permutation polynomial over Fn.

Meanwhile, Zheng et al. [86] constructed permutation quadrinomials of the form

51(2M=1)+1 522" =1)+1 532" =1)+1

f(xX)=x+ax + arx + azx

over Fn for the cases of
-1 2t 1 ot 1.3
b b = ’1’ b ’1, d _, 1’_ .
(51, 52, 53) (2k—1 2k—1) (2k+1 2k+1) . (4 4)
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5. Polynomials of the form f(x) = x + x*@'~D+! 4 /@ =D+1 with Niho exponents

The Niho exponents were introduced by Niho [54] for the case n = 2m; g =2and 1 < 5,1 <2";a
positive integer d is called a Niho exponent with respect to the finite field F,. if d = 2/ (mod 2™ — 1)
for some non-negative integer j. When j = 0, the integer d is called a normalized Niho exponent.
The inverse of the normalized Niho exponent is also the normalized Niho exponent if it exists. The
product of two normalized Niho exponents is also a normalized Niho exponent. So far, the permutation
trinomials of the form

f(x) = x+ xs(2m—l)+l + xt(Z’"—l)+l

have drawn a lot of interest. The primary objective for this type of polynomial is to identify a pair (s, t)
such that

f()C) = x+ xs(2”’—1)+1 + xt(2’"—1)+1

is a permutation polynomial over any given finite field with Niho exponents. For a complete source of
information, Li and Zeng [46] surveyed some recent advances in the field of Niho exponents.

Li and Helleseth [42,45] determined several new classes of permutation trinomials over F» by
finding the pair (s, ) of the polynomial f(x) = x + x*@"~D*! 4 x@"=D+1_1p the following theorem, they
listed a pair (s, ) such that the trinomial f(x) is a permutation over Fom.

Theorem 5.1. [42] The known pairs (s, t) that exist such that the trinomials

f(X) = x+ xs(2’”—1)+1 + xt(2’"—1)+1

are permutations over Fyn are as follows:

(1) (s,t) = (k,—k), where k is a positive integer, either m is even or m is odd and exps(x) > exp;(2™ +

1),
(2) (s,t) = (2,2™) = (2, 1) for every positive integer m,
(3) (s,t) = (1,2 = (1,-1/2), where m £ 0 (mod 3).

Using Lemma 1.2 and Theorem 5.1, they noticed some of the pairs to be

(5.1) k k
s, 0)=——, ——
’ 2k—1"2k -1
if gcd(2¥-1,2" +1) = 1, and

(5.1) k k

S’ “\5x= '~

2k+1 2k+1
if ged(2F + 1,2™ + 1) = 1, for which
F(x) = x4+ p@DHL @D

is a permutation trinomial. For both pairs, the first condition of Theorem 5.1 is met. Similarly, they
verified Theorem 5.1 for (s,7) = (1,1/3) and (1,2/3) when gcd(3,2" + 1) = 1, and (s,7) = (1,3/2) and
(1/4,3/4) when m # 0 (mod 3). Furthermore, they constructed some more permutation trinomials

over F,. by using Lemma 1.2 and some techniques for solving equations with lower degrees over a
finite field.
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Theorem 5.2. [42] Let n = 2m for even integers m. The trinomial
F(x) = x + QDL @Dl

is a permutation of Fn for the following (s, t) pairs:
(1) (-1/3,4/3) = (254, 23),
(2) 3,-1)=(@3,2"),
(3) (-2/3,5/3) = (&2, 2547,
(4) (1/5,4/5), where n = 2m satisfies that gcd(5,2" + 1) = 1.

In particular, Theorems 5.1 and 5.2 produce many more permutation trinomials over F,., which are
described in the following corollary.

Corollary 5.1. [42] Let n = 2m, g = 2™ and k be a positive integer with gcd(2k + 1,q — 1) = 1. Then,
the following trinomials are permutations over Fon:

(1) xtarDk+l 4 et D+QP=q+2)/3 4 g+ Dk+(q*+4q-2)/3 if m is even,

(2) x(q+l)k+l + x(q+l)k+3q—2 + x(q+1)k—q+2 lfm is even,

(3) xlarDi+l 4 X Dk+1+(q=1/3 4 (q+Dk+(24°+59-4)/3 if m is even,
(4) x@HDEFL 4 (@DEHHG-D @ DR +0a-D here 5T = 1 (mod g + 1).
By observing the above pairs, they stated the following two conjectures for the pairs (s, ).
Conjecture 5.1. [42] Determine the conditions on s such that

f(x) = x+ xs(2m—l)+l + xt(Z’"—l)+l

is a permutation polynomial over Fyn for s +t = 1.
Conjecture 5.2. [42] Determine the conditions on the integer k such that

s2"-1)+1 2"—1)+1

f(x)=x+x + x'¢

is a permutation polynomial over Fyn for (s,t) = 2k, —k).
Remark 5.1. Conjectures 5.1 and 5.2 are not settled yet; one can try to resolve these two conjectures.

In [45], the authors identified even more pairs of (s, ) such that
)= x+ LS@I=DHL 1271

is a permutation trinomial over Fp.. We list those new pairs of (s, 7) in the following theorem. For the
proof, the authors used the fractional polynomial method and Lemma 1.2.

Theorem 5.3. [45] Let n = 2m, and m, k be positive integers, then, the trinomial

2"-1)+1 2"—1)+1

f(xX)=x+x° + x'¢

is a permutation over Fau if the following holds:
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(1) (s.) = (355, 55 ), where ged(2“ = 1,2 + 1) = Land k < m,
(2) (5,0 = (557 557 ), where ged(2* + 1,27 + 1) = 1.

If k = 1, then Theorem 5.3 case 1 generalizes Theorem 3.2 (see [19]). If k = 2, then Theorem 5.3
case 1 generalizes Theorem 5.2 case 1. Similarly, if k& = 2, then Theorem 5.3 case 2 generalizes
Theorem 5.2 case 4.

As we have seen, there are numerous classes of permutation trinomials over F for any k that can
be computed from Niho exponents. Wu and Li [75] also obtained permutation trinomials over Fs: by
using Niho exponents.

Particularly, they considered polynomials of the form

s(5*=1)+1 (55 =1)+1
b

f(x)=x+cix + Cox
where n = 2k, 1 < s,t < 5% and ¢;,c, € {1,—1}. Their construction of permutation trinomials is
conditional on taking the fractional polynomial that permutes (5% + 1)" roots of unity in Fsx, which
was the utilization of Lemma 1.2. In the following theorem, they listed all of the trinomials for k, both
even and odd cases.

Theorem 5.4. [75] Let g = 5% and k be a positive integer such that, for the following pairs of (s, t),

s(5F=1)+1 (5% =1)+1

f(X)=x+c1x + Cox
is a permutation trinomial over F p:
(1) (crre) = (1, =1) and (s, 1) = (52, 42),
(2) kis odd, (ci,c2) = (1,-1) and (s,1) = (%5, 52)
(3) when k is odd, (c1, ¢2) = (=1, 1) and (s, 1) —( ). (542).(524%). (% %),
+5

(4) when k is even, (c;, ) = (=1, 1), (s,1) = ( , ) (1, cac) )
(5) when k is even, (c1,c;) = (1,—-1), (s,1) = ( ) (L @),(¥,q).

272

In addition, Wu and Li [75] defined two sets A_ = {x*|x € Mg+1}and A, = {(-x%x € Hg+1} treating
the squares and non-squares separately to construct another kind of fractional permutation polynomial
OVET fgy1.

Lemma 5.1. [75] Let g = 5%, where k is a positive integer. Let

o (X =2\
gl(x>:—xz‘(" ) ,

x5 +2

where s = %3. Then, g\(x) permutes fi,.,.

Before publishing this article, Wu and Li [75] proposed the following two conjectures in the online
preprint, and those conjectures were addressed by Ma and Ge [53]. Later, Bartoli and Giulietti [5]
provided alternative and shorter proofs for these two conjectures, which are presented in [53] and
proposed in [75].
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2
Conjecture 5.3. [75] The polynomial f(x) = x (ﬁ;iﬁ) is a permutation polynomial over Fs for odd
values of k.

Conjecture 5.4. [75] Let g = 5% and k be an even integer. Then,

2 =2\
x2+2)

g(x) = —x(

permutes flg..

The permutation trinomials of the form x + a;x*'“~D*1 4+ g,x2@=D*! for a;, a, equal to one, have
been the subject of extensive research to date. However, choosing general coefficients other than one
will be a challenging task. On this note, Tu et al. [66] defined permutation trinomials of the form
x + a;x14D 4 g, x52@ D+ for the general coefficients a;,a, by defining two subsets I'; and I, of
F3, X F, as follows:

1 1
I = {(al,az)klz = % and Try (1 + —_) = 0} (5.1)
ay aja
and
_ _ -2 _ m Clza_z
I, = {(Cll,az)laz(l +aya; + 612612) +d;” =0,a,a, # 1 and Trl (—_) = O} . (52)
aa

By analysis of the solutions of the equation f(x) = b for any b € F,., for all coefficients (a;,a,) in
the set I'; U I',, they proved that f(x) is a permutation trinomial over F,.. This can be easily achieved
by determining the number of solutions of some low-degree equations in the unit circle of F .. In the
following theorem, they assumed that n = 2m and (s1, 57) = (¢, 2), with g = 2™.

Theorem 5.5. [66] For any (a,,a,) in the set 'y UL, the trinomial f(x) = x + a; x99~V 4 g, x>a=D+1
permutes Fon.

Tu et al. [66] confirms that, via numerical experiments with n = 6,8, 10,12, 14, the above
Theorem 5.5 covers permutation trinomials of the form

f(x) = x + a x4 gy 2@ DH

for all possible coeflicients a;,a, € F7,. Nonetheless, they suggested the following open problem in
order to use effective approaches to demonstrate this truth.

Open problem 1. [66] The trinomial
F(x) = x + ay 29TV 4 g, 2@ D ¢ Fp,

where g = 2" and a,a, # 0, is a permutation of F . if and only if the coefficients a,, a, satisfy one of
the following two conditions:

(D) T (1+ )= 0ifay = 4,
(2) ax(1 + ardy + axd) + @2 = 0 and Tr (£2) = 0 if ardy # 1.

1a1
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Dealing with technique involves the connection between the permutation polynomial and algebraic
curve Cy, which does not have F,—rational points (a,b),a # b € F,, is actually a hard problem. If
the degree d of C is small with respect to size g of F,, i.e., d < 1/q, then there exists an absolutely
irreducible F,—rational component in C that is distinct from x =y, i.e., the existence of F,—rational
points off the line x = y. By the Hasse-Weil theorem [63] if the curve C; has absolutely irreducible
components defined over F,, then it contains at least ¢ — 2 4/g — 7 affine F,—rational points off the line
x =y. So,if g > 16 and f(x) is a permutation polynomial of F ., then C has no affine rational points
off the line x = y; therefore, C splits completely into absolutely irreducible components that are not
defined over F,. Utilizing this approach, Bartoli [4] provided a solution to Open problem 1.

Based on the sufficient conditions for (a;, a,) that would result in the polynomial x + a;x*@"D+! 4
a,x*4"D*! being a permutation over Fy. that were proposed in [66], Tu and Zeng [68] generalized
those results by using the same techniques for odd characteristics. As with I'; and I'; in [66] here, the
Tu and Zeng [68] defined new sets I'; and I'; for p > 3. Tu and Zeng [68] considered p > 3 as an odd
prime, n = 2m for a positive integer m and (a;,a,) € F ;j,, X F [*,n; they later considered v; = a;d; and
v, = aa, and defined following sets:

1% 4V2

I = {(al,az) s aydy = a\(axdr — ajd;) and is a square of F[*,m} (5.3)

Vi
and B
I; = {(al,az) 1 3a, + a_ 0 and (=3)v{(9v, — 4) is a square of F;m} 5.4)
a

Observe that I, = @ for p = 3 and I'; = 0, when p = 3 and m = 1. So, Tu and Zeng [68] considered
m > 2, when p = 3 and defined the following trinomial for (sy, s5) = (p™,2) and odd primes p.

Theorem 5.6. [68] Let n = 2m for a positive integer m and p be an odd prime. Then, the polynomial

f(x) = x + a;x” @O 4 gy xHamDH

permutes F o if (ay,a2) € Ty UT.
The condition mentioned in [66,68] to construct permutation trinomials of the form

F(x) = x + ay 29TV 4 g, x2aDH

for p = 2 and p = 3, respectively, was just a sufficient condition. On this note, Bartoli [4] proved that
the condition mentioned in [66] for p = 2 was also a necessary condition. And, Hou et al. [33] proved
that the conditions mentioned in [68] for p = 3 is necessary for f(x) to be a permutation polynomial
over F . The conclusion of the proof was that f(x) = xh(x4"") permutes F if and only if

g(x) = x(1 + ax? + bx*»)7"!
permutes 4,1, which is subject to the condition of if and only if bx* + x + a has no root in y,.; and

alx® + x> + b?

H =
) bx3+x+a

permutes (i, .
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Later, Tu and Zeng [67] constructed two classes of permutation trinomials of the form
fx) = x+ a4 gpx @D e o,

for the pair (sy, 57) = (=1/2,1/2),(3/4, 1/4), with general coefficients a;, a,. In the following theorem,
they mentioned both classes of permutation trinomials over F,. when g = 2.

Theorem 5.7. [67]
(1) Let n = 2m be a positive integer with m > 3 and a,, a, € F,. Then, the trinomial

2m=l@m—1)+1 2l @m—1)+1

f) =x+ax + arx

permutes Fy. if and only if a = ay and Tr'(a1a,) = 0.
(12
(2) Let n = 2m be a positive integer. Assume that (a;,a;) € F;, X F3, satisfying that a; = ﬁ and

X+ x4+ azla_z = 0 has no solution in Fon. Then,

2"—1)+1 2" —1)+1

3 1
f(x) = X + apxi¢ + arx¢

permutes Fon.

Since the conditions given in Theorem 5.7 case 1 are both sufficient and necessary, the conditions
mentioned in Theorem 5.7 case 2 are just sufficient; as a result, Tu and Zeng [67] mentioned it as a
conjecture to establish the necessary part.

Hou [34] made the observation that

~1)+1

3om Lom
f(x) = x + ax3© +apxi® T = (1 +axt™ + bxth

is a permutation polynomial over F,. if a = b and x* + x + a”' has no root in F, by applying an

appropriate substitution of x - uxanda € Fj,b € F ;2 in order to address this conjecture.
Tu and Zeng [68] considered polynomials of the form

fap(x) = x(1 + ax?7V 4+ px14™D) € F o[ x],

where a, b € F”,. This type of polynomial belongs to a more general family of permutation polynomials
of F. This family has been investigated in several papers, but only a few have been determined as
necessary and sufficient conditions. On this note, Bartoli and Timpanella [8] characterized this general
family of permutation trinomials, which was considered in [66—68] for the case of p > 3, by using
the connections with algebraic curves over finite fields. They proved that the condition mentioned in
Theorem 5.6 was not only sufficient, but that it was necessary too.

Following the work on permutation polynomials discussed in [42,45], Deng and Zheng [14] further
studied the polynomials of the form

f(X) = x+ xs(2’”—1)+1 + xt(2"’—1)+1

by using the technique provided in [30], and they presented new classes of permutation trinomials
over Fpu. In the following theorem, they discussed permutation trinomials for the pairs
(s,0) =(2/7,8/7),(=2/7,8/7) over Faum.
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Theorem 5.8. [14] Let g = 2. The trinomial
F(x) = x4+ p@DHL L @ =D

is a permutation over Fp if the following holds:

(1) ged(m,2) =1 and (s,t) = (2/7,8/7),
(2) m=2,4 (mod 6) and (s,t) = (=2/7,8/7).

Inspired by the proof of the previous theorem, they presented the following new permutation
polynomial for integers n and k; satisfying thatn > 2, ko = O and k; + k,_; = k, for0 <i < n,q =2",

and that R(x) = Y x* is a polynomial over F .
i=0

Theorem 5.9. [14] Let r and | be positive integers. Let h(x) be a polynomial over F . Assume that
R(x) # 0 for x € pg1; then, the polynomial

Fx) = X R4 Y h(x4™)
permutes F p if and only if ged(r + k,l, g — 1) = 1 and the polynomial g(x) = x"h(x)"™" permutes fi,4:.
In the following theorem, they constructed permutation trinomials of the form f(x) = x*e- D+l 4
XD _ x over F 2, where g = 3™.
Theorem 5.10. [14] Let m be a positive integer with m £ 0 (mod 6). Let g = 3™. The polynomial
f(x) = a1 x(q—1)2+1 —x
is a permutation trinomial over F p.

During the study, they observed that the polynomial

sQ2M—1)+1 12" -1)+1

f(X)=x+x + x

is a permutation trinomial for the pairs (s,7) = (4/11,10/11), and m with gcd(m,5) = 1, over Fw» and
proposed as a conjecture.
As it was noted in [75] that their approach cannot be applied to a general characteristic p > 5, Cao
et al. [11] attempted to extend this inquiry and mentioned another proof of Tu and Zeng’s [67] theorem.
They constructed the permutation trinomials of the form

k k
f(x) = x4+ 427 7D L g xP=DH

for the pair (s, 7). In the following theorem, they constructed a permutation trinomial f(x) for the pair

q+3 g+3

7t = s A~ |

N

Theorem 5.11. [11] Let k be a positive odd integer, g = p*, where p = 5 (mod 8) is a prime number.
Let

f(X) =y +/llxs(q—l)+r +/12x2s(q—1)+r’

where Ay, A, € Fp and r is a positive integer with gcd(r,q — 1) = 1. Then, f(x) permutes F in the
following cases:
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(1) (A1, A2) = (a + b,ab), where a,b € Fp, a # b, ab = 1 and ged(r — 2s,g + 1) = 1,
(2) (A1, A) =(a+1,a), wherea € F,, a?=-landr = 1.

The following theorem covers a general proof for the existence of necessary and sufficient
conditions for Ay = 2a, with r = 1, t = 2s and A, = —1 required for a polynomial to be a permutation
of F,» with Niho exponents.

Theorem 5.12. [11] Let g = p*, where g =1 (mod 4). Leta € F,and s = %. Then, the trinomial
f(x) = x+ 2axs(q—])+l _ x2s(q—l)+l
permutes F p if and only if at = 1.

In the next theorem, they considered

g—-1 g+3
’t =\~ (A~
=15 157
with (4;,4;) = (a,a) and presented two infinite families of permutation trinomials with odd

characteristics.

Theorem 5.13. [11] Let g = p*, where p is odd prime. Assume that a € F, is such that 1 — 4a* is

square in F,. Then,

s(g-1)+1 Hg-1)+1

f(x)=x+ax + ax
permutes F p if and only if one of the following conditions is satisfied.:

(1) a+ —1/2wheng=1 (mod 4),
(2) a # +1/2 when g =3 (mod 4).

For the same pair

qg—1 g+3
’t:—a—9
N

they presented another class of permutation trinomial of the form
f(X) — 2ax + xs(q—l)+l _ xt(q—l)+l

for the case when p = 5, ¢ > 4 is even and a = 2. They also conjectured that this polynomial is not
always a permutation polynomial if @ = 1. For

(5,1) = (2, #)

they presented another class of permutation trinomial of the form
f) = x"(1+ @D 4 cx@V)y

for the case ged(x? + cx + 1,x9"! — 1) = 1. Furthermore, they constructed four classes of permutation
trinomials:
F(x) = x + x5V 4, xflaDr

for some values of A;, A,, (s,1) and g = 5*. All four classes of these permutation trinomials are listed
below.
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Theorem 5.14. [11] Let g = 5. Then,
F(x) = x + x5V 4, xflaDH

permutes F . if one of the following conditions is satisfied:

(1) (5,00 = (%29) (5,0 = (52 %)
(a) (A1,4;) = (—1,-1), k odd,
(b) (A1,4) =(1,1),(1,—1) k even;

(2) (5.0 = (2,%2)
(a) (A1, 42) = (=1,-1), k odd,
(b) (A1,42) = (1,1),(1,-1), k even,
(c) (1, ) = (1,2),

Transforming the problem into an investigation into some quartic equations over the subfield Fon
and showing that these equations have no solutions in F,», Zheng et al. [85] determined two classes of
permutation trinomials over F,». The following theorem is the first class considered by Zheng et al.
when m is odd orm =2 (mod 4) and (s,t) = (2/7,8/7).

Theorem 5.15. [85] Let n = 2m be a positive integer and U be a unit circle of Fyn. Then,

@m-1)+1 12" —1)+1

f(x) =x+ax’ + bx

is a permutation of Fom, if a, b and m satisfy the following conditions:

(1) misodd, be U anda = bif, where & € Fon satisfies that Tr’l”(l/f%) =1,

(2) m=2 (mod 4), b € U and a = bi¢, where £ € Fy. satisfies that Tr(1/¢3) = 1, and e = 2.

The following class was constructed when m and k are two positive integers satisfying that k < m,
ged(2* + 1,27 + 1) = Land (5,0 = (557, 557)-

2641 2k4]

Theorem 5.16. [85] Let n = 2m and d = ordy(ged(m, k)). Let a,b € F7,,. Then,

f(X) — x+axs(2m—l)+l +bxt(2’"—l)+l
is a permutation of Fon if a and b satisfy
m m b a 2k
2" +1 2" +1 _
a0, a?'" b 4l (a”"“ + b2+ 4+ 1)

and

" 1 m
Try a2 p2il 4 1] T od”
They have expressed the open problem based on Lemma 1.2 as, under the identical conditions as

listed above,
Fx) = x(1 + ax*@ ™V 4+ px'@" D)y

is a permutation of Foon.
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Inspired by the idea proposed in [21], Wang et al. [72] constructed six classes of permutation
trinomials of the form
F(x) = x + xd@D= 4 gyysia-rs

for 41,42,4; € {1,-1} and 51,5, € {0,1,9,¢%} over F 5, where ¢ = 3. Wang et al. [72] used a
multivariate method and resultant elimination method to prove that f(x) is a permutation polynomial
over F,s. They characterized three classes of permutation polynomials for the case when k # 1
(mod 3), and three classes for the case when k£ # 2 (mod 3). The following theorem included all six
classes of the permutation trinomials for all values of A;, 4>, A3 and sy, 5.

Theorem 5.17. [72] Let q = 3%, where k is a positive integer. Then, f(x) is a permutation trinomial
over F for the following cases when k # 1 (mod 3):

(1) (A1, 42, 43) = (1, 1,=1), (s1,82) = (g, 1),
(2) (/11’12’/13) = (15_1’ 1): (Sla SZ) = (q’ Q),
(3) (A1, 2, 43) = (=1, 1, 1), (51, 52) = (0,9),

and the following cases when k # 2 (mod 3):

(]) (/119/123 /13) = (1’ 1a _1)’ (Sla SZ) = (517 1);
(2) (/119/12’/13) = (1’ _1’ 1)’ (sl’ S2) = (O’ Q),
(3) (A1, 2, A3) = (=1, 1, 1), (51, 82) = (¢, 9)-

In the above theorem, Wang et al. [72] stated all six classes of permutation trinomials for g = p*,
where p = 3. Later, Bartoli [6] considered the same form for more general values of g, such as g = p”"
and p > 3. He mentioned sufficient conditions for the pairs (1, A;) for which these polynomials
permute Fg. He also determined the lower bound on the number of these pairs by using the
techniques based on function field theory, which provides exact estimates of the number of
F,—rational solutions of a particular system of equations. The following theorems contained all four
classes of the permutation polynomials and lower bounds on the number of pairs (4;, A;) for which
these polynomials permute Fg.

Theorem 5.18. [6] Let A, A, € F, be such that 3 + 25 — 1, + 1 = 0, A, # 0, 1. Suppose that
T3+ BT% + (L, + )T — 1 € F[T]

has no roots in p. 1. Then, the following two polynomials are permutation polynomials over F:

(1) f(x) = x4aD=1 4 g xaa=D+1 4y x,

(2) f(x) = x4@D=1 4 3 x0"@Dra 4 g, x

~12NG-95 . . .. :
There are at least % pairs of (A, ;) that satisfy the condition that f(x) are permutation
trinomials in both of the above cases.

Theorem 5.19. [6] Let g =1 (mod 3). If ,A, € Fy, 5+ A, + 1 =0, hi(4)) # 0 and A} # —1, then
the polynomial
fO) = DT 4x — dox

is a permutation polynomial over F ;.
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Theorem 5.20. [6]If 4,4, € F,, /lg +A+1=0and /l? #+ —1 are such that 1,T> + /l%T2 + (=414, +
ANT — A3 has no roots in .., then the polynomial

F(x) = x1@D=1 4 2157 — Apx

. . . -8 /G50 .
is a permutation polynomial over F ;. Also, there are at least NI e of Ay such that f(x) is a

3
permutation trinomial.

One can find pairs of (s, 7) such that
F(x) = x4+ p@DH L @ =D

is a permutation polynomial in literature. Nevertheless, a complete value of (s, ¢) is not known in the
literature.

Open problem 2. Find (s, t) such that
f(X) = x4+ xs(Zm—l)+l + xt(2’"—l)+1

is a permutation polynomial over any given finite field with Niho exponents.
6. Conclusions

In this paper, we surveyed all existing classes of permutation trinomials with all mentioned
methodologies. Furthermore, similar methods can be used to generate many new permutation
trinomials. We have concluded with remarks and open problems based on recent results on
permutation trinomials.
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