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1. Introduction

Let Q C RY, N > 2 be a bounded open set with regular boundary I' = Q. A coupled wave equation
through second order terms with just one viscoelastic infinite memory term is considered:

Vu(x, 1) — aAy(x, 1) + cAz(x, 1) + f ) g()AY(x,t — s)ds =0, in Q X (0, ),

Zu(x, 1) — Az(x, 1) + cAy(x, 1) = 0, ' in Q % (0, 00),

y=2z=0, onI x(0,c), (1.1)
y(x,0) = yo(x), 2(x,0) = z0(x), y:(x,0) = y1(x), 2(x,0) = z1(x), 1in€Q,

y(x,—1) = f(x,1), in Qx (0, c0),

where yo, y1, f, 20 and z; are known functions belonging to appropriate space, a > 0 and ¢ € R* such
that a > ¢ and

a=b+c?, (1.2)
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where b is a positive constant satisfying

l:b—fmg(s)ds>0. (1.3)
0

The function g verifies some assumptions that will be given in the next section.

The aforementioned model can be used to describe the motion of two elastic membranes subject to
an elastic force that pulls one membrane toward the other. This model takes the memory effect into
account, which may exist in some materials particularly in low temperature [12].

[o0]

Note here that (1.1) is stabilized by the infinite memory term f g(s)Ay(x, t — s)ds, which appears

in only one equation. It is the concept of indirect stabilization thatowas first introduced by Russell [24]
and later on was developed in [2]. Many researchers have been interested in this topic. We start off
by reviewing some works related to wave equation with an infinite memory term. Dafermos, in his
pioneer paper [9], studied the equation

t
Py = Clyy — f gt —Duydr, xe[0,1], t >0, (1.4)

(%)

where p and ¢ are positive constants. Under the assumption that g is non-negative, monotonically
nonnegative and satisfies a condition likewise (1.3), the author proved that the solutions of (1.4) are
asymptotically stable. In [13], Giorgi et al. analyzed the longtime behavior of solutions and proved the
existence of a global attractor for solutions (in the autonomous case) in a bounded domain of R? of the
following semi-linear hyperbolic equation

uy — k(0)Au — f‘” K (s)Au(s)ds + g(u) = f, (1.5)
0

where k, g and f are assumed to satisfy certain conditions. By adding a frictional dissipation in (1.5) of
the form au,, Conti and Pata [8] proved the existence of a regular global attractor. In [6,21], the authors
gave necessary and sufficient conditions (on the relaxation function) for the exponential stability of an
abstract equation of the form

Uy + Au — foo k(s$)Au(t — s)ds = 0, (1.6)
0

where A is a self-adjoint strictly positive linear operator with compact inverse. Later on, Guesmia [14]
examined (1.6) by considering another self-adjoint and strictly positive operator B (in the integral term)
instead of A and by assuming that D(A) C D(B), such that the embedding is dense and compact. He
proved the stability of the system for a wide class of the relaxation function. For more results about
stability of the wave equation with past history, we refer the reader to the references [3,4,7, 11, 16,
17,20, 22,23]. For a coupled system with infinite memory, we mention the work of Almeida and
Santos [5] in which the authors studied a coupled system of wave equations and proved a polynomial
decay estimate. Guesmia [15] considered a coupled system of two linear abstract evolution equations
of second-order with one infinite memory acting only on the first equation:

Uy + Au — f g(s)Bu(t — s)ds + Bv =0, Vt>0,
0

v, +Av+ Bu=0, Yi>0,

(1.7)
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where A, A and B are unbounded self-adjoint linear positive definite operators in a Hilbert space H,
with domains D(A) ¢ D(B) c H and D(A) c H, such that the embeddings are dense and compact, and
B is a self-adjoint linear bounded operator in H. The author proved a stability result of (1.7) for a wide
range of integrable kernels that can decay slower than exponential one. Later, Jin et al. [19] improved
the result obtained in [15] by assuming much weaker conditions on the convolution kernel. We also cite
the works [18,25] in which the authors studied an abstract system like (1.7) and considered additional
terms of the form au and external forces. We note here that our system does not fit in the framework
of the works mentioned above, and their general result does not apply because the condition on the
coupling operator fails (in our case, it is an unbounded operator in the state space whereas in the other
works it is bounded). We finish this part by citing the recent work of Akil and Hajjej [1] in which the
authors studied a similar problem to (1.1), but with only one localized frictional damping instead of a
memory term and proved the exponential stability of the system.

The main innovation points of the paper are:

(1) Extending exponential decay outcomes, which have previously been established for the coupling
of two viscoelastic wave equations through zero-order or first-order terms, to the realm of coupling by
second-order terms.

(2) Removing the assumption of equal wave propagation speeds, a common feature in numerous
prior studies.

It’s worth noting that (1.1) carries a real-world physical interpretation. For instance, in one
dimension, (1.1) describes the behavior of a piezoelectric material exhibiting magnetic effects.

The paper is subdivided as follows: In Section 2, we establish the existence and uniqueness of a
solution to (1.1) in an appropriate Hilbert space. By using the perturbed energy method, we prove the
exponential decay of the energy associated with (1.1) in the last section.

2. Well-posedness

We use the standard Lebesgue space L*(Q2) with its usual norm ||-||. We denote by C » the embedding
constant of H}(Q) — L*(Q), i.e.

IVl < ColIVyll, ¥ y € Hy(Q).
In this paper, we take into account the following conditions:
(H1): g € C'(R,) N LY(R,) satisfies [y = f g(s)ds > 0and g(s) >0, V s € R,.
0
(H2): Forany s € R,, g’(s) < 0 and there exists two positive constants, by and by, such that
— bog(s) < g'(s) < —b1g(s). (2.1)

As in [9], we define

(2.2)

n(x, s, t) = y(x, 1) —y(x,t —s), Y (x,s,1) € QX (0,+00) X (0, +00),
no(x, s) = n(x, 5,0) = f(x,0) — f(x,5), V(x,5)€QxX(0,+00).

It is clear that
nt(x9 Sa t) + ns(xa S5 t) = yt(x$ t)a X € Q, Syt > 0~
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Moreover, we have n(x,0,¢) =0, x € Q and ¢ > 0. Then, (1.1) is equivalent to

Yu(x, 1) = LAy(x, 1) + cAz(x, 1) — f g(s)An(x, s,t)ds =0, in QX (0, c0),
0

Ztl(x’ t) - AZ(-X’ t) + CA)’(X, t) = 07 in Q X (0’ 00)7

nt(xa Sa t) + ns(x’ Sa t) = yt(-x9 t) in Q X (09 OO) X (07 00)9

(2.3)
y=z=0, onI'Xx(0,00),
y(x,0) = yo(x), z(x, 0) = zo(x), yi(x,0) = y1(x), z:(x,0) = z1(x), inQ,
y(-x’ _t) = f(x’ t)’ in Q X (O, OO),
where
I =1+c% (2.4)
We define the space X by
T = L}(R.: Hy(Q) = {n : R, — Hy(Q); f g(s)IVn(s)lids < o,
0
equipped with the inner product
iz = [ [ e vicsas
0 Jo
The state space is given by
H = Hy(Q) x L*(Q) X H)(Q) x L*(Q) x X, (2.5)
which is a Hilbert space under the scalar product
(. Z)w = f (IVu - Vit + i + (cVu — Vp) - (cVii — V) + q§)dx + (i, s, (2.6)
Q

1. v. p. g P = f (VP + 0VuP +1gP + Vi~ VpP) dx + f g(s)IVn(s)|Pds.
Q 0

We define the unbounded operator A in H by

T

Au,v, p,g,m" = (v, [iAu — cAp + f g(s)An(s)ds, q, Ap — cAu,v — ns) , 2.7)
0

with domain

D(A) :={Z := (u.v, p.q.m)" € (HAQ) N H)(Q)) x Hy(Q) x (H*(Q) N Hy(Q)) X Hy(Q) X I
n, €%, LAu+ f ) g(s)An(s)ds € LX(Q)}.
0

If we set Z = (y,y:1,2,2-1) ", then (2.3) may be written as:
Z, = AZ, Z(0)=2, (2.8)

where Z, = (yo,yl,Zo,Zpﬂo)T-
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Theorem 2.1. Assume that the assumptions (H1)-(H2) hold. Then, the operator A generates a C
semigroup of contractions e™ on H.

Proof. We start by proving that (A is dissipative; that is
(AZ,Z)31 <0, Y Z =(u,v, p,q,n) € D(A).
In fact, we have for any Z = (u, v, p, q,n) € D(A) that
(AZ,Z)yy = lfQVvVudx + fg (llAu —cAp + j:o g(s)An(s)ds) vdx + L(CVV - Vq) (cVu - Vp)dx
+ L(—cAu + Ap) gdx + Lm fgg(s)V(v —n(s))Vn(s)dxds.

Integrating by parts, the righthand side of the last equality yields to

1 (o)
(AZ,Z)y = > f f g ()IVn(s)Pdxds < 0,
0 Q

which implies that A is dissipative.
Next, we shall show that 0 € p(A) (where p(A) represents the resolvent set of A). Given a vector
F = (&1,&,hk,v) € H, we look for Z = (u, v, p,q,n) € D(A), such that

AZ = F.
By the definition of A, we obtain
v =&, (2.9)
liAu — cAp + fom g(s)An(s)ds = &, (2.10)
g =h, (2.11)
—cAu+ Ap =k, (2.12)
V-1, =V (2.13)

Inserting (2.9) in (2.13) and using the fact that n(x, 0,7) = 0, we have

77=f (& —v(r)dr.
0

It is easy to see that since v € Hé(Q), then n, n, € Z.
Now, using (2.4) and combining (2.10) and (2.12), we infer that

Au = % (ck +& - foo g(s)An(s)ds), (2.14)
0
Ap = % (llk +cé —c foo g(s)An(s)ds) . (2.15)
0
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Let (p,¥) € Hé (Q)XHCI) (Q). Multiplying (2.14) and (2.15) by ¢ and ¢, respectively, and then integrating
by parts over €, one has

fVuV(pdx+prVl//dx: — lf(ck+§2—‘foog(s)An(s)a’s)¢,0a’x
Q Q l'Ja 0

_ % f (hk +ck—c f‘” g(s)An(s)ds) Ydx. (2.16)
Q 0

(2.16) can be rewritten as:

a((u, p), (¢, ¥)) = L(p, ¥),

where a is the bilinear functional defined by

a((u, p), (p,¥)) = f VuVepdx + f VpVidx,
Q Q

and L is the functional defined on H}(Q) x H} () by
1 0 1 0
L(p,y) = ~7 f (ck +& - f g(s)An(s)ds) odx — 7 f (llk + c& — cf g(s)An(s)ds) wdx.
Q 0 Q 0

It is clear that a is continuous and coercive in (Hé (Q) x H, (Q))z, and L is continuous on Hj(Q)xH(Q).
Then, it follows from the Lax-Milgram’s theorem that (2.16) possesses a unique solution (u, p) €
H)(Q) x Hy(Q).

c)I}eside that from (2.12), we have p — cu € H*(Q). This fact combined with (2.10) gives us [;Au +

g()An(s)ds € L*(Q), and, thus, u, p € H*(Q). It follows that Z = (u,v, p,q,n) € D(A), and

0
consequently, 0 € p(A). Therefore, the well-known Lumer-Phillips theorem ensures that operator A
is the infinitesimal generator of a Cy semigroup of contractions. O

3. Exponential stability

We begin this section by introducing and proving several lemmas by adopting the method presented
in [10], which will be useful in the proof of our main result.

Lemma 3.1. Let Z = (y, y;, 2, 2, 17) be a solution of (2.3). Then, the functional

@i(1) = f yydx + ¢ f yzdx,
Q Q
satisfies

co l c
@) < (1 + TI)I |y,|2dx -3 f |Vy|2dx + %5 f |z de + —f fg(s)an(s)lzdxds (3.1
Q Q 1

for any 6, > 0.
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Proof. Multiplying (2.3), by y, using (2.3), and integrating by parts over €2, we obtain

d d «
—fyytdx—f|y,|2dx+lf|Vy|2dx+c—fyz,dx—cfy,ztdx+f fg(s)Vn(s)Vydxds=0
dt Jo Q Q dt Jo Q 0o Jao

that is,
@) (1) = f ly:2dx — 1 f IVy|*dx + ¢ f yizidx — f f 2(s)Vn(s)Vydxds. (3.2)
Q Q Q 0 Q

Applying Young’s inequality, we find for all 6; > O that

fytz,<—f|y12dX+2—51f|z,lzdx (3.3)

0 l 1 °° 2
f f g(s)Vn(s)Vydxds f |Vy|2dx + — f g()Vn(s)ds| dx
0o Ja 2 21 0
where, in the last inequality, we have used the fact that

and

IA

IA

3 f |Vy|2dx+— f f g()|Vn(s)|*dxds, (3.4)
Q

2

f(fm g(s)Vn(s)ds) dx < f(f‘” g(s)ds) (f"o g(s)IVn(s)lzds) dx
a\Jo o \Jo 0
= f fg(s)an(s)Izdxds. 3.5
0o Ja
Inserting (3.3) and (3.4) in (3.2), we get the desired inequality (3.1). O

Lemma 3.2. Let Z = (y, 1, 2, 2, 7) be a solution of (2.3). Then, the functional

(1) = f yi(cy —z2)dx + ¢ f Zi(cy — 2)dx
Q Q

satisfies

1 P
o) < e+ +-— f ly.2dx + — f VyPdx — < f |z /dx + &, f lcVy — Vz*dx
252 2 Q Q

2
262f f g®IVn(s)|"dxds (3.6)

for any 6, > 0.
Proof. Multiplying (2.3), by cy — z, using (2.3), and integrating by parts over Q, we get

fy,,(cy —2dx + lf VyV(cy —2)dx + ¢ f Zu(cy — 2)dx + foo f g(s)Vn(s)V(cy — z)dxds = 0,
Q o) Q 0o Jo

which implies that

d ( f yiey —2)dx + ¢ f z(cy — Z)dX) = f yicy —2)dx + ¢ f ey —2)dx -1 f VyV(cy — 2)dx
dt Q Q Q Q

AIMS Mathematics Volume 8, Issue 12, 28450-28464.



28457

- f f g()Vn(s)V(cy — 2)dxds

f|)’t2dx+(c _l)f}’tzzdx
—cflz,l dx—lnyV(cy—Z)dx
Q Q

—f fg(s)Vn(s)V(cy—z)dxds;
0o Ja

& = c f P + (¢ = 1) f yizad — ¢ f e — 1 f VyV(ey - dx
Q Q Q Q
—f fg(s)Vn(s)V(cy—Z)dxds.
0 Q

By using Young’s inequality, we can easily check that

c
czfy,z,dxs—flz,lzdx+c3f|yt|2dx,
Q 4 Ja Q
¢ 2 1 2
— | yzdx <7 Izzl dX+ - Iytl dx,
Q

lnyV(cy—z)dx<—flVyIzdx+—f|ch Vz2dx

that is,

%

and
(o] l OO
- f f 2()Vn(s)V(cy — z)dxds < — f IcVy — VzlPdx + — f g()IVn(s)|*dxds
0 2 Jo 26, Q

for every 9, > 0.
Reporting (3.8)—(3.11) in (3.7) and (3.6) holds true.

Lemma 3.3. Let Z = (y, 1, 2, 2, 7) be a solution of (2.3). Then, the functional

L//l(t):fyy,dx+fzztdx
Q Q

[
Y < flytlzdx—EIIVy|2dx+flz,lzdx—flch—Vzlzdx
Q
f f g()IVr(s)Pdxds.

Proof. Multiplying (2.3), by y and integrating by parts over €2 can obtain

satisfies

(3.7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

ifyytdx—f|y,|2dx+lf|Vy|2dx+chy(ch—Vz)dx+f fg(s)VyVn(s)dxds:O. (3.13)
dt Jo Q Q Q 0 Ja
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On the other hand, multiplying (2.3), by z and integrating by parts over £ can obtain

d
—fzztdx—fIztlzdx—fVZ(ch—Vz)dx:O. (3.14)
dt Jo Q Q

Summing (3.13) and (3.14), one derives that

Wi (t) = f ly.2dx — 1 f IVy|*dx + f |z|*dx — f lcVy — Vz[?dx — f f g(s)VyVn(s)dxds. (3.15)
Q Q Q Q 0 Q

Reporting (3.4) in (3.15), we obtain the desired inequality. O
Lemma 3.4. Let Z = (y, y:, 2, 2, 17) be a solution of (2.3). Then, the functional

Yo(t) = —f fg(S)n(s)y,dxds
0o Ja

, Iy 155 o4
Yh(t) < ) f ly [Pdx + = > f |Vy|*dx X+ == f lcVy — Vz|Pdx
biCy Uly
( 02 2; 250) f f g(9)Vn(s)Pdxds (3.16)
3 4

satisfies

for every 63,04 > 0.

Proof. Multiplying (2.3), by — f g(s)n(s)ds and integrating by parts over {2 to get
0

7 (— fo fg g(S)n(S)ytdde)
=1 f f g(s)VyVn(s)dxds — f f g()ymi(s)dxds
0 Q 0 Q

00 2 00
+ f ( f g(s)Vn(s)ds) dx +c f f (s)Vn(s)(cVy — Vz)dxds. (3.17)
Q 0 0 Q

Now, multiplying (2.3); by g(s)y,, and integrating by parts over (0, o) X Q, we infer that

f f g(s)ymi(s)dxds f f g(s)y.l*dxds - f f g(s)ym;(s)dxds
0 Q 0 Q 0 Q

|

= lof|yz|2dxds—fwfg(S)yms(S)dxds. (3.18)
Q 0 Jo
Combining (3.17) and (3.18), it holds that
Yoty = -l f v Pdx + f i f g($)yms(s)dxds +1 f i f 8(s)VyVn(s)dxds

Q 0o Jo 0 Ja
(o) (o) 2

+cf fg(s)Vn(s)(ch—Vz)dxds+f(f g(s)Vn(s)ds) dx. (3.19)
0 Jo o \Jo
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Likewise (3.4), we easily see that for every 653 > 0,

(o] l 00
f f g()Vn(s)Vydxds < % f IVyfdx + — f g()|Vn(s)|*dxds.
0 Q 2 Q 253 0 Q

Now, we note that
f f g(s)ym(s)dxds = — f f g (9)ym(s)dxds.
0 Jo 0 Jo

Using (3.32), Young’s inequality and Poincaré’s inequality, one derives that

* ’ lO b(z)CI% * 2
- g ($)ym(s)dxds < 2 Iyl > 8()IVn(s)l“dxds.
0 Q Q 0 Q

Thanks to Young’s inequality and Holder’s inequality, we obtain

00 2
f ( f g<s>Vn<s)ds) dx < f o(s)ds f f o()Vn(s)dxds
Q 0
lo f f g()IVn(s)Pdxds

A

and
cj:oj;g(s)Vn(s)(ch—Vz)dxds
coy ) * ?
STLlch vz a’x+2—54 (f g(s)Vn(s)ds)
s% fg lcVy — vz|2dx+2—54 f f g()|Vn(s)[dxds

for all 64 > 0.
Reporting (3.20)—(3.23) in (3.19), we find the desired inequality.

Now, we define the energy of solutions of (2.3) by

1 (o]
B0 =5 [ (P + 1957+ P + 1Ty =ViP)dx+ [ [ a(oTncoPaads
Q 0 Q

which satisfies the following dissipation law

E'(1) = %fo fgg'(S)IVn(S)Izdxds <0,

which means that our system (2.3) is dissipative and so E(t) < E(0).
Next, we define the functional £ by

L(t) = N E(t) + Nypi(2) + N3pa (1) + Naby + Nsirs,

where Ny, N,, N3, N, and Ns are positive constants that will be chosen later.
It is easy to check, for N; sufficiently large, that E(r) ~ L(¢) i.e.,

a E(t) < .£(t) <mE®), Yt>0,

for some constants a;, a, > 0.

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Lemma 3.5. Assume (H1)-(H2). We have, for all t > 0,
L) < -BE®), (3.27)

for some positive constant f3.

Proof. From (3.1), (3.6), (3.12), (3.16), (3.25) and (3.32), we derive that

Nlbl N2lo N3l() N4lo b%CI% llo Cl() foof )
- - - — N5 |l + +— + — v dxd
{ 2 20 20, 21 5(0 2 28 T 26 s Qg(S)I n(s)I*dxds

N5l 0 1
ﬁ—Nz(l 2)—Ng c++—-|-Ny fly,lzdx
2 2 C Q

L) <

!
=

!
=
Ng

!

} cVy — VzPdx. (3.28)
Q

By choosing 6; = 2—’\:2, 0, = =, 03 = 25 and 84 = (3.28) becomes

2N’

Niby  Noly  2Nily Nyl byC;,  IlyNs  Nsl °°
191 WNalp  ~¥300 40—N5[lo+ op o 5+C 50) f fg(s)an(s)Izdxds
N Ny 0o Jo

L) <

2 21 Ny 21 2

2
Nsl N, 1
- {22, 1+ 22 ~Nilc+c+~|- Ny f|y,|2dx
2 N C O

Nxc
- —3—N4 f|zt| dx

Nol Nyl 2N212 f 5
- Vyl“d
{ PR Y Q| Y dx

N.
- = f IcVy — Vz]dx. (3.29)
2 Ja
At this point, we pick up N3, N, and Ns, respectively, such that
4N.
N3 > —4,
C
8N321
N, > ,
N,

2 CNZ 1

Ns>—<N,[1+ + N; C+C+ + N,
lo N

After this, choosing N; sufficiently large so that (3.26) holds true and

22
2 {Nzlo 2N3210 N4lo _ N5 (lo + bocp + llQNS + CZNSI()]} ’

N, > = - -
"ob ) 2 N, 21 2 N, N,
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By taking
B =min{B1, 52,3, B, Ps} ,
we get the desired inequality (3.27) with

N1b1 Nzl() 2N§ZO N4l() b%CIZ; lloN5 CZN5l()
B = - - - = Ns |l + + + :
2 21 Ny 21 2 N, Ny
Nsl N. 1
Br=2120 N1+ 22 =Ny [e+ B+ —|-Nt,
2 N3 C
Nsc
By =2{=E - N,
2N
ﬁ4 =2 N_zl + N_4l — 3
4 2 Ny
and
Bs = Na.

The main result of this paper reads as follows.

Theorem 3.6. Assume (H1)-(H2). Then, the energy of solutions of (2.3) decays exponentially, i.e.,
there exist positive constants d and vy, such that

E(t) <dE0)e™, t>0. (3.30)
Proof. By using (3.26) and (3.27), one finds that

£®<-BE® < -£ 10,
an

Consequently,
B
L) < L(0)e .
Using again (3.26), we obtain

1 1 _B _B
E() < —L0) < —L0)e = < ZEQ0)e .
aq (03] aq

Hence, (3.30) holds true withd = 2 and y = £ O

a a’

!
Remark 3.7. By replacing in (1.1) the past history by a finite memory term of the form f g(t -
0
$)Ay(s)ds, (1.1) becomes

!
Vi —aly + cAz + f g(t = s)Ay(s)ds =0, in Q x(0,00),
0
i — Az + CAy = 0, in Qx (0, OO),
(3.31)
y=2z=0, onI x(0,c),

¥(x,0) = yo(x), 2(x,0) = 2o(x), y:(x,0) = y1(x), 2:(x,0) = z1(x), in Q.
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The energy of solutions of (3.31) are defined by

1 1 ! 1
& = 3 fﬂ |yt|2dx+5(b— fo g(s)ds) fg Wyl + 30 VYD)

1 1
+ = f |z|*dx + = f lcVy — Vz[*dx,
2 Ja 2 Ja

where )
(goy)n) = fo gt — 9)ly(®) — y(s)I*ds.
Define
G() = ME(Y) + My (1) + My (1) + M3D(),
where

!
D)=~ [ 3. [ st= 900 - xtopdsax
e Jo
Now, if we suppose, for example, that g satisfies (H1) and

(H3): There exists a non-increasing continuous function & : R, — R, satisfying
gt < —&ng), Yi=0. (3.32)
By proceeding as in the last section, we can prove for suitable choices of M, M, M, and M5 that
G (1) < —CE(t) + C5(g o Vy)(@), Y= 0

for some positive constants C, and Cs. Therefore, we get the following result:

Theorem 3.8. Let (yo,y1), (20,21) € HOI(Q) x L2(Q). Assume that (H1) and (H3) hold true. Then, for
any t; > 0, there exist positive constants 31 and [3,, such that the energy &E(t) satisfies

" f £(s)ds
E(t) < Bre n .

4. Conclusions

We focus on the existence and exponential stability of solutions for a coupled, by second order
terms, system of two wave equations with a past history acting only on the first equation. Each one of
these two equations describes the motion of two elastic membranes. The exponential decay result still
valid if we replace the past history by a memory term. As future work, we will study the exponential
stability in the case where we replace one (that contains the damping term) of these two equations by
a quasi-linear one.
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