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1. Introduction

In recent years, convexity theory has gained special attention by many researchers because of it
engrossing properties and expedient characterizations. It has many applications in fields like biology,
numerical analysis and statistics (see [1—4]). Mathematical inequalities are extensively studied with
all type of convex functions (see [1,3,11, 13,14, 16]). One of the fundamental inequality is Hermite-
Hadamard inequality. It has been discussed via different types of convexities and became the center
of attention for many researchers. Recently, in 2016, Khan et al. have discussed generalizations
of Hermite-Hadamard type for MT-convex functions [26]. In 2017, Khan et al. studied some new
inequalities of Hermite-Hadamard types [27]. In 2019, Khurshid et al. have utilized conformable
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fractional integrals via preinvex functions [28]. In 2020, Khan et al. have discussed Hermite-
Hadamard type inequalities via quantum calculus involving green function [29], Mohammed et al.
have established a new version of Hermite-Hadamard inequality for Riemann-Liouville fractional
integrals [30], Han et al. used fractional integral to generalize Hermite-Hadamard inequality for convex
functions [31], Zhao et al. utilized harmonically convex functions to generalized fractional integral
inequalities of Hermite-Hdamrd type [32], Awan et al. presented new inequalities of Hermite-Hdamard
type for n-polynomial harmonically convex functions [33]. In 2022, Khan et al. introduced some
new versions of Hermite-Hadamard integral inequalities in fuzzy fractional calculus for generalized
pre-invex functions via fuzzy-interval-valued settings [34]. This reflects the importance of Hermite
Hadamard type inequalities among current research.
In [9], s-convex function is given as,

Definition 1.1. A real valued function y is called s-convex function on R, if

x(sp+ (1= 9)y) < ¢x(p) + (1 = )X (),
for each p,y € R and ¢ € (0, 1) where s € (0, 1].
In [10], m-convexity is discussed as,

Definition 1.2. A real valued function y defined on [0, o] is said to be a m-convex function for m €
[0, 1], if

x(sp +m(1 = §)y) < sx(p) + m(1 = S (y),
holds for all p,y € [0,b] and ¢ € [0, 1].

(s, m)-convexity in [17] is discussed as,
Definition 1.3. A function y : [0,b] — R, b > 0 is said to be a (s, m)-convex function in the second
sense where s, m € (0, 1], if
x(sp +m(1 = ¢)y) < &x(p) + m(1 = )'x(),

holds provided that all p,y € [0, b] and ¢ € [0, 1].
Equivalent definition for (s, m)—convex functions:
Letp,a,y € [0,b],p<a <y

x(a)<(1 ) (p)+m(y Z))((’y) (1.1)

Holder-Iscan Inequality [5]:
Let p > 1, y and ¢ be real valued functions defined on [p,y] and |y|?, |y|? are integrable functions on
interval [p, ]

)T @ w)ldo < S([7 (v - oly@Pdw)’( N - IW@idw)’

(1.2)
= (w—p)lx(w)l”dw) ([N (- P @Ndw)’,

where - + 7 = 1.
Following lemma is useful to obtain our main results.
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Lemma 14. [8] Forn € N, let y : U € R — R be n-times differentiable mapping on U°, where
o,y € U° p<yand )" € L|p,vy], we have following identity

n-1 W) vl ) v+l n+1
S (EO) Fron S Furiomnas

y=0

where an empty set is understood to be nil.

In this paper, Holder-Iscan inequality is used to modify inequalities involving functions having
s-convex or s-concave derivatives at certain powers. The purpose of this paper is to establish some
generalized inequalities for n-times differentiable (s,m)-convex functions. Applications of these
inequalities to means are also discussed. Means are defined as,

LetO<p <y,

+
Alp.y) =222,

G(p,y) = Vpy,

B ,yp+1 _pp+l %
1= (G =)

where p # 0,—1 and p # .
2. Main results

2.1. Modified inequalities for n-times differentiable convex functions

Theorem 2.1. For any positive integer n, let y : U C (0, 00) — R be n-times differentiable mapping on
U°, where p,y € U° with p <. If ¥ € L[p,v] and [y for q > 1 is (s, m)-convex on interval [p,y]
then

v=0

n-1 v (D v+l _ () v+1 K
3 (=1) ()( (7)7(V+f()! (L) )_ f)((w)dw
g @2.1)

1
np np+1 I Wol | m@l |
[y Lup(0,y) = an+1(p, 2L [(S+2)(s+1) * (%2 ]

1
<y —p) ]
o [l I I ]
+[Lyy1(0,¥) = pLup(0 V)17 [ +2) (3+1)(s+2)]

where L +1 =1,
P q

Proof. Since [|y"|? is (s, m)-convex by using inequality (1.1) for p < w < 7, using Lemma 1.4 and
Holder-Iscan inequality (1.2),

W@ < |2y + m=2p)||

< (LY @I+ mCE2) ()l

n-1 ) v+l _ (V) v+l pA

MY =X )
;0(_1)1/ (X VV(VHX)! P )_ f)((w)dw
= p

<& [ W) do.
0
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1

[fy (v - w)w"pdw)p [fy (v - w)LY(")(w)quw]q +
< l# P o
nly-p

[ fw- p)w”f’dw)ﬂ [ fw- p)Lw")(w)lqdw]q
o o

1

Y
< ﬁ;—ptf (v~ W dw [ J & = o) | ED WD+ mE2) " ()l dw]

Y P é
i iﬁ[f (@ - P)w””dw] V)f (@ =) [(E2) WO+ m=2) W )] da)) :
1

(2.2)

Let

1
P

wnp+l)dw
)

y ’
f(wnp+1 _pwnp)dw]

o
) - ()| =

L= f (y - w)w - p)dw = (y — w) 2

s+1
P

o

[ v
[y
Lp

Y ’
L= [f (w —p)w””dt] =

,yn]Hl _pnp+l

(y—p)np+1)

,ynp+2_pnp+2

(y—p)(np+2)

<=

=(7—p)%[7(

1 n n
= (y - p)?[yLun(o,y) - L2

(o, 7)]%

o

=y -p)y [(

np+2 np+2 np+1 np+1

—p

Y —p
(y—p)(np+2)

np+
(y—p)np+1)

" (0.7) = pLin(p. )|

p f (w—p)**! dw =

s+1

(7—p)5[

y=p)***
G+D)(512)°

-p)**
s+2

Y +
14:f(,y_w)y+ldw_(7 -p)**? IS_J‘((U p)”ldw—
o

|p+f(

Substituting integrals 1y, I», I3, 14, Is, I in inequality (2.2) we have,

(y-w)**
(s+1)

)s+l
(s+1)

(y-p)***
= Grh42)”

Y
Is = [(@=p)y - w)'dw = (0 - p)

P

n-1 ) v+l _ (V) v+1
Xy —x"p
2 =1)'( +1)!

nl(y-p)

15,2
_ g d

n!

Loon
| =)o, y) -
+y =Pl LY

7

np+1
an+1

np+1

np+1
np+1

[yLup(p:y) —

np+1
+[an+1

an(p 7) an+l

np+1

Y
)= f x(W)dw| <

(o, 7)]%[(7 o) (
(0,7) = pLI oV [y = 02°

ol'|

(0,7) = pLuy(ps M1 [

(0, 7)]}7[

"I

m" ()l

(s+2)(s+1)
" (y)l"

)

(s+2)
my" ()

"

1
(s+2) (S+1)(S+2))] '

]5

mly" ()¢

(s+2)(s+1)
" (7)|q

(s+2)
my" ()

(5+2)

"l

]5

L+ e i

(s+1)(s+2)

1 1
=y —p)

which is required inequality (2.1).
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np+1
np+l

(0.) = pLup( 1P|

(S+2)(S+l)
Lv"(y)lq

(s+2)
ml" ()l

1
q

(s+2)

(s+l)(5+2)

|
]

O
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For n = 1 inequality (2.1) becomes,

(X(V);’:/Z(P)P) _ Lp f)((w)da)

(2.3)

1 1
P+1 Pl W mly’ ()44
[ »(0s7) = p+1(p 7)] [(s+1)(s+2) MTTS) ]

1
(y-p)i! 1
‘ T2 et
[Lﬁﬂ(p ) = pLy(p, 7)][ [(s+1><s+2) + 55 ]q

Remark 2.2. For s = 1 and m = 1 our resulting inequality (2.1) becomes the inequality (2) of [5].

Theorem 2.3. Forn € N, let y : U C (0,00) — R be n-times differentiable mapping on U°, where,
0,y € U, p <y, ¥ € Llp,y] and x| for q > 1, is (s, m)-convex on interval [p,y] then following
inequality holds

n—1 W) vl _ () v+l 14
v (XY X ep
E‘O (=D ( oAl ) - f)((a))dw <

1

Dl Ty " .
—E;_p)ys : [ L(0.9) + (0 + VL (0, 7) = pyLut(p, v)| + ]q+
ml™ ()|’ 1" n n 2.4)
L [0, = 2L o) + VLo, )

)iy —ppit| L o |

ol

D=

sqn. (n)() n ) n a :
O |20, 7) ~ 20L%) p0.7) + PP Lo )| + )
my"(p) n 2 n
Wl L2, + o+ DL o) - ey Lo, )]

Proof. Since [y™|? for ¢ > 1 is (s,m)-convex on [p,y], by using Lemma 1.4 and Holder-Iscan
inequality (1.2), since s € (0, 1], this fact can be used for w,p,y € U C (0, ),

(w _p)s (w (w—p) (')’ w)s (y—w) w)

n-1 ) v+l _ () v+l pA
v (XX XY (p)p
Eo =D ( oD ) - f)((a))dw
= p

IA

% fy l.w" l,\/(”)(w)| dw,
0

(fy (y - u))a’a))p(f7 (y - w)w"qlx(")(w)|qdw]q +
P P

‘

IA

1 19 >

(f (- p)dw) ,, [ [ @=pyar Lv<")(w>|qdw)q
L p 'D 4

S |-
=
1
)
=

Q=

p lﬁ[f (- w)dw)y (f (v — @ [(£2) Wt + m (22) (o)l dr) +
0

1 1

TS p)dt}p [f (@ =P [(£2) h" I + m (Z2) L (o)l dx]" ,

o
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1
q

y Pl
[ Jo- w)dw] [ J & = 0w | LB o)l + FEL2 (o)l dw]
g L Y / 2.5)

Y Y
[ J - p)dw] [ J @ =P [l + TR o)l dw) :
P P

N\—

&\.—

[ -p)
= [y~ wdw =27
P

Wit 1 e 1 a)nq+3 p(,_)m["'2 |~y

Y
12 = f()/_ (,())((1) _p)w”qdw = ynq+1 _pynq+1 " ng+3 T ng+2 'P

(P (P () ()
= (y = p) |[-Lit5 0. 7) + (0 + VL (0. ¥) = pyLai(p. )]

Y
_ _ 2 ng 2 wm1+1 wm1+3 _ nq+2
L= f(y W) w"dw = Y ng+1 + ng+3 7nq+2 |P
P
ng+3 _ ng+3 ng+2 _ ng+2 ng+1_ ng+1
— (7 Ve ) ) (7 0 ) 4+ 2 (7 0 )
ng+3 ng+2 ng+1

= (y - p) [ L300, ) = 27LL2 01 (0.7) + ¥ Lud(p. )]

m1+2

y
_ _ ng W ng+3 2wnq+1 _
I, = f(w p) w"ldw = a3 TP 2pnq+z|p

P
() () 2 )
=(y-p [an+2(P’ ¥) +p " Lug(p,y) = 2pL, .., (0, y)],

Substituting integrals 1y, I», I3, 14, Is, I in inequality (2.5) we have,

n-1 % v+ % v+
g‘o(_l)v()(( >(7)7(:;f()<!>(p)p 1) f)((w)dw 1 (%) (y — p)"

1
") n n n q
[ T (= L2, 7) + (0 + DL 09) — pyLiso. )] + ]
m (")(p)q n n n
Ol [ = )T 20, 9) = 2L 0, 7) + 2 Likk0, )|

(y-p)*
1 )
(n) n n " 1
+[ WL oy — o)L 20,9) - 20107 () + PP L, Y] + ]
m <">(p>" n .
ol [ = o)L 20.7) + (0 + VL0, 7) — pyLid(p. )]

= (3 -

(n)( )‘1 n 2 _— . !
E;_p;_ll | =L, v) + (o + ML (0, 9) = pyLag(p, v) | + ] N
m (")(p) n 2 n n
el (Lo - Lo + P L.y

1
W | ngs2 ng+1 " ;
0T | |Lrai20.m) = 20Lii s (0.7) + P Lo, )| + ]
mix™(p) n n
(k—p)s-ll [ nZii(p Y+ @+ V)LnZ:}(p y) — pyL, (p y)]
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For n = 1, Theorem?2.3 reduced to the inequality

-px0) _
R f x(wydw) <
1
y) ‘
E;_p;—ll |~LI5(0.7) + (0 + VLE (0.7 = pyLilp, y) | + } .\
m (l)(p) q (26)
" Ol (L2 0.) - 9L 0 ) + ¥ L))
—1(5) (y - P)” (r=p) q 1 1 |
s (1)( ) 1
e L2200, ) = 2L 0 ) + L0, )| + ]
m (1)(p) q
(}“py U -L250.9) + 0 + DL 0.9 - pyLile. )]
O

Remark 2.4. For s = 1 and m = 1 our resulting inequality (2.4) becomes the inequality (6) of [5].

2.2. Hadamard type inequality via (s, m)-convexity

Theorem 2.5. If function y : [0,b] — R, b > 0 is a (s,m)-convex function in the second sense where
(s,m) € (0, 11?, holds provided that all p,y € [0, b] and ¢ € [0, 1], then

ZSX (p+m7) - m)’ —-P fX(CU)d(,U + my Y f)((l)dl

m

(2.7)

X(©)+my () XW)“"X(m
< s+1 + s+1

Proof. A function y : [0,b] — R, b > 0 is said to be a (s, m)-convex function in the second sense
where s, m € (0, 1], if

x(sp+m(1 = ¢)y) < &x(p) + m(1 - )'x(),

holds provided that all p,y € [0, 5] and ¢ € [0, 1].
Integrating w.r.t ¢ on [0, 1],

1 1 1
[x(sp+m(1 = ¢)ds < [ x(p)ds + [ m(1 - ¢)'x(y)ds,
0 0 0

1-9""'11 _ x@)H+mx()
m)((')/) s+1 |0 - s+1 :

1

f xsp 4 m(1 = ey < KO, (2.8)
and O
Xy +m(l = 9)5) < ¢'x(y) + m(1 - ¢)’x (%),
1
f x(§y +m(l - g)%)dg < )«(7)%1;((%) (2.9)

0
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As y is (s, m)-convex,
% (p-i-%) =y (gp+(1—§)m’y +m (1—5‘)2%*'5'7
< () x(sp + (1 = yym) +m(L) x(sy + (1 - §)2),

Integrating w.r.t ¢ over [0, 1] and by using (2.8) and (2.9) we get,

2y (77) < f()((s‘p+(1—g)ym)dﬁme(S‘V*(l_g) s

(2.10)
< Xy @) XW“’"X( )
s+1 s+1
Substituting in first integral,
sp+ (1 -¢gym=w,
ym
f x(sp + (1 = my)ds = -1 f x(wdo. (2.11)
Substituting in the second integral,
sy+(1-¢)t =1,
1
Jx(ey+ (1 -9)8)dg = f x(Ddl, (2.12)
0
Using (2.11) and (2.12) in (2.10) required inequality (2.7) obtained.
]
Remark 2.6. For s,m = 1 inequality (2.7) becomes classical Hadamard inequality for convex

functions.

2.3. Application of Hadamrd type inequality via (s, m)-concavity

Theorem 2.7. Forn € N, let y : U C (0,00) — R be n-times differentiable mapping on U°, where,
0,y €U°, p<yand ™ € Lip,y] and |[x"|? for g > 1 is (s,m)-concave on interval [p, my], then

n-1 ) vil_ () v+1 ny

v (XY X )p
T U () - [ x@ide) <
= P

) y " L (2.13)
2?(my—p)$lx(”)(p+¥)| (yLnZ(p mY) - Lniii(p I’I’L)/))

| (L o, my) - pLL (o, my))?

Proof. x| for g > 1is (s, m)-concave then by using Theorem 2.5 we have,
q

s+1 s+1

n n y
Lv<”>(p)|q+m|)((")(7)|q % )(7)|q+va( )(”)’ w2 e
sz [lvwafta

1 T 1 +my \|¢
< oo J W) 'dw < ZSLW) ()",
o
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my

[ vr@ltaw = 2y - ple (5

o

P
ym
" ft s n p tmy 4
(m7 p) f(y D@l do <fL¥( (w)|'dw < 2°(my - p)x' )(T) :
P
ym q
! " W (P my
(my ) f(?’ a))IX( )(w)|qda) <f|X( )(w)|q w < 2°(my — p)|y" )(T) '
1
Using Lemma 1.4 and Holder—I§can inequality (1.2),
n—1 (v)(,y),yv+l _ X(V) (p)p,,ﬂ ym
5o o) o 3 P
v=0 (V + 1) J )
ym 5 ( my 1
1 1 [f ()’ - (J))(J)"Pda)] {f ('y - w)l/\/"(a))lqdw "
<_—__— ] \r v |
~n! Y—p ym »( my 1 s
p p
ym 1 1
11 (f (v — W™ dw] (ZS(my P (£22) q)q+
D 1 |
Conly-p 5 s
(f (w - ,D)w””dw) (ZS(my — p)ZLY(n) (;w%) ")
P

1
np+1 ym wnp+2 ym )

ym P
= (f (7 - w)wnpdw] = (’y‘rlz)p+1 p T np+2 'P )
P
1 n n 1 7
= (my - p)» (yLub(p.my) = L% 1 (p.my))” ,
1
ym p 1
" +2 vm wn}+1 m\ »
12 = [f ((,() _p)w”Pdw] = (npp-i—Z 70, _pnp1+1 g )1’

= (my = p)? (L1271 (p, my) = pLi(p, m)/))
Substituting integrals I}, I, in inequality (2.14) required inequality (2.13) is obtained.
For n = 1 inequality (2.13) becomes,

XNy—pxp) _
(y-p) (r— p)

f x(@)dw| <

1! 1
L2% (o, my) = pLj(p. mmy)

25(’"”)“’M”<P?>l(( o = Ll |
! !

AIMS Mathematics
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Remark 2.8. For s = 1 and m = 1 our resulting inequality becomes the inequality obtained in
Theorem 4 of [5].

2.4. Applications of newly obtained inequalities to means

Proposition 2.9. Let p,y € (0, 00), where p <y, g > 1, n,i € Nwithi > n,
n— Y P(i,v 1_
Lo, ) [+ 1D Eimy SR — ]| < Ly - pyi !
1
n +1 ) Y=g mot=m4\ ¢
[ w0, ¥) = L (o, 7)]‘ ((H])(M) + 5 )ql (2.16)
n +1 mot—ma (i-m)q \ 7
L 0, 9) = pLI G, )| (2 4 2

where
ii—1)...(i—-n+1),i>n
P(i,n) =4 n!, i=n
1, n=0
Proof. Let
x(w) = o' W) = [P mo™
Let

g(¢) = |P(i, n)(sp + m(1 — ¢)y|"™™ — |P(i, n)s*p|“ ™7 — |mP(i, n)(1 — ¢)*y|"™"™,

g'() = P(i, n)((i — m)g)((i — n)q — 1)(sp + m(1 = §)y)=92(p — mry)>—
s(s — 1)¢*2P(i, n)p"™4 — ms(s — 1)(1 — ¢)*2P(i, )y ™4,

g (¢) > 0 means g is convex and g(1) = g(0) = 0, which omplies g < 0, hence
(i, n)(sp + m(1 = I < |P(i, n)6*pl ™ + ImP(i, n)(1 = ¢)*y)| ™.

By using Theorem 2.1 for |y"(w)|¢ which is (s, m)—convex for s, m € (0, 1]? inequality (2.16) obtained.

]
Remark 2.10. For s,m = 1 inequality (2.16) becomes inequality (3) of [5].
Example 2.11. Taking i = 2,n =1, p = ¢ = 2 in Proposition 2.9, the following is valid:
1
2 2 ¥ mp* \2
oA )+ Gy < 2| 1RO+ P (o + 25)
s s = Y96 > 3
+Aw.37) + G, 7)] (i * &)
where A and G are classical arithmetic and geometric means, respectively.
Proposition 2.12. Let p,y € (0,00), with, p <7y, g > 1 andn € N,
1 1
p p+l P 7
1< ('}/ _p)é—l [pr(pa Y) —L +1(p’ 7)] [(m (s+2))] ’ (217)

[LI;::(p, Y) pL (P 7/)]%[ % (s+2))]é

where L is classical logarithmic mean.
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Proof.
x(w) =Inw, Ly(l)(a))|q = |w‘1|q
Let
8(s) = I(sp +m(l =)y = Is°pl™ — [m(1 — ¢)*y|™

g () = (=q)(=q — D(sp + m(1 = ¢)y) ™ 2(p — my)*
—s(s — 1)¢*2p77 —ms(s — 1)(1 — ¢)* 2y 79,

g (¢) > 0 means g is convex and g(1) = g(0) = 0 which implies g < 0 as

I(so +m(1 =)™ < [s"pl™ + Im(1 — ¢)*y[™*.

So I/y(l)(w)|q is (s, m)-convex. Then by using inequality (2.3) required inequality (2.17) obtained.

Remark 2.13. For s,m = 1 inequality (2.17) becomes (4) of [5].

Example 2.14. Forn = 1 and p = g = 2, Proposition 2.12 gives:

D=

% 2 o2 3
1< L[ 4G 7)) + G, 1 [((Hly)(wz) + )|+ ]
< . 2

V6 [A(p2 37) + G(p, 7)] [ Gie (sy+_2>)]

Proposition 2.15. Let p,y € (0,00), p<7y,qg>1,i€ (—00,0]U[l, 00)\{-2g,—¢}

then 1
1 .
1 ? mp' q
iy 1 20 = L (o (s + o)
ZH(p’V)S(V_p)q 1( [ o p+1p ] [l(+1)( +2) (+27)i] %
14
+HLhe ) = Lo )] [(<s+1><s+2> o)l
Proof.
X(1) = —— i [ () = of
1+¢qg
Let

8(6) = I(sp + m(1 = ol = Is°pl = Im(1 = ¢)*/',
g'(§) = ()i = D(sp +m(l = ¢)y) (o —my)* = s(s = Ng’p' = ms(s — 1)(1 -

].

<)

521

(2.18)

g (¢) > 0and g(1) = g(0)so g < 0 and |y (w) is (s, m)-convex, by using inequality (2.3) we

have (2.18).
Remark 2.16. For s,m = 1 inequality (2.18) becomes (5) of [5].
Example 2.17. For i = 2 and p = g = 2 Proposition 2.15 reduced to
2A(0%, 7)) + G*(p,y) < 1
o[ 02 P+ 0] (G + 253+
A%, 37%) + G¥p. )]

Nl

72
[ (s+1)(s+2) + (s+2) )]

=

O

(2.19)
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Proposition 2.18. Let p,y € (0,00) withp <7, g > 1 and n € N then we have
o[ iz 1| < B2y
Yima [_ nq+2(p )+(p+ )an+l(p )_ an(p )]+ 7
% { -p)*! ng+2 Y Y ng+1 Y PYLng\pO>Y ]

mpl="1 n 2 na+1 n
(“yﬁ—’p)j‘1 [ nziZ(p V) - ZyLnZ:l(K’/J) +1’Ly, q(P 7)]

(2.20)

1
(i-n)q n 2 ng+1 n q
+P"")(1) y-p)r” o (L)) = 2L + L]+ )’
el mp ™0 [y ng+2 n n
s 2 we L e + o+ VL) ~ pyLie.y)] )

Proof. Let,

y(w) = W', I/\/(”)(a))|q = [P(i, n)wi_"]q

As [Y"(w)|? 1s (s,m)-convex on (0, o), therefore by using Theorem 2.3 required inequality (2.20) is
obtained. O

Remark 2.19. For s,m = 1 inequality (2.20) becomes inequality obtained in Proposition 4 of [5].

Proposition 2.20. Let p,y € (0,00) withp <y g > 1 and n € N then we have,

1

L |[-LES 0. + (0 + VLI (0. 7) = pyLito, v)| + ]

(r-p)*"!

_=pt” (@mf)}f-l[ Ly = 2L + ¥°Life.y)] 221)
vY=pPr 1 s °

51.27 +[ 2 |L [ 3(9 ¥) = 2pL +1(p )+ P Lop, 7)] ‘
|

r-p)*!

o | =L 0.7 + (0 + VLT (0,7) - pYLip,y)

Proof.
X(w) = now, I/y(])(w)r] = [a)_l]q

As Ly(‘)(a))|q is (s, m)—convex, therefore by using inequality (2.6) required (2.21) obtained. |
Remark 2.21. For s,m = 1 inequality (2.21) becomes inequality obtained in Proposition 5 of [5].

Proposition 2.22. Let p,y € (0,00) withp <y g > 1 and i € (—00,0]\{—-2g, g}, then

1

[ T [T + 6+ LG - vl )]+ ]
2 1

(p y) < M [ p)‘ ! [ Z:Z(p V) - 2)’LZ:1(/O, V) + 7’ Ly(p, 7)] 1 (2.22)

w20 | (2 EEe - 26Ley +FLe ]+ )

L2 | -LES 0.9 + (0 + VL (0,7 = pYLip. )|
Proof.
X(w) = —— e wi Y (W) =

Ly’ (w)|4 is (s, m)-convex by using inequality (2.6) required (2.22) obtained. O
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For i = 1 inequality (2.22) becomes,

(r-p)*!

( L [-LE ) + (o + y)Lgigp Y - pyLio.y)| + J

. 2| | e [ 2yL 1 (0,7) + ¥ Lip,
Ly <« 222 | L p)é,,[ “i(f ) = 20LL (0. y) + VLY. ))| | e
q 59.27 o | L0, 7) = 20LY0 (0.7) + PP Li(o, V)| +
e Ly y) + (o + VL (0.7) = pYLi(e,Y)|

Remark 2.23. For s,m = 1 inequality (2.22) becomes inequality obtained in Proposition 6 of [5].

Proposition 2.24. Let p,y € (0,00) withp <y, g > 1 and i € [0, 1] we have,

s+l
LL_'.](p’ y) S

2itmy 2damyph 4t (yLho. my) = L% (o, my)) l (2.24)
+(L23160.my) = pL o, my))’
Proof.
x(w) = %{wé”, I (@)l = .
As |y’ (w)|“ is (s, m)-concave by using inequality (2.15) we obtain required inequality (2.24). o

Remark 2.25. For s,m = 1 inequality (2.24) becomes the inequality obtained in Proposition 9 of [5].
3. Conclusions

In this paper, Holder-Is¢an inequality is utilized to prove Hermite-Hadamard type inequalities for n-
times differentiable (s, m)-convex functions. The method is adequate and provide many generalizations
of existing results as shown in remarks. Moreover, many other inequalities can be generalized for other
types of convex functions.
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