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Abstract: We show that the idempotent completion of a right suspended category has a natural
structure of right suspended category and dually this is true for a left suspended category. This
unifies and extends results of Balmer-Schlichting, Biihler and Liu-Sun for triangulated, exact and right
triangulated categories, respectively.

Keywords: idempotent completion; suspended categories; triangulated categories; exact categories
Mathematics Subject Classification: 18G80, 18E10

1. Introduction

Let A be an additive category. An idempotent morphism e®> = e: A — A in A is said to be split if
there are two morphisms p: A — B and ¢: B — A such that e = gp and pq = 1. The category A
is said to be idempotent complete if every idempotent morphism splits. Note that A is idempotent
complete if and only if every idempotent morphism has a kernel if and only if every idempotent
morphism has a cokernel, see [1]. Every additive category A can be embedded fully faithfully into an
idempotent complete category “A. Balmer and Schlichting [2] proved that the idempotent completion
of a triangulated category is a triangulated category. Biihler showed that the idempotent completion of
an exact category is an exact category. Liu and Sun [4] showed that the idempotent completion of a
right triangulated category is again right triangulated.

Recently, suspended categories were introduced by Li in [3] as a simultaneous generalization of
exact categories, triangulated categories and right triangulated categories. In this article, we will unify
these conclusions stated above by showing that when A is a suspended category then the idempotent
completion of A is also a suspended category.

2. Preliminaries

We first recall some notions and facts on the idempotent completion of additive categories.
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Definition 2.1. [2, Definition 1.2] Let A be an additive category. The idempotent completion of A is
denoted by ‘A which be defined as follows. The objects of A are pairs (A, p), where A is an object of
Aand p: A — A is an idempotent morphism. A morphism in A from (A, p) to (B, g) is a morphism
f: A — Bsuchthatgf = fp = f. For any object (A, p) in A, the identity morphism 14, ,) = p.

Remark 2.2. [1, Remark 6.3] Let A be an additive category and Abe an idempotent complete of ‘A.
The biproduct in A is defined as

(A,p)®(B,q) = (A® B, p&q).

There exists a fully faithful additive functor {#: A — A defined as follows. For an object A in A, we
have that £4(A) = (A, 14) and for a morphism f in A, we have that £#(f) = f. Since the functor {4 is
fully faithful, we can view A as a full subcategory of A.

Proposition 2.3. [1, Proposition 6.10] Let A be an additive category and B be an idempotent complete
category. For every additive functor F: A — B, there exists a functor F: A — B and a natural
isomorphism ¢: F = F¢ A

Now we recall the notion of suspended categories from [3].
Let A be an additive category and .2~ be a full subcategory of ‘A. Recall that we say a morphism
f:A— BinCis an 2 -monic if

Hom#(f, X): Homg(B, X) —» Homg(A, X)

is an epimorphism for all X € 2. Similarly, we say that f is a left .2 -approximation of A if f is an
Z -monic and B € 2. The subcategory 2" is said to be covariantly finite in A, if every object in A
has a left 2 -approximation. The notions of left 2 -approximation and covariantly finite subcategories
are also known as 2 -preenvelope and preenveloping subcategories, respectively.

Let A be an additive category with an additive endofunctor £: A — A and 2" C C be two full

subcategories of A. A right X-sequence A i> B C LA XA in A is called a right C-sequence if C € C,
g is a weak cokernel of f (i.e. the induced sequence Hom#(C, A) — Hom#(B, A) — Homx(A, A) is
exact) and 4 is a weak cokernel of g.

Dually, a left X-sequence XA ER B C L Ais called a left C-sequence if B € C, f is a weak kernel
of g and g is a weak kernel of A.

Definition 2.4. [3, Definition 3.1] Let A be an additive category with an additive endofunctor £: A —
Aand Z C C be two full subcategories of A. A triple (A, R(C, X), Z) is a right suspended category
where R(C,X) is a class of right C-sequences (whose elements are also called right C-triangles) if
R(C, %) is closed under isomorphisms and finite direct sums and the following conditions are satisfied:

(RS1) (a) Forany A € C, there exists a sequence A X U 2(A) in R(C,X) where i is an
Z -preenvelope such that for any morphism f: A — B in C, there exists a sequence

(/)

A— X®B— N — X(A)

in R(C, ).
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(b) For any morphism f: A — B in C, there exists a sequence

1
f -
AQA@BMBLZ(A)

in R(C,X).

(RS2) For any commutative diagram of sequences in R(C, X)

B—~Cc—-3A)

e

A= Xx"-C2L-3A)

with X € 2, if @ factors through f, then y factors through v.

(RS3) For each solid commutative diagram

f.c—lo3A

Tk

A—LtspB Yo Es3A

with rows in R(C, X), the dotted morphism exists which makes the whole diagram commutative.

(RS4) If any three sequences

f J

A

B—~D--3A), B2~-CL~E Y(B) and A

are in R(C,X) and f, g are 2 -monic, then there exists two morphisms « :

B : F — E of C, such that the diagram below is commutative:

A—L-p—lop-isp
|

| ol e |
Y

A?C—k>}|7_m>2A
h 18

Y

E=T

J

2B =2%2D

—
pA())

where the third column from the left is in R(C, X), with « is an 2 -monic.

Dually, we can define the notion of a left suspended category.

Now we give some examples of right suspended categories from [3].
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Example 2.5. (1) If (A, X, A) is aright triangulated category, we take 2" =0, C = Aand R(A, X) = A.
Then the triple (A, R(A,X) = A,0) is a right suspended category. We know that any triangulated
category can be viewed as a right triangulated category. Hence any triangulated category can be viewed
as a right suspended category.

(2) Let (A, &) be an exact category and

RAX=0={A—>B—->C—->0|A» B-»Ce&}

Then (A, R(A, X = 0), A) is a right suspended category.
(3) Let (A, &) be an exact category with enough injectives. We denote by 7 the full subcategory of
all injectives objects in A. Then (A, R(A,Z = 0), 1) is a right suspended category, where

RAX=0={A->B—->C—->0|A>»B—»Ccé&}.

We collect some useful lemmas which can be used in the sequel.

Lemma 2.6. Assume (A, R(C,X), Z) be satisfies (RS1),(RS2),(RS3). If

AL Bt o 5(A) and A—L~ B e 3(A)

are in R(C,X), then there exists an isomorphism yv: C — C’ which makes the following diagram
commutative:

A-L-pSctosa

R
Y
i

A _f) B ? C 7 A
Proof. It can be proved in a similar way as in [3, Lemma 3.2]
Lemma 2.7. Let (A,R(C,X), X) be a right suspended category. Given a commutative diagram
A-L-pt-cliza

p q lZ(p)
A== B—C—2A

with rows in R(C,X). If p: A — A and q: B — B are idempotent morphisms, then there exists an
idempotent morphism a: C — C such that the diagram

A~ p—>C -3
lp q la lZ(p)
A — B——~ Z‘ - 2A
commutes.
Proof. The proof is very similar to [2, Lemma 1.13], we omit it. O
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3. Idempotent completion of right suspended categories

Let (A, R(C,X), Z') be a right suspended category. Then the additive endofunctor X of A induces
the endofunctor X of idempotent completion A given by 2(A, e) = (XA, Xe). Moreover, it is easy to see
that there is a commutative diagram

A=A
s
A-2-A
Clearly, £4(C) € C. and £a(2) C 2.
We define a right Z-sequence in A,
AL BE LA (A)

to be a right asequence in R(C,Y) if there is a right C~‘—sequence inR(C,X)
’ N ’ 5 ’ Lz ’
A —-B S5C —5ZA (A"

such that A @ A’ is isomorphic to a right C-sequence in R(C, Z) or equivalently, it is a direct summand
of a right C-sequence in R(C, X). It is easy to see that R(C, ) is closed under isomorphisms and finite
direct sums. For convenience, we usually write X as X.

Lemma 3.1. Let (A,R(C,%), Z = 0) be a right suspended category. A sequence

(52) (o) (5 2)

ApA ——> BB — Co(C —> XA A))
is a right C-sequence in R(C, ) if and only if both two sequences
ASBLCSs@Wand A 5 B 0 @A)
are right C-sequences in R(C, X).

Proof. Since R(C,X) is closed under finite direct sums, it is enough to show the necessity. By axiom
(RS1), there are two right C-sequences in R(C, X)

AS BS 0D A,
ASESo L

By axiom (RS3), there exists a commutative diagram

x 0 y 0 z 0
A@A’MBEBB’MC@C’MZA@A’

|

l(lO) L(IO) I(fg) l(lo)
A

A X B a C, b TA
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Thus, we have fy = aand bf = z. Similarly, one can find a morphism f” : ¢’ — C{ such that /'y’ = o’
and and b’ f’ = 7’. Hence, we have the following commutative diagram

(6.2) 6y) . . (52)

ADA ——=BoB —>Co(C ——=3TADA
| o Lo Jobgy |
ADA — Cl@(V

By Lemma 2.6, we know that (g J?) is an isomorphism. It follows that f and f’ are isomorphisms. It
is easy to see that there exists a commutative diagram

A—2-B-L.Cc—-3A
| | ]
A—~B—4-C,—2-3A

where the second row lies in R(C, X). It follows that A 5 B35 S5 ZAliesin R(C,X). Similarly, we
can show that A’ = B’ 25 €’ 55 TA’ lies in R(C,2). O

Now we state and prove our main result in this article.

Theorem 3.2. Let X be an @doflngtor Khen restricted to C, (A,R(C, %), Z = 0) be a right suspended
category. Then the triple (A, R(C,X), Z = 0) is a right suspended category.

Proof. We will check the axioms of suspended categories.

(RS1) (a) Let A be an arbitrary object in C. Then there is A’ in C such that A® A’ € C
actually ,if A = (N,e) take A” = (N,idy — e) we have A @ A" = (4(N)). Note
that AEBA’—O>0—>O—>Z(A ®A’) is a right C-sequence in R(C,X). It is clear
that 0 is an 2 -preenvelope. By the definition of right 5—sequences in A, we obtain
A% 0—0— 2(A) in R(C?, E) with O is an fﬁf—preenvelope.

For any morphism f: A — Bin C, there exists two objects A’, B’ € Csuch that A®A’, B&®

/o
B’ € C. For the morphism A ® A’ &)ﬁl B® B’ in C, by axiom (RS1)(a), there exists a right
C-sequence
(60)
A®A' — BO®B — N—>Z(AEBA) 3.1

in R(C,X). By Lemma 2.7, there exists an idempotent morphism p = p*: N — N which
makes the following diagram commutative:

fo
Ao A (50) Bo B a N—2 ~3A@A)
|
(59) \(68) ? (59)
\
Ao — g BeF ———— N X4e4)
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Therefore, the sequence A i> B (N, p) RN Z(A)isin R(E’, E).
(b) For each morphism f: A — Bin C, there are two objectsA’, B’ € C such that AGA’, B&B' €
70
C. For the morphism A @ A’ —— ( ) B @ B’ in C, by axiom (RS1)(b), there is a right C-
sequence in R(C, X)

f-100
AoA 22, A@B@A’@B’MB@B’LZ(AGBA’)

which guarantees

1
AﬂA@B Y B s

is a right 5—sequence in R(C,Y).
(RS2) For any two right C- -sequences

B—E-Cc-L-3), (3.2)

A 202 2oy A) (3.3)

lies in R(C, ). For any commutative diagram

A-L-pS.ctosa

NN

A —>0—C 5 XA

with a factors through f. Next we will prove y = 0, thus we are done.

By the definition of right 5—sequences, there are two right 5—sequences

ng 1'%

U w

2U), (3.4)

UL v 2w () (3.5)
lie in R((}', f). Taking the direct sum of right 5—sequences (3.2) and (3.4), we get a right C-

sequence
(o) (6 ¢) (51)
AU — BoV — CoW — XA U) (3.6)

in R(a f) such that (3.6) is isomorphic to a right C-sequence in R(C, X).
Similarly, taking the direct sum of right 5—sequences (3.3) and (3.5), we get a right C- -sequence

(67) (6.) (5.7)

AU — 0V —5CeoW 53U ) (3.7)
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13449

in R(g', E) such that (3.7) is isomorphic to a right C-sequence in R(C,X). Thus we have a
commutative diagram in R(C, X)

(6 ) (5 ¢) (50)
AoU BaV il CoWw YA ®U)
(59) |(88) (70) (%5 0)
AU 0oV C'ow A @ U).

(67) 3 (6.)

Note that () factors through ( f,) since a factors through f, hence ( ) factors through

v 0 0 () airl 1112
00 0m azl dy,

(8 0 ) In particular, we have

which implies y = 0.
(RS3) For any two right 5—sequences

f y

A B—4-C-L-3(A) and X 2~V Z - 3(X)

in R(C,Y), the diagram below with the leftmost square is commutative

A A-Ll-pStictisa

l(a,ﬁ) lao lﬁ ly

I XYV —=Z—=2X)

Next we will prove that there exists a morphism y: C — Z which makes the whole diagram
commutative in A. By the definition of right C-sequences, there exists right C-sequence A", I
and morphismsi: A — A, p: A" — A, j: I — I",q: 1" — I, such that pi = 15,qj = 1r,
which induce a morphism jo (a,8) o p : A" — I" in A, since A’ and I are right C-sequence
in R(C,X). According to axiom (RS3), we have a right C-sequence map u : A’ — I, which
induces a right C-sequence morphism g o u o i : A — I' extending (a, 8) in R(C.Y).

! J

(RS4) For any three right 5—sequence A ! B D! 2(A), B fLCcLE

A 8 Cc-t-p-= 2(A) are in R((?,E) ,with f, g are 2 -monics in C. For the morphism
f:A—> BinC, there exists A, B in C, such that A ® A’, B& B’ in C, Clearly

2(B) and

f

A B—~D—-3A), (3.8)
A —=0—=3A) —=Z(A) (3.9)

and
0 B B’ 0 (3.10)

AIMS Mathematics Volume 7, Issue 7, 13442—-13453.



13450

are right 5—sequgnces in R(E’, E). Take the direct sum of right triangles (3.8)—(3.10), we get the

following right C-sequence:

[0
P 1]

DoB axA) 22 A A)

i00
(697 3.11)

By the proof of (RS1), we know that any morphism in C can be embedded into a right C-

(60)

sequence, since the morphism A @ A" ——

B @ B’ in C, therefore,it can be extended to a right

C-sequence (3.1). By Lemma _%.6, (3.11) is isomorphic to (3.1) in R(C, X).

Similarly, the following right C-sequence

g0 8(1)
B@B’MCEBC’ (00)

0% rec exB) 2 sBe B)

(60")

(3.12)

is isomorphic to a right C-sequence in R(C, X). Since the morphism gf: A — Cin C, similar to

above, the following right C-sequence

(59) (95)
AsoA 2 coc 2%

FoC oX(A)—— I(ABA)

mO00
(5071) 3.13)

is isomorphic to a right C-sequence in R(C, X).

By axiom (RS4), we can get the following commutative diagram in A:

[0
(49) (23) (49
A®DA ————=BoB Do B &X(A) TABA)
|
|
0
oo (go) £ h':
) (40) ) (80 Y (5o ,
AGA ——CoC FoC eXA)———">3AdA)
|
(%) "
00 |
Y
EoC ®©X(B) E®oC ®©X(B)
(407) (*570 1)
X(Be B') TD®I(B) & X (A)

)Y
(%)

where the third column is a right C-sequence in R(C, X) and 4, is an £ -monic.

We write
ay an
hy =|ax
asg

AIMS Mathematics
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ax adx;
asy dsjz

by,
by
b3,

by
, hy = | by
b3,

b3
b |.
b33
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According to the above commutative diagram, we have

k O 0 app adpp aps [ 0

0 1](3 0):[6121 ann a23][0 1],

00 as; dszp asz 00

m 0 O\["1T 92 43) g g

0 1) ay; dppy dn3 :(0 0 1),
asp ds  a4sz

h O b1 b1y bk O
0 1|=1by;1 by bxis|lO0 .
00 bsyi b3y by O

) by by bz
(1 00
( (Do )[bZI by 1723] =0.

o

O =

0 0 1
b3i by b3
Hence
an 0 a3 bll 0 b13
hy =lax 0 ax|, ho=|by 1 by
0 0 1 0O 0 O

According to h, o hy = 0, we have

byy 0 biz\(ann 0 ap
byy 1 byllan 0 ax|=

0 0 OO O 1

byiayy +ax 0 bya;z +axy+by|=

byian 0 byiaiz + b3
=0
0 0 0

Thus we obtain
byiay +ax =0,

byia; =0,
byiaiz + ax + by = 0,
b116113 + b13 =0.

For the object F & C’ & X(A’), there are morphisms u,v: F® C' @ Z(A’) — Fe C' & X(A’)

where
1 0 —-ap I 0 ap
u=\|by 1 by [[v=|=by 1 a
0 0 1 0 0 1

such that u and v are inverse of each other. Therefore we can get a commutative diagram as
follows:

2(1)oj 0 0
DoB oXA)—Fo(C' 0X(A')— EEBC’EBZ(B’)(—OI)>Z(D)€BZ(B’)GBZZ(A’)

v (2(1)0j00)

DoB oAV L FoC osA) 2L EeC ox(B) — 2L 5(D)o S(B) @ SX(A)

AIMS Mathematics Volume 7, Issue 7, 13442—-13453.
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Note that
1 0 —aiz ) an 0 as arn 00
uhy = by 1 Do ][6121 0 axn|= 0 0}
0O 0 1 0 0 1 0 01
bll 0 b13 1 0 a3 b“ 00
hzv = b21 1 b23][—b21 1 ayyy | = 0 1 0 .
0 0 O 0 0 1 0 00

—~ a X()oj _~—
we obtain the right C-sequence D SF u, E & 2(D) in R(C.2).

Therefore, we can get the following commutative diagram in ‘A:

A-Ll-plp_isa
|
H O & 1an H

where a;; is an .2 -monic.

This completes the proof. m|

Remark 3.3. In Theorem 3.2, when A = C is a triangulated category, it is just Theorem 1.5 in [2];
when A = C is an exact category, it is just Proposition 6.13 in [1]; when A = C is a right triangulated
category, it is just Theorem 2.14 in [4].

4. Conclusions

In this article, we show that the idempotent completion of a right suspended category has a natural
structure of right suspended category and dually this is true for a left suspended category.
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