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1. Introduction

A significant issue in elasticity theory is how to represent the characteristics of materials that could
alter as a result of various activities. For this reason, a number of researchers have put forth
variable-order fractional operators (VOFO), or operators whose order varies over time or in response
to particular state variables. The interest can be traced back to the early work of Samko and
Ross [22,24], and further advancements in the field of VOFOs were made at the beginning of the
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previous decade [17,27]. The VOFOs that explicitly depend on a temperature field are modeled as
random noise were suggested [11]. As an alternative to the model [5], Beltempo et al. [4] have
discussed the use of VOFO to handle the aging of materials, such as concrete and other solid materials
and polymers. In order to simulate real-world structures on computers, VOFO has been used to model
the aging of materials and provide relaxation functions that are mathematically consistent and can be
coded finite-element specific algorithms [6, 7]. VOFOs are clearly a special case of ordinary and
fractional differential equations, which are the generalization of these classes when the fractional
order is a constant. In reality, a lot of physics, monetary, and biological processes seem to behave in
fractional orders, which can change over time and/or space [16, 20,25, 28].

Current investigation has focused on the stabilization and synchronization of two recently suggested
fractional order ( constant fractional power) chaotic maps, the generalized 3D fractional Logistic [23],
Henon and Lozi maps [8, 13, 14], and the 2D fractional Logistic, Henon and Lozi map [2,12,21]. In
this effort, we shall consider the VOFOs to generalize the Lozi system (similarly for other maps) to
deliver the variable fractional Lozi map (VFLM) and the variable fractional flow map. The stability
and stabilizing of the system are studied, and some variable fractional order examples are illustrated
in the sequel. Finally, an analysis is presented to study the proposed system involving the equilibrium
points and the set of fixed points.

2. Methods
We have the following concepts:

2.1. The VOFOs
The classic arbitrary integration operator is considered by the integral formula
1
I'(p)
For a general function ¢ and 0 < ¢ < 1, the classical arbitrary differentiation is given by the formula
L d (7 ¢
RP(m) = ———— dg.
rA-pydnJo n—¢)"
The Caputo arbitrary differential operator of order 0 < ¢ < 1 is formulated by the equation
1 A
(1-9)Jo =97

The VOFOs of the above operators are presented in [26]. Let ¢(r7) be a continuous function, then the
VOFO for integration is written by the equation

U
I ) = fo (- ole) ds.

Ce(n) = =

1 1
SOE f (1= 6" p(e) ds.
L(pGm) Jo
The classical fractional derivative is formulated by the structure
1 d (" ¢
R P (n) = _ f S,
PPTTA=pmdn Jy G-
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and for the Caputo operator is given by the formula

TP(s)

dc.
TA =9 Jo (—¢p®@ *°

CoPe(n) =

We proceed to introduce the VOFO for discrete formula type Caputo calculus:
Definition 2.1. The VOFO in terms of Caputo calculus is given by [5]:
CRPet) = AP N () 2.1
1 U—(V—KJ(TI))

— — = )T AY ,
To— o) m-¢-1 @(S)

¢=N

where ¢ : Ny (= NN+ 1,8 +2,..} > R, p(n) € N,v=1+[p)]and n € Ng;,—pq,. Furthermore,
the term 7°™ is given by the fraction

ooy — L+ 1)
Lo+ 1-9pm)

The corresponding discrete integral equation can be formulated by the sum

n p(n) > 0.

n—p(n)
m-s-1)""o(pm) +¢—1). (2.2)

c=R+v—p(1)

o(n) = ¢o(n) + Tio()

Note that when @(n) is a constant function, we obtain the discrete form in [1].

2.2. The VFLM

By using the VOFOs in the above part, we have the VFLM. Rene Lozi introduced the Lozi chaotic
map in [18] and it is formulated by the structure

{¢<v +1) = )| + y(v) + 1 03

Yy(v+ 1) = Bp(v),
where v € N, ¢(v) and ¥(v) are the functions and the certain parameters « and 8 which are in R. It is

discovered that (2.3) contains a chaotic attractor with (@, 8) = (1.7,0.5). In view of Definition 2.1, we
have the following VFLM

CL" o) = —alpm — 1+ o)l + (= 1+ 9m) + 1 = g7 — 1 + p(1) 24
CL™wm) = Bptn — 1+ p(m) — p(n = 1 + 9()). '
Clearly, when g(n) is a constant function, we obtain the system in [15]
Caom) = —alg -1+ +y(n—1+9)+1—¢(n—1+p) 2.5)
W) =Bp —1+9) =y —1+9).
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Now the integral difference in the above section implies

1 _
¢(77) = ¢(N) + m ZZ:::YII)(U -¢— 1)30(11)—1

(—alp(r -1 +150(n))| +ym—1+pm)+1-¢(n—-1+pm))
— W(N =9 _ . 1)P-1

Y(n) = yY(N) + Tow) Yexnm—s—1)
B — 1+ 90m) =y -1+ pm)),

where

m-s—1P" I —¢)
L(p@m) L T(n-¢—pm+1)

(2.6)

indicates the discrete kernel function. Note that when () is a constant function, we obtain the system

in [15], as follows:

|-
¢(n) = (N) + o) Y= =1t

(—alp(r =1+ +ym-1+p)+1—-d(n—-1+p))
1 _
() = y(N) + o) Y= =1
Bom—1+9)—y(m—1+9))

For numerical structure, when 8 = 0, we get (see Figures 1 and 2)

B 1 , [Tn—j+pW)
R YET) Z-"zl( T —j+1) )
Cold(i—1 i~ D+ 1-(—1), .
ol D=l U DN ven pme o), <
A TET) Zf:l( Cn—j+1) )

BoG - D~ (- 1)),

Figure 3 shows the solution of the discrete systems, when p(v) = 1/v,0.99/v,1.1/v,v € N.

(2.7)

(2.8)
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Figure 1. The 3D-plots of VFLM with (a,8) = (1.7,0.5) for different values functional
fractional order (1) € (0, 1]. From the left p(i7) = 0.9, p(17) = 1, p(i) = 1* and p(n7) = n>.

Figure 2. The behavior of the discrete VFLM, when (a,8) = (1.7,0.5). From the left p(v) =

: 1 . . 1
S V'), sO(V)'— SIII(O.1 " ), p(v) = sin( ) and p(v) = sm(m),v € N. The
iteration is running from 1 to 1000.

sin( 00l +v
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Figure 3. The solution of the discrete VFLM, when (a,8) = (1.7,0.5). The left is the original
system (2.3), p(v) = 1/v, p(v) = 0.99/v and p(v) = 1.1/v,v € N. The iteration runs from 1
to 1000.

3. Stability
In this section, we look into the VFLM’s overall stability.

3.1. Linear system
We begin with the definition below, which can be expanded into the n-dimensional space.

Definition 3.1. Suppose that g(n7) = g(17; 10, go) 1s an outcome of the following equation

C*Pg(m) = G(1.8), 7 € [10, ), (3.1)
such that

e g(n) is defined on the interval [, 0);
e the point (1, g(17)) € S, where

S :={(m,gm) : n € (s1,00),llgll <m0, > Mo}

Then g is known as a stable outcome if there arises a positive real number w > 0 for all outcomes
g(m) = gm0, go) € S owing the inequality

llg1 — goll < w;

and for a given number € > 0 there occurs 0 < @w < w with

llg: — goll < @ =

AIMS Mathematics Volume 8, Issue 1, 733-751.
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g (175170, 80) — 811510, 8Dl < &, 17 € [, ).

Moreover, if
,}ij?o lg(m; 170, g0) — &5 10, DI = 0

then the solution g is asymptotically stable.
The following are the consequences:

Theorem 3.2. Consider the linear system

o) ¢(77)) = (¢(U))
Cr (wm) = E2e |y (32)

Then all its outcomes are stable if and only if they are bounded.
Moreover, if the characteristic polynomial corresponds to E is stable then the outcomes are
asymptotically stable.

Proof. Via creating a matrix-valued function with two variables, I, as follows:
Y(n,n0) =1, + IYE(m) + IYEM)IYEG)) + ... + IYEMIYE(6)...3E(b,-1) + ..y
such that I; presents the identity matrix. In view of 3%, we conclude that
(10, m0) = ILa-

Now, let the outcomes of system (3.2) be bounded. As a consequence, there occurs a fixed number
k > 0 satisfying the inequality ||| < «x, where ||.|| represents the max norm. This implies that

l6(n) — do)ll < 23 ) — oIl < —, &> 0.
K 2k

Consequently, we obtain

6Gr: 10 B0) — BC1: 0 x DIl = 1T 710) (o — Bl < S—‘Z - g

Similarly, we have

1 701 0) — Wy 7o SN = 11X, X0) (o — Il < ’;—,‘f = g
Let R = (¢,4), then

IR(7) = Ro@ll < 1" (, 170) (R(17) = Ro() |l
< k[[R(7) = Ro(ll

Thus, all the solutions of system (3.1) are stable.

AIMS Mathematics Volume 8, Issue 1, 733-751.
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Contrariwise, the stability of the outcomes, including the zero solution yields that for a positive
number € > 0 there is a positive constant v satisfying the inequality

IRl < v = TR < &.

In particular,

eIl = lp (17 10, Pl < £/2
and

Il = 1l (m; 1m0, o)l < €/2.

Which leads to all solutions are bounded.
Now, since the characteristic polynomial corresponding to Z is stable then the outcomes are
asymptotically stable, because

=(1n — (1)
16G2: 0. b0) — B(7: 10, )| < K exp (M) 61 - ol
p(n)
p@7) 0
SKCXp(—E}lsO(—n)), <& <eE

=0, 71— 00,90 € (0,1]

Similarly, for ¢, we have

=(n = 1p)P0
1 0. o) — W mos Il < cexp (%) s = wol
() 0
< o,
< kexp(—¢& @(77))’ <g <e&

=0, x—o00,0(m) €(0,1],
which implies the asymptotically stable outcomes. O

Corollary 3.3. Consider the sup norm ||Z|| < 1 and all its eigenvalues are in the interval [0,1]. Then
system (3.2) is asymptotically stable if and only if its outcomes are bounded.

Proof. If ||Z|] < 1 and all its eigenvalues are in the interval [0, 1], then it is an invertible positive

contraction [19]. Then nglz — 1; is positive semi-definite, with Det(=,.,) > 0 (see the proof of

Proposition 3.5 [9]). This suggests that the = characteristic polynomial is real stable. We have the
solutions that are asymptotically stable in light of Theorem 3.2. O

Non-homogeneous case is given in the next outcome.

Theorem 3.4. All of the continuous non-homogeneous system solutions that match Eq (3.2)

o) ‘/’(’7)):: (¢(77)) (/)51(77))
C (w(m =22\ yp) T ) (3.3)

are stable if and only if they are bounded and

”X” < ﬁ’ ﬂ € (O’ OO),X = (XlaXZ)t'

AIMS Mathematics Volume 8, Issue 1, 733-751.
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The solutions are additionally asymptotically stable if the characteristic polynomial Z is stable
satisfying ||Z|| < x and

e
K<5, >0, |8 <L«

Proof. Let [|X(n)|| < ¥,9 > 0. The assumption of the theorem implies

©(1)

(Il < xexp (Kﬂ;(—n)) ol

©(1)

< Kexp ((Kﬂ —e) ;(77)) lloll

=0, «kt—-e<0,9pn) € 0,1],7 — oo.

This proves the result. O
An application of Theorem 3.4, is in the following outcome

Corollary 3.5. Assume that the sup norm ||Z|| < 1 and all its eigenvalues are in the interval [0, 1] and
I|1X]| < &, 9 > 0. Consequently, system (3.3) admits asymptotically stable solutions whenever

e
K<5, ?>0, | <L«k.

3.2. Stability of VFLM

In this part, we discuss the stability of VFLM (continuous case) using the above results. We deliver
the sufficient condition on the coefficients of the system in the following result:

Theorem 3.6. Consider the continuous system VFLM

(m ——
{CM $(n) = —alpml + () + 1 3.4)

Co@yn) = Bo(n),  om) € (0,1].

If the following inequalities are satisfied

e—1

° <a<e-1

e 0<fB<—-a+e—-1
oa/+,8+1</<<g
o 1 <% <elk,

then system (3.4) is asymptotically stable.

Proof. In matrix form, the system (3.3) becomes

o) ¢(n)):(—a 1)(¢(n)) (1)
C (w(n) g of\wap) T\o/) (3.5)
The characteristic polynomial takes the formula

—B+an+n* =0,

AIMS Mathematics Volume 8, Issue 1, 733-751.
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with the two differences roots

(- Va2 +45-a)
rzzé(m_a).

By letting +/a? + 4B > 0, we have r; < 0 providing @ > 0. Moreover, we have

r =

| =

and

II(_Q 1)Ilza+ﬁ+1§/<, a+,8+1</<<§.

B 0
Hence, the characteristic polynomial is stable. All the conditions of Theorem 3.4 are achieved, then all
the solutions are asymptotically stable. O

Figure 4 shows the dynamic of the characteristic polynomials for different values of @ > 0 and
B > 0. Moreover, we have the following generalization result, with a proof similar to the one in [10].

Figure 4. The characteristic polynomial with different values of @ and £.

Theorem 3.7. Consider the linear fractional-order discrete-time system, as follows:
CE"X(p) = WX — 1L+ 9(p),  p(p) € (0, 1],
where X = (x1(1), ..., xa(M)', 1 € Nxy1-p()-

Then the zero equilibrium is asymptotically stable if and only if

larg()| —n))”“’” | nngon}

Ae Sy ={¢:12< (ZCOS( > ol arg(@)| > ==

AIMS Mathematics Volume 8, Issue 1, 733-751.
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for all the eigenvalues A of I1,,,. Moreover, if all the complex eigenvalues are in the open unit disk

1eU={{:5l<1}

where
2||s 2|l
B \22I9l <R < V2219l
2 2
and
— {/22ell — R ()2 A/2209ll — R ()2
> « <3< > ) o O<lpll < 1;

or all the real eigenvalues in the unit interval [0,1], then the system is stable.

Proof. The first part of the theorem is similar to the proof of Theorem 1.4 [10]. For the second part,
since all the eigenvalues are in the open unit disk, then the characteristic polynomial is stable which
leads to the stability of the system. O

3.3. Nonlinear system

Consider the (2 X 2) VFLM (can be extended into (n X n) fractional system)

91¢/)] ¢(77)) - (¢(77)) (hl (77’ ¢’ lﬂ))
C (w(m =22y \ny o, 6,0)) (3-6)

where the continuous function H (17, ¢, %) = (h; (1, ¢,¥) , hy (7, ¢, ¥))" achieves the inequality

IH|| < pllRIl == ll(@, ¥)ll,  p >0,
uniformly with respect to 7.

Theorem 3.8. Assume that Xi’s characteristic polynomial is stable. If

'unllwll

— <1, >0,n€[0,00
(gl + 1) H= )

then all the solutions of system (3.6) are stable. Moreover, if ku < e, then the zero solution of
system (3.6) is asymptotically stable.
Proof. In view the variable fractional integral formula, we have

1
R R
IRl < |l o(n)||+r(p(n))

HIRGDI 7!
L(lloll + D lloll

Ul
f I — )°P~' H(s)\lds
0

which implies that
IR|| <

'UUIIWII

" T(lpll + 1)

AIMS Mathematics Volume 8, Issue 1, 733-751.
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This yields that the solutions are bounded, then in view of the proof of Theorem 3.2, the solutions are
stable. For the second part, we have

77IIstII
< LA
llp(mIl < kexp (K/l”p”)llfﬁoll

lipll

< Kexp ((K,u —e)! )||¢o||

llpll
=0, ku—-e<O.

Similarly, for the variable i, we have

lipll

Wl < cexp (Ku" )nwon

Il

liwll

< Kexp ((K,Ll - 6)77 )||¢’o||

llgll
=0, ku—-e<O.

Hence, the zero solution is asymptotically stable. O
4. Stabilizing

The exploration of chaotic systems, whether in discrete time or continuously, revolves around the
development of control mechanisms to achieve stability. In this part, we will discuss some potential
nonlinear control rules for stabilizing the aforementioned arbitrary order discrete-time systems.
Stabilization involves applying a novel time-altering parameter, 8(1), to the particular system’s states
and devising an adaptive closed-form method for these parameters to quickly push the system’s states
to zero.

Theorem 4.1. System (2.4) can be controlled by the 1D-control law

O0s(n) = alp(m — 1+ M) -y -1+ @) - 1.

Proof. In the controlled VFLM, which is represented by the symbol, the time-altering control
parameter d¢(n) is employed.

CoPe(m) = —alp(n = 1+ o)l + (1 = 1+ () + 1 = ¢ = 1+ 9() + 8,(1) @1
CoPy(n) = Bo(n — 1+ p() — ¥ — 1+ 9(n)).
The simplified dynamics are obtained by substituting the proposed control law 84(x) into (4.1)
CoPg(m) = = — 1 + p()) 42)
CoPym) = By — 1+ 9(m)) =y — 1 + p()).
Hence, the set of eigenvalues is bounded where 1, = —1 corresponding to the general eigenvectors
1
V= (B, 0),8 # 0. Then in view of Theorem 3.2, the zero solution is asymptotically stable. O

AIMS Mathematics Volume 8, Issue 1, 733-751.
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Theorem 4.2. System (2.4) can be controlled by the 2D-control law
a
Us(m) = al¢(n = 1+ 9l =y = 1+ 9() = 1+ (1 = ) = 1 + 9(n)

3
V() = =B — 1+ p(n)) + Zw(n - 1+p®m), lof<3.

Proof. The time-varying control parameter (U,(n), V,,(17)) is employed in the 2D-controlled VFLM,
which is formulated as follows:

Comm) = —alg(n = 1+ 9] + w1 = 1+ p(n) + 1 = ¢ = 1+ pn) + Uy()
CoDy(n) = Bp(n — 1+ o) =y — 1 + p()) + V().

The simplified dynamics are obtained by substituting the proposed 2D-control law (Ug(n), V(1))
into (4.3)

4.3)

Come(m) = o) = —%d)(n — 1+ ()

4.4)
Cotn) = ~utn =1+ 90n).
Thus, the set of eigenvalues is bounded, with ||Z|| < 1, where
A =-1/4, A, =-a/4, la|l<3.
Therefore, the zero solution is asymptotically stable in light of Corollary 3.3. O

Theorem 4.2 is a one-dimensional parametric 2D-control law of the VFLM, which is @. The next
theorem describes the two-dimensional parametric 2D-control law VFLM’s stabilizing parameters, a
and S.

Theorem 4.3. System (2.4) can be controlled by the 2D-control law
o
Py = alp(n -1+ o)l —v(-1+p@m) -1+ - Z)¢(77 - 1+90m)

3
Oy(n) = Zw(n -1+p@), lal<3.

Proof. The time-altering control parameter (Py(n7), Qy(n)) is utilized in the 2D-controlled VFLM,
which is formulated as follows:

{Cm>¢(,7) = —al¢(7 = 1+ 9@l + ¥y = 1+ 9() + 1 = ¢ = 1+ 9() + Py(1)) “5)

CoDy(m) = By — 1 + () — ¥y — 1 + p(1) + Oy ().

The proposed 2D-control formula is substituted to provide the simplified dynamics (Py(17), Qy(17))
into (4.3)

CP9m) = 2907~ 1+ p)
(4.6)

1
Comy(n) = Bo(n — 1 + p(n)) — 240 =1+0m).

AIMS Mathematics Volume 8, Issue 1, 733-751.



746

Consequently, the collection of eigenvalues is constrained, with ||Z|| < 1, where

1 a
Al:_é_l’ /12:—1, o] <3, B#0,
corresponding to the general eigenvectors W = (—%, 1). Therefore, the zero solution is
asymptotically stable in light of Corollary 3.3. O

5. Analysis of system VFLM (2.4)

System (2.4) can be viewed as two dynamical systems

CE" () = —apn— 1+ o) + (1 — 1+ o) + 1 — ¢ — 1 + (1)) 5.1)

CRPw) = B — 1+ p() =y — 1 + p() |
and

Ce"om) = ag(n— 1+ p@m) + ¥ — 1 + o) + 1 — d(7 — 1 + () (5.2)

CE™ ) = Bt =1+ () = = 1 + (). |

The solutions of these systems occurred in two different domains.

5.1. System (5.1)

The Jacobian matrix corresponds to the system (5.1) is given in the following structure:

Ji=¢'(n) (_aﬁ_ : _11)

with its eigenvalues

P AB-a-2

2

2 oy
Vot +48 -« 2)20,

)<0, /12=80’(77)[ 2

A =9 () [

satisfying the relation ¢’(n7) > 0, /@ + 4B > a + 2. The solution of this inequality is @ < -2,8 >
—a?/4; or @ > —2,B > a + 1, providing that p(x) € (0, 1] is not a constant function. In addition, the
corresponding eigenvectors are

(et T (e- VB
V) = 2,8 , , Vy) = 2,8 , .

Or, we have the converse case when ¢’(n) is negative:

P AB-a-2

2

2

Va2 +4B—a -2
0% B -« )<0,

A= p’(x)( ) >0, A= 50’(17)[

AIMS Mathematics Volume 8, Issue 1, 733-751.
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where p’(n) < 0, v/a? + 4B > a+2. Hence, we have the following domains of solutions (see Figure 5):

[Dil), = {(¢,¥) eR?: 1> 0}
[D>]), = {(¢,¥) e R* : 1 < 0},

Figure S. The plots of the eigenvalues of J; showing the relation between the values of @ and

1
 when when p(n) = 1/ and p(n) = sin(1/) for 9'p) = 1/ < 0 and /() = — <2200
n
in(1
0 respectively. In addition, p(n) = cos(1/n) with ¢’(n) = Sm;z/ m 0.
The equilibrium point of system (5.1) is
—

(¢Osw0): a—ﬂ+1’—a+,8—1 .

AIMS Mathematics Volume 8, Issue 1, 733-751.
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And the fixed point is

_ 2 B
(@130 050e) = (Za/ —B+4 2a +B—4)'

5.2. System (5.2)

The Jacobian matrix corresponds to the system (5.2) is, as follows:

Jo=¢'(n) (a; ! _11)

with its eigenvalues

, —Ja2+4B+a -2 , Vv +48+a -2
/1129(77)( 2 ), /12280(77)[ 2 ),
where @ > +/a? + 48 + 2 satisfying the inequality

O<[—\/a2+4,8+a/—2)<[\/a2+4,8+a—2)

2 2

Thus, the solution is that @ > 2,8 > —a?/4. If p(n) € (0, 1] is not a constant function with a positive
derivative ¢’(n7) > 0, then we have 4; > and 4, > 0. Hence, we receive a unique domain of definite
solutions

R, ={(¢,9) €R*: 2, > 0,1, >0).

Moreover, if ¢’(n7) < 0, we have only one domain for the solutions (see Figure 6)
Ry ={(¢,¥) €eR*: 1, 0,2, <0}

And the corresponding eigenvectors are

(_MWJ [_a_m]
wy=\|—- ,1, Wy =|— 11.

28 28 ’

The equilibrium point of system (5.2) is

_ 1 —B
(¢O’w0)_(—a—,8+1’a+,8—1)'

And the fixed point is

_ (2 B
(#gic7s) = (2a +B—4"2a+p- 4)'

AIMS Mathematics Volume 8, Issue 1, 733-751.
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— (s
Re—.\l'a +48 +a-2

A e

Re|— .\Ila +4 8 +a=2 5.~

w

o
e i T e
e I",l’ “r
2 My

i
Wkt

1 ]
N||a244_5 va-2
2]

Irm

Figure 6. The plots of the eigenvalues of J, showing the relation between the values of a

1
and 8 when p(n) = 1/n and p(n) = sin(1/n) for ¢’(n) = 1/5* < 0 and ¢’(n) = _0037(72/77) <0
in(1
respectively. In addition, p(n7) = cos(1/n) with ¢’'(n) = sin( 2/ ) > 0.
n

6. Conclusions

We suggested two distinct systems in this study: The variable fractional Lozi map (VFLM) and the
variable fractional flow map. We looked into a few of these maps’ crucial dynamics. Additionally, we
looked into the prerequisites that the variable fractional dynamic systems must meet to be stable and
asymptotically stable. To obtain a stable and asymptotically stable zero solutions, we therefore imposed
the VFLM with the essential requirements. To stabilize the system, we also suggested combining these
maps with control rules. The 1D and 2D controller rules were taken as givens in this analysis. For
future works, one can extend this analysis into other types of variable fractional calculus such as the
ABC-operator [3].
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