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Abstract: The concept of linear Diophantine fuzzy set (LDFS) is a new mathematical tool for
optimization, soft computing, and decision analysis. The aim of this article is to extend the notion
of graph theory towards LDFSs. We initiate the idea of linear Diophantine fuzzy graph (LDF-graph)
as a generalization of certain theoretical concepts including, q-rung orthopair fuzzy graph, Pythagorean
fuzzy graph, and intuitionistic fuzzy graph. We extend certain properties of crisp graph theory towards
LDF-graph including, composition, join, and union of LDF-graphs. We elucidate these operations with
various illustrations. We analyze some interesting results that the composition of two LDF-graphs is a
LDEF-graph, cartesian product of two LDF-graphs is a LDF-graph, and the join of two LDF-graphs is
a LDF-graph. We describe the idea of homomorphisms for LDF-graphs. We observe the equivalence
relation via an isomorphism between LDF-graphs. Some significant results related to complement of
LDEF-graph are also investigated. Lastly, an algorithm based on LDFSs and LDF-relations is proposed
for decision-making problems. A numerical example of medical diagnosis application is presented
based on proposed approach.
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1. Introduction

Modeling uncertainties in real-life have a become a key factor in various life problem problems
including, medical diagnosis, data analysis, computational intelligence, sustainability, etc. [1-4]. An
initiative is pioneered by Zadeh [5] in terms of fuzzy set (FS) and fuzzy logic. Since then, numerous
researchers have investigated into the idea of fuzzy sets theory in order to overcome a wide range of
real-life problems involving uncertain circumstances. Chang [6] introduced fuzzy topology and fuzzy
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topological spaces. Smithson [7] studied topologies generated by relations. Feng and Qiu [8] fuzzy
orders and fuzzifying topologies.

Atanassov [9, 10] initiated intuitionistic fuzzy sets (IFSs) as direct extension of FS. Palaniappan
and Srinivasan [11] studied IFSs of root type with application to image processing. Szmidt
and Kacprzyk [12] introduced IFS similarity measures with MCDM. Vlachos and Sergiadis [13]
established pattern recognition application using IFSs. The idea of a fuzzy graph initiated by many
researchers; Kaufmann [14], Rosenfeld Mordeson [15], and Bhattacharya [16]. The idea of complex
fuzzy graphs suggested by Thirunavukarasu et al. [17]. Intuitionistic fuzzy graphs studied by many
scholars (see [18-25]).

Burillo and Bustince [26] developed the notions of IFS relations, IFS t-norm and t-conorm,
Atanassov intuitionistic operators, and composition of t-norm and t-conorm. Bustince and Burillo [27]
established the structures on intuitionistic fuzzy relations and the structures of its complementary
intuitionistic fuzzy relations. Further properties of intuitionistic fuzzy relations studied by numerous
researchers (see [28, 29]. Deschrijver and Kerre [28] presented the notion of composition of IF
relations. Hur et al. [29] developed IF equivalence relations and their properties. They defined the
notion of level sets of an IF relation and IF transitive closures. See also [30-34].

The idea of Pythagorean fuzzy sets (PFSs) suggested by Yager [35], and Yager and Abbasov [36].
Later Yager [37] presented generalized orthopair fuzzy sets which is well-known as g-rung orthopair
fuzzy set (q-ROFS). Naeem et al. [38] introduced novel ideas of Pythagorean m-polar fuzzy sets (P-
m-PFSs) and Pythagorean fuzzy relations (PF-relations). They proposed the concept of score and
accuracy functions of a Pythagorean m-polar fuzzy numbers. They investigated and proposed images
and inverse images of Pythagorean m-polar fuzzy sets. They developed an application of PF-relations
indecision-making and choosing the life partner. Akram et al. [39, 40] studied certain PFS-graphs
and g-ROF graphs under Hamacher operators. Yin et al. [41] proposed product operations on q-ROF
graphs. Sitara et al. [42] presented q-rung picture fuzzy graph structures and their properties with
applications. They adopted g-rung image fuzzy graph structures to investigate relationships among
developed and developing countries. Riaz and Hashmi [43] proposed linear Diophantine fuzzy set
(LDFS) and their application towards multi-attribute decision-making (MADM). They proposed LDF
aggregation operators for information fusion of LDFNs. Recently, LDFSs have been extended to linear
Diophantine fuzzy soft rough set [44], algebraic structures of LDFS [45], LDF-relations with decision
making [46], and q-LDFS [47].

Klement et al. [48] presented generalizing expected values to the case of L*-fuzzy events. They
investigated and introduced the idea of expected values of fuzzy events in the general sense.
Klement and R. Mesiar [49] investigated L-fuzzy sets and isomorphic lattices. They analyzed several
mathematical concepts about fuzzy set, interval-valued fuzzy set, intuitionistic fuzzy set, Pythagorean
fuzzy set, isomorphic lattices, and truth values. Liu et al. [50] developed generalized Einstein
averaging aggregation operators for complex g-rung orthopair fuzzy information aggregation and
their application in MADM. Yaqoob et al. [51] defined complex intuitionistic fuzzy graphs and their
homomorphisms with application network provider agencies.

Some objectives of this manuscript as the following.

1) Fuzzy graphs are conceptual frameworks to analyze the features that are frequently connected to
a network. We proposed a novel extension of fuzzy graphs named as linear Diophantine fuzzy
graph (LDF graph) which remove various strict limitations of the existing graphs.
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2) The reference parameters (RPs) corresponding to membership grades are helping to analyze the
best or worst grading by the decision makers. The RPs will attain a high value for best grading
and a low value for worst grading by the decision makers, respectively. In fact, the RPs control
the best worst situation in the decision analysis.

3) Linear Diophantine fuzzy graph provides a robust approach for fuzzy modeling in the best worst
situation. Consequently, the decision-making approach becomes robust with linear Diophantine
fuzzy information.

4) Linear Diophantine Fuzzy graph (LDF-graph) theory becomes superior to IF-graph, PyF-graph,
and q-ROF-graph theories, due to broader space for membership and non-membership values.

5) Novel concepts of LDF-graph and certain operations on LDF-graph are introduced.

6) Certain properties of LDF-graphs are investigated including, order of a LDF-graph, degree of a
vertex, cartesian product of LDF-graphs, composition of LDF-graphs, union of two LDF-graphs,
and join of two LDF-graphs. Various illustrations are given to explain these concepts.

7) The idea of homomorphism, isomorphism, and weak isomorphism (co-isomorphism) between
two LDF-graphs is introduced.

8) The concept of complement of LDF-graphs in proposed and related results are established.

9) A medical diagnosis application is established based on proposed decision-making technique.
For this objective, we construct LDF graphs and construct corresponding LDF-relations. An
algorithm is developed for decision-making based on LDFSs and LDF-relations.

The arrangement of this paper is arranged as follows. The idea of LDFSs and fundamental operation
on LDFSs are reviewed in Section 2. Novel concepts of LDF-graph and certain operations on LDf-
graph are introduced in Section 3. Moreover, we study various properties of LDF-graphs and their
related illustrations. In Section 4, we define the idea of homomorphism and isomorphism between
two LDF-graphs. In Section 5, we define the idea of complement of LDF-graphs and related results.
In Section 6, we construct an algorithm based on LDFSs and LDF-relations for decision-making
problems. Based on proposed algorithm an application of medical diagnosis is presented. Lastly,
the specific summary of manuscript is given in Section 7.

2. Preliminaries and basic definitions

In this fragment, we study the idea of LDFSs and their fundamental operation that are essential for
the study of LDF-graph theory.

Definition 2.1. Let Y be the universe. A LDFS £x on Y is defined by

£ = (9 G, M@, (@.B)) : ¥ € Y

(9. 509, 5. @.8)) : 9 € V)

where, MG, (), N5 (D), @, B € [0, 1] such that

0 <aMy(F) + NG <1VIeY 2.1

O<a+pB<1 (2.2)
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The hesitation part can be written as
&y = 1 — (@M (D) + BRG(F)) (2.3)

where £ is the RP.

The value of £5 = ( MG, N3, (@, ﬂ)) orfy = <(iD?T I, (a/,ﬁ)> is known as the linear Diophantine

Sfuzzy number (LDFN).
Definition 2.2. An absolute LDFS on'Y is of the form

ey = {(0,(1,0), <1,o>) € Y}
and empty or null LDFS is of the form
Ops: = {(29, (0,1).40. 1)) : ¥ € Y

Definition 2.3. Let £5 = (0, W), (@. BY) and £y = (M, W), (v, 6)) be two LDFSs on the reference
setY and® €Y. Then
o £ = (¢, M), (8. @))-
o £y =£y o Wy =M, Ny =N, a=76=0
o £ C £y & M (19)<EU?T(19) " L) > Ny (), @ <y, B2 6.
o £ ULy = (<imm, W) @V y.B A5
o £5 N £y = (MG My (@ Ay, BV 6))
where
My () = MG () V MG @), NGy () = MG(9) A M (@),

N () = NG A NG, Ny (@) = Ru(@) V R ().
3. LDF-graphs

In this part, we review certain concepts of LDF-graph including new operations on LDF-graphs.

Definition 3.1. A LDF-graph is described by the pair G = (£y, £3) where, £y is a LDFS on W and £,
isa LDFS on E C W xX W as follows

MG (wr)
Ny (wr)

wt

Y
5wt

IA

min{Nig(w), Mg, (1)},

max{g,(w), Ny (1)}

min{a"”, @'},

max{s", 5’}

forall w,t € W. Where a",B",d', 8" are the reference parameters associated with the vertices w, t and

y"', 8" are the reference parameters associated with the edge wt.

Definition 3.2. Let G = (£, £y) be a LDF-graph. The order of a LDF-graph is described by

IAN A

IA

0©) = ({ 22500, Z3500). (20 24)) 3.0
The degree of a vertex w in G is described by
deg(w) = (< = M w), T N, (wt)> < £y, 2E5W’>) 3.2)
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Example 3.1. Suppose that E = {ab,ac,ad,cd} and W = {a,b,c,d} are associated with a graph
G* = (W,E). Let £ be a LDF-subset of W and let £ be a LDF-subset of E C W X W, as expressed in

Tables 1 and 2.

Table 1. (T, NY), (@, B)).

R

(NG, Ny, (@, 8))

((0.37,0.61),¢0.59,0.27))
({0.51,0.47),(0.31,0.33))
({0.93,0.52),(0.51,0.47))
((0.78,0.71),¢0.29,0.21))

Table 2. (M3, N, (7, 6)).

sB’

£y

(D, ), (7,6))

ab
ac

({0.35,0.59),(0.29,0.31))
({0.24,0.42),(0.49,0.42))

ad ({0.32,0.52),(0.27,0.24))

cd

((0.75,0.62),¢0.22,0.39))

(i) We see that the graph described in Figure 1 is a LDF-graph.

(ii) Using formula given by Eq 3.1 the order of LDF-graph G is

d((0.78,0.71

((0.32,0.52),(0.27,0.24))

a((0.37,0.61

0(G) = ({2.59,2.31),(1.70, 1.28)).

1,(0.29,0.21))
((0.75,0.62),(0.22,0.39))

((0:35.0.59).(0.29.0.31))
1,(0.59,0.27))

Figure 1. LDF-graph.

¢({0.93,0.52),(0.51,0.47))

b((0.51,0.47),(0.31,0.33))

(iii) Using formula given by Eq 3.2 the degree of each vertex in LDF-graph G is

AIMS Mathematics

deg(a)
deg(b)
deg(c)
deg(d)

((0.91, 1.53),(1.05,0.97)),
((0.35,0.59),¢0.29,0.31)),
({0.99,1.04),¢0.71,0.81)),
((1.07,1.14),¢0.49,0.63)).
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Definition 3.3. The cartesian product G, X G, of two LDF-graphs is defined as a pair G, X G, =
(£x, X £x,, Ly, X £y,), such that:

1) G, (01, 2) = min{OR (wo M (W), R, (w1, w2) = max{ﬂt;gwl), Ny, (w2},
(a1 X @)™ = minf{a} ,a/2 , (B X,BZ)(W‘ ") = max{B}", By},
forallwi,w, € W,

2) Wy ?%«(w,)w;t)(w(, lz)))} = min{G 0.0 mn)) W (nw)wn) =
max{Ny, (w), N, (waty
(1 X 72) ) = minfa YoyNI) (5) X 8,) 0D = max (Y, 5421),
forallw € Wy, and w,t, € E,,

3) MY (Owi, D1, 1) = minfG (wit), MG, (O}, Ry (wr,0(11,0) = max{R (witr), R, (1),
(y1 X »yz)((w1,l)(ll,l)) — min{,y;'/m a,tz}’ (6; X 62)((w1,t)(11,t)) — max{éq”“,ﬁ;},
forallt € Wy, and wit, € E;.

Definition 3.4. Let G, and G, be two LDF-graphs. Then the degree of vertex in G, X G, is described
as follows: for any (wy,w;) € Wy X W,

< 2 MG e, (W1, w2)(11, 12)), 2 (Wi, wo)(11, lz))>

(w1 w2)(t1,t2)EE (Wi, w2)(t1,02)€E g131><’132

dG]XGz(Wla W2) = <

(Wi,w2)(t1,12)EE (W1,w2)(t1,12)EE

> (y1 X 72)((w1,w2)(11,tz))’ 3 (6; % 52)((w|,wz)(t1,t2))>

Example 3.2. Consider the two LDF-graphs G, and G,, as shown in Figures 2 and 3.

a({0.7,0.5),(0.4,0.2)) b({0.8,0.4),(0.5,0.1))
@ ®
((0.6,0.4),(0.4,0.2))

Figure 2. LDF-graph G;.

¢(0.9,0.6),(0.7,0.1))

((0.6,0.2),(0.4,0.1))
d((0.7,0.2),(0.5,0.4)) e((0.8,0.3),(0.6,0.3))

Figure 3. LDF-graph G,.

Then, their cartesian product G, X G, is described in Figure 4.

AIMS Mathematics Volume 7, Issue 8, 14532—-14556.
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(2,d)({0.7,0.5),(0.4,0.4))  (2,€)({0.7,0.5),(0.4,0.3))

(b,)((0.8,0.4),(0.5,0.3))  (b,d)({0.7,0.4),(0.5,0.4))

Figure 4. LDF-graph G, X G,.

Proposition 3.1. The cartesian product of two LDF-graphs is a LDF-graph.

Proof. The conditions for £5, X £3, are obvious, therefore, we investigate only conditions for £g;, X £y, .
Let w € Wy, and w»t, € E,. Then

M gy (W W)W, 1)) = minfIG, (w), MG (wat)}
< min{IG, (W), min{IG (wy), M, (12)}}
= min{min{Mg (w), MG, (w2)}, min{DG, (w), M, (L)}
= min{MG ., (W, w2), MG L, (W, 12)},
R ey (1 W)W, 1)) = max{ Sy, (w), R, (wat))

IA

{

max{Ng, (w), max{Ny, (w2), Ny, (12)}}

max{max{Jty (w), Ny, (W)}, max{Ng (w), Ny, (12)}}
N

ax ‘.R[X‘Rz(w’ WZ)’ m;{lxmz(w, fz)},

I
=

3

(71 % ,yz)((w,wz)(w,tz)) — in av]v,,y\évztz}
w
1

IA

min{«

I
=

{
{

in{min{a!’, @,?}, min{e}, 3 }}
{

min{(e; X @)™, (a; X @)™},

(51X52)((w,wz)(w,t2)) = maX{ﬁl, w2t2}

max{B}, max{s,?, 87 }}

IA

max{max{g},3,?}, max{B}, 57 }}

max{(B, Xﬂz)(w WZ)’ b1 Xﬁz)(w’m}-

Likewise, we can verify it for t € W,, and wt| € E|. O

AIMS Mathematics Volume 7, Issue 8, 14532—-14556.
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Definition 3.5. The composition G, o G, of two LDF-graphs is described as a pair G, oG, = (£, 0£x,,
£y, o £g,), such that:

1) 0, 5, (w1, w3) = min{, (w1), 0, (w2}, R,y (w1, w2) = max (R, (1), Ry, (w),

(a1 0 @)™ = minfe}", @y}, (B1 0 B)™' = max{B)", B52}, for all wy,w, € W,
2) My (O w)w L) = minf0G 0, W (el WY o (O ww k) =

max(9, (w), R (war)),
(1 ©y2) @20 = minfat, y3™), (81 © 6) D0 = maxi(By, 83°),
for all we Wy, and wyt, € E,,
3) MG oo, (w1, (1, 1) = min{ING (wity), MG (O, NG g (W1, D(71, 1)) = max{Ng, (wity), Ny (D},
B1oPr ) ; B 2 BioPr . By 2
(y1 0 y) @D = min{y"", a4}, (6, 0 6) P = max{s)"", B5},
forallt € W, and wit, € E|.
4) MG oo, (Wi, w)(t1, 1)) = min{IRG, (w2), MG (), MG, (wi11)}
NG o, (W1, W2)(11, 12)) = max{Ng, (w2), NG, (1), Ny, (wi11)}
(y1 0 y2) @202 = min{a}?, a7, y)""}
(0 o 52)((W1,W2)(11Jz)) = max ;Vz’ fzz’(ﬂml}
forall wy,t, € Wy, wy # t, and wity € E|.

Definition 3.6. Let G, and G, be two LDF-graphs. The degree of a vertex in G, o G, can be described
as follows: for any (wy,w;) € Wy X W,

W, (O w2 0,2)), % W}ijlow((wl,wz)(tl,tz))>,

by
<(W1,W2)(11512)€E wi,w2)(t1,0)EE

dGloGz(Wla W2) =
< ) (y1 0 72)((W1,W2)(11Jz)) ) (6 0 52)((W1,W2)(I1,t2))>

b
(wi,w2)(t1,12)€E (wi,w2)(t1,12)EE

Example 3.3. Consider the two LDF-graphs, as shown in Figure 5.

a({0.9,0.8),(0.6,0.4)) b({0.7,0.5),(0.4,0.2))
[ 4 @
({0.6,0.7),(0.3,0.3))

¢({0.8,0.6),(0.7,0.2)) d({0.6,0.9),0.5,0.3))
[ 4 @
((0.5,0.8,(0.4,0.1))

Figure 5. LDF-graphs G; and G,.

Then, their composition G, o G, is shown in Figure 6.
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((0.6,0.7).(0.3,0.3))

/ (2,d)((0.6,0.9),{0.5,0.4)) \

\

(e 0co 46090

(0,d)({0.6,0.9).(0.4,0.3))

Figure 6. LDF-graph G, o G,.

Proposition 3.2. The composition of two LDF-graphs is a LDF-graph.

Definition 3.7. The union G, U G, = (£x, U £g,, £, U £3,) of two LDF-graphs is defined as follows:

1) MG o, W) = MG (W), NG, o, (W) = NG (W),
(a1 V)" = af, (Bl Uﬁz)w =By,
forw e Wyandw ¢ W,.
2) MG ow, W) = MG (W), NG e, (W) = NG (w),
(a1 V)" =ay, (ﬂl UpB)” =By,
forw e Wy and w ¢ Wj.
3) EUE,R o, (w) = max{I, (w) Mg, (w)} mmlum w) = min{ﬂ?;{l(w),%&z(w)},
(a1 U ay)"” = max{ay ,az (ﬁ1 Uﬁz)w = min{BY, By},
forw e Wi nW,.
4) ‘Jﬁ% U, (wt) = SIRT (wt) ‘th; %, (wt) = ﬁt}];l(wt),
(Y1 Uy)" =y, (/31 U By =B, for wt € Ey and wt & E).
5) EIR,BIU%(WI) = EUET (wt) ‘R% o (wt) = iTE;;z(wt),
(y1 Uy)" =y, (ﬁl Ug)" =By,
forwt € E; and wt ¢ E,.
06) Em%lwz(wt) = max{iUET (wt) ED?T (wt)} i)hb U, (wr) = min{ﬁ%](wt),‘ﬁ‘%z(wt)},
(Y1 Uy2)"" = max{y} ,7‘2” (B U,Bz)w’ = min{g}", B}
fOl" wt € E1 N E,.

Example 3.4. Consider the two LDF-graphs, as shown in Figures 7 and 8.

AIMS Mathematics Volume 7, Issue 8, 14532—-14556.
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a((0.7,0.9),(0.4,0.2)) d((0.5,0.6),(0.7,0.3))

b((0.6,0.8),(0.5,0.4)) ¢({0.7,0.5),(0.5,0.5))

Figure 7. LDF-graph G;.

a((0.6,0.5),(0.3,04)) d((0.9.0.8).40.7.0.2))

((0.5,0.6),(0.2,0.2))
((0.7,0.7),(0.3,0.4))

b((0.9,0.7),(0.6,0.3)) ¢({0.8,0.9).(0.4,0.5))

Figure 8. LDF-graph G,.

Then, their corresponding union G, U G, is shown in Figure 9.

a({0.7,0.5),(0.4,0.2)) d((0.9,0.6),(0.7,0.2))

D)
)

({0.5,0.6),(0.2,0.2))
((0.7,0.7),(0.3,0.4))

b((0.9,0.7),{0.6,0.3)) ¢({0.8,0.5),(0.5,0.5))
Figure 9. LDF-graph G, U G,.

Proposition 3.3. The union of two LDF-graphs is a LDF-graph.

AIMS Mathematics Volume 7, Issue 8, 14532—-14556.
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Definition 3.8. The join G,+G, = (£x,+£n,, £4,+£y,) of two LDF-graphs, where, W, N W, = 0, is
defined as follows:

MG 0, W) = MG (0, W), NG Ly W) = NG o (W)
] Ri+Ry DiUR, Ri+NRy RiUR, ifwe W U W ,
) { (a1 + @)" = (a1 V@), (B1 +B2)" = (B1UB)" 4 1 2

M =My s NG 4 =Ny U :
2) { 331+‘J32(tf) ‘131Ul>2(v1/:}t) B]+B2v(v:4)t) 331U133V5Wt) lle € E,UE,,
(r1+y2)" =1 Uy)™, (61 +862)" = (61U )
MG, o, WE) = min{IG (w), Mg, (D}, . )
3) 4 Ny, o, WD) = max{RNg (w), NG (1)} ifwteE,
(y1 +y2)" = min{a, &b}, (61 + 62)" = max{B}, B}
where E is the set of all edges joining the vertices of Wy and W,.

Example 3.5. Consider the two LDF-graphs, as shown in Figure 10.

a({0.8,0.9),(0.3,0.6))

[ J
d((0.7,0.8),(0.5,0.5))

((0.7,0.8),(0.2,0.4))
b((0.6,0.8),(0.2,0.6))

¢({0.9,0.7),(0.5,0.4))

Figure 10. LDF-graphs G, and G,.

Then, their corresponding join G+G, is shown in Figure 11.

a({0.8,0.9),(0.3,0.6))

b({0.6,0.8),(0.2,0.6))

¢({0.9,0.7),{0.5,0.4))

Figure 11. LDF-graph G, +G,.

Proposition 3.4. The join of two LDF-graphs is a LDF-graph.

AIMS Mathematics Volume 7, Issue 8, 14532—-14556.
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Proposition 3.5. Let G| = (£x,,£y,) and G, = (£x,,£y,) be LDF-graphs and let Wy N W, = 0. Then
union G; U Gy = (£g, U £3,,£y, U £3,) is a LDF-graph if and only if G, and G, are LDF-graphs,
respectively.

Proof. Suppose that G; U G, is a LDF-graph. Let wt € E|. Then wt ¢ E, and w,t € W; — W,. Thus

M, we) = MG g, (W)
min(MG o, (W), MG ;. (1)

min(MG, (w), M, (1)).

IA

sp (wr) ’1310‘432 (wi)
max(‘ﬁ%mgz(W) m‘]ﬁm‘ﬁz(t))

max(Ny, (W), SR% (1)).

IA

wt

71

(yi Ny2)"
min((a; N @), (@) N ay)")

min(a, @}).

IA

6" = (61N6)"”
max((8; N B2)", (B1 NBa))
max(By, 5;)-

IA

This shows that G; = (£g,,£g,) 1s a LDF-graph. Similarly, we can show that G, = (£g,,£3,) is a
LDEF-graph. The converse part is obvious. O

Proposition 3.6. Let G, = (£y,, £y,) and G, = (£x,,£y,) be LDF-graphs and let W,NW, = 0. Then join
G1+G; = (£, +En,, £3,+£y,) is a LDF-graph if and only if G, and G, are LDF-graphs, respectively.

Proof. The proof is obvious and identical with a proof of Proposition 3.5. O
4. Isomorphisms of LDF-graphs

Now we introduce the idea of isomorphisms of LDF-graphs.

Definition 4.1. Let G| = (£y,,£y,) and G, = (£x,,£3,) be two LDF-graphs. A homomorphism g :
Gy — G, is a mapping g : W, — W, such that:

J MG (wr) < MG (g(wr)), NG (i) < NG (g(wh))
) aivl < %(Wl) B ﬁgwl)

, witn) < MG (g(wi)g(t), Ny (wity) < NG, (g(wi)g(rr))
2) { ' in < yg(wng(n) st < 5g(wl>g(z1) s forallwity € E;.

forallw, € Wy,

A bijective homomorphzsm wzth the property.
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3 { MG (wi) = MG (g(wr)), NG (i) = NG, (8(w1)) for all w, € Wy,

wi _ 8wi1) w1 _ pgwi)
. al 1 - az ’ ﬁnl 1 - ﬁz . .o . .
is called a weak isomorphism. A bijective homomorphism g : G, — G, such that:

gy {5, 0nit) = G (5 )glr)), T (m11) = R (300 )g(0)
wity _ , 8wi)g(n) s — 5g(W1)g(ll)
1 72 » 0 2
is called a strong co-isomorphism. A bijective mapping g : G, — G, satisfying 3) and 4) is called
an isomorphism.

forall wit, € Ey,

Example 4.1. Consider two LDF-graphs, as shown in Figure 12.

a((0.8,0.9),(0.4,0.6)) x({0.7,0.6),(0.5,0.3))
o [ ]

((0.6,0.8),(0.3,0.5))
({0.6,0.8),(0.3,0.5))

[ [
b({0.7,0.6),(0.5,0.3)) v({0.8,0.9),(0.4,0.6))

Figure 12. LDF-graphs G, and G,.

Then, it is easy to see that the mapping g : Wi — W, defined by g(a) = y and g(b) = x is a strong
co-isomorphism.

Proposition 4.1. An isomorphism between LDF-graphs is an equivalence relation.

Proof. The reflexivity and symmetry are obvious. We know that the composition mapping g, o h, :
W, — Wj is a bijective from W; to Wi, where h, : W; — W, is the isomorphisms of G; onto
Gy, and g, : W, — Wj; be the isomorphisms G, onto G3. For transitivity, we let b, : Wy — W,
and g, : W, — Wj be the isomorphisms of G, onto G, and G, onto Gj, respectively. Since a map
hy : Wi — W, defined by A, (w;) = w, for w; € W; is an isomorphism, so we have

MG, W) = MG, (ha(wy))
= MG (wy) forall w; € Wy-- - (A)),

Ny w) = Ny, (a(wy))
= %(Wz) forall w; € W;---(Ay),

My, i) = MG, (ha(wi)ha(h))
EIR;;Z(Wztz) for all wit; € Ey- - - (By).

Ny, wit) = NG, (a(wi)ha(t))
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= m;‘i}z(Wﬂ‘z) for all wit; € Eq- - - (By).
Since a map g, : W, — Wj defined by g,(w,) = w; for w, € W, is an isomorphism, so

My, (w2) = MG, (ga(w2))
EUE;{3(W3) for all wy, € W,- - - (C)),

Ny, (w2) = NG (ga(w2))
Ny, (ws) forall wy € Wy- -+ (Cy),

M, (wato)

MG, (81(W2)ga(12))
= EUE;;3(W3[3) for all Woty € E5- - - (Dl)

Ny, (o) = Ny, (8a(w2)ga(12))
= N, (wstz) forall wyt, € Ey- - - (D).

From (A;), (C;) and h; (wy) = wy, w; € W, we have

Mg, (wi) = MG, (ha(wr)) = MG, (w2)
= Mg, (81(w2))
m?§g3(ga(hﬂ(wl)))~

From (A,), (Cy) and h; (w;) = wy, w; € Wi, we have

Ny, w1) = Ry (ha(w1) = Ny, (wn)
Ny (82(w2)
Ny (8a(ra(w1))-

From (B;) and (D;) we have

My, i) = MG, (ha(wha(t)) = MG, (watz)
= MG, (82(w2)ga(12))
= MG, (a(ha(wi))ga(ha(t)).

From (B,) and (D,), we have
NG, wit) = NG (haw)ha(h)) = Ny, (watz)

= NG, (€aw2)ga(n))
= m;h(gA(hA(Wl))g/l(h/l(tl)))’

for all wt; € E;. Also,
@' = o = @) forall wy € Wi+ (AA)),
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M= g = B forall wy € Wi- - - (AAy),
’)/‘llvltl = ’)/ZA(WI)]“(II) = ,y;/ztz for all wit € El' .. (BB])
o = g = 5322 for all wity € E- - - (BBy).

Since mapping g, : W, — Wj is described by g,(w,) = ws for w, € W, is an isomorphism, so
ay’ = af‘g"(wz) = a3’ forall w, € W - - (CC)),

;2 = ?(WZ) :,8;V3 for all wy, € Wy - - (CCy),
’)/;)ZIZ = ’ygA(WZ)gA(IZ) = ’}/;‘)313 for all wyty € Ey- - - (DDl)
6;)2[2 = 5§,{(w2)g/1(12) = 5;‘)313 for all wyty € Ey- - - (DDQ)

From (AA)), (CCy) and h; (w;) = w,, w; € W;, we have

wi hawr) _ wa . ga(w2)
Q’l = (1’2 = Cl’z = (1’3
galha(wy))
= CY3 .
From (AA»), (CC») and h; (w;) = w,, w; € W{, we have
Wi _ haw1) _ w2 _ p8a(w2)
1 - 2 2 _ﬂ3
_ ga(ha(w1))
= ﬁ3 .
From (BB)) and (DD;) we have
,ywltl _ ,yh/l(Wl)hA(tl) _ ,sztz _ ,yg/l(wz)gz(tz)
1 - 2 - 72 - 73
_ galha(wi))ga(ha(ty))
= 3 .
From (BB,) and (DD,), we have
wit hawDha(t) _ cwaty _ c8a(w2)ga(r2)
s = g = 60" = ¢

5% (ha(w1))ga(ha(t1))
3 ’

for all wit; € E;. Therefore, g, o h, is an isomorphism between G, and G;. This completes the
proof. O

5. Complement of LDF-graphs

Now we introduce the concept of complements of LDF-graphs.

Definition 5.1. The complement of a LDF-graph G = (£x,£y) is a LDF-graph G = (ﬁ, £_%), is defined

by
(i) W =W _,
(ii) { ?ER(W) - ED—%(W)’ Vn(w) = Ny (w) forallw e W,
@' =a", B =p"
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. 0 if T (we) # 0
Dy (wt) = { min{I (w), ME (1)) ifimfi(wt) = 0.
(0 if R (wr) # 0
i) M) ‘{ max{Iy (w), WD) if Ny (wr) = 0,
[0 if y" # 0
Y ‘{ min{a”, e’} ify" = 0.
i _ { 0 if o™ £ 0
max{8",B'} ifé"" =0.

Example 5.1. Consider a LDF-graph G, as shown in Figure 13.

a((0.8,0.9),(0.3.0.6))
[ ]

((0.6,0.7),(0.2,0.4))

d((0.7,0.8),(0.5,0.5))

(1

’O-dy
,fo'y
((0.5,0.8).(0.1,03)) 03

b((0.6,0.8),(0.2,0.6))  ¢({0.9,0.7).(0.5,0.4))

Figure 13. LDF-graph G.

Then, the complement G of G is shown in Figure 14.

a({0.8,0.9),(0.3.,0.6))

b((0.6,0.8),(0.2,0.6)) ¢({0.9,0.7),(0.5,0.4))
Figure 14. LDF-graph G.

Definition 5.2. A LDF-graph G is called self complementary if G ~ G.
Proposition 5.1. Let G = (£g, £4) be a self complementary LDF-graph. Then

T 1 . T v _ 1 v v
TM00) = 5 E minfG0), M), ZRG0u1) = 5 Z max (900, Wy (1),

1 1
Ty = =X minfe”,a'}), £6" = = = max{8", ).

X£y 2 XZy XFy 2 X#y
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Proposition 5.2. Let G = (£y, £3) be a LDF-graph. If

sJﬁ;(wt) = min{Nig(w), Mg, ()}, ‘Rf]’j(wt) = max {5, (w), N5 (1)},

,ywt min{aw, (1’[}, 6wt — maxww,ﬁt}'

w,t € W, then G is self complementary.
6. Decision making application with LDF-relations

A medical diagnosis application is established based on proposed decision-making technique. For
this objective, we construct complete bipartite graphs and construct corresponding LDF-relations. An
algorithm is developed for decision-making based on LDFSs and LDF-relations.

Definition 6.1. [46] A LDF-relation R from Y, to Y, is an expression of the following form:
Re = (1, h2), < 6g_(1, ha), 6 (1, o) >, < @y, o), BTy, Fi) >) 2y € Y1, By € Yo}

where the mappings
6%3,5;35 : Yl X Yz - [0, 1]

and a(hy, hy), B(hy, hy) € [0, 1] such that
0 < a(hy, ho)og_ (A1, o) + B(hy, T )og (R, o) < 1

for all (hy,h,) € Y X Y, with 0 < a(hy, hy) + B(hy,hy) < 1. For a LDF-relation from Y, to Y,, we
shall use

RG = (< 6%3(7;11’ hZ)’ 63]/{3(7/—11’ hZ) >, < a/(hl’ hZ),ﬁ(hls hZ) >) (61)

For F-relation o, : Y| X Yo — [0, 1] associated with each LDF-relation 6.1, where
yo(fir, ip)mg (B, o) = 1 = (a(hy, ha)og_(Tir, o) + B(By, Tia)og_ (R, Hi2))

The number nty(hy, hy) is hesitation degree of (hy, h,) wether hy and h, are the relation Rz or not, and
vw(hy, hy) is the degree of hesitation of RPs.

Definition 6.2. [46] Let Y| = {w, w,, ..., w,,}, and Y, = {t|, 12, ..., 1,} be two universes. Let Rs = (<
(5%3(11),-, w;), 6;’{3(113,-, w;) >, < a(w;, w;), (w;, w;) >) be an LDF-relation from Y, to Y.
Then, an LDF-relation Rs can be expressed in terms of matrices of MG, NMGs, and RPs as follows:

t t o i Lo oo Iy

thy T ... Ty Ly by .. Iy
5;%;: = (Qi)mxn = . e 5;'{3 = (imxn =

ta Lo ... L Log L2 oo L
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an apr ... Qi Bii Pz . Pun

@y @ ... Q@ B21 B ... P
a = (a'ij)mxn = . . . ) ﬁ = (Bij)mxn =

A1 Ap2 e Ay ﬁml ,Bmz ﬁmn

Or in form of one matrix as follows:
((Fi, L), (@1,B11) - (o, L), (@12, 812) oo (i, i)y (@15 Bin))
(21, 1), (@21,521))  ((F22, 12), (@22,822)) ... ((Fan, bon), (@205 B2n))

((fml s Iml)’ (aml ,ﬁml)) ((fmZ’ ImZ)’ (a’mlvﬁmZ)) ((amm Imn)’ (amnaﬂmn))

where Rp = (< 5%3(11% mj)ad;/ge(mia w;) >, < a(w;, w;), B(w;, w;) >) = (< 1, L;; >, < @ijp Bij >)mxn

Definition 6.3. [46] Let Rg = (< 6%3(7’11, hz), 6%3(7’11, hz) >, < Q(h], hz),ﬁ(h] . hz) >) be a
LF R-relation from Y| to Y,. Define the score function on Rz by a map

N: LDFRY, xY,) - [-1,1]
given as follows:
1
N(Re) = 5[(5%5(751’ Ta) — 6g_(, 1)) + (a(fiy, hp) — BTy, i)

We extend the algorithm developed by Ayub et al. [46] for MCDM approach using LDF-relations.

Algorithm:

(1) Consider multi-criterion for the objects in the universes Y, Y, and Y3. Construct LDF bipartite
graph from Y, and Y, and from Y, to Y3.

(2) Construct two LDF-relations Rg from Y, to Y,, and Py from Y, to Y3.

(3) Compute composition Rg6Ps.

(4) Calculate the hesitation values by using

Nk = 1 = (0g_ (1, p)a(fiy, hy) + (1, hp)B(Ry, 1))
(5) Estimate the association grades for the elements of Y, and Y3 by using
A = 65_(hy,Tp) = 65 (T, Tio )i

(6) determine the pair (q;, qx), where q; € Y, qx € Y3 having the highest association grade value A
(7) The pair (q;, qx) is the selected object.

For elaboration, we employ the extended Algorithm in the following illustration.
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6.1. Numerical example

Now we discuss a decision making application of LDFSs, LDF graph and LDF relations to medical
diagnosis. In order to diagnose a patient having multiple symptoms, we utilize the above proposed
algorithm.

Step 1. Let Y, = {p1, p2, p3, p4} be a set of patients, Y, = {sy, 52, 53, 54, 55} be the symptoms of the
diagnosis, where

s1 = Muscle pain,

s, = Fever,

s3 = Weakness,

s4 = Shortness of breath,

ss = Chest pain, and

Y3 = {D; = Pneumonia, D, = Influenza, D; = Corona virus} be the diagnosis set (set of diseases).
Construct LDF graphs from Y, and Y, and from Y, to Y. See the graph in Figure 15.

Figure 15. A bipartite graph.

Step 2. Construct the LDF-relation Rz from Y, to Y, from LDF graphs in Step 1, which describe the
presence and non-presence of symptoms in patient to certain membership and non-membership degrees
together with the parametric values @ = Strong symptom and 8 = not strong symptom, respectively.
The membership and non-membership fuzzy relations 65_ and dy_, together with their parametric
values @ and S are presented in the following matrix forms:

0.86 0.56 0.78 0.25 0.12 0.34 049 0.35 0.76 0.89

0.75 0.46 0.45 0.67 0.58 0.34 0.74 0.41 0.32 0.28
0g. =| 0.56 034 0.78 089 0.76 |, 6 =| 044 0.66 0.59 031 045 |,

095 0.99 0.86 0.89 0.75 0.11 021 0.35 0.21 041
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0.75 0.50 0.65 0.20 0.10 024 0.37 0.25 0.60 0.72
0.60 0.28 0.32 0.56 0.51 024 0.60 0.27 0.24 0.21
a=| 048 025 061 072 0.60 [,=| 0.26 0.53 0.49 0.22 0.28
0.80 0.88 0.75 0.72 0.60 0.10 0.08 0.24 0.08 0.27

Now, construct the LDF-relation Py from Y, to Y3 which describes the relationship among the
symptoms and diagnosis by the membership and non-membership fuzzy relations 5%{,5% _ together
with parametric values @’ = Serious symptoms, 5’ = Not serious symptoms in the following matrix

notations:

0.86 0.86 0.75 050 042 031
0.65 0.78 0.75 042 032 027
s _| 070 086 089 | o _| 0.40 021 0.10
P2 =1 095 0.66 098 [°Pn | 031 020 0.001 |
0.78 042 0.89 031 045 02
0.70 0.75 0.65 025 020 0.0
0.60 0.62 0.65 0.18 0.17 0.15
o= | 041 048 056 | 1028 021 0.10
0.75 0.51 095 [ 0.25 042 0.00001
0.70 0.61 0.85 027 021 001

Step 3. By simple calculations of the composition LDF-relation, we get the following:

0.86 0.86 0.78 040 0.35 0.34
0.75 0.75 0.75 0.31 0.32 0.28
5;%65%; =1 0.89 0.78 0.89 ,6;’%3669{“ =1 031 0.31 0.31 ,

0.89 0.86 0.89 0.31 0.21 0.21

0.70 0.75 0.65 0.25 024 0.24

0.60 0.60 0.60 0.25 0.21 0.21

ada’ =| 0.72 0.60 0.72 |,B5p =] 0.25 0.26 0.22
0.72 0.75 0.72 0.18 0.17 0.08
The resulting LDF-relation Rg6%y from Y, to Y3 given in Table 3.
Table 3. LDF-relation Rz6Pg.
R8Py D, D, D;
1 ((0.86,0.40),(0.70,0.25)) ((0.86,0.35),(0.75,0.24)) ((0.78,0.34), (0.65,0.24))
D2 ((0.75,0.31), (0.60,0.25)) ((0.75,0.32),(0.60,0.21)) ((0.75,0.28),(0.60,0.21))
D3 ((0.89,0.31),(0.72,0.25)) ((0.78,0.31),(0.60,0.26)) ((0.89,0.31),(0.72,0.22))
o ((0.89,0.31),(0.72,0.18)) ((0.86,0.21),(0.75,0.17)) ((0.89,0.21), (0.72,0.08))
AIMS Mathematics Volume 7, Issue 8, 14532—-14556.



14552

This composition basically describes the diagnosis of the diseases in the given patients.
Step 4. By using the Definition 6.1, hesitation degrees can be evaluated by the formulae n; = 1 —
(5Te(h1,h2)a(h1, hiy) + 6V€(h1,h2),8(h1,h2)) of the LDF-relation Rz6Py from Y, to Y3, are given in
Table 4.

Table 4. LDF-relation Rz6%P.

Nk Dy D, D5

p1 0298 0.271 04114
p> 04725 0.4828 0.4912
ps 0.2817 0.4514 0.291
ps 0.3034 0.3193 0.3424

Step 5. The association grades among objects of $ and D can be evaluated by using the formulae
A = 6;%;(7@1’ fiy) — 5;’%3 (71, hip)n are given in Table 5.

Table 5. The association grades among objects of # and D.

A D D, D;

p1 0.7408 0.76515 0.640124
p2  0.603525 0.595504 0.612464
ps  0.802673 0.640066 0.79979
ps 0.795946 0.792947 0.818096

Step 6. Clearly, in first row the pair (p;, D;), in second row the pair (p,, D3), in third row the pair
(p3, Dy1), and in the last row the pair (p4, D3) having the highest association grades.

Step 7. Decision is, p; has the disease D,, p, has D3, pj is suffering from D, and p, is suffering from
Dj;. For confirmation, the score values among Y and Y3 by using the Definition 6.3, are calculated in
Table 6.

Table 6. Score values among Y, and Y.
N D D, D3
p1 0455 0.51 0425
p> 0395 041 043
p; 056 0405 0.54
ps 056  0.615 0.66

It can be easily seen that, in first row the pair (p;, D;), in second row pair (p,, D3), in third row the
pair (p3, Dy), and in the last row the pair (p4, D3) having the highest score values. Thus, our above
decisions are true. Hence, our proposed algorithm is reliable and employs valid results.

7. Conclusions
Uncertain optimization, modeling uncertainty, and optimization problems have been studied by
researchers. A Linear Diophantine fuzzy graph provides a robust approach for modeling uncertainty

in the best worst situation. Consequently, the decision-making approach becomes robust with linear
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Diophantine fuzzy information. We introduced the idea of LDF-graph as a generalization of certain
existing concepts including, q-ROF graph, PF-graph, and IF-graph. We introduced certain properties
of LDF-graph including, join, union, and composition of LDF-graphs. We elucidate these operations
with various illustrations. We analyzed some interesting results that the composition of two LDF-
graphs is a LDF-graph, cartesian product of two LDF-graphs is a LDF-graph, and the join of two
LDEF-graphs is a LDF-graph. We described the idea of homomorphisms and isomorphism for LDF-
graphs. We proved the result that an isomorphism between LDF-graphs is an equivalence relation.
many other significant results related to complement of LDF-graph are also established. Lastly, an
algorithm based on LDFSs and LDF-relations is proposed for decision-making problems. Based on
proposed algorithm an application of medical diagnosis is presented.

In future we may work on the following topics:

1) Linear Diophantine fuzzy soft graphs.

2) Linear Diophantine fuzzy plannar graphs.

3) Linear Diophantine fuzzy hypergraphs.
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