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Abstract: The objective of this study is to explore the heat transfer properties and flow features
of an MHD hybrid nanofluid due to the dispersion of polymer/CNT matrix nanocomposite
material through orthogonal permeable disks with the impact of morphological nanolayer. Matrix
nanocomposites (MNC) are high-performance materials with unique properties and design
opportunities. These MNC materials are beneficial in a variety of applications, spanning from
packaging to biomedical applications, due to their exceptional thermophysical properties. The present
innovative study is the dispersion of polymeric/ceramic matrix nanocomposite material on magnetized
hybrid nanofluids flow through the orthogonal porous coaxial disks is deliberated. Further, we also
examined the numerically prominence of the permeability (A,) function consisting of the Permeable
Reynold number associated with the expansion/contraction ratio. The morphological significant effects
of these nanomaterials on flow and heat transfer characteristics are explored. The mathematical
structure, as well as empirical relations for nanocomposite materials, are formulated as partial
differential equations, which are then translated into ordinary differential expressions using
appropriate variables. The Runge—Kutta and shooting methods are utilized to find the accurate
numerical solution. Variations in skin friction coefficient and Nusselt number at the lower and upper
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walls of disks, as well as heat transfer rate measurements, are computed using important engineering
physical factors. A comparison table and graph of effective nanolayer thermal conductivity (ENTC)
and non-effective nanolayer thermal conductivity are presented. It is observed that the increment in
nanolayer thickness (0.4—1.6), enhanced the ENTC and thermal phenomena. By the enhancement in
hybrid nanoparticles volume fraction (2% to 6%), significant enhancement in Nusselt number is
noticed. This novel work may be beneficial for nanotechnology and relevant nanocomponents.

Keywords: matrix nanocomposite material; hybrid nanofluids; Runge—Kutta and shooting methods;
orthogonal porous coaxial disks
Mathematics Subject Classification: 35Q30, 76D05, 76R10

Abbreviations: A, : permeability component; f,: the strength magnetic field; f;: The ratio of
nanolayer thickness to Particle radius; o,;: electrical conductivity; p: pressure; T: fluid temperature;
ksi: thermal conductivity of first Particle; kg, : thermal conductivity of second Particle; kjf:
thermal conductivity of base fluids; k;s: thermal conductivity of the nanofluid; kys;: thermal

conductivity of the Nanofluid with effect of nanolayer; kpys: thermal conductivity of the Hybrid
nanofluid; kp,;: effective nanolayer thermal conductivity of hybrid nanofluid; k,.: equivalent
thermal conductivity of equivalent Particle; ky.: equivalent thermal conductivity of first equivalent
Particle; kpe,: equivalent thermal conductivity of second equivalent Particle; S: shape factor; oy
thermal conductivity of the hybrid nanofluid; og,: thermal conductivity of first nanoparticle; og,:
thermal conductivity of second nanoparticle; psi: density of the first nanoparticle; pg,: density of
the second nanoparticle; c,: Specific heat at constant pressures; (cp)ns: Specifics heat for the
Nanofluid; M, : the magnetic parameter; S.: Schmidt number; R,: the permeability Reynolds
number; P.: the Prandtl number; ppyf: the viscosity of the hybrid nanofluid; ppyf: the density of
the hybrid nanofluid; ap,,: the thermal diffusivity of hybrid nanofluid; vpyf: the kinematic viscosity
of hybrid nanofluid; HNF: hybrid nanofluid; ENTC: effective nanolayer thermal conductivity;
NENTC: non-effective nanolayer thermal conductivity; SFC: Skin friction coefficients; MNC: Matrix
nanocomposite; a,: the wall expansion ratio; 7: scaled boundary layer coordinate; 8: self-similar
temperature; u: dynamic viscosity; v: kinematic viscosity; p: density; ¢gq: first nanoparticle
volume fraction; ¢,,: second nanoparticle volume fraction; nf: nanofluid; hnf: hybrid nanofluid; hnfl:
effective hybrid nanofluid; s1: first nanoparticle; s2: second nanoparticle

1. Introduction

Polytetrafluoroethylene (PTFE) is an excellent claimant in extensive applications, such as
mechanical systems, biomaterials, chemical, and electrical, because of its low frictional coefficient and
dielectric constant, few moistures absorption, chemical inertness, and excellent thermal stability [1].
Plunkett [2] initially described PTFE, which has remarkable physical properties in addition to the
highly fluorinated saturated organic compounds. Polymer matrix nanocomposites (PMNC) is the
material which composes of polymeric matrix distributed in silica, CNT, or organic substances. The
distribution and reinforcement of matrix material particles at the nano-scale lead to a significant
improvement in the mechanical properties of the produced composite. PMNC is appreciative in
transportation, aircraft, defensive weapons etc. The most widely used reinforcement in PMNC is CNT
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due to their remarkable mechanical and electrical properties [3]. Chen et al. [4] have examined the
behavior of CNT-filled composites of PTFE. Lin et al. [5] have investigated the Functionalization of
Polymeric Carbon Nanocomposites from CNT with polymer matrix.

Yu et al. [6] demonstrated that liquid molecules near particle surfaces form layered structures and
behave like solids. Despite the fact that the related layer of fluid molecules at the interface is only a
few nanometers thick, it may play a significant role in heat transmission from concrete to a surrounding
fluid. As a result, the theoretical investigation by Yu and Choi [7] suggested that the nanolayer which
exists between the base fluid and NPs is a key factor. Xue [8] suggested a thermal conductivity (TC)
model based on the theory of Maxwell and theory of the average polarization. An elliptical interfacial
layer was examined Yu and Choi [9]. However, with the various sorts and forms of particles, it is not
clear what his model's depolarization factor would be. Furthermore, it is complicated to determine the
TC of complex NPs (NPs with an interfacial layer). The experimental data is matched with the
expected TC values by using a thicker interfacial layer thickness (h = 03nm), which cannot be accurate
for smaller particles. The influence of nanolayer near the particles to the Maxwell equation for the
effective TC of solid—fluid interruption. The TC of the nanolayer was assumed to be similar as that of
the particles in their model. This is impracticable due to the fact that interfacial layer is formed via
way of means of fluid molecules surrounding the particle surface, and the awareness of these adsorbed
molecules with inside the interfacial layer is smaller than that of the solid particle. As a result, the
interfacial layer's TC should be smaller than that of solid particles but greater than that of liquid.

Permeable co-axial disks have remarkable applications in the fields of biomechanics, the
processes of crystal growth, oceanography, mass and heat transfer, lubricants, viscometer, rotating
machineries, and storage devices for computers. Several researchers have focused on issues with disks
with various wall conditions. As an example, the impact of shape and size on the dispersion of
metallic/ceramic matrix nanocomposite material in magnetized hybrid nanofluids flow via permeable
coaxial disks was examined by Qureshi et al. [10]. Abdelmalek et al. [11] investigated the effects of
several magnetized hybrid nanoparticles on the fluid flow between two orthogonal spinning disks.
Banchok et al. [12] investigated heat transfers in nanofluid flow over a rotating porous disk. The Heat
and Mass Transfer Analysis of Unsteady Non-Newtonian Fluid Flow between Porous Surfaces in the
Presence of Magnetic Nanoparticles was investigated by Qureshi et al. [13]. By using the Darcy-
Forchheimer relation, Bilal et al. [14] investigated the mathematical analysis of hybridized
ferromagnetic nanofluid with the induction of copper oxide nanoparticles in permeable surfaces.

The flow behavior of a moving conducting fluid is described by magnetohydrodynamics, which
polarizes it. Magnetic field effects are studied in industrial operations such as fuel manufacturing,
electrical generators, crystal fabrication, nuclear power plants, and aerodynamics, among others.
Elfven et al. [15] established the field of magnetohydrodynamics. Aly et al. [16] presented a numerical
study of a hybrid magnetic nanomaterial in a stretching medium that is permeable. The MHD
nanofluids natural convection in an insertion below have an effect on thermal radiation usage of the
controlled volume-based finite element approach, as well as the form factor of NPs using the Duan
Rach Approach was investigated by Chamkha et al. [17]. For turbine cooling applications, Dogonchi
and Ganji [18] have explored the equations for the transfer of heat in an axisymmetric channel with
permeable walls for a non-Newtonian fluid flow. Krishna [19] has analyzed the heat transfer of
aluminium oxide and copper nanofluids flowing through a stretched porous surface in a steady MHD
flow. Devi and Devi [20] investigated the magnetohydrodynamics flow of copper-alumina/H>O hybrid
nanofluids computationally. Krishna et al. [21] have recently investigated the radiative MHD Casson
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hybrid nanofluids flow across an immense exponentially improved perpendicular permeable surface.
Abbas et al. [22] investigated heat transfer in MHD hybrid nanofluid flow across a nonlinear stretched
curved surface with thermal slip. Upreti et al. [23] investigated the entropy generation and unstable
squeezing flow of MHD hybrid nanofluids within parallel plates. Heat transfer in three-dimensional
hybrid nanofluids flow due to convective surface and base fluids was investigated by Upreti et al. [24].
Abbas et al. [25] investigated the techniques of data collection of Cu—Al>O3/H>O flow over a vertical
wedge in water. Nadeem et al. [26] investigated the flow of a nanomaterial with a base viscoelastic
MHD micropolar fluid over a stretched surface. Anwar et al. [27] investigated the computational
analysis of induced MHD nonlinear stretching sheet flow. MHD hybrid nanofluid flow investigated
by many researchers [28—34].

The above mentioned literature revealed to the authors that no research has been done on the
dispersion of polymer/CNT matrix nanocomposite material through permeable surfaces subject to
magnetized hybrid nanofluids flow with the influence of morphological nanolayer. Further, in the
present study, we examined numerically the prominence of the permeability function consisting of the
permeable Reynold number associated with the expansion/contraction ratio. The governing equations
are transformed into dimensionless ordinary differential equations (ODEs) via similarity variable
transformation technique. The Runge-Kutta and shooting procedures are implemented to achieve the
solution of ODEs. Variations in skin friction coefficient and Nusselt number at the lower and upper
walls of disks, as well as heat transfer rate measurements are computed using important engineering
physical factors. A comparison table and graph of effective nanolayer thermal conductivity and non-
effective nanolayer thermal conductivity are presented.

2. Mathematical modeling

Flows between two disks have many important applications in the fields of biomechanics, the
processes of crystal growth, oceanography, mass and heat transfer, lubricants, viscometer, rotating
machineries, and storage devices for computers. The disks in thrust bearings are separated through a
lubricant pumped via disks. Furthermore, in modern lubrication technology fluids with polymer
additives have been used as enhanced lubricating oils. In this problem, we assume the laminar, viscous,
incompressible, unsteady, 2D flow of hybrid nanofluid (HNF) containing PTFE-SWCNT/H20
between two porous disks which are orthogonally moving in the presence of an external magnetic field
utilized in the z-direction. 2r; is the diameter of the boundary disks. 2k(t) is the distance between
the disks. The disks move uniformly at a time-dependent rate k'(t) down or up and have the same
permeability. The physical model uses a cylindrical coordinate system (r, 6, z) velocity 1 in the line
of r and velocity W in the line of z, but velocity v disappears. The T, represents the temperature at
the lower disk and T, represents the temperature at the upper disk shown in Figure 1. The
thermophysical properties of nanoparticles and bases fluids are mentioned in the Tables 1 and 2. The
governing equations are as follows [35]:

on 4, ow
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where pppr 18 the density of HNF, 3, is magnetic field strength, oy,,¢ is the electrically conductivity

of hybrid nanofluid, T is the temperature, P is the pressure, (pCp)hn ; is the heat capacitance of HNF,

Kinnn 18 the ENTC and ppp¢ is the viscosity of HNF. Which are given in Table 1.
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Figure 1. Physical model.

Tablel. Description of thermophysical properties of nanofluid and HNF [37,38].

For nanofluid

For HNF

Pnf = (1 — d)ps + dpsy,
(pcp)nf =1- q))(pcp)f + (I)(pcp)sl'

_ Ke
Unf - (1_¢)2_5 s

Phnf = (1 — g1 — ¢52)pf + ds1ps1 + d2Ps2 >

(pcp)hnf =1 - s — ¢sz)(PCp)f + cI)sl(pcp)sl +

¢2 (pcp)sz 5

Minf = He
f T (1102025

kna _ kpe+(S—1)kbf—(5—1)(kbf—kpe)(1+[31)3¢]

kpe Kpe+(S—1Dkpe+(Kpr—Kpe ) (1+B1)3¢
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K _[2(1—A)+(1+61)3(1+ZA)]Ak

Pe T _(1-0+(1+8)3(1421) Y
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of  0s1+205 + G1(0f5—0s1)

Khnfl _ [kpez+(S—1)kbf—(S—1)(kbf—kpez)(1+[31)3¢sz]

Kot | Kkpezt(S—Dkps+(kn—kpez)(1+B1)3ds2
where

E _ [kpel"'(s—l)kf— (s-1) (kf_kpel)(1+B1)3¢’sl]

k¢ kpel+(S_1)kf+(kf_kpe1)(1+61)3¢’sl
where
K _ [2a-A)++B1)3(1+22) ]2 K
Pel ™ _(1-A)+(1+B3(1+21) ST
K = [21-D+(1+B)3 (1 +20)]A
Pe2 ™ _(1_))+(1+By)3(1+21) 5%’

Ohnf _ 052120 —2¢,(0pf— 052)
Opf  Os+20pf + a(0ps—053)
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Obf _ 0511207 =201 (0f— 051)

of 0514207 + 01( 05— 051)

AIMS Mathematics

Volume 8, Issue 1, 633—656.



638

In Table 1, ¢s; and ¢, shows volume fraction, py is the base fluid density, ps; and pg, is

the solid NP density, (pCp)s1 and (,DC,O)S1 is the thermal capacitance of solid NP, the thermal

capacitance for base fluid is represented as (pCp) 5 kpngi 18 the ENTC of HNF, kr and k¢

represent base fluid TC, kyf; is the nanofluids TC with the effect of nanolayer, kpe; and ky, is
equivalent TC of the equivalent solid NP, the ratio of the nanolayer thickness to the radius of NP is
B1 = %, A= Mayers s the ratio of TC of nanolayer to TC of the first particle, A = Mayers s the ratio
S1 S2

of ENTC to TC of the second particle, ks, and kg, is TC of the first particle and second particle
respectively, The particle radius is r, and the thickness of the nanolayer is h, oy,f is the electrical
conductivity of hybrid nanofluid, o, is the electrical conductivity of nanofluid, gy, and oy, are
the electrical conductivity of first and second nanoparticles, respectively, oy is the electrical
conductivity of base fluid.

Table 2. The base fluid's and NP' thermophysical properties.

Physical properties Base fluid Nanoparticles

Water (H-O) PTFE SWCNT
Cp(j/kg K) 4179 970 425
p (kg/m?) 997 2200 2600
K(W/mK) 0.608 0.25 6600

Table 2, Cp shows Specific heat at constant pressures, p is the density, and K is the thermal
capacitance of base fluid and solid NP.
The upper boundary and lower boundary have the following boundary conditions:

at Z=-k(t),1=0,w=-AkK'(t) andT= T,
atZ=k(t),a=0,w= A, K(t) andT= T, (5)

where A, is denote the permeability and the prime denotes the time derivative w.r.t t.
The similarity variables listed below are used as:

z rvg T-Ty

R — 2
. :E’ UZ_FFn(n’t)’ W:%F(T],t), e:Tl—Tu. (6)

First of all the continuity equation is satisfied by the similarity variables stated in Eq (6).
Furthermore, the similarity variables are used in the governing equations to acquire Eqgs (7) and (8):

Uhnf K? Pf Chnf _
U_memn + o.(3Fyy + NFpy) — 2FF g — U_fFTmt " omnt of M.Fp, =0, (7)
Vf kz _
Oy + an(a*n - 2F)6, — =y 6, =0, (8)
where oy ,¢ 1s the thermal diffusivity of HNF and oy, = ﬁ, Unnf 1S the kinematics viscosity
P/hnf
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of the HNF and vy, ¢ = % , (pCp)hrl ; is the heat capacitance of HNF, the viscosity of HNF is ¢,
hnf

the density of HNF is ppp¢.
Associated boundary conditions are

F=-R, F,=0, 6=1, atn=—1,

F=Re, F,=0,0=0, atn=1, (9)

here R, =

= A l;k © is absorptivity Reynold number, here A, is the permeability, and is defined as the

function of Reynold number and wall expansion ratio, and mathematically defined as A, =

kks(t) .

Re o B%kz
A.(a,R) =—, a, = is the ratio of wall expansion, and M, = ——
€ 200 vf

is the magnetic parameter.
Finally, we set F = fR, and by following Majdalani et al. [36]. When a is constant, f = f(1)
and © = 06(n), which leadsto 8; = 0 and f,,; = 0. Thus, we have

Vhnf Pt Ohnf _
ve fonmn + @ (3fan + Nfqnn) = ZReffpgy = Phat Of M.fn =0, (10)

Gnn+<¢1((" st T8 (1 - s - ¢2)) SR~ 2ReNOy = 0. (1D)

At lower and upper wall of channel boundary condition are

atn=-1, f=-1, fn:O' and 6 =1,
atn=1,f=1,f,=0, and6 = 0. (12)

2.1. Quantities of engineering interest

Nusselt number and SFC at both permeable walls are computed coefficients that are of
engineering interest are computed in this section.

2.1.1.  Skin friction coefficients (SFC)
The SFC of the upper and lower disk represents as Cg; and Cr_; and expressed as in [10],

rgzrln——l ((1 - q)sl ¢SZ)—2.5)

Ce. £7(=1),
f-1 = kpr(K/A)Z R, =1
_ TSarlp=1 _ ((A=¢s1=ds2)™*®) )
And Cpy = 2L 5 £(1), (13)

AIMS Mathematics Volume 8, Issue 1, 633—656.



640

where R, denote the Reynold number and ¢,. denote the shear stress at the bottom and upper disks
in the radial direction, respectively,

ol

a
gzr'n:—l Hhnf (6 ) |n——1o and gzrln 1 = Hhnf (alzl) | =1 (14)

2.1.2. Nusselt number

The heat transfer rate (Nusselt number) calculations at the bottom and upper disks are given as

Nyl

ul=-1 and Nyl -4, respectively [10]

ks, khnf

ks,

khnf
=1 = =05 lh=-1 = 0'(—1),and Nyl =1 =

here s, is the heat flux, which is following as,

aT aT
Sahy=-1 = —Knnt (5 ln=-1, A0d S;h—1 = —Knne (5) lys- (16)

3. Modeling of effective nanolayer thermal conductivity

Thermophysical properties like density, viscosity, heat capacitance, and TC of base liquids are
changed due to the mixing of NPs and distinguishing the efficacy of NPs on thermo-physical properties
of resulting nanofluids. Gupta et al. [39] give a detailed investigation of the thermophysical
characteristics of nanofluids. TC is a key thermophysical feature of nanofluids, according to a
comprehensive examination of their thermophysical properties. Over the years, numerous
investigations on the TC of nanofluids have been done. Yang et al. [40] have submitted a report on the
effect of critical factors on the TC of nanofluids. Until now, several researchers have attempted to
calculate the TC of nanofluids using various methods to provide a comprehensive correlation to
compute this in nanofluids. Maxwell [41] established the first correlation to calculate the TC of
nanofluids in 1881. This relationship is accurate for globe-shaped NP and small amounts of NP. Later,
in 1962, Hamilton and Crosser (H-C) [42] established the Maxwell correlation, which included the
effect of morphology on nanofluids TC. Subsequently, a research study by Jiang et al. [43] found that
1=1.550 was more suitable for CNT nanofluids.

The three models in Table 3 of TC failed to predict the high TC of nanofluids. The reason for this
is that these TC models ignore the effect of nanolayer and particle radius. Murshed et al. [44] proposed
a TC model in which the nanolayer is assumed as a separate component when calculating the effective
TC of nano-fluids in 2007. Below is a representation of a nanoparticle with a nanolayer in the base fluid.

Table 3. Shows the TC models.

Maxwell model Hamilton and Crosser (H-C) model  Xue model

knf _ Ks+2Kpr—2¢(Kpr— ks ) knf _ Ks+(S—Dkpe—(S—D)p(kpr— ks ) 1_¢+2¢[ ks ] [ks"'kbf]

Kpr  Ks+2Kpg + G(kpr—Kks) Kpf ks+(S—1)Kpf + ¢(Kpr— ks ) Knf _ (ks kpr ) kzi‘]’(f
Kor 1_¢+2¢[(k ~kpg )] [ Zkb?f]
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In the above Table 3, kj; denotes the TC of the base fluid, ks denotes the TC of NP, and k¢

denotes the TC of nanofluid, S = % where @ is sphericalness, @ = 1.00 for spherical NP, and

@ = 0.50 for cylindrical NP, and the variable “i” is experimental. In the actual H-C correlation, I = 1
is used.
The model of effective TC is given below, for nanofluids,

kna _ [kpe+(S—1)kbf—<S—1)(kbf—kpe)(1+81)3¢]
kbf kpe"’(s—1)kbf+(kbf_kpe)(1+ﬁl)3¢' ’
_ [2-0+@+B)3@+20)]

kpe = —(1-0)+(1+B1)3(1+21) S

(17)

where kyq is the TC of nanofluids with the effect of nanolayer, kp, is equivalent TC of the equivalent

particles, where A = ; is the ratio of nanolayer TC to TC of particle, the ratio of the thickness of

S

nanolayer to the radius of NPis 3; = %

The effective TC correlation is shown below, for HNF,

Khnfi _ [kpez + (S = Dkpr — (S = 1) (ko — kpea) (1 + B1) s l
Kpf Kpez + (S — Dkps + (Kps — Kpez) (1 + B1)3ds, '

(18)

@ — [kpel+(S_1)kf_(s—1)(kf_kpe1)(1+81)3‘1)51]
k¢ kpe1+(S—1)kf+(kf—kpe1)(1+61)3¢sl ’

where Kkpeq and Kpe, are equivalent TC of the equivalent first particle and second particle
respectively, and defined as

_ 22D+ +B)3(1+22)]A

Kpe1 = —(1-A)+(1+B3(1+22,) S
_ [2-D+@+p)3(a+20)]n
Kpez = a0 raeporaezn K52 (19)

klayers layers

K
is the ratio of nanolayer TC to TC of the first particle, A = o

s1 S2

where A, = is the ratio of

nanolayer TC to TC of the second particle, kg; and kg, is TC of the first particle and second particle
respectively.

4. Numerical method procedure

Because the system of ODE's is manipulated in Egs (10) and (11) are complex and involve
boundary value conditions, the numerical solution is obtained rather than using analytical methods.
The shooting technique is used in conjunction with the RK method for numerical computations. The
Runge—Kutta method is a preferable alternative since it requires less computing, is more stable, and
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produces accurate results in less time. The rapidity (computational cost) and additivity of this technique
to the IVP are its main advantages. Finding the IVP (initial value problem) using an appropriate
shooting approach is massively successful because of the importance of IVPs in real-world/practical
applications. The missing beginning condition at the Interval's start point is assumed in a shooting
method, and the DE (differential equation) is then numerically integrated as an I\VP. The accuracy
of the missing initial condition is determined by comparing the computed value of the dependent
variable at the terminal point with its given value here. If there is a difference, the process is repeated
with a new value. This method is repeated until the calculated and given conditions are in agreement.
Table 4 shows how our numerical results converge as the step size gets reduced for this purpose,
providing us confidence in our computing technique. Our boundary conditions satisfy accurate and
symmetric shear stress results at the lower wall as well.

Table 4. Data for numerical stability.

n f() f'(m) f'(m)
-1 -1 0 1.23169
-0.8 -0.971619 0.303868 1.83141
-0.6 -0.869844 0.734952 2.45554
-0.4 -0.671254 1.25769 2.64651
-0.2 -0.370295 1.72443 1.82153
0 4.8871x10C® 1.91717 -5.09381x10%®
0.2 0.370295 1.72443 -1.82153
0.4 0.671254 1.25769 -2.64651
0.6 0.869844 0.734952 -2.45554
0.8 0.971619 0.303868 -1.83141

1 1 0 -1.23169

A massive representation of a non-linear coupled system of ODE’s with coefficients that have
matrix composite material and HNF properties.

(1=ps1—Ps2)*® e " "y o_ nro_
) e+ a,(3f" + nf""") — 2R, ff
(1-ds1—bs2)+ds1 Pop St s PPsy
(pCp)¢ (pCp)g (20)
1 Ohnf 17
M.f" =0,
(1—¢sl_¢sz)+¢slpp_ss+—¢szpssz af
1 (pCp)sl (pCp)Sz
0" + <¢sl (Pcp)f + ¢52 (Pcp)f (1 (I)Sl

(21)

(I) ) <kpe2+(S_1)kbf_(S_1)(kbf_kpe2)(1+31)3¢52) (kpel+(s_1)kf_(s_1)(kf_kpel)(1+81)3¢sl)P(a _
s2 Kpez+(S—1Dkps+(Kpr—Kpez) (1+B1)3ds: Kpe1+(S—Dke+(ke—kpe1 ) (1+B1)3Psq ridd

2R,)0" = 0.

Where, we let the following expressions as:
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G1 _ (1_¢51_¢52)2'5

- [@ [@ ’
(1—¢51—¢52)+¢51(€p§:§: tdo ((ppé’:)sfz

1 Ghnf
Gz = Ps1, Ps2Ps2 of
1— — + Ps1 4 ¥s2 Ps2

(1 = ds1 — bs2) + ds1 D 0

(PCp), (PCp),, _
bs17c,). T 42 g, T,

(1= 1 —b2)

G3:

G, = (kpez + (S - 1)kbf - (S - 1)(kbf - kpez)(l + 81)3¢52>
* Kpez + (S — Dkps + (Kpr — Kpez) (1 + B1)3 s '

Ge = (kpe1+(S—1)kf—(5—1)(kf—kpe1)(1+81)34351)
5 7\ Kkper+(S—Dke+(Kr—Kpe1 ) (1+B1)3 s

By putting the values of Gy, G,, Gz, G4, and Gs in Eqgs (21) and (22), the final Equations are:
Gif"" + a,Bf" + nf"") = 2R ff"" — G,M,f" =0, (22)
0" + G3G4G5P.(a,n — 2R.)0' = 0. (23)

For the determination of solving the existing flow model, we used the RK technique with the
addition of shooting methods. The following substitution is required to begin the process:

wq=f(m), wo=f" (), w3=f"(n), wa=f"(m), ws=6(n), we = 6'(M) (24)
First, in Eqs (22) and (23), change the model in the following pattern:

Frror [,,]:Gil (—a (3" + Mf"") + 2R ff"" + G,M,f") (25)

9”[77] = (G3G4G5Pr(2Ref— OC*T])We (26)

The following system is obtained by using the substitution contained in Eq (24):

w1 W2
w5 W3
i Wy
o=l (3" + 1f"") + 2R, ff"" + G,M.f" (27)
Wy Gl( Ay n e 2% )
Wg We
lwel L (G3G4GsP(2Ref — a.m)wy )

Consequently, the initial condition is:
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Wl_ —_1
W 0
w3 1

= 28
Wy 0 (28)
We 1
lwil O

Mathematical techniques and an appropriate initial condition are now used to solve the
aforementioned system. Runge-Kutta and the well-known accurate "shooting method" have been
considered in this case. This approach is suitable for dealing with dimensionless ODEs. First, we create
the initial condition by applying the shooting procedure in a way that satisfies boundary criteria and
yields the necessary level of efficiency and accuracy.

5. Results and discussion

This section explains the influence of flow on concerning equations and physical parameters like
expansion/contraction ratio parameter “a,”, suction/injection permeable Reynold number “R,”, NTP
(nanolayer thickness of particles) “h”, the radius of particles “r”, shape size factor “S”, the magnetic
parameter “M,”, volume friction parameters “¢dgand ¢g,”, Prandtl number “P.”, on velocity and
temperature profile are explained through Figures 3—10. The default values of involve parameters are:
for h=04r=0.38, ¢5; = b5, =0.02,R, = —2.5,P.=6.2, M, =1landa, =3 . In addition,
engineering quantities such as shear stress coefficients at the upper and lower disks, as well as heat
fluxes, are estimated numerically against the variables involved. Table 5 shows the comparison result
of effective nanolayer thermal conductivity (ENTC) and non-effective nanolayer thermal conductivity
(NENTC). It is observed that the enhancement in h, increases the ENTC, and has no effect on NENTC.
The reason is that the NENTC does not include the influence of the nanolayer thickness of the particle.
The nanolayer thickness and radius of particle have opposite behavior on ENTC. The increment in
volume fraction increases the ENTC and NENTC are noticed. For all three cases of shape size factor
(sphere, cylindrical, laminar) the highest values of ENTC and NENTC are achieved for aspherical
shape. Table 6 represents the variation in SFC and Nusselt numbers for suction and injection cases at
the lower disks. For suction R, < 0 case, suction occurs when inertia is less than viscosity, it is
observed the increment in NTP increases the Nusselt number. The NTP and radius of particles have
opposite behavior on the Nusselt number. For all three cases of shape size factor (sphere, cylindrical,
laminar) the highest value of Nusselt number is achieved for aspherical shape. It is also obtrusive that
the amount of SFC and Nusselt number rises with the volume fraction and magnetic parameter. it is
noticed that as the value of a, changes from negative to positive the SFC and Nusselt numbers
decreased. The Prandtl number and radius of particles have the same behavior as the Nusselt number.
The reason is that the Prandtl number is the product of diffusive momentum to the inverse of thermal
diffusivity, so increasing the P. momentum increases diffusivity, which decreases the coefficient of
heat flux. For injection R, > 0 cases, injection occurs when inertia is greater than viscosity, it is
observed that the effect of NTP, radius of particles, shape size factor, volume fraction,
expansion/contraction ratio parameter, and magnetic parameter have the same nature in both suction
/injection case on SFC and Nusselt number. The Prandtl number has opposite behavior in both suction
/injection cases on SFC and Nusselt number, therefore as the increment in Prandtl number increases
the Nusselt number.

AIMS Mathematics Volume 8, Issue 1, 633—656.



645

Table 5. The comparison results of effective nanolayer thermal conductivity (kp,g) and
non-effective nanolayer thermal conductivity (Kyp¢).

h r $s1 = ds2 S (S Kpnf
0.4 0.8 2% 3 1.25951 1.04573
0.6 1.39172 1.04573
0.8 1.4749 1.04573
1 1.52875 1.04573
1.2 1.56473 1.04573
1.4 1.58951 1.04573
1.6 1.60707 1.04573
0.4 1 2% 3 1.25951 1.04573
1.2 1.18620 1.04573
1.4 1.08329 1.04573
1.6 1.04631 1.04573
1.8 1.01581 1.04573
2 0.990267 1.04573
0.4 0.8 3% 3 1.29148 1.06891
4% 1.32414 1.09232
5% 1.35752 1.11595
6% 1.39162 1.13982
7% 1.42647 1.16394
8% 1.46208 1.18831
0.2 0.8 2% 3 1.25951 1.04573
5.7 1.23202 1.01163
16 1.18829 1.00984

Table 6. Variation in SFC and Nusselt number for suction and injection cases at lower disk.

h r bs1 S 0L M. B Cfoq for Nyly=—q for Cg; for Nyly=—y
= dgo suction suction case  injection  for
case case injection
case

0.4 0.8 2% 3 -1 1 6.2 4.1612 0.391643 5.15113 6.38635
0.8 4.1612 0.426513 5.15113 6.97705
1.2 4.1612 0.43887 5.15113 7.27113
1.6 4.1612 0.4430 5.15113 7.36504
0.2 1 2% 4.1612 0.377217 5.15113 6.11274
1.2 4.1612 0.36550 5.15113 5.91552
1.4 4.1612 0.355864 5.15113 5.73457

1.6 4.1612 0.34729 5.15113 5.5923

Continued on next page
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h r bs1 S QL M. B Ci—y for Nyl=—y for Ce; for Nyh=—y
= ¢y, suction suction case  injection  for
case case injection
case
1.8 4.1612 0.339912 5.15113 5.44889
2 4.1612 0.333482 5.15113 5.34295
0.8 3% 4.4447 0.417098 5.99246 5.22673
4% 4.6902 0.419584 6.10532 5.37543
5% 5.09975 0.42962 6.45018 5.40737
6% 5.39447 0.43225 7.33692 5.52024
2% 5.7 416126  4.68091 5.15113 4.68091
16 416126  4.48139 5.15113 4.48139
-2 5.6884 1.5682 7.4958 6.0701
-1 4.8060 0.5089 7.4885 4.01579
0 3.0190 0.11391 4.6616 2.07580
1.6621 0.02079 1.69420 0.83367
2 0.7781 0.0034132 -1.6029 0.287673
-1 1 4.63161 0.434089 5.70674 4.88936
5.58803 0.44855 6.45215 4.57098
9 5.87033 0.46987 6.9390 3.86002
11 6.8723 0.473094 7.2379 3.85519
1 6.2 4.26126 0.41097 5.49747 5.54713
5.5  4.26126 0.42796 5.49747 4.89344

52 426126 0.435245 5.49747 4.58897
45 426126 0.452571 5.49747 3.8860

Table 7 demonstrates the variation in SFC and Nusselt numbers for expansion and contraction
cases at the lower disk. For contraction a, < 0 cases, contraction occurs when viscosity is enhanced,
it is observed the increment in NTP increases the Nusselt number. The NTP and radius of particles
have opposite natures on Nusselt number that is the Nusselt number is decrease as the increase in
radius of particles. It is also evident that the amount of SFC and Nusselt number rises with volume
fraction and magnetic parameter. For all three cases of shape size factor (sphere, cylindrical, laminar)
the highest value of Nusselt number is achieved for aspherical shape. It is noticed that the value of R,
changes from negative to positive the increase the SFC and decrease the Nusselt number. It is observed
that the NTP and Prandtl number have opposite in nature to the Nusselt number. For expansion o, >
0 cases, expansion occurs when viscosity decreases, it is observed that the effect of NTP, radius of
particles, shape size factor, volume fraction, magnetic parameter, and Prandtl number have the same
nature in both contraction /expansion cases on SFC and Nusselt number. The R, have opposite
behavior in both contraction /expansion cases on SFC and Nusselt numbers. Table 4 states the
numerical stability of the results for f (—1),f' (—=1),and f"' (—1) at various values of 1. Table 8
demonstrates the comparison result of the Nusselt number for the suction case via bvp4c method and
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shooting method. An excellent comparison between two numerical techniques is obtained which
certifies the present finding validity. Table 9 shows the comparison results of the heat transfer rate of
the present work with already published results of Kashif et al. [35]. An astonishing relationship has
been accomplished which certifies the validity of present results.

Table 7. Variation in SFC and Nusselt number for expansion and contraction cases at lower disk.

h r bg1 S Re M. P Cqy; for Nylp—y Ce—y  for Nylyj—_; for
= Ps» contraction for expansion  expansion
case contraction  case case
case

04 08 2% 3 -1 1 6.2 4.16126 0.391643 2.42591 0.00196
0.8 4.16126 0.426513 2.42591 0.00200
1.2 4.16126 0.43887 2.42591 0.00206
1.6 4.16126 0.4430 2.42591 0.00209

02 1 4.16126 0.377217 2.42591 0.0021
1.2 4.16126 0.36550 2.42591 0.00194

1.4 4.16126 0.355864 2.42591 0.00183201

1.6 4.16126 0.34729 2.42591 0.001807
1.8 4.16126 0.339912 2.42591 0.001767
2 4.16126 0.333482 2.42591 0.001766

0.8 3% 4.4447 0.417098 2.55701 0.00198

4% 4.69021 0.419584 2.63048 0.00218

5% 5.09975 0.42962 2.70455 0.00244

6% 5.39447 0.43225 2.82254 0.00249

2% 5.7 4.16126 4.68091 2.42591 0.00193

16 4.16126 4.48139 2.42691 0.00179
-2 1.9029 1.5682 1.16283 0.000052

-1.5 2.6488 0.09384 1.15799 0.00039

-1 4.1626 0.05089 2.42591 0.00916

1 4.8060 0.01254 3.3248 0.0175

2 5.8672 0.00243 3.0047 0.0232

-1 1 41612 0.391643 2.42591 0.00192

3 5.0499 0.39928 2.84139 0.00202

9 5.5127 0.417178 3.896 0.00224
11 5.7993 0.42936 4.20132 0.002304

1 6.2 4.1612 0.392613 242591 0.00192

5.5 4.16126 0.41001 2.42591 0.0039

52 4.16126 0.41806 2.42591 0.00529

45 416126 0.43727 2.42591 0.01064
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Table 8. Comparison results in Nusselt number for the suction case at the lower disk for

r=0.8h=04dy = ds; = 0.02,R, = —1,S =3,M, = 1,P, = 6.2.

Bvp4c results

Shooting method results

Nyl

_4 for suction case

Nylh=—1 for suction case

un=
0.4 0.391635 0.391643
0.8 0.426509 0.426513
1.2 0.438828 0.43887
1.6 0.443035 0.4430
0.4 0.377209 0.377217
Table 9. Comparison results in heat transfer rate at the lower disk for NENTC R, =
-10,ds, =0, M, = 2.
Kashif et al [35] Present results Kashifet al [35] Present results
[0) Ps1 a<O0 a<0 a>0 a>0
0% 0% 3.1664 3.166501 1.6794 1.67956
5% 5% 3.6112 3.6113 1.9174 1.91749
10% 10% 4.1606 4.160708 2.2135 2.21378
15% 15% 4.8430 4.84315 2.5839 2.58399
20% 20% 5.6988 5.69893 3.0519 3.051989

Figure 2 shows a comparison graph of ENTC and NENTC we observed that ENTC is able to
determine the high TC of nanofluids as compared to NENTC of hybrid nanofluids. The reason is that
NENTC does not include the influence of the radius of particles and nanolayer thickness. Figures 3
and 4 are established to signify the consequences of expansion/contraction parameter on radial and
axial velocity field for fixed values h = 0.4,r = 0.8, b5, = ¢5, = 0.02,R, = —2.5,P. = 6.2, M, =
1. Itis observed that a, changes from contraction to expansion axial velocity increases, whereas the
increment in radial velocity in the region between the disks and decrement near the disk.

2
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0.5

0
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/._..——o—o
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1.2 14 16 18 2

=@=— khnfl
=@=— khnfl
khnfl
=@=— khnf
khnf
khnf

Figure 2. Comparison graph of effective nanolayer thermal conductivity and non-effective
nanolayer thermal conductivity.
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Figure 3. The effect of a, on radial velocity for h = 0.4,r = 0.8, ¢s; = s, =
0.02,R, = —2.5,P.=6.2, M, = 1.

Juuay

7]

0.0

Figure 4. The effect of o, on axial velocity for h = 0.4,r =0.8, ¢ps; = Ps, =
0.02,R, = —2.5M, = 1,P. = 6.2.

Figure 5 elaborates on the thermal phenomenon against the Prandtl number. If the value of P, is
decreased, then the maximum temperature profile achieved for P.= 3 at the lower disk and for P. =
6.2 for an upper disk. The reason is that the Prandtl number is the product of diffusive momentum to
the inverse of thermal diffusivity, so increasing the P, momentum increases diffusivity, which
decreases the coefficient of heat flux. Figure 6 is plotted to show the behavior of the magnetic
parameters onto the radial velocity profile. It is observed that by increasing the magnetic parameter
radial velocity component decreases. This is because by enhancing the magnetic value, Lorentz forces
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are produced, decreasing the axial momentum of fluid particles. We can conclude from this argument
that the transverse application magnetic field normalizes fluid velocity. The magnetic effect causes the
particles within the fluid to vibrate, which is governed by the Lorentz force.

é(7]

Figure 5. The effect of P. ontemperature for h = 0.4,r = 0.8, ¢5; = ps, = 0.02,R, =
-2.5 M, =62, a, =3.
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Figure 6. The effect of M, on radial velocity for h = 0.4,r = 0.8, ¢s; = P, =
0.02,R, = =2.5,P, = 6.2, a, = 3.

Figure 7 is sketched to illustrate the impact of volume fraction on axial profile. It is examined that
as the volume fraction value is increasing the axial component of velocity rises. Figure 8 represents that
when disks are expanding, and fluid is sucked if the NTP is increased then the temperature profile
increase at the upper disk and decreased at the lower disk.
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Figure 7. The effect of ¢y
_2.5, PI‘ = 6-2, M* = 1'
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Figure 8. The effect

of h on temperature for R, = —2.5,r =0.8, ¢g; = Psp =

0.02,M, =1,P. =6.2, a, = 3.

The contour of variable M's influence on radial velocity is shown in Figure 9. In Figure 9, contour
lines depicting variants on the radial velocity are sketched, showing the optimal change in velocity
against edges and zero change at the Centre. The variation of temperature against (M) is depicted in
Figure 10 by contour lines. Contour lines are shown to be roughly fat around the problem's midpoint,
with a minimal decreasing pattern along the problem's perimeter.
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Figure 9. Contour of radial velocity for R, = —1,r = 0.8, dg; = ¢, = 0.02, M, =
1,P.=6.2, a, =1.

T

10 |-

m

Figure 10. Contour of temperature for R, = —1,r = 0.8, ¢5; = ps, = 0.02, M, =
1,P.=62, a, = 1.

6. Conclusions

The impact of nanolayer on TC of HNF flow with the influence of shape and size via porous
surfaces is presented in this paper. Polymeric and CNT nanocomposite properties are combined with
hybrid nanofluids. In terms of SFC and Nusselt numbers, numerical and graphical results are achieved.
The contour graph of temperature and velocity profiles is drawn in this paper.

o cffective nanolayer thermal conductivity indicates better results as compared to non-effective
nanolayer thermal conductivity

e the NTP (h) has a significant effect on ENTC and the heat transfer rate of hybrid nanofluids

o the Nusselt number is increase with increment in values of NTP, volume fraction, and magnetic
field parameter but decreases with the increase in radius of particles, S, a,, P. for suction case
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e  SFC rises with the increase in volume fraction, and magnetic field parameter and decreases

against the value of «, for suction case

e the Nusselt number is rise with increment in values of NTP, volume fraction, magnetic field

parameter, P. but decrease with the increase in radius of particles, S, R, for contraction

e SFC increases with the increase in R, volume fraction, and magnetic field parameter for

contraction

o the contrary effect of R, in expansion case as compared contraction case to except NTP, S, r

is seen. The effect of NTP, S, and r on Nusselt number and SFC are the same in both cases.
This work has been done for Newtonian hybrid nanofluid. In the future similar work can be done

for non-Newtonian hybrid nanofluid and second-grade hybrid nanofluid.
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