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Abstract: In this paper, we will introduce the idea of grand variable weighted Herz spaces I'(Z((f))’e)’g(r)
in which « is also a variable. Our main purpose in this paper is to prove the boundedness of Hardy

operators on grand variable weighted Herz spaces.

Keywords: Hardy operators; grand Herz spaces; weighted Herz spaces; grand weighted Herz spaces
Mathematics Subject Classification: 46E30, 47B38

1. Introduction

The notion of Herz spaces were introduced by C. Herzin [1]. Leta e R, 1 < p < ooand 1 < g < 0.
The classical versions of non-homogeneous and homogeneous Herz spaces are defined by the norms
4) 4

p

A1z zmy == I a0,y + Z kaq f |f(x0)Pdx , (1.1)
keN k<|x|<2k+1
1
1)
I llkg ey = Z 2k f |f(0lPdx , (1.2)
kez k=1 <|x|<2k

respectively.
Variable exponent function spaces have been widely studied and have many important applications.
Some examples of works in this area are [5,6]. These variable exponent function spaces are important
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for studying problems in partial differential equations and applied mathematics. In particular, Herz
spaces with variable exponent generalize classical Herz spaces, see [7]. The Herz-Morrey spaces
M I'(;’((’)l’p(R”) generalize the idea of Herz spaces with variable exponent K;’(’)’ (R™). These function spaces

were initially defined in [8]. Lu and Zhu [9] further studied the Morrey-Herz spaces M K;([;)(i;l(R") and
established the boundedness of integral operators on these spaces.

Let g is a locally integrable function on R". The n-dimensional Hardy operators can be defined as

He(z) := Lf gdx, H'gz) = f @dx, z€ R"\ {0}
[xl<lz]

|z|"” izl Xl

They were studied in many papers, see for instance [2—4].

Izuki and Noi introduced the concept of weighted variable Herz spaces Kf(’.;(w) in their
papers [10, 11]. The concept of grand Morrey spaces introduced in [12], has attracted significant
attention from researchers. In [13], the idea of grand variable Herz spaces KZ((,'))”’ )’Q(R”) was
introduced, and boundedness of sublinear operators were obtained. Boundedness of other integral
operators on grand variable Herz spaces can be seen in [14-18]. In [19], the definition of grand
variable Herz-Morrey spaces introduced and obtained the boundedness of Riesz potential operator in
these spaces. In [20], authors obtained the boundedness of variable Marcinkiewicz integral operator
on grand variable Herz-Morrey spaces. Recently, in [21], the authors proved the boundedness of
fractional integral operator on grand weighted Herz spaces Kggf)’e(w) spaces. Grand weighted
Herz-Morrey spaces are the generalization of grand weighted Herz spaces. In [22], Sultan et al.
established the boundedness of fractional integral operator on grand weighted Herz-Morrey spaces.

Motivated by the study on grand weighted Herz spaces, our main purpose is to define grand variable
weighted Herz spaces, which is the generalization of weighted Herz spaces with variable exponents.
Our main purpose is to establish some boundedness results for the Hardy operators on grand variable
weighted Herz spaces KZ((,'))’E)’Q(T).

Suppose that G is a measurable set in R” with Lebesgue measure |G| > 0. The characteristic
function of G is denoted by ys. It is important to note that in this paper, the symbol C represents a

positive constant, which may vary in value at different occurrences.

2. Function spaces and weight classes

For this section we refer to [6,24-26].
2.1. Definition of function spaces
We first recall some necessary definitions and notations.

Definition 2.1. Let G be a measurable set in R” and r(-): G — [1, o) be a measurable function. We
suppose that

1 <r(G) £1r(g) < 1r(G) < oo, (2.1)
where r_ := essinf r(g), r, :=esssup r(g).
8eG g€G
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(a) Variable Lebesgue space L'(G) can be defined as

r(x)
L'YG) = { f measurable : f (lf(x)l) dx < oo, where T is a constant}.
G T

Norm in L(G) can be defined as

r(x)
nmmﬂﬂwmeQ)ma}
G

(b) The space Llré'C)(G) can be defined as

LYG) = {f . f € L'(K) for all compact subsets K C G} .

loc
The log-conditions may be stated as follows:

C(r)

1
—, x—yI<5, xy €q, (2.2)
—In|x —y| 2

Ir(x) —r(y)l <

where C(r) > 0.
Additionally, the decay condition: There exists a number r,, € (1, c0), such that

C
I S s 2.3
[r(x) = oo In(e + 1) (2.3)
and also decay condition
C 1
Ir(x) = rol < —=,Ixl < 5, (2.4)
In |x]| 2

holds for some ry € (1, o0).
We use these notations in this article:

(1) The set P(G) consists of all measuable functions r(-) satisfying r_ > 1 and r; < oo.
(i) P° = P°¢(G) consists of all functions r € P(G) satisfying (2.1) and (2.2).
(ii1) P(G) and Py -(G) are the subsets of P(G) and values of these subsets lies in [1, co) which satisfy
the condition (2.3) and both conditions (2.3) and (2.4) respectively.
(V) x& = Xre» Rk = Dy \ Dy_y and Dy = D(0,2%) = {x € R" : |x| < 2} for all k € Z.

We define the Hardy-Littlewood maximal operator M as

wwﬂyfﬂmm

D(z,x)

where f € L! (G).

loc
Definition 2.2. The weighted L' space is defined as the set of all measurable functions f on R” such
that f770 € L"O(R"), where r(-) € P(R") and 7 is a weight. The norm of the Banach space L'O(7) is
denoted by 1
W o = llfTollpo,

where 7/(+) is the conjugate exponent of r(-).
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Definition 2.3. If u € [1,0), @ € R, ¢(-) € P(R"), then the homogeneous Herz spaces K“ “(R“) and
non-homogeneous K“ “(R”) Herz spaces are defined respectively as

Kis® = {g € LLE V(0D Igllser) < oo (2.5)
where
k=00 é
_ ka u
|M%Wp(2wz%mJ-
k=—c0
Kis® = {g € LVE V(0D Igllser) < oo (2.6)
where
k:oo u
|qup{§]m%mmj+mmww»
k=—c0

Next, we define grand weighted variable M Kj E() ) (T) spaces.

Definition 2.4. If ¢() € PR"), 0 < 1 < 00,0 < u < oo, § > 0, then the homogeneous grand
weighted variable Herz-Morrey spaces denoted by MK”<?(t) consist of locally integrable functions

A,4()
fe LR\ 0,7) satisfying:

loc

MK () = {ng(Rn \AOD < 1Ty < oo}, 2.7)

where

ko u(1+6)
—kod | <0 kau(1+6 u(1+5)
||f||MKae)y( ) = supsup 27 [6 Z kau )||ka||Lq(.)(T)] .

0>0 k,eZ

k=—oc0

We can define non-homogeneous grand weighted Herz-Morrey spaces in a similar manner.

Definition 2.5. If s( ) € P(R"), 0 < € < o0, 6 > 0, then the homogeneous grand variable weighted Herz
spaces denoted by K “( ) 99 (1) consist of locally integrable functions f € LS()(R” /0, 7) satisfying:

K100 1= (L RUHOD £ Wfllrn,y < o0} 2.8)

where

A>0

o T
0 Ca(-)e(1+A (1+A)
1 llge00m, = p(A D pfetels )”f)([”zv(.)m] :

{=—c0

We can define non-homogeneous grand variable weighted Herz spaces in a similar manner.
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2.2. The generalized Muckenhoupt class
Next, we will define the weight Muckenhoupt A,.

Definition 2.6. For 1 < r < oo, r’ = -% and any weight 7, we define 7 € A, if there exists a constant
C > 0 such that for every cube G

r—1
=rq C < o.
(IQIf 7@ Z)(|Q|fT(Z) Z) =e<

We say that 7 € A, if there exists a constant C > 0 such that M7(z) < Ct(z) for every z € R*. We
define A, = U A,.

1<r<eo

Definition 2.7. Let r(-) € P(R"). A weight 7 is called an A,(, weight if

1
sup —IIT’“)(DIILroIIT’”XDIIU<> < oo, (2.9)
Debatt |Dl

Definition 2.8. If r(-) € P(R"), then a weight 7 is said to be an A’,(, weight if

-P -1
sup [DI"Plltxpllllt™ xpllproms < 0. (2.10)
D:ball

The set A’ is defined to be the collection of all A’,., weights.

Definition 2.9. Let r,(-), r2(-) € P(R") and 1/r|(-) — 1/r2(-) = @/n. Then T € A(r,(-), rp(+)) if
lexolly-ollt™ xoll 40 < IDI'

2.3. Important lemmas

We require the following preliminary results to prove our main theorems.

Lemma 2.10. /23, Generalized Holder’s inequality] If f € LPO(G), g € L19(G) and 1/r(-) = 1/p(-) +
1/q(-), then
Ifgllro < Cllfllro@ligliaow)-

Lemma 2.11. Let decay conditions at origin and infinity be fulfilled. Then

1
t_zp(o) < b 2+0\po29llroE) < 1270, Jor0<k<1 2.11)
0
and |
kn
—27 = lpo2snpomlliom < e 2%, fork = 1. 2.12)

respectively, where ty > 1 and t, > 1 independent of k.

Proof. We will prove (2.12) and other inequality can be estimated similarly. As we can see from [23]
that
7(D(0, 251\ D(0,2%)) < 2knpe,
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Now right hand side inequality of (2.12) is given as

X(D 0,2k+1)\ D(0,2k T(X)d.x
f (D02 MN202) <1 (2.13)
J (1275 17
Using the decay condition we see that
X D(0,2k+1)\ D(0,2k T(X)dx 1 X D(0,2k+1)\ D(0,2* T(X)d.x
[Howmny (s L R O
o [2927= ]P0 Iy o [27~ ]P0
which determines the choice of 7]~ = 2knp=—kn we will get our desired result. O

3. Boundedness of Hardy operators on grand variable weighted Herz spaces

In this section, we will prove the main results of this paper.

Theorem 3.1. Let 1 < € < 00, 0> 0, a,q € Po(R"). Let a satisfies ;_:ol < U < q# and =% < a(0) <

q(0)
ﬁ. Then the Hardy operator H will be bounded on I'(Z((_'))’E)’H(T).

Proof. Let f € KZ(')’E)’B(T), Jj:=fx,forany j€Z then f= 3 f;, wehave

()
Jj=—c0

1
IH()(@)-xe(@)] < T f Lf(0ldx.xe(z)

Dy

4
< €2 3 M fllomlly o xe@).

Jj=—00

For E, we use the facts that, for each ¢ € Z, z € R, with j < €. Then Holder’s inequality and size
condition imply

H(ﬂfj))(g LaO(T)
00 4 e(1+A)\ T
0 La()e(1+A -t
<sup[A® Y 2D N ol o by o 2l :
A>0 (=0 jm—oo
Splitting by using Minkowski’s inequality we have
H(Wf]))(t’ La0)(1)
o , (M) aTim)
0 Ca()e(14A >
<sup[A” Y 2O N £l ol o2l
A>0 :
{=—00 Jj=—00
1 ¢ e(1+A) 5(11+A)
0 Ca()e(14A >
<sup[A” 3" 2O N £l ol o2 el
A>0 :
{=—00 Jj=—00
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(o8]

A>0 =0

Z:E]l + E]z.

¢
6 La()e(1+A —{
sup[ A 20O Nl ool o 2 lellao

1
e(1+A)\ €T+

J:—OO

For E;;, by virtue of Lemma 2.11 we get

o G=0n
2_£n|I/\/flqu(')(T)”/Yj”Lq’(-)(T) < C2 M 270 < C2 70 . (3.1
Applying to E;; we can get
4 p e(14+A)\ AT
0 Ca()e(1+A
Eq <sup|A” > 200N (o
A>0 f— =0
. ¢ c(1+A) @D
0 ta(-)e(1+A —0
<Csup|A” Y 2O o2 il ol Ao
A>0 — =
—n_ _
Letb = -1t — a(0),
-1 4 e(1+A) 5(11+E)
Ep < Csup|A” 3 | 3" 27| fl| o200 (3.2)

A>0

{=—0c0 \ j=—00

Applying the fact 2-€!+4 < 2-¢_ Fubini’s theorem for series and Holder’s inequality we get,

Ell
A>0

=Csup
A>0

=C sup

A>0

<Csup
A>0

<Csup
A>0

AIMS Mathematics

<C sup |A’ Z

-1 4

a(0)e(1+A) | £ 1€(L+A) Hbe(1+A)(j—) /2
> 2 (V7w
{=—00 \ j=—00

1
e(1+A) d+A)
(e(1+4))

t
x Z Hb(e(1+8)) (j=0)/2

Jj=—0
1

-1 14 (1+4)
0 a(0)e(1+A)j e(1+A) ybe(1+A)(j—€)/2
A" 2 ISR

{=—00 j=—00

1 -1 T
6 a(0)e(1+A)j e(1+A) be(1+A)(j—0)/2
A" 2 OIILILED D)2

j:—oo €=j+2

1 “1 m
0 a(0)e(1+A)j e(1+A) be(j—£)/2
A" 2 OVILIEED D2

Jj=—c0 {=j+2

1 EiEy

AP Y Oty e

Jj=—00

Volume 8, Issue 10, 24515-24527.



24522

1

% By
0 Je(1+A)j 1+A
=Csup[A? ) 21O e
A>0 j=—oo
<C (0.0, -
”f”[(qé) ()
Now for E/, using Minkowski’s inequality we have
00 -1 e(1+A) 5(|1+A)
0 ta()e(1+A -t
Epy <sup | A" 250 Nl ol o 2 ellooey
A>0 =0 —
j (o)
0 ¢ e(1+A) e(l1+A)
0 Ca()e(1+A -t
#sup[ A" 21OCH N £l ooyl Lo 2 el
A>0 =0 =0

Z:Al + Az.

The estimate for A, can be followed in a similar manner to E£;; with replacing ¢’(0) by ¢/, and using
-~ — @ > 0. For A; by virtue of Lemma 2.11 we obtain

- _ n =n _jn_
2 el llrom < 2028270 < €23 270, (3.3)
Asam—q# < 0 we have

1
e(1+A)\ e(T+A)

) -1
0 ta()e(1+A —¢
Ay < sup|A7 ) 20Nl ool lom 2 el
A>0 =0 j=—o0
_ . 1 e(1+A) 5(11+A)
=tn _jn
0 lawe(14A 7y s
< Csup [A? " 20l 5 | 3 2 270 | £l o
A>0 | =0 —
_ . _1 e(1+A) ?(11+A)
la—tn j
0 fatn o(14.A) .
< Csup|A ZZ oo X Z 270 fill a7y
A0 =0 jm—oo

1
e(1+A)\ e(T+A)

-1
_jn_
< Csup| A D" 27| fllo
A>0 —
]— (o)
-1 (1+A)\ 5
ooy .
< CSllp A9 Z 27 a<0)]||fj||L‘1('>(‘r)2a(0)]
A>0

Jj=—

By using ﬁ — a(0) > 0 and Holder’s inequality we have

B (1+A)\ TT55)
0 (Y] 0)j

Ar<Csup| A7) ) 2707 ) o2
>

Jj=—00
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1
e(1+A) «01+A)
(e(1+8))

-1

-1

. _n__ ; ’

<C sup A § ZQ(O)JG(HA)Hfj”z(ql(j(é; E 2(q/(0) a(0)/)(e(1+A))
A>0 jm—oo

j:—oo
1
00 e(1+A)
p Yie(1+A 1+A
<Csup |A Z 2e0els )||fj||z(q<«>(r))
A>0 j:—m

<C|Ifll K090y

which completes our desired results.
O

Theorem 3.2. Let 1 <€ <0, 0> 0, a,q € Po(R"). Let a satisfies - < aw < - and 5 < a(0) <
2. Then the Hardy operator H* will be bounded on I'(Z((f))’f)’e(r),

q'(0)’
Proof. Let f € KZ((,'))’E)’Q(T)), fji=fx,forany jeZ, then f = E“ fj» we have
jo=eo
* |f(x)l
[H (@) xe(@)] < f A —dx.x(2)
znp, [

<C D 2 ol llrom xe@).
Jj=t+1
1

e(1+A)\ €T+

(o)

[ Ca(-)e(1+A —j
sup| A7 " 2O N 2| Fill ool ooy X (@)

L‘{(*)(T) A>0 (e—e ==

”(W*fj))(f

1
e(1+A)\ «(T+A)

-1 o0
0 Ca(-)e(1+A —Ji
sup | A E 2le0l+A) § 27 fill ooy [ il ooy X ()

<
A0 = j=t+1
o0 . e(1+A) ﬁ
+sup[A? 20O N 25 Fill el o (D)
A>0 =0 j=t+1
=E,+E,.

For estimating E,, now by using the fact that for each £ € Z and j > ¢ + 1 with z € R, to get

(=jn

. i L1 (Gl
27 el llzromll £ C2772= 20 < C27o, (3.4)

1
o e(1+A)\ «T+A)

Ca()e(1+A —j
< sup A7 )" 20OCD N 2 Fill ooyl oy (@)

A>0 =0 j=t+1

3
A

1
) e(1+A)\ e(T+A)

C Sup AE) Z Z Z%Ojl|fj||L‘1(')(‘r)2d(€_j) ,

A>0 =0 \j>(+1

IA
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where d = qi + @ > 0. Then we use Holder’s theorem for series and 2-€1+4) < 27€ to obtain

¢ w€(1+A) 1| £.[|EL+D) nde(1+A) (L~ ))/2
By <Csup A7 )| ) 2t st e
A>0 =0 \j>0+1

1
€1+ T8
(e(1+A))

% Z Qd(e(1+8))' (= )/2

J=t+1
[ 1
© X )
<C sup AHZ Z 2(1w€(1+A)j||f"j||z(q](";'(i))2d€(l+A)(£—j)/2
A0 120 i1
oo -2 5(11+A)
6 w€(1+A) ] (1+A de(1+A)(t—j)/2
<Csup| A7 3 2= B gt
A>0 =0 0
G

-2
<Csup|A? )" preebe ) i) " pdelteAi=p/2
A>0 57 el

_1
e(1+A)

_ 0 Je(1+A)j e(1+A)
=Csup [A? )" 2eOe) e
A>0 jez

< ()00, .
—C”f”](:;(()) 207y
For E| by using Minkowski’s inequality

e(1+A)\ ei+)

-1 )
Ey <sup| A7 3" 200N 05 £l ol oy (@)
A0 o j=l+1
-1 1 e(1+A) 5(1I+A)
<sup| A7 > 2O N 27 Fill i ooy X e(2)
A0 e j=t+1
4 o e(1+A)\ T
0 la()e(1+A —Ji
sup[ A7 Y 2O N 07 fill ol ey (D)
A>0 = 0
©0 J
=Dy + D,.

The estimate for D, can be obtained by similar way to E, by replacing ¢g., with ¢(0) and using the fact
that = + a@(0) > 0. For D, using Lemma 2.11 we have

q(0)
; I R A n _—in
27 el Wl o < C272002% < €227 (3.5)
-1 oo e(1+4) e<11+A>
6 La(0)e(1+A
D2 < sup A Z 2 @(0)e(1+4) Z “XfT(fj)”L‘I(')(T)
A>0 (oo =0
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<Csup
A>0

<Csup
A>0

<Csup
A>0

<Csup
A>0

<Csup
A>0

. w A e(1+A)) a5
. I
AP )" 2O 5 | N 27 2 | ffl e
{=—00 Jj=0
-1 0 e(1+A)\ aT+m)
tn__—jn
203 2600 [ $0 80
{=—00 j=0
q o c(1+0)\ a5 D
—jn
A’ Z 2AOm/GOETHA) 5 Z 25 [ fx oo
{=—00 j=0
o e(1+A)\T5m
o =in
AL D25 N o
=0
o0 e(1+A) e<11+A)
A% Y 2N i 29
/=0

Now by applying Holder’s inequality and using the fact that qiw + @ > 0 we have

o e(1+A)
6 Joo€(1+A) || £1€(1+4)
Dy <Csup|A’| > 2 [N e
A>0 =0
e(1+A) m
(e(1+4)y

x Z 9.J(ngeota)e(1+4)
j=0

1
e(1+A)
4 o J€(1+A (1+A
<C sup [A (Z N je(l+ )“f‘]HZ‘I(_;(T)))]

A>0 leZ

<Cllfllgzo0aq),

which completes our desired results.

4. Conclusions

In this paper, we defined the idea of grand variable weighted Herz spaces.

We proved the

boundedness of Hardy operators on grand variable weighted Herz spaces by using the properties of
exponents. These results hold for weighted Herz spaces with variable exponent.
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