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1. Introduction

We view the equation

Y (1) = —a(0)y(®) + gyt — (1)), (1.1)

where a(t), ¥(¢) and g(f) > 0 are continuous function T-periodic functions and fOT a(wydu > 0
(T > 0). Such functional differential equations arise in ecological models, such as the dynamic
disease model [1], population dynamics model [2], population model [3], and the Nicholson blowflies
model [4].

In 1750, one of the earliest functional differential equation problems was the Euler’s problem of
finding a curve so that it resembles a shrinking line. In the past 50 years, many mathematicians are
familiar with first-order functional differential equations (see [5—17]). They researched the same and
critical question of whether these equations can support positive periodic solutions. Jiang, Wei and
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Zhang [8], Cheng and Zhang [15], and Wang [16] proved the existence of positive periodic solution
for the first-order functional differential in their papers. In particular, Wang [16] studied the following
equation

X () = a(®g(x(£)x(2) = Ab(®) f (x(t = 7(1))). (1.2)

Using a famous result of the fixed point index, the author derived the existence results of the positive
periodic solution to Eq (1.2) (for any x > 0, f(x) > 0). Among others, the writer proved the connection
between the open intervals (eigenvalue intervals) of the parameter A and the asymptotic behaviors of the
quotient % (at x — 0 and x — o0) so that Eq (1.2) admits zero, one and multiple positive solutions.
However, the criteria for the uniqueness of the positive periodic solution of Eq (1.2) have not been
established.

In [6], Liu and Li analyzed the existence of the positive periodic solutions to the equation

Y1) = —a®)y(t) + Ah(1) f(y(1 = T(D))), (1.3)

where f : [0, +00) — [0, +00) is continuous with f(0) = 0. The authors first proved the existence of
the positive periodic solution to Eq (1.3) by applying the eigenvalue theory in cones. In addition, by
employing the theory of @-concave operator, they derived an excellent result regarding the uniqueness
of the periodic solution to Eq (1.3). However, it is difficult to prove the uniqueness of positive periodic
solution for Eq (1.1) when g = —1 and -1 < g < 0.

Inspired by the pieces above, in our paper, we will construct two results for the uniqueness
of positive periodic solutions to Eq (1.1) by employing the method of Hilbert’s metric, which is
completely different from that used in [5—17]. We establish uniqueness results, especially when g = —1
and -1 < g < 1 for Eq (1.1).

Hilbert [18] first considered Hilbert’s metric on the foundations of geometry in 1895. Three
noncollinear points have been modeled algebraically, in which the length of one side is equal to the
sum of the other two sides. In 1957, Birkhoff [19] proved several extensions of Jentzsch’s theorem on
integral equations with positive kernels by employing Hilbert’s metric. He gives some applications to
the projective contraction theorem and simply Jentzsch’s theorem. The earlier paper of Klein [20] also
presented particular examples of Hilbert’s metric. In the past time, the applications of Hilbert’s metric
were mentioned by plenty of authors, see [21-23].

Furthermore, we research the existence of the positive periodic solution to the following equation:

Y (@) = —a@)y(®) + g0 f (1 — (), (1.4)

where a(t), y(t) and g(¢r) > 0 are T-periodic functions and fOT a(u)du > 0 (T > 0). Comparing with
Wang [16] and Liu-Li [17], we here employ a completely different technique to treat Eq (1.4), for detail
to see the proof of Theorem 4.1.

In Section 2, we discuss a large number of necessary definitions and lemmas related to Hilbert’s
metric, which are necessary to prove our main point. In Section 3, we state and prove the uniqueness
results of the positive periodic solution to Eq (1.1) by applying the theory of Hilbert’s metric. In
Section 4, based on the fixed point theorem in a cone, we prove the existence of the positive periodic
solution to Eq (1.4). In the last section, the results of our study are illustrated by two examples.
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2. Preliminaries

In this section, we review plenty of crucial lemmas and definitions, which will help us to prove our
primary results.

Definition 2.1. (See Definition 1.1.1 of [24]) Let P be a convex closed set, and P # @. The following
conditions must be met for P to be considered a cone:

(i)ifa e P, A > 0, then Aa € P;

(i1)ifa € Pand —a € P,thena =0,1.e.,0 € P.

A cone P defines a partial ordering in X by a < b (a, b € P)ifand only it b —a € P.

Let the set of all the interior points of P be P°.
We identify that

M(a/b) = inf{&la < &b}, m(a/b) = sup{{|{b < a}, a, b € P°.
There is no doubt in our minds that
m(a/b)b < a < M(a/b)b. 2.1
Definition 2.2. (See Definition 2.2 of [25]) Hilbert’s metric is described in P° by
d(a,b) = In{M(a/b)/m(a/b)}.
Lemma 2.1. (See [25]) d(a, b) meets the following requirements: d(a,b) = 0 is equal to a = kb, « > 0.

Lemma 2.2. (See Lemma 2.2 of [25]) If a, b € P°, then d(ua,vb) = d(a, b) for all u > 0 and v > 0.

Lemma 2.3. (See Lemma 3.1 of [26]) Set the norm is monotonic with respect to P (i.e., for any u,v €
PNUO<u<v=ul<|pl)

(i) 0 <m(u/v) <1< Mu/v) < +oo;

(ii) |lu — V|| < 2(e®™" —1).

Lemma 2.4. (See [26]) If the norm is monotonic with respect to P, then (P N U, d) is a Banach space,
where U = {x|x € P, ||x|| = 1}.

Definition 2.3. (See Definition 3.1 of [25]) If A : P — P, we say that A is nonnegative, and if
A : P° — P°, A is considered positive.

Definition 2.4. (See Definition 3.6 of [25]) If A: P —» P,a,b € Panda < b = Aa < Ab (Aa > Ab),
A is said to be increasing (decreasing).

Definition 2.5. (See Definition 3.2 of [25]) If A is positive and A(ua) = u*Aa (for all a € P°,u > 0),
A is said to be positive homogeneous of degree « in P°.

Lemma 2.5. (See [27]) Supposed that X is a Banach space, A : X — X is an operator. There is
d(Au,Av) < 6d(u,v), u,veX 0<6<1.
Then there exists a unique fixed point uy € X of T. Alternatively,

AMQ = Uyp.
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Lemma 2.6. We make the following assumptions:
(1) the norm is monotonic with respect to P,
(2) A : P° — P° is an operator and positive homogeneous of degree q in P°, where |q| € (0, 1),
(3) A is increasing (0 < g < 1) or decreasing (-1 < g < 0).
Then A has a unique fixed point in P°.

Proof. If 0 < g < 1, then T is an increasing operator and positive homogeneous of degree g. By
Eq (2.1), we have
[m(a/b)]9Ab < Aa < [M(a/b)]?Ab.

It shows that
M(Aa/Ab) < [M(a/b)]?, m(Aa/Ab) > [m(a/b)]?,

thus

d(Aa,Ab) = In{M(Aa/Ab)/m(Aa/AD)}
< qin{M(a/b)/m(a/b)}
= gd(a, D). (2.2)
LetAlx = Aa
lAdll
a, bePNU,

(a € P). Obviously, ||[A1x]| = 1,then A; : PNU — PN U. By Lemma 2.2, for any

Aa  Ab
d(Aa, Ab) :d( a )

lAall” |AB|
= d(Aa, Ab)
< qd(a,b).

Next, we will show that the (P N U, d) is a Banach space.
Let {a,} be a Cauchy sequence in (P N U, d), for all € > 0, N; > 0, we have

d(a,,a,) < & (m,n> Nj).

There exists 0 < ¢ < 1 so that

Since Lemma 2.3, we know that
M(a,/a,) — 1, m(a,/a,) — 1 (n, m — +c0).
Then there exists N, > 0 so that
1 -t <mla,/a,) <1, 1 < Ma,/a,) <1+t(n,m> N,).

Thus
1-va, <a, < +0va, . (2.3)
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In addition, by Lemma 2.3, there is no doubt about the fact that
llam = ayll < 2(e™*) - 1), (2.4)

if m — n, then ||a,, — a,|| = 0. There exists ay € X so that a, — ay (n — o). Let n — oo and m be not
changed for (2.3). Then we have

(1-va, <ay < +0va, (m>N,),
hence ay € P°. Obviously, |lag|| = 1, then ay € P N U. We see that
m(ap/a,) =1 -1, M(apg/a,,) <1+t (m> N,).

Then for m > max{N,, N,}, we have

M(ao/am)] 1+

<lIn < e&.
m(ao/am)

d(ay, a,,) = ln[ < lnp—

That is to say d(ay, a,,) — 0 (m — o). Therefore (P N U, d) is a Banach space.

Since Lemma 2.5, A; is a contraction mapping with a unique fixed point a; (a; € P N U), i.e.,
A1a1 =da. :

Set a* = ||Aa;||™a;. Then a* € P°, and

a4 a4
Aa* = ||Aa)||™ Aa; = ||Aay||™ ' Avay = a".

Hence there is a fixed point a* of A in P°. In addition, if there exists b* € P° so that Ab* = b".
Equation (2.2) shows that
d(a’,b") = d(Aa*,Ab") < qd(a”,b"),

then d(a*,b*) = 0. By Lemma 2.1, a* = «b*, 4 > 0. In fact,
a’=Aa" = A(kb") = K1Ab* = kb",

so k = 1 and a* = b*. To put it another way, a* 1s a unique fixed point for 0 < g < 1.
If -1 < g <0, then A is decreasing. Based on Eq (2.1), we have

A[M(a/b)b] < Aa < Alm(a/b)b],

that is
[M(a/b)]?Ab < Aa < [m(a/b)]?Ab,

which illustrates that
M(Aa/Ab) < [m(a/b)]?, m(Aa/Ab) > [M(a/b)]‘.

Thus

d(Aa,Ab) < In{[m(a/b)]?/[M(a/b)]"}
< gln{im(a/b)/M(a/b)}
< (=g)d(a,b) (2.5)

AIMS Mathematics Volume 8, Issue 1, 676—690.



681

= lqld(a, b).

A
Let Aya = ”A—“”,aep. ThenA, : PN U — PN U, and foralla, b e PN U,
a

d(Aza, A2b) < |gld(a, b).

Banach’s contraction mapping theorem indicates that there is a fixed point of A,, i.e., there exists

. . i
a, € PN U such that A,a, = a,. Now we assert that there is a fixed point a. of A. Set a.. = ||Aaz||™ a,.
Then

Aa. = A(llAa>]| ™ ar)

= llAa||™ Aay

= [Aa||™ " Asar

= lAaa™7a;

= a..
Furthermore, if there exists b, € S so that Tb, = b,. Then

d(a.,b,) = d(Aa,, Ab,) < |qld(a., b.,).
Consequently, d(a., b.) = 0, i.e., a, = 6b, (6 > 0). Then we have
a, = Aa, = A(6b,) = 67Ab, = §7b.,.

Obviously, 6 = 1 and a. = b.. All in all, A has a unique fixed point a, for -1 < g < 0. O

Definition 2.6. (See Definition 3.3 of [25]) Assume that A : P° — P°, we clarify the projective
diameter A(T") of A by
A(T) = sup{d(Au, Av)|u,v € P°}.

Definition 2.7. (See Definition 3.4 of [25]) Suppose that A : P° — P°, we define the contraction ratio
r(A) of A by
r(A) = inf{é|d(Aa, Ab) < &d(a, b), a,b € P°}.

Lemma 2.7. (See Theorem 3.2 of [25]) Assume that A : P° — P°, then
1
r(A) = tanhZA(A).
Lemma 2.8. (See Theorem 1 of [25]) Let A be a monotone decreasing operator and satisfy
A(ux) = u*A(x) forxe P°, u>0.

Then the contraction ratio r(A) < a.

Lemma 2.9. (See Theorem 4.2 of [25]) If X = C[0,T] and P = {u(x)lu(x) > 0 in 0 < x < T}, then
{P N U,d} is Banach space.
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3. Uniqueness of the positive periodic solution

In this section, we consider the uniqueness of the positive periodic solution to Eq (1.1) by employing
the method of Hilbert’s metric.
It is well known that Eq (1.1) is equal to the following equation

+T
m:f D1, $)g(s)y"(s — w(s)ds, G3.1)
t
where .
ef[ a(u)du
D, s)= —————, se[t,t+T].
efo a(u)du __ 1

Let

X ={g(y)lg(y) is continuous, and g(y + T) = g(y), T > 0}.

Then X is a real Banach space.
Set
P ={ulu e X,u > 0}.

Then P is a cone of X.
Define the interior of P by
P° ={ulue X, u>0}

and
S=PnU,
where U = {ulu € X, ||u|]| = 1}.
The norm in X is defined by
llull = sup [u(®)l.
0<t<T

Theorem 3.1. Suppose that O < |q| < 1. Then Eq (1.1) has a unique positive periodic solution.

Proof. We define the operator T : P° — P° by

t+T
Ty(r) = f D(t, 5)g(s)y*(s — ¢(s))ds, t € [0,T]. (3.2)
t
As we all know, the solutions of Eq (1.1) are equal to the fixed points of
Ty(®) =y, t€[0,T]. (3.3)
For any u > 0,
t+T
TG0 =ut [ D955 - b(o)s
t

= ' Ty(@). (3.4)

Together with Definition 2.5, we note that the operator 7T is positive homogeneous of degree g in P°.
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If yy <y, andy,y; € P°, then y] <yj for 0 < ¢ < 1. Besides, D(z, s) and g(¢) are positive, thus
Tyl - Ty2 < 0.

Then T is an increasing mapping.
For any y;,y, € P and y; > y, > 0, we have

[yill = sup [y1(D] > sup |y2()] = [[y2l-
0<t<T 0<t<T

Thus the norm is monotonic with respect to P by Lemma 2.3.

By Lemma 2.6, T has a unique fixed point in P°, which implies that Eq (1.1) has a unique positive
periodic solution in P° for 0 < g < 1.

If -1 <¢<0,y! >yl then Ty, — Ty, > 0, that is T is decreasing.

Combine the above proof, T has a unique fixed point in P°, that is to say, Eq (1.1) has a unique
positive periodic solution in P° for —1 < g < 0.

To sum up, Eq (1.1) has a unique positive periodic solution for 0 < |g| < 1.

O
Theorem 3.2. Consider the following equation
t+T
Ty0 = [ Di9glon s - wisds =00 (3.5)
t
Then Eq (3.5) has one and only one solution.
Proof. For all u > 0,
T(uy)(t) = ™' Ty(1), (3.6)
then 7 is positive homogeneous of degree —1 in P°. For any y;,y, € P°, and y, < y,, we have
Ty, —Ty,
t+T
= f D(t, )g(s)ly; ' (s = ¥(5)) = y; ' (s = Y(5))]ds. (3.7
t

Obviously, we find that y;' > y,', and D(z,s) > 0, g(s) > 0. Then Ty, — Ty, > 0, which means T
is a monotone decreasing operator. Lemma 2.8 shows us that (7)) < 1. By Lemma 2.4, we note that
r(T) < tanhiA(T). However, the range of r(T) is (-1, 1), thus n(T) < 1.

. .o T
Next, we consider the mapping 7Ty = ﬁ, then for x,y € P°,
y

d(Tx,Ty) = d(Tx,Ty)
< r(T)d(x,y).

But #(T) < 1 and so T is a contraction mapping. By Lemma 2.9, S is a Banach space and T has a
unique fixed point y; € S, i.e., Ty3 =y Sety = ||Ty3||%y3. Now we will verify y is a unique fixed
pointof 7in S.

T5 =T (ITysl12y3)
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= [Tyl 2 Ty

= IT 3l Tays
= ITysl1%ys

=J.

There is no doubt that @ = 1 and X = y. So Eq (3.5) has a unique positive periodic solution.

4. Existence of the positive periodic solution

In this section, we will analyze the existence of the positive periodic solution for Eq (1.4).
Let X = C[0, T'] denote a real Banach space with the norm

lvll = sup |y()I.
0<t<T
Set
I,={yePlyl<rl, T.={yePlpli<r, oL, ={yePlyl=r} forr>0.
Define a cone P by

P ={y e X|y@) > 0}.
We specify the operator A : P — P by

T
Ay() = fo D1, $)g()f (s — w(s)))ds,

where )
€ff‘ a(u)du

D(t,s) = ——
( ) efOT a(u)du __ 1

, forsel0,T].

4.1

As is well known, Eq (4.1) has a fixed point § € P (¥ > 0) if and only if J is the positive periodic
solution to Eq (1.4). We verify the existence of the fixed point for Eq (4.1) by employing the fixed

point theorem in a cone.

Lemmail.l. (See [26]) Let 'y, I'; be open bounded sets of P with 0 € I'y and 1:1 c I'y. Supposed that
T : PN(T,\I'y) = Pis complete continuous, and it satisfies at least one of the following requirements:
(H,) If there exists uy € P\ {0} so that a — Ta # dug foralla € PN o, and alld > 0; Ta # ux for

allae PNnol'yand all u > 1.

(H,) If there exists ug € P\ {0} so thata — Ta # duy foralla € PN oI’y and all d > 0; Ta # ux, for

allae PNoly and all u > 1. 3
Then there is a fixed point of T in PN (I'; \ T'y).

Theorem 4.1. Suppose that

(1) g(s) is continuous function, and fOT g(s)ds > 0.
(2) f(y) is continuous and f(y) > 0 for 0 <y < oco.
(3) there exists 0 < a < 1 so that

0 < lim JO) < o0,
y—0* ya
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(4) there exists 0 < a* < 1 such that

— f

0< lim —F < +o00.
y—+00 y“

As a result, (4.1) has and only has one positive periodic solution.
Proof. If there exists gy, > 0 so that

y—Ay#0, foryeP with0<|}y| < &. “4.2)

Otherwise, there is a fixed point in P will be accurate.
By (3), there exist 7 > 0 and &; > 0 so that

f» =, for0O<y<e.
According to the definition of D(z, s), we might as well assume

min D(z, s) = K,
0<t<T

and
max D(t, s) = K5,

0<t<T

where K and K, are positive constants.
Define B : C[0,T] — C[0,T] by

By =¢, foryeC[0,T],

where ¢(t) = 1, ¢ € C[0, T]. Then it is obvious to prove that B : P NI, — P is completely continuous
and gn;f I1By|| > 0, ¢ € P\ {0} with ||¢]| = 1.
L,

Choose
T =
& = min 80,81,(K2Uf g(s)ds) s
0

and 0 < r < &,. Now we verify that
y—Ay #¢gBy, foryePnoal,, g=>0. 4.3)

Indeed, if not, there exist y; € PN Jl', and g; > 0 so that y; — Ay; = ¢, By;. By (4.2), we have gq; > 0.
Then y; = qi1By, + Ay1 > q1¢. Let ¢° = sup{qlyi(s) > q¢(s), s € [0,T]}, then g; < g* < +o0, and
Yi(s) =2 g"¢(s) = g". So
1
T-a

T
g <) <lyll=r< (Kmf g(S)dS) , s€[0,T]. (4.4)
0

Then if € [0, T], we have
T
yi() = fo D(t, 5)g(s)f(y1(s — ¥ (s)))ds + q14(1)
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T
Zj“DaJmumwmm%n+m
0
T
> f D(t, 5)g(s)n(q")*ds + q
0

T
> Km(q*)“f g(s)ds + q,
0

Zq* + 41,

which shows that y (1) > ¢* + g, (for t € C[0, T']). This conflicts withthe definition of ¢*. So Eq (4.3)

is true.
On the other hand, from (4), there exist a > 0 and yy > 0 such that

fO) <ay”, fory =y

Then
0<f)<u+ay”, for0<y< +oo,

where u = Or?yeggo fO).

Choose sufficiently large R > 0 so that

U a 1
TR < = :
K, [ g(s)ds

Next, we will verify that
yePNOIlg, 6>1= Ay + 0Oy.

4.5)

(4.6)

Indeed, if not, there exist yo € P N dl'g and 6, > 1 such that Ay, = yyo, then if ¢ € [0, T], we have

T
Boyo(r) = fo D(t, 5)g(s)f (yo(s — ¢(s)))ds
T
< f D(t, $)g(s)(u + ay$ )ds
0

T
< (u+ay? K, f g(s)ds.
0

Therefore, R = 6||yoll < (u + ayg*)Kz fOT g(s)ds. That is to say,

b, < (& + 2

T
*)Mf g(s)ds < 1,
R Rl—a 0

which is a conflict to 6y > 1.
In light of Lemma 4.1, there is a fixed point of A in P N (I'g \ I_“,).

O
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5. Conclusions

This study sets out to verify the uniqueness and existence of positive periodic solutions for Eq (1.1).
It contributes to our solving of other mathematical problems and practical problems. Our study shows
that using the theory of Hilbert’s metric to prove the uniqueness of positive periodic solution for
Eq (1.1), as well as employing the fixed point theorem in a cone to prove the existence of positive
periodic solution for Eq (1.4).

We employ the theory of Hilbert’s metric to prove the uniqueness of the positive periodic solution
for Eq (1.4) when f(y(t—y(t))) = y(t—y(t)). When0 < g < 1,g = —1 and -1 < g < 0, the uniqueness
results are verified based on the theory of Hilbert’s metric. The major limitation of this study is that it
is difficult to directly verify the uniqueness of the positive periodic solution for Eq (1.4) by applying
the theory of Hilbert’s metric.

6. Two examples

This section illustrates our conclusions in Section 3 with two examples.

Example 6.1. Suppose that X, P, P°, and S have the same meanings with Section 3, we think about
the equation

V(1) = —}Tv(t) + sin’t - v%(t —m/1000), r € [0, 1]. (6.1)

Then Eq (6.1) has a unique positive periodic solution.

1 1
Proof. In this example, a(t) = —, h(t) = sin’t, Y(t) = n/1000, and g = 3
T

As we all know, Eq (6.1) has a unique solution if and only if the equation

1
Av(t) = v(t) = f D(t, s)sin’t - v%(s —/1000)ds (6.2)
0
has a fixed point, where
e
D(t,s) = o1 s €[0,1].

It is easy to see that A is an increasing operator which is positive homogeneous of degree % in P°.
Moreover, the norm is monotonic with respect to P.
In a word, A has a unique fixed point in P°, which shows Eq (6.1) has a unique positive periodic
solution.
O

Example 6.2. We examine the following equation
u'(f) = (cos*Du(t) + u_%(t —sint), t€[0,T]. (6.3)
Then Eq (6.3) has one and only one positive periodic solution.
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1
Proof. In this equation, a(f) = cos’t, h(t) = 1, y(t) = —sint, and g = 5
We think about

T
Au(t) = f D, s)u_%(s — sins)ds = u(1), (6.4)
0

1
fs cos*udu

where D(t, s) = ,s€[0,T].

fT cosludu __
eh
Next, we will verify that there is a fixed point of Eq (6.4).
1
Clearly, A is a decreasing operator and positive homogeneous of degree -3 in P°. What’s more, the

norm is monotonic with respect to P°.
As aresult, Eq (6.3) has a unique solution in P°. O
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