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1. Introduction

Dynamic systems are widely used in nature, such as in infectious disease models [1, 2],
vegetation-water models [3], and population models [4, 5]. For example, Khan et al. [6] studied the
dynamics of pine wilt disease with variable population sizes and showed control strategies for the
possible elimination of the infection in the pine tree population. Khan et al. [7] obtained an efficient
iterated homotopy perturbation transform method (IHPTM) to solve a mathematical model of HIV
infection of CD4+ T cells. Khan et al. [8] proposed a new method to solve partial differential
equations arising in the fields of science and engineering. Among the applications of dynamical
systems, the predator-prey model is an important research topic [9-12]. Generally, predator-prey
models assume that the prey is the only food source of the predator [13—15].

In ecosystems, predators are usually generalist predators. They feed on many types of species and
can change their diet to another species when a focal prey population begins to run short [16—19].
In [17], the authors studied a predator-prey model with a generalist predator. They aimed to achieve
biological control by generalists [17]. In [18], the authors studied the spatial pattern formation of a
predator-prey model with generalist predator and the harvesting, refuge effect. To better understand the
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relationship between prey and generalist predators, Upadhyay and Agrawal [19] modified the Leslie-

Gower model as
dv ,  wp?
— =0V - ,
dr u+ D
to describe the growth law of generalist predators. The term dv? represents the growth of predators,
where d is the mating rate of the predator. e is another source of food for predators. They considered

the following model:

du u wuy

L A T

dr K A+Bu+v 11
Q—vd B wv(t—1) (1.1)
dr ut—-1)+ D)

wu

u(r) and v(7) represent the prey and predator densities, respectively. The term % represents is the
Beddington-DeAngelis functional response. 7 is the gestation delay of the predator. Upadhyay and
Agrawal studied the invariance, boundedness, and local and global stability and Hopf bifurcation.

In the real world, the spatial distribution of populations is often inhomogeneous, so it is more
practical to use a reaction-diffusion model to describe the relationship between predators and prey. In
addition, the reaction-diffusion predator-prey model shows more abundant dynamic properties such as
spatial patterns and spatial nonhomogeneous periodic solutions. Considering this factor, Liu
et al. [20] proposed the following model with the Crowley-Martin type functional response based on
the model (1.1).

ou(x, 1) ( u) auv
=dA 1—-—=|-

ot A R ) T A by + vy’
Hv(x, 1) =d,Av+v dV—M , XEQ, t>0

ot ut—71)+e (1.2)
oun ) _ D _ 6 e a1 0

ov ov
u(x, 0) = up(x,0) = 0,v(x,0) = vo(x,0) >0, xeQ,0¢[-10].

In the model (1.2), Liu et al. [20] used the Crowley-Martin-type functional response to reflect the
impact of predators on prey. This considered the effect of interference among predators. a, b, and ¢
represent the capture rate, handling time, and magnitude of interference among predators, respectively.
They mainly analyzed the instability and Hopf bifurcation induced by time delay [20]. Although
they pointed out that time delay may cause spatially inhomogeneous periodic solutions, the numerical
simulations did not show stably spatially inhomogeneous periodic solutions. This is because in the
delayed reaction-diffusion predator-prey model, the spatial nonhomogeneous Hopf bifurcation curve is
usually above the spatial homogeneous Hopf bifurcation curve. In addition, Turing instability cannot
occur for the model (1.2). For model (1.2), it is unfortunate that the inhomogeneous distribution of
prey and predator in space is not shown. This may be due to the lack of stable spatially inhomogeneous
periodic solutions in the delayed reaction-diffusion predator-prey model.

In nature, competition within populations exists widely, and this competition is often nonlocal since
resources are limited. In [21,22], the authors suggested that the internal competition of the population
caused by the natural environment is related not only to the population density at the current location
but also to the population density nearby. They measured this effect by weighting and integrating,
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and modified the ¢ as % fg G(x,y)u(y,t)dy. G(x,y) is a kernel function. Wu and Song studied Hopf
and state-Hopf bifurcations in a diffusive predator-prey model with a nonlocal effect and delay [23].
Geng et al. studied a diffusive predator-prey model with nonlocal competition, including Hopf, Turing,
double-Hopf, and Turing-Hopf bifurcations [24]. The works in [25, 26] show that stable spatially
inhomogeneous periodic solutions often exist in predator-prey models with nonlocal competition.

Inspired by the above work, we assume there is nonlocal competition in prey and modify the
model (1.3) as follows.

ou(x, 1) 1 auy
= d A 1 i G 9 ) d - ’

ot 1”+m( AKl;(xwmyﬂy) (1 + bu)(1 + cv)
ov(x, 1) sv(t — 1)

o —dzAv+v(dv——u(t_T)+e , xe€Q, t>0 (1.3)
Qur) _ WD _ o e 0, 1> 0

ov ov
u(x,0) = up(x,0) > 0,v(x,0) = vo(x,0) >0, x€Q,0¢€[-1,0].

where d; and d, represent the diffusion coefficients of prey and predator, respectively. The term
(lﬂ—lmﬁ% is the Crowley-Martin-type functional response. € is the prey and predator’s living region.
Just for the convenience of calculation, we choose Q = (0, Ir), where [ > 0. The boundary condition is
the Newman boundary condition, which means that the living region is closed and no prey and
predator enter or leave the region. fQ G(x,y)u(y, t)dy represents the nonlocal competition effect, and
G(x,y) 1s the kernel function. We assume that the competition strength among prey individuals in the
habitat is the same; we choose G(x,y) = % as in previous works [23-26].

To our knowledge, there is no work about the predator-prey model (1.3) with nonlocal competition
in prey and generalist predators from the point of Hopf bifurcation. The aim of this paper is to study
the combined effect of time delay and nonlocal competition on model (1.3). Compared with the
model (1.2), do new dynamics appear, such as stably spatially inhomogeneous periodic solutions and
Turing instability?

This paper is organized as follows: the stability and existence of Hopf bifurcation are studied in
Section 2, the property of Hopf bifurcation is analyzed in Section 3, and numerical simulations are

given in Section 4. Finally, a short conclusion is presented.
2. Stability analysis

(0,0) and (K, 0) are boundary equilibria of system (1.3). The existence of positive equilibria of
system (1.3) was studied in [20], that is,

Lemma 2.1. [20] If the following condition

cr(bs +d — bde)(de + dK — s)

(Hyp) de<s<dK+e), a> K

2.1)

holds, then the model (1.3) has a coexisting equilibrium point (u.,v.), where

s—de and v. r(bu, + 1)(K — u,)
" aK - cr(bu. + 1)K —u)’

u, =
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Next, we just denote E.(u.,v.) as a coexisting equilibrium. Linearize system (1.3) at E..(u., v.)

a_u( u(x, 1) ):D( Au(t) )+L1( u(x, 1) )+L2( u(x, 1 —7) )+L3( fi(x, 1) ) 2.2)

ot \ u(x,t) Av(t) v(x, 1) v(x,t—7T) P(x, 1)
where
(8 2) (s ) el 3) (7 9)
and abu.v, au, Tl
G Trburron T Troyiray >4 Kk 70

2

1 I
L >0, 1= —f u(y, t)dy.
l7T 0

(e + u.)?

by=dv.>0, by= —0"

The characteristic equation is
B+ A+ B, +(Cp+b1D)e™ =0, neN,, (2.3)

where

Ao =a3—a; — by, By=(a;—a3)by, Cy=—aib,+azb, + ab,
2 4 2

n n n
A, =(d + d2)1_2 —a1—by, B, = dldzl—4 —(a1dy + bldl)l_z +aby, (2.4)
2
C, = bldll_Z —aby + a,b,, neN.
2.1. Nondelay model
When 7 = 0, the characteristic equation (2.3) is
X+ (A, +b)Al+B,+C, =0, neN, (2.5)

where

{A0+b1 =asz—ap, Bo+C0:azb2,

2.6
Ay +by = (d +d)%5 —ai, B,+C,=didy% —ards’s +arbhy, neN. 2.6)

Make the following hypothesis:

(Hl) An+b] > 0, B, +C, > 0, fOfI’lGNo,
(Hy) az—a; >0 A+ by <0, (or B, + C; <0), for some k € N.

Theorem 2.2. For system (1.3), assume T = 0 and (Hy) holds. Then, E.(u.,v.) is locally asymptotically
stable under (Hy) and is Turing unstable under (H,).

Proof. If (H;) holds, then we can determine that the characteristic roots of (2.5) all have negative real
parts. Then, E.(u.,v.) is locally asymptotically stable. If (H;) holds, then the characteristic roots of
(2.5) with k € N have at least one positive real part, but with n = 0 all having a negative real part. This
implies that E.(u,, v.) is Turing unstable. O
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Lemma 2.3. When t = 0, the Turing instability of E.(u.,v.) cannot occur for the system (1.2), which
lacks the nonlocal competition term.

Proof. When v = 0, for the system (1.3) without nonlocal competition, the characteristic equation
(2.3)1s

P +T,A+D,=0, neN, 2.7)
where

)
T, = (dl + dZ)l_z —(a) + a),
n* n’
D, = d1d21—4 - dz(al + &)1—2 + azbz.
Assume E,(u.,v.) is locally asymptotically stable in the absence of spatial diffusion, which means that
a; +a < 0. However, T, > 0 and D, > 0 when a; + a < 0 holds. Then, the Turing instability of
E.(u.,v,) cannot occur. O

2.2. Delay model
Let iw (w > 0) be a solution of Eq (2.3); then,

~w’ +iwA, + B, + (C, + bjiw)(coswt — isinwr) = 0.

We can obtain

WA (C, — biA) - Bu.Cy w(A,Cp = B,by + byw?)
COSWT = O+ i , SInWT = iy b%wz
It leads to
w*+w’ (A} - 2B, - b})+ B2 - C = 0. (2.8)

Let z = w?; then, (2.8) becomes

7 +2(A2-2B,-b})+B.-Cl =0, (2.9)

1
7= 5[_Pn + /P2 —40,R,],

where P, = A2 - 2B, - b3, 0, = B, + C,, and R, = B, — C,. If (Hy) and (H;) hold, Q,, > 0 (n € Ny).
By direct calculation, we have

and the roots of (2.9) are

Py =(a; —as)* >0, Ry=—2(as —ay)b; —ayb, <0

n2 2 }’lz n2
P, = (Cll —dll—z) +dzl—2 (dzl—z—Zbl),
k* k>
R, = d1d21—4 - (Zbldl + aldz)l—z + 2a1by — a,b,, fork e N.
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Define
Wl = {ann < 0’ ne NO},
W, = {nR, >0, P, <0, P2—4Q,R, >0, n € N},
W3 = {n|R, >0, P2 -4Q,R, <0, n €N},
and
. JE i #arccos(Véﬁf)) +2jnm, v >0,
On = NG T = # [27r - arCCOS(VfZ}i))] +2jnm, Vﬁ;’ﬁ <0.
w*)*(C, - bA,) - B,C,
yn = Wl ¢ ) : (2.10)
C2 + DX (wE)>
o _ 9 (AuCu = Buby + by(wi)?)
e C2 + b2 (w})?

We have the following lemma.

Lemma 2.4. Assuming that (Hy) and (Hy) hold, the following results hold:

(1) Eq (2.3) has a pair of purely imaginary roots *iw, at Tt for jeNgandn e Wy.

(2) Eq (2.3) has two pairs of purely imaginary roots iw; at h* for j€e Ngand n € W,.

(3) Eq (2.3) has no purely imaginary root for n € Ws.
Lemma 2.5. Assume (Hy) and (Hy) hold. Then, Re(%)| i+ > 0, Re(40)|._ - < 0 forn € W, U'W,
and j € Ny,

Proof. By (2.3), we have

(d_/l)_l _ 20+ A+ b T
dr’  (C,+bDAlet A
Then
dA 20+ A, +be™ 1
Re(—)!'1_,: =R g
[ e(dT) beeri ¢l (Cp+ b D)Ae™ /I]T:T"
= [————Qw*+ A2 =2B, - b)] =
[Cg + bfwz( @ " i)
1
= i[c2+—W \/(Al% - 2Bn - b%)z - 4(B,21 - CYZ!)]T:Tf;’i'
Therefore, Re(%)| _j- > 0, Re(%)| _ - < 0. O

Denote 7, = min{72| n € W; UW,}. We have the following theorem:

Theorem 2.6. Assume that (Hy) and (Hy) hold. Then, the following statements are true for
system (1.3):

(1) E.(u.,v.) is locally asymptotically stable for t > O when W, UW, = @.

(2) E.(u.,v.) is locally asymptotically stable for T € [0,7,) when W, UW, # @.

(3) E.(u.,v.) is unstable for t € (1., 7. + &) for some € > 0 when W; UW, # @.

(4) Hopf bifurcation occurs at (u.,v.) when T = T{;’+ (t= T,’;’_), jeENy, neW, UW,.
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3. Property of Hopf bifurcation

In [27,28], we studied the property of Hopf bifurcation. For fixed j € No and n € W; U W5, we
denote ¥ = 7/*. Let ai(x,t) = u(x,1t) — u, and ¥(x, 1) = v(x, 7t) — V.. Drop the bar, and (1.3) can be
written as

o i 1 I a(u + M*)(V +v,)

%= T[diAu+ r(u + u,) (1 " K ), (u(y, 1) + ”*)dy) S (L b+ u))(I+c(v+v)) (3.1)
. st —=1)+v,) |
Y = 1[d)Av + (v +v,) (d(" V)= (u@—-1)+u)+ e) '

We rewrite system (4) as follows:

ou

r A
— =1[d,Au+ ayu — ayv — a3it + o u® — ?uu + v + a3V’ + aqi’ + asu®v + aguy’

ot
+av’] + ho.t.,

O oAy + by + bt — 1) — byv(t — 1)+ dv? + Br(t — 1) + Bau(t — V(e — 1) (3.2)

ot
+ By (t — 1) + Bau(t — v + Bsv(t — v + B (t — 1) + Byt — Dv(t — 1)
+ Bsu(t — V(e = 1) + Bov3(t = 1) + Brou®(t — 1)v + v (t — 1] + hoot.,
where
abv, a acu,
= = — ar =
N A+ by +ov) 7 T Q+bu0+oy? BT A +bu)( +on)
ab*v, ab
Qy = — , Q5 = s
YT A+ bu) A+ vy’ T (L + b3+ ev)?
ac aczu*
= 5 C}{ = -— 5
6 (1 + bu)*(1 + cv,)? 7 (1 + bu)(1 +cv,)*
sv? SV, SV, s
= s - s = O, s = - s
A C(e+u)? Pz = (e +u,)? Ps P = (e +u.)? Ps e+ u,
SV2 SV SV
= . s = - s = 09 = 09 = _—*$ =0.
Bs et ) B Tern)y Bs Bo Bio et ) B

Define the real-valued Sobolev space as
= {@ )" : u,v € H(0, In), (e, vi)li=osr = 0},

the complexification of X X¢c := X ®1X = {x; + ixz| x, x, € X}. and the inner product

I I
<i,v>= f uvidx + f Urvadx
0 0

for it = (uy, us)’, ¥ = (vi,v2)T, &L,7 € Xc. The phase space € := C([—1,0], X) has the sup norm. Then,
we can write ¢, € €, ¢,(0) = (¢ + 6) or —1 < 6 < 0. Denote B (x) = (y,(x), 0)7, BL(x) = (0, yu(x))7,
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and 3, = {ﬁ,(f)(x), B,(f)(x)}, where {Bff>(x)} is an an orthonormal basis of X. We define the subspace of ¢
as
B, := span{< ¢(-), 8/ > B lp € €, j= 1,2}, neN,.

There exists a 2 X 2 matrix function 1"(o, 7) —1 < o < 0 such that
2

0
D00+ 7L0) = [ a0

for ¢ € €. The bilinear form on ¢ x € is defined by

0
W, ¢) = ¥(0)p(0) - f 1 f70 Y(& — o)dn (o, D)p(§)dé, (3.3)
— é‘.‘:

for ¢ € €, Y € €*. Defining T = 7 + y, the system undergoes a Hopf bifurcation at (0, 0) when u = 0,
with a pair of purely imaginary roots +iw,,. Let A denote the infinitesimal generators of the semigroup,
and A* be the formal adjoint of A under the bilinear from (3.3). Define the following function:

1 I’L():O,

0 npeN. (34)

6mw:{
Choose 77,,(0, %) = F[(=n2/P)D + Ly + Lad(1yy)], Mag(=1,%) = =ELa, 1y (0, 7) = 0 for =1 < o < 0. Let
p(8) = p0)el“n™ (9 e [~1,0]),

(@) = g(0)e “n™ (9 € [0, 1])

be the eigenfunctions of A(T) and A* corresponding to iw,,T, respectively. We can choose p(0) =
(1, p»)7, q(0) = M(1, g,), where

1 n? .
P1 = a_2 a _dll_2 —035n0 — Wy, |,

q> = ax/(by — byen® — 61'2712/12 — iWy,),
and
M = (1 + piqy + (byqy — b1piga)Te ™) ™",

Then, (4) can be rewritten in abstract form as

dlcfh(l) = (T + WDAU() + (7 + w[Li(U,) + LUt — 1) + LsU ()] + F(U,, U,, ), (3.3)

where

@161(0)? = £61(0)$1(0) + a2¢1(0)2(0) + @3$>(0)* + 4653 (0)
+5¢7(0)¢2(0) + @61 (0)p35(0) + a73(0)dp5(0) + Big7(—1)
F(¢,p) = F+ )| +Bad1(=Da(=1) + B33 (=1) + a1 (—1)2(0) + Bso(—1)$2(0) (3.6)
+Bed7(—1) + B1¢7 (= Dpa(=1) + Bsp1 (= 1)p3(=1) + Bop5(—1)
+B10¢7 (=12 (0) + B1185(—1)2(0)
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respectively, for ¢ = (¢1,¢,)" € € and ¢, = %T Ol” ¢dx. Then, the space € can be decomposed as

¢ = P& Q, where
P = {zpyu,(x) + Zpyn,(0)lz € C},

0 = {¢ € Cl(gyn, (%), ¢) = 0 and (7y,,(x), $) = O}.

Then, system (3.6) can be rewritten as
Ui = 20)p()Yne () + ZOPC)yn, (%) + (2, -)
and U, = %r folﬂ U,dx, where

2(t) = (qyn (%), Uy), w(1,0) = U (6) — 2Re{z(2) p(0)yn, (1)}
Then, we have
(1) = 1w)noTz(t) + g(0) < F(0, U,), By, > -
There exists a center manifold Cy, and w can be written as follows near (0, 0):
z z
w(t,0) = w(z(1),z(2), 0) = wzo(e)a + w1(0)zZ + woz(Q)E e
Then, restrict the system to the center manifold as z(f) = iw,,Tz(t) + g(z, Z). Denoting

(ZZ)— Z_2+ ZZ+ i+ §+
8\Z, —g202 811 8022 8212 .

By direct computation, we have
820 = 2TM(s1 + q262) 15, g1 = TM(01 + q202)13, o2 = &20,

g2 = 2TM[(k11 + qakan)la + (K12 + qak22) 4],
I 2 I 3 I 4
where I = [ y2 ()dx, I = [[" 3 (0)dx, Iy = [[" 4 (x)dx, and

1 =ay — ”_Kno + &(an + a3é),
Ga =e T (By + & (By + de¥0TE + Bag + €07 (By + BsE)))

1 _ _
01 = — ——G + 7 Qa1 + 2038 + @ + £)),

2K

1 . . L _ _ L. _ _
0r =0 (0B, + BB+ EBa-+ Bf) + OBy + 2d + BEE + ol +).
ki1 = - 200(0) (%(1 £ 6, — 201 - azg) + 20 (0)(@s + 2a36)

+ W (0) (—%(1 +6,,) + Qay + azé)) + W 0)@z + 2a58),

1 ) ; _
K1y :5(3(14 + as(€ + 28) + EQagé + agé + 3arEE)),

(3.7)

(3.8)
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Ky =2¢“nT w(z)(O) (:84 + (2de"nT +ﬁ5)§) + w@)(o) (2‘15 + e (B, +'855))
+ 2670 w(D(~1) (281 + By + €nTBL)E)
+ 267 WD (1) (B, + 285 + T Bst)

+ Wi (1) (BaE + €07 (21 + Baf)) + Wi (=1) (BsE + €07 (By + 2B:8))

- %e-”w"o* (22 7¢(B10 + BuEE) + EBio + Bud?)
b 3¢ (385 4 BB 4 2) + EOBE + ik + EE)).
Now, we compute Wao(6) and Wy, (6) for 6 € [1,0] to give g,;. By (3.7), we have
@& = U, = 2pyn,(X) = 2Dy (x) = Aw + H(z, 7, 6),

where
2 =2

_ Z _ Z
H(z,z,0) = Hzo(g)a + Hy1(0)zz + H02(9)3 +

Comparing the coeflicients of (3.8) with (3.9), we have
(A = 2wy THwa = —Hy(0), Aw1(0) = —H11(6).

Then, we have

() = B PO — B pO)e T+ By,
no o
wi(0) = 21 pO)eln™ — E1p0)een™ + E,
lwnoT lwnOT

where E; = X7 E(ln)a Ey =300 Eén)’

0 .
Egn) = (216L)n07~'1 — f 621wn0%6d77n0(07 7_-))_1 < FZO’ﬁn >,

-1

0
EY = —( f (6,2 < Fi1 By >, ne N,
-1

—Fz(), nog O,I’l = 0,
- s5-Fa, ng#0,n="2ng
< F , >: 21”’\ b b b
2 wFw, no=0,n=0,

0, other,

=Fi, no#0,n=0,
[

F _ ETF“, n0¢0,n:2n0,
< ll’ﬁn>— IF =0 =0
- 11> nO_ ’n_ ’

0, other,

and Fy = 2(s1,62)7, F11 = 2(01,00)".

(3.9)

(3.10)

(3.11)

(3.12)
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Thus, we can obtain

i 2 1 R 0
c1(0) = 2(;1%(8205’11 - 2|811|2 - |g(;2| )+ 5821, Mo = —%, .
1 . )
Ty = ———[Im(c{(0)) + poIm(A' ()], B> = 2Re(c(0)).

no

Theorem 3.1. For any critical value i (nes, Jj € Ny), we have the following results:

(1) When u, > 0 (resp. < 0), the Hopf bifurcation is forward (resp. backward).

(2) When 3, < 0 (resp. > 0), the bifurcating periodic solutions on the center manifold are orbitally
asymptotically stable (resp. unstable).

(3) When T, > 0 (resp. < 0), the period increases (resp. decreases).

4. Numerical simulations

To verify our theoretical results, we give the following numerical simulations. Fix parameters
r=2,K=15,b=1,d=2,e=1,a=5,5s=20,1=15,d, =2, d, =0.2.

The bifurcation diagram of system (1.3) with the parameter of interference magnitude among predators
c 1s given in Figure 1, where (Hy) and (H;) hold. We can see that with an increase in parameter c, the
Hopf bifurcation curves decrease, which implies that the stable region of positive equilibrium (., v.)
will decrease. This means that increasing the interference magnitude among predators is not conducive
to the homogeneous distribution of prey and predators in space. This causes spatial oscillations in
prey and predator densities. Since the inhomogeneous Hopf bifurcation curve 79 is always under
the homogeneous Hopf bifurcation curve Tg. This spatial oscillation of prey and predator density is

inhomogeneous.

[ Stable region
L L L L 1 L

0.1 0.2 0.3 0.4 0.5 0.6

Figure 1. Bifurcation diagram of system (1.3) with parameter c.
Fixing ¢ = 0.1, we can determine that (., v.) = (9.0000, 1.9048) is the unique positive equilibrium,
and (H;) holds. By direct calculation, we have 7. = 70 ~ 0.0758 < 7 ~ 0.1002, u» ~ 0.0105,
B2 = —0.0584 and T, ~ 0.8602. If we choose 7 = 0.05 < 7., then (u.,v,) is locally asymptotically
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stable for model (1.3) (shown in Figure 2) and model (1.2) (shown in Figure 3). This means that the
nonlocal competition term has no effect on the stability of the model (1.3). Prey and predator will
coexist in a spatially homogeneous form, and their densities will converge to the positive equilibrium

(s V).

9.2 2
9.1 1.95
g 9 g 1.9
] >
8.9 1.85
8.8 1.8
600 600
6 6
4 4
200 9 200 9
Time t 0 o Distance x Time t 0 o Distance x
Figure 2. Numerical simulations of system (1.3) with = = 0.05. (u.,v.) is locally
asymptotically stable.
9.1 1.95
9.05
9
o) T 19
S 895 >
8.9
8.85 1.85
600 600
400 5 G
4 4
200 2 200 2
Time t 0 o Distance x Time t 0 o Distance x
Figure 3. Numerical simulations of system (1.2) with 7 = 0.05. (u.,v.) is locally

asymptotically stable.

If we choose 7, < 7 = 0.09 < 77, then (u,, v.) is unstable, and inhomogeneous periodic solutions
exist for the model (1.3) (shown in Figure 4). This means that prey and predator will coexist in the form
of spatially inhomogeneous oscillations, and their densities will distribute inhomogeneously in space.
To compare our result with the work in [20], we give the numerical simulations of model (1.2) under
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the same parameter 7 = 0.09 in Figure 5. We can see that (u., v.) is locally asymptotically stable (1.2).
This means that prey and predators will still coexist in a spatially homogeneous form and that their
densities will converge to positive equilibrium (u., v.).

500 4 500 4
2 2
Time t 0 o Distance x Time t 0 0 Distance x

u(x,t)

Time t 890 o Distance x Time t 890 o Distance x

Figure 4. Numerical simulations of system (1.3) with 7 = 0.09. (u.,v.) is unstable, and
inhomogeneous periodic solutions exist.

9.001 1.9052
1.905

9.0005
1.9048

2 1.9046

u(x,t)

>

1.9044
8.9995
1.9042

1.904
1000

8.999
1000

6 6
500 4 500 4
2 2
Time t 0 o Distance x Time t 0 o Distance x
Figure 5. Numerical simulations of system (1.2) with 7 = 0.09. (u.,v.) is locally

asymptotically stable.
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5. Conclusions and discussion

Assuming there is nonlocal competition caused by limited resources in prey, we modified the
model (1.2) to the model (1.3) with the nonlocal competition in prey, gestation delay in predator, and
generalist predator. We study the local stability of the positive equilibrium and Hopf bifurcation at the
positive equilibrium by using the time delay as a parameter. Through the center manifold and normal
form method, we give some parameters that can determine the direction of Hopf bifurcation, the
stability of bifurcating periodic solutions, and the period of periodic solutions.

For the time delay when 7 = 0, we determine that nonlocal competition can induce Turing instability
of the coexisting equilibrium point (u.,v.) , but Turing instability cannot occur in the model (1.2)
without nonlocal competition. Similar to the results in [20], time delays can affect the stability of
the positive equilibrium. The positive equilibrium is stable when the delay is shorter than the critical
value but unstable when the delay is longer than the critical value, and prey and predator densities will
produce periodic oscillations.

Through the bifurcation diagram, we find that increasing the interference magnitude among
predators is not conducive to the homogeneous distribution of prey and predators in space. This
causes spatial oscillations in prey and predator densities. Compared with the work in [20], the
numerical simulations show that the inhomogeneous Hopf bifurcation curve T(l) is always under the
homogeneous Hopf bifurcation curve 7y for the model (1.3) with nonlocal competition. When the
time delay is longer than the critical value 79 and shorter than 7{, the prey and predator will coexist in
space, but their densities will oscillate periodically in the form of spatially inhomogeneous
oscillations for the model (1.3). However, the prey and predator will still coexist in a spatially
homogeneous form, and their densities will converge to the positive equilibrium for the model (1.2).
The model (1.3) is more realistic than the model (1.2) in the real world since it is difficult for the
population density to exist in a completely uniform way. Through our theoretical analysis and
numerical simulation, we show that stable inhomogeneous periodic solutions exist when the delay
crosses the critical value, which is different from the work in [20].

In the inhomogeneous periodic oscillations of prey and predator densities (Figure 4), we find that
the amplitude near the boundary of the region is larger than that at the center of the region. This is
because the prey needs to avoid the hunting of predators. They will escape from the interior of the
area and move out to the boundary. However, because the living area is closed, they cannot cross the
boundary. Thus, they can only move inward again. After reaching the interior of the area, they have to
escape the hunting of predators again. This forms the periodic oscillation of this mode.

In applying the predator-prey model, we suggest that scholars consider the nonlocal competition of
prey since the dynamics of the models are different in the absence and presence of nonlocal
competition. We hope that our model can be applied to ecological environment protection and
population control. In future work, we will study the predator-prey model with a nonlocal competition
term, nonconstant kernel function, and the Allee effect.
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