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Abstract: In Euclidean 3-space E?, a canonical subject is the focal surface of such a cliched space
curve, which would be a two-dimensional corrosive with Lagrangian discontinuities. The tubular
surfaces with respect to the B-Darboux frame and type-2 Bishop frame in E* are given. These tubular
surfaces’ focal surfaces are then defined. For such types of surfaces, we acquire some results becoming
Weingarten, flat, linear Weingarten conditions and we demonstrate that in E?3, a tubular surface has no
minimal focal surface. We also provide some examples of these types of surfaces.
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1. Introduction

Frame fields are useful technique in differential geometry for assessing curves and surfaces. The
most well-known frame field is the Frenet frame, but there are others, such as Darboux frame. In
addition to the Frenet frame, which is built on a curve with velocity and acceleration vectors, also the
Darboux frame, which is a natural moving frame created on a surface, is another important subject in
differential geometry. It is named after Jean Gaston Darboux, a French mathematician who produced
a four-volume collection of research between 1887 and 1896. Since then, the Darboux frame has had
many important repercussions, which have been studied, see for example [3,4, 6, 13, 16]. The Bishop
frame is another approach for defining a moving frame that is clearly defined even when the second
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derivative of the curve has vanished, see [1]. Transporting an orthonormal frame parallel along a curve
is as simple as parallel transferring each element of the frame.

In E3, The envelope of the normal planes of ¢ is the focus surface or caustic of a curve ¢ in Euclidean
3-space. The study of a curve’s focal surface can yield useful geometric data about a certain curve, and
conversely. Darboux discovered how to calculate a curve’s evolutes, or the curves whose tangents are
normals of ¢. Furthermore, he demonstrated (confirmed) that the evolutes foliate the focal surface of
@ or that all of these lay on the focal surface, see [4]. Let M : W(g, w) be a surface associated with a
single real-valued function, and N(¢g, w) be ¥’s unit normal vector. The parameterized description of
the focal surface is included

¥ (s, w) = ¥(s, ) + &5 (s, WIN(S, w),

at which «; and «, are the ¥’s principal curvature functions [5]. Some studies on focal surfaces can be
found here [7, 11,12, 14, 17]. Within that work, we investigate the focal surfaces of a tubular surface
created by {u;,u, B} and {T,N;,N,}. The mean and Gaussian curvatures of the focal surfaces are
calculated, and the conditions as these surfaces to become minimal and flat are determined.

2. Preliminaries
Let E? be a three-dimensional Euclidean space. The metric is provided in within it as
()= du; +du3 + dus3,

where (u;, u, u3) € E*’s coordinate system.
Symbolize the moving Frenet frame along its regular curve ¢ = ¢(s) using {T, N, B} and curvature
functions k and 7 in E3, the Frenet formulae is given by [5]:

T(s) 0  «() 0 T(s)
N@) | =| —«(¢) 0 () || N(o) |, 2.1)
B(s) 1. 0 -7¢) 0 B(s)

where (B,B) = 1, (T, T) = 1, (N,N) = 1 and (T, N) = (T, B) = (N, B) = 0.
For any arbitrary curve ¢(¢) with 7 # 0 in E2, s type-2 Bishop frame is handed by [18]:

H1($) 0 0 k(o) || (o)
() | = O 0 -~k || m(s) |, (2.2)
B(s) |. ki(S) ka(s) 0 B(¢)

where k; and k, are the type-2 Bishop curvatures and the relation matrix given by

T(s) sinv(g) —cosu(s) O ][ ui(s)
N(g) | =] cosu(s) sinv(s) O || ua(s) |,
B(s) 0 0 1 [[ B()

where v(¢) = arctan (’,Z—f) and
ki = —tcosu(s), ko = —Tsinv(g).
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For a curve ¢(¢) lying on surface M = ¥(g, w). Recognize the Darboux frame on the surface {T, G, N},
where G = N X T and N is just surface’s normal [6]. Then

T(s) 0 &) (o) || T
G | =] &) 0 7(e) || G(o) |, (2.3)
N 1. | —kls) —T(0) O N($)

where even the geodesic curvature k,, normal curvature ,, and relative torsion 7, are defined as:
7, = (G, N), «, = (T',N), x, = (T, G).

In matrix form, the B-Darboux frame’s variation equation {T,N;, N,} on the surface is as shown
below [6]:

T(s) 0  0i(e) 09) T(s)
Ni@) | =f —a1¢) O 0 Ni() |, (2.4)
No() 1. [ —e2(e) O 0 N2()

where o, and g, the B-Darboux curvatures are acquired in the following way:

01 = Kg SINV + K, COS V,

02 = K, SINV — K, COS V.

Also, the relation matrix given by

T(5) 1 0 0 T(s)
Ni(¢) |=]1 0 sinv cosv G(o) |,
N, (¢) 0 —cosv sinv N(¢)

such that angle v between N and N; is acquired around v — vy = f T, dt, for any arbitrary constant v.

Let M : Y(g, w) be regular surface Y in E3, then the s unit normal vector V can be written as

Y x T,
1T X Lol

oY T
where T = Ic and T, = Y% The Gaussian K and mean H curvature were also provided by [2,5,9]:
S w

3 tn — m?
 EG-F¥
_En+G€—2mF
~ 2EG-F?»

where E = “Tg‘HZ’ F = <Tca Ty), G= ”Twllz’ = <Tg§’ V), m= <T§w’ V) and n = (Yow> V).
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3. Obtaining the focal surface of tubular surface due to B-Darboux frame

Let ¢(g) be an arc-length-parameterized curve in E*. Then, the tubular surface due to the B-Darboux
frame has the parametrization [8, 10, 15]:

Q(g, w) = ¢(s) + rlcos w N () + sinw N1 (g)], (3.1)

for which r = const. be spheres’s radius. The Q’s velocity vectors are

Qg =[1-rf(s,w]T,
Q, = (=rsinw)N; + (rcos w)N,,

where f(g,w) = 01(¢) cos w + 02(¢) sinw. As a result, the trying to follow are the features of 2’s first
fundamental form: E = (1 — r f)?, F = 0, G = r*. The Q’s unit surface normal vector Nq, from the
other hand, is acquired by

Q. xQ,

=— =— N; — sin wN,. 3.2
10, < O, cos wN; — sin wN, 3.2)

Q

’s second order partial diffrentials are discovered as

Qs = (=r fIT+01(1 =7 )Ny + 0o(1 = r )N,
Qs = (=1 f)T,
Quw = (=rcos w)Nj + (—rsin w)N,.
The second fundamental form coefficients are calculated using (3.2) and that the last three equations,

as shown below
(=—-f-rf), m=0, n=r

Thus, the Gaussian Kq and mean curvature Hq functions are calculated as
f 1-2rf
Ko=————, Hgq=——"—.
YT =rp TP 2k =1 f)

Corollary 3.1. The tubular surface M : Q(s, w) due to the B-Darboux frame defined by (3.1) has a
constant Gaussian curvature iff

(3.3)

re
1+ r3c’

f

for some real constant c.

Corollary 3.2. The tubular surface M : Q(s, w) due to the B-Darboux frame defined by (3.1) has a

constant mean curvature iff
2rc — 1

T= e

for some real constant c.

Corollary 3.3. The tubular surface M : Q(g, w) due to the B-Darboux frame defined by (3.1) is a
(Ko, Hq)-Weingarten surface.
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Corollary 3.4. The tubular surface M : Q(s, w) due to the B-Darboux frame defined by (3.1) is a
(Kq, Hg)-linear Weingarten surface iff

3 rc+ ¢
C 2y + ¢y —re)
where ¢y, ¢, and c are not all zero real numbers.
We now concentrate on the parametrization of M* focal surface of M by using (3.3) as well as

the equation k; = Hq + /ng2 — Kq, j = (1,2), yields the principal curvature performs the following
functions

1
K1 = ;, Ky = —1 —frf . (34)
Through using Eq (3.4) we define M* as
1 .
Q' (s, w) = p(s) + ?[ cos wNi(s) + sin w N (s)|, (3.5)
where f(g, w) = 01(¢) cos w + 01(¢) sinw. The Q*’s velocity vectors are
. 1 1 )
Q. = —F[fg Ccos w]Nl - ]Tz[fg sin w]NQ,
. 1 . 1 .
Q) = _]Tz[fw cosw + fs1nw]N1 — F[fw sinw — f cos w]Nz.
As a result, the features of Q*’s first fundamental form:
2 2, f2
” +
P LY
The ©Q*’s unit surface normal vector N, from the other hand, is acquired by
NG =-T. (3.6)

Q)*’s second order partial diffrentials are discovered as

ng = —(E)T - (E) cos wN; — (E) sin wNy,

f f*s 1*s
\ fe AW e\ s
ng = [ - (]TZ)w cosw + (]72) sin w]Nl - [(]72)(0 sinw + (F)cos w]Nz,
| . 1 .
Q= _]Tz[fw cosw + fsin w]le - ]TZ[fw sinw — f cos w]wNz.
The second fundamental form coefficients are calculated using (3.6) and that the last three equations,
as shown below
f*:é, m'=0, n"=0.
f
Thus, the Gaussian K,. and mean curvature H/,. functions are calculated as
FUo+ 1)
K. =0, Hj =—%— ", 3.7
Q Q 2fg ( )
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Theorem 3.1. The focal surface M* defined by (3.5) via B-Darboux frame is flat surface.

Theorem 3.2. The tubular surface M has no minimal focal surface M* defined through it.

Corollary 3.5. Let M* be focal surface (3.5) via B-Darboux frame in B*. Then the following is
satisfied:

(1) M*’s ¢-parameter curves not possible asymptotic curves.

(2) M*’s w-parameter curves are asymptotic curves.

Corollary 3.6. Let M* be focal surface (3.5) via B-Darboux frame in E3. Then the following holds:
(1) M*’s g-parameter curves are geodesic curves iff f f.. — 2(f.)* = 0.

(2) M*’s w-parameter curves are not geodesic curves.

Example 3.1. Let ¢ be a circular helix parameterized as

o(s) = (cos (i), sin(i), i)
V2 V2 V2
Then, the curve’s Darboux frame and curvatures kg, k, and T, are dictated by
. S S

T(¢) = — (— sm(—), cos (—), 1) ,

2 V2 V2
S o el v S & R R e )

¢)=—|-cos|— |+ —sin|—|,sin| —| - —cos|— |, —],
2 V2 2 V2 V2 2 V2! V2

o= o)l
2

Now,

S §1 S
v= Tdt:f—dtz—.
fo ’ 0 2 2

So, the B-Darboux curvatures are calculated as
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Then the B-Darboux frame are given as

e
Nis) = %[ ()] cos(§) - sin(3)] + % sin(£=) o5 (§)  sin 3]
sin 5[ cos (5)  sin §)] - 5 cos (55 cos (§) +sin (§)]. 5[ os () # sin (3]
Na(s) = = cos (Fleos(3)+sin(3)] - () cos (5) -sin )]
sin 5[ cos (5) # sin ()] - 75 cos () os (5) =sin (5] =5 cos(5) - sin 5]

As a result and taking r = V2, the parameterization of the tubular surface M; over the curve ¢ can be
compiled in Darboux frame as (see Figure 1)

Qi(g,w) = [cos (%)[1 —cosw + sin w] + L\/_ i (%)[cosw + sinw]],
sin (%)[1 cosw + sin w] - % cos (%)[COS w + sin w], %[g + cosw + sin w]]

The tubular surface M, over the curve ¢ via B-Darboux frame can be given as (see Figure 2)

(s, w) = [cos( ) [cos( ) - % sin w sin (%)]

2]
=

=]
/\
\_/
—_—
—
(@]

o

7]

€

(@]

=}

7]
[S— P
&l

)-

[cos( )+s1n( )][smwcos(ﬁ)+—2coswsin(%)],
sm( ) [ () sin ()][coswsm(%)—%sinwcos(%)}
- [cos (g) + s1n( )][ sinwsin(%) + % COS W COS (%)],

V20 45y g -9

s
2
s
2
s
2
§
2

The focal surface M} of M; via Darboux frame can be given as (see Figure 3)

¢ \[3sinw — cos w S
%)[ cos w + sinw ]’_\/ECOS ($)

3sinw —coswy ¢+ 2
\/5)[ cosw + sinw ]’ \/i]

Qi(s,w) = [\/Esin (%) + cos(

+ sm(
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The focal surface M of M, via B-Darboux frame can be given as (see Figure 4)

Q (s, w) = cos(

&n
N—
+

5 ][[Cos(z)

sin(%)[cosw + sin w] + cos (—)[cosw —sinw

2
. .
— Sin (%)][COSU)COS (%) - % S w Sln(%)] + [COS (%)
. . 1 .
#sin(3) | sinwcos (-55) + = coswsm(\i@)]],
. 1 S
sin(5) + - . —[[cos(3)
‘/5 Sin (%)[ COsSw + SIn w] + COoS (%)[COSQ) — Sin a)] 2
. . 1.
— Sin (%)][cosw sm(%) - % S w COS (%)]

- [cos (%) + sin (%)][ sin w sin (%) + % COS W COS (%)H,

o con(525) i ()|

V2 " sin (%)[cosw + sinw] + cos (%)[cosw — sin w]]

Figure 1. M, due to Darboux frame.

Figure 2. M, via B-Darboux frame.
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Figure 3. Focal surface M via Darboux frame.

Figure 4. Focal surface M via B-Darboux frame.

4. Obtaining the focal surface of tubular surface due to type-2 Bishop frame

Let ¢ : (x,y) — E? be a finite-length smooth unit speed curve that is embedded in E* topologically.
The way to allocate N, of the ¢(x,y)’s normal bundle in E® is innately diffeomorphic to the direct
product (x,y) x E? due to transcription together with regard to the resulting connection normally. For
a relatively tiny r > 0, the tube of radius r about the curve ¢ is the set (see [10]):

Tre) = {expy) ult € Ny, llull =7, x < ¢ <y}

In E3, the tube T, 1s a smooth surface for sufficiently small » > 0. Using {u;, 4, B}, we can write the
tube surface as shown below.

M : O(g, w) = ¢(s) + rl[cos w ur(g) + sinw B(¢)]. “4.1)

The following are the ®’s derivative formulations for type-2 Bishop frame partial differentiation with
respect to ¢ and w.

D, = [1 - rk; sinw]uy + (rky sin w)uy — (rk, cos w)B,
®, = —(rsinw)u, + (rcos w)B.

As a consequence, the features of @’s first fundamental form

E=(-rf?, F=0 G=r.
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From the other hand, the @’s unit surface normal vector Ny is acquired by
Ngp = —coswu, — sinw B. 4.2)
@’s second order partial diffrentials are discovered as

@ = [rk| sinw — rkik, cos wlu; + [rk) sinw — rk3 cos wluy — [k; + rv* sinw + k), cos w]B,
D, = (rk; cos w)u; + (rky cos w)u, + (rky sin w)B,

®,, = —(rcos w)u, — (rsin w)B.

The explanatory variables of the second fundamental form were also calculated using (4.2) and the last
three equations, which are shown below

C=rl; +rkisinw+k;sinw, m=-rky, n=r.

Thus, the Gaussian K¢ and mean curvature Hg, are calculated as

ky sin w 1 —2rk; sinw

Ko = , = - . 4.3
e r(1 + rky sin w) ® 2r(1 + rky sin w) 4-3)
The principal curvatures «; and k, of @ are the root of
det(W[] - KW[) = O,
E F { m s
where W; = ( F G ), Wi = ( m n ) Then the @’s principal curvatures are
1 ky si
==, e (4.4)

K= —T—"—/77"—F]7—7"7—.
r 1+ rk; sinw

Corollary 4.1. The tubular surface M : O(¢, w) due to the type-2 Bishop frame defined by (4.1) has a
constant Gaussian curvature iff

rc
= (1 =r2c)sinw’

for some real constant c.

Corollary 4.2. The tubular surface M : O(¢, w) due to the type-2 Bishop frame defined by (4.1) has a

constant mean curvature iff
2rc —1

= 2r(1 = ro)sinw’

K1

for some some real constant c.

Corollary 4.3. The tubular surface M : O(g, w) due to the type-2 Bishop frame defined by (4.1) is a
(Ko, Hp)-Weingarten surface.

Corollary 4.4. The tubular surface M : ®(g, w) due to the type-2 Bishop frame defined by (4.1) is a
(Ko, Hop)-linear Weingarten surface iff

B 2rc—b
T 2a+rb+ro)sinw’

K1
where a, b and ¢ are not all zero real numbers.
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Now, by using (4.4) we can derive the focal surface M* of M from the definition of the focal surface
of a given surface

(5, 0) = ¢(6) = | cos wpa(e) + sinwB(s) | (4.5)
The ®*’s velocity vectors are
Q= —#[ki cos w — kik, sin w]yz + #[ki sinw + k1 k, cos w]B,
* kisinw 2sinw

1

@, = [.;z]ﬂw
k; sin” w
As a consequence, the following are the parts of @’s first fundamental form:
K\? + K332 K, cos w — kik, sinw 1
«_ 12 Fr= L 1*2 G

* —
) . ’ - .
2w K sin® w k? sin

ki sin Yo

The ®*’s unit surface normal vector Ng, from the other hand, is acquired by
Nj. = —u1. (4.6)

®*’s second order partial diffrentials are discovered as

o [ki sinw+k1kzcosa)] [[ki cosw — kiky sinw] b [ki sinw+k1kzcosw]]
= + +
5s k? sin w Hi k? sinw ¢ k? sin w 2
_[[ki sinw+k1kzsina)] _ 2[kicosw—klkzsinw]]B
k3 cos w s k3 sinw ’
K —k,
o = |— | + [——=— 1B,
@ [k% sinzcu]M2 [kl sin2w]
—2cosw
O = —
@ [ ki sin w ],Uz

The second fundamental form coefficients are calculated using (4.6) as shown below

ki sinw + kiky cos w

5*:—[ ] m' =0, n"=0.

k? sin w
Thus, the Gaussian K. and mean curvature Hj,. functions are calculated as
k3 sin w(k| sin w + kyk, cos w)

Ky =0, Hj =- . @.7)
? Y2k 4 R - (K cosw — ki sinw)’

Theorem 4.1. The focal surface M* defined by (4.1) via type-2 Bishop frame is flat surface.
Theorem 4.2. The tubular surface M has no minimal focal surface M* defined through it.

Corollary 4.5. Let M* be focal surface (4.5) via type-2 Bishop frame in E®. Then the following is
satisfied:

(1) M*’s ¢-parameter curves are not asymptotic curves.

(2) M*’ w-parameter curves are asymptotic curves.
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Corollary 4.6. Let M* be a focal surface (4.5) via type-2 Bishop frame in E>. Then the following

holds:
(1) M*’s g-parameter curves are geodesic curves iff ki + kik, cotw = 0.
(2) M*’s w-parameter curves are not geodesic curves.

Example 4.1. Let ¢ be a curve parameterized as ¢(§) = (cos (%), sin (%), %) Then, the curve’s

Frenet invariants are dictated by

S S 1
Now, v = f kdt = f 1 dt = % So, the type-2 Bishop curvatures are calculated as
0 0

o). e onfs)

kl = —T CcOS

Then the type-2 Bishop frame are given as
ui(s) = [— cos (S)cos (S) - 1 sin(g)sin (2), —sin (S)cos(g)
2 4) 2 2 4 2 4
+ lcos (g)sin (S) ﬁ sin(g)]
2 2 47 2 4)f
() = [— cos (E)sin (5) + 1 sin (E)cos (S), - sin(g)sin (5)
2 4) 2 2 4 2 4
cos(eon(§) - on )
— —cos|=]cos|=),———cos|=]|,

2\2 4) 2 4
w0 = Lon(s)Les(5)1)

Taking r = 2, the parameterization of the tubular surface M over ¢ can be compiled in type-2 Bishop
frame as (see Figure 5)

(s, w) :{ sin (%‘)[? + cos w cos (4_5;)] + cos (g)[l — CcOoS w sin (%)],
sin(%)[l — COS w Sin (f—;)] — cos (%‘)[g + COS w cos (f—;)],
%[ \/gg —2vV3coswcos (Z) + 1]}
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The focal surface M* of M via type-2 Bishop frame can be given as (see Figure 6)

D' (g, w) = {cos (S)[l + i cotwtan(g)] — 2sin (S)[cscwsec (5) + L cotw],

2 V3 4 2 4 \V3
sin(%)[l + % cot w tan (%)] + 2 cos (%)[csowsec (%) + % cotw],
g +2csc w[l - % cos (%)]}

Figure 5. M due to type-2 Bishop frame.

Figure 6. M* via type-2 Bishop frame.

5. Conclusions

The focal surface of a space curve in Euclidean space is the equivalent of the evolute of some well
plane curve that is a smooth curve far from the plane curve’s inflection points. It is the critical value
of a Lagrangian map and the local bifurcation set of the family of distance squared functions on a
planar curve. As a result, it solely possesses Lagrangian singularities. We may deduce that for places
corresponding to ordinary vertices of a plane curve, the evolute possesses an ordinary cusp singularity.
The tubular surfaces in E3 are supplied with regard to the B-Darboux frame and type-2 Bishop frame.
The focal surfaces of these tubular surfaces are then specified. We obtain some results for these kinds
of surfaces as Weingarten, flat, linear Weingarten conditions, and we show that in E?, a tubular surface
has no minimal focal surface.

AIMS Mathematics Volume 7, Issue 7, 13454—13468.



13467

Acknowledgements

The authors extend their appreciation to the Deanship of Scientific Research at Imam Mohammad
Ibn Saud Islamic University for funding this work through Research Group No. RG-21-09-04.

Contflicts of interest

The authors declare no competing interest.

References

1. L. R. Bishop, There is more than one way to frame a curve, Amer. Math. Mon., 82 (1975), 246-251.
https://doi.org/10.1080/00029890.1975.11993807

2. J.L. M. Barbosa, A. G. Colares, Minimal surfaces in R, Springer, 1986.

E. M. Solouma, Investigation of non-lightlike tubular surfaces with Darboux frame in Minkowski
3-space, Commun. Math. Model. Appl., 4 (2016), 58—65.

4. G. Darboux, Lecons sur la théorie générale des surfaces, Paris: Gauthier-Villars, 1896.

5. M. P. Do Carmo, Differential geometry of curves and surfaces: Revised and updated second
edition, Courier Dover Publications, 2016.

6. M. Dede, M. C. Aslan, C. Ekici, On a variational problem due to the B-Darboux frame in Euclidean
3-space, Math. Methods Appl. Sci., 44 (2021), 12630-2639. https://doi.org/10.1002/mma.7567

7. G. H. Georgiev, M. D. Pavlov, Focal and generalized focal surfaces of parabolic cylinders, ARPN
J. Eng. Appl. Sci., 13 (2018), 4458-4465.

8. S. Hu, Z. Wang, X. Tang, Tubular surfaces of center curves on spacelike surfaces
in Lorentz-Minkowski 3-space, Math. Methods Appl. Sci., 42 (2019), 3136-3166.
https://doi.org/10.1002/mma.5574

9. G. Hu, H. Cao, J. Wu, G. Wei, Construction of developable surfaces using generalized
C-Bézier bases with shape parameters, Comput. Appl. Math., 39 (2020), 157.
https://doi.org/10.1007/s40314-020-01185-9

10. S. Kiziltug, S. Kya, O. Tarakci, Tube surfaces with type-2 Bishop frame of Weingarten types in E>,
Int. J. Math. Anal., 7 (2013), 9-18. http://dx.doi.org/10.12988/ijma.2013.13002

11. S. Liu, Z. Wang, Generalized focal surfaces of spacelike curves lying in lightlike surfaces, Math.
Methods Appl. Sci., 44 (2020), 7501-7525. https://doi.org/10.1002/mma.6296

12. H. Liu, J. Miao, Geometric invariants and focal surfaces of spacelike curves in de Sitter space from
a caustic viewpoint, AIMS Math., 6 (2021), 3177-3204. https://doi.org/10.3934/math.2021192

13. B. O’Neill, Elementary differential geometry, New York: Academic Press Inc., 1966.

14. G. Oztiirk, K. Arslan, On focal curves in Euclidean n-space R", Novi Sad J. Math., 46 (2016),
35-44.

15. J. Qian, J. Liu, X. Fu, S. D. Jung, Geometric characterizations of canal surfaces with Frenet center
curves, AIMS Math., 6 (2021), 9476-9490. https://doi.org/10.3934/math.2021551

AIMS Mathematics Volume 7, Issue 7, 13454—-13468.


http://dx.doi.org/https://doi.org/10.1080/00029890.1975.11993807
http://dx.doi.org/https://doi.org/10.1002/mma.7567
http://dx.doi.org/https://doi.org/10.1002/mma.5574
http://dx.doi.org/https://doi.org/10.1007/s40314-020-01185-9
http://dx.doi.org/http://dx.doi.org/10.12988/ijma.2013.13002
http://dx.doi.org/https://doi.org/10.1002/mma.6296
http://dx.doi.org/https://doi.org/10.3934/math.2021192
http://dx.doi.org/https://doi.org/10.3934/math.2021551

13468

16. E. M. Solouma, I. Al-Dayel, Harmonic evolute surface of tubular surfaces via B-
Darboux frame in Euclidean 3-space, Adv. Math. Phys., 2021 (2021), 5269655.
https://doi.org/10.1155/2021/5269655

17. Z. Wang, D. Pei, L. Chen, L. Kong, Q. Han, Singularities of focal surfaces of null Cartan curves in
Minkowski 3-space, Abstr. Appl. Anal., 2021 (2021), 823809. https://doi.org/10.1155/2012/823809

18. S. Yilmaz, M. Turgut, A new version of Bishop frame and an application to spherical images, J.
Math. Anal. Appl., 371 (2010), 764-776. https://doi.org/10.1016/j.jmaa.2010.06.012

©2022 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 7, Issue 7, 13454—-13468.


http://dx.doi.org/https://doi.org/10.1155/2021/5269655
http://dx.doi.org/https://doi.org/10.1155/2012/823809
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2010.06.012
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Obtaining the focal surface of tubular surface due to B-Darboux frame
	Obtaining the focal surface of tubular surface due to type-2 Bishop frame
	Conclusions

