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Abstract: In this paper, making use of a new non-smooth variational approach established by
Moameni [13-16], we establish the existence of solutions to the following mixed local and nonlocal
elliptic problem
—Au + (=A)’u = ug(x,u) + b(x), xeQ,
u>0, x e,
u=0, xeRN \ Q,

where Q c RY is a bounded smooth domain, (—A)* is the restricted fractional Laplacian, u > 0, 0 <
s <1, N > 2s, g satisfies some growth condition and b(x) € L™(Q) for m > 2. The interesting feature
of our work is that we show that the nonlocal operator has an important influence in the existence of
solutions to the above equation since g has new growth condition.
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1. Introduction

In this paper, we consider the existence of solutions to the following mixed local and nonlocal
semi-linear non-homogeneous elliptic problem
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—Au + (—A)’u = ug(x,u) + b(x), xeQ,
u >0, x € Q, (1.1)
u = 0, X € RN \ Q,

where Q c R is a bounded domain with smooth boundary, u > 0, N > 25,0 < s < land g : QxR — R
is a Cardtheodory function. The fractional Laplacian (—A)*® is defined by

(—A)*u(x) =ay,,P.V. f ) = uly)
RN |)C _ y|N+2s
—ay, lim Md

— vy|N+2s ’
=0 Jpmgyo 1X — Y1V

3 1 —cosé B
ClN,s — (\[RN |§|N—+25 df) .

The mixed operators of the form £; := —A + (-A)*(0 < s < 1) appears naturally from the
superposition of two stochastic processes with different scales, namely, a classical random walk and
a Lévy flight. For example, the population with density u can possibly alternate both short and long-
range random walks. See [1,4, 9] for more details.

Recently, an extensive work has been developed for the mixed local and nonlocal operators L.
Biagi et al. [7] obtained the radial symmetry of the solutions to mixed operators by moving planes
method. Furthermore, they also established the one-dimensional symmetry of the global solutions
inspired by a classical conjecture of Gibbons. In [4], Biagi et al. established the existence, maximum
principles and interior Sobolev regularity of solutions to the following mixed local and nonlocal elliptic
problem

where ay , 1s given by

—Au+ (-A)’u = f(x), x€Q,
u>0, x €, (1.2)
u=0, xeRM\ Q.

Lamao et al. [12] given some summability of solutions to problem (1.2). Some other results of mixed
local and nonlocal operators, see [1,5,6,8,10, 11] and the references therein.

Now, we give a short description on the development of problem (1.1). For the following semi-linear
local elliptic problem

(1.3)

—Au+ du = plulP>u + b(x), x€Q,
u= 0, X € GQ,

where u > 0 and b € L*(Q). Bahri [2] showed the existence of infinitely many weak solutions to
problem (1.3) with 4 = O0and u = 1 for 2 < p < 2%, where 2* = 2N/(N —2) for N > 3 and 2" = oo
for N = 2. The results of [2] given a partial answer to an open question put forward in [18, p.124].
Barroso [19], by a new fixed point result of the Krasnoselskii type for the sum of two operators,
proved the existence of strong solution to problem (1.3) with a more general nonlinearity. Basiri and
Moameni [3] applied a new variational principle introduced in [14,16], showed that problem (1.3) with
u>0,1>0andb e L"(Q) has a strong solution for each 2 < p < (2N —2m)/(N —2m) if N > 2m and
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for p > 2 if N < 2m, where m > 2. The importance of the result of [3] is that problem (1.3) includes
supercritical nonlinearity as well.

For the nonlocal case, by a new variational principle, Moameni and Wong [13] proved the existence
of a weak solution to the following nonlocal supercritical semi-linear elliptic problem

{<—A>Su =l Pu+ (), x€Q, (1.4)

u = 0, X € RN \ Q,
where 0 < s < 1. They extended the corresponding existence results of classical elliptic problem (1.3)
to nonlocal elliptic problem (1.4).
In order to establish the existence of solutions to problem (1.1), now we need to recall some
definitions and notations. Denote
U = H,(Q) N LP(Q), (1.5)
where p > 1 and Hy(Q) = {u € H'R") : u =0a. e in RV \ Q}. It is obvious that U is a Banach space

1
equipped with the norm [lully; = llullLr) + lillyq > Where llullygr ) = (f [VuPdx)” for any u € H}(Q).
The use of this space in the framework of nonlinear equations and variational methods was put in [17].
Define the convex and weakly closed subset K of U in the following two cases:
Case 1: Let r be a positive real number, when m > %, denote

K={ueU:u>0,lullq <r}. (1.6)
Case 2: When 2 < m < 2=, denote
Ki={uel:u>0,|ulrq < rh 1.7)

where r > 0 and

. mN(N —2s)
= N 2N = 2ms)’

(1.8)

In order to utilize the new principle, by similar arguments as [1, Lemma 3.1] or the proof of
Theorems 1 and 2 in [17], we define the energy functional corresponding to problem (1.1) as

Iyc(u) = WPoc(u) — O(u), (1.9)
where
By ) = % fQIVulzdx + % fz) %dm{y, uek, (1.10)
00, otherwise,
and
O(u) = LﬂG(x, u) + ub(x)dx, (1.11)
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where G : Q X R — R is denoted by G(x,y) = foy g(x, s)ds and
D= RY xRY)\ (Q° x Q°). (1.12)

Motivated by the works of Basiri and Moameni [3], Moameni and Wong [13] and Lamao et al. [12],
in this paper, we prove the following theorem by the non-smooth critical point theory and non-smooth
variational principle [14,15].

Theorem 1.1. Assume that Q C RY is a bounded domain with smooth boundary, g : Q XR — Ris a
Cardtheodory function which is increasing in u and satisfies the following growth condition

lg(x, w)| < alul™" +c, (1.13)
where a, c are positive constants, b(x) € L"(Q) for m > 2 and

{ NN 29+ N-DWN =2ms)

2< N-DWN -2ms) (1.14)
p>2, N<m(s+1).

Then there exists u* > 0 such that, for any u € (0, u*), problem (1.1) has at least one positive solution
u(x) € U, where U is defined by (1.5).

Remark 1.2. In [3], Basiri and Moameni showed that there exists at least one solution u € W>"(Q) to
the following equation
—Au + Au = ug(x,u) + b(x), xeQ,
{ u= O, X € GQ,
where g satisfies the growth condition (1.13), a > 0, b € L"™() for m > 2 and

2<p<—N N>2”l
) )

p>2, N <2m.

It is worth noting that for 0 < s < 1, we have
N(N =2s5)+ (N -2)(N —2ms) 2N —2m

(N —2)(N — 2ms) S N-2m’
and
LNV =29+ (N = 2N = 2ms) _ 2N = 2m
1 = .
s—1- (N = 2)(N — 2ms) N —-2m

Remark 1.3. Note that
N(N = 2s) + (N = 2)(N — 2ms) 2N

>
(N = 2)(N = 2ms) T N-=-2
provided
1
N2>s+-.
s

Therefore, our main results show the existence of solutions to problems (1.1) with supercritical
nonlinear term by means of Sobolev spaces.

The main structure of this paper is as follows. Section 2 is specialized in introducing some basic
definitions and properties of non-smooth analysis and variational principle, which is the basis for the
proof of main theorem. In Section 3, we prove Theorem 1.1 by variational principle.
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2. Preliminaries

Let U be a locally convex space, U* is the topological dual of U, (-, -) is a dual product of U and
U*. In order to utilize the variational method and prove the existence of solutions to problem (1.1), it
is essential to review some important definitions and results in non-smooth analysis [13-16].

Definition 2.1. A function ¥ : U — R is known as weakly lower semi-continuous if W(u) <
liminf,_,. W(u,) for any sequence u, approaching u € U in the weak topology on U.

Definition 2.2. ¥ : U — R U {oo} is said to be proper if Dom(¥) := {u € U : Y(u) < oo} # 0.

Definition 2.3. The subdifferential 0¥ of ¥ is defined to be the following set-valued operator
oNVu)={u el :wu,v—uy+¥u) <YW}, Yve U,

if u € Dom(¥) and 0¥ (u) = 0 if u ¢ Dom('V).

Assume that ¥ is Gateaux differentiable at u, denote the derivative of ¥ at u by DW¥(u), in this case
0¥ (u) = {D¥(u)}. For a given functional ® € C'(U,R) denote by DD (u) € U* its derivative.
The critical point of function is important in this paper.

Definition 2.4. Suppose U is areal Banach space. Let I = ¥—® : U — RU{+oo}, where ® € C(U,R)
and ¥ : U — R U {+o00} is proper, convex and lower semi-continuous. A point u# € U is a critical point
of I =¥ — @ if u € Dom(¥) and for any v € U,

Y(v) —¥(u) > (DD(u),v — u), 2.1

where where (., .) is the duality pairing between U and its dual U*.

Definition 2.5. Let b € L*(Q), we say that a function u € ?{6 Q) N LP(Q) is a weak solution to
problem (1.1) if for every test function ¢ € C;’(Q),

f Vu - Vodx + f f () — u)P) - ¢(y))dxdy = f (ug(x, u(x)) + b(x))p(x)dx,
Q Q
D

|X _ y|N+2s

where D is defined by (1.12).
Let Wi be defined as (1.10), then for any v € U,

(D¥sc(w0), vy = f Vu(x) - Vo(x)dx + f f @) = UGN =ve)) )
Q D

|.X _ y|N+2s

Lemma 2.6. The functional Yy is convex and weakly lower semi-continuous.

Proof. We begin with showing the convexity of Wy. Recall that

1 1 u(x) — u(y)?
Yoc(u) = > f \Vul>dx + Ef %dxdy, uekK.
Q D -

For any u;,u, € K and a € (0, 1], we have

Poc(au; + (1 = a)uy)
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=% f IV(au; + (1 — @)un)(x)*dx
f [(@u; + (1 = @)uz)(x) — (u, +(1—Q/)M2)(Y)|2

|X y|N+2s

2 foz Vi, (x)Pdx + = f(l — @)’ |Vup(x)Pdx + fa(l — @)|Vu(0)||Vua (x)ldx
Q
ff @*luy (x) = (V)P + (1 = @)?|ur(x) - uz(Y)Iz

|X y|N+2v
2a(1 — )| () = ())(e02(x) = 1))
! f f Sy (22)

Obviously,
a¥o(ur) + (1 = @) ¥Poc(u2)

! f oV, (o dx + f (1 - @)Vus(x)Pdx
Q
| ff ol () = O + (1 = Do) =P, 03)

|X y|N+25

Thus, taking into account @ € (0, 1], (2.2) and (2.3), we get

Woc(au, + (1 — a)uz) — [@Foc(uy) + (1 — @) Pc(u2)]

"(“ J, f Vs (x) - Vi () Pdx
) a(a -1 ff () = O + s = wF

|X _ y|N+2s
o) ] 20) ) =0

|X _ y|N+2.v

<0,

which follows that Wy (1) is convex.
Now it remains to show that W is weakly lower semi-continuous. In order to do this, according to the
convexity of Wy (u) and [13, Lemma 3.4], we only need to show that for u € K,

DY (u) € 0¥« (u),
which evidently holds by the the definition of the restriction of ‘¥ to K. O

Lemma 2.7. Assume that U = 7{(} (Q) N LP(Q) and K is a convex and weakly closed subset of U.
Suppose the following two assertions hold:

1). The functional Iy defined by (1.9) has a critical point uy € U as in Definition 2.4.
2). There exists vy € K such that
LSVO = ,ng(x, uO) + b(-x)9
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in the weak sense, i.e.,

f Vvo - Vepdx + f (o) = v = ¢O)) ;.
Q
D

|X y|N+25

= f (ug(x, up) + b(x))pdx, Yo € U. (2.4)
Q
Then uy € K is a weak solution to the equation
Lsuo = /’lg(x9 uO) + b(x)’

and g satisfies the growth condition (1.13).

Proof. Note that uy is the critical point of Iy, according to Definition 2.4, we get
Woc(u) — Poc(uo) 2 (DD(uo), u — uo), Yu € K,

which, together with the definition of W, see (1.10), leads to
1 > 1 u(x) — u(y)? > luo(x) — uo(Y)I?
5 fg [Vul|“dx + > ff =y ———————dxdy — = IVuol dx — = X =y ———————dxdy
> f DO(up)(u — ug)dx, Yue K. (2.5)
Q

Taking ¢ = vy — uyp in (2.4), we have
f Vv - V(vo — ug)dx + f (vo(x) = voW)((vo — o) (x) = (Vo — up)()) dxd
Q
D

|x _ y|N+2s
= f DD (ugy)(vo — ug)dx. (2.6)
o)
Substituting u# = vy in (2.5) and taking into account (2.6), we find

2 [vo(x) — Vo()’)|2 2 luo(x) — uo()I*
flVV()l dx + = f@ |x y|N+2s d - = |V1/l()| dx — = » detly

S f Vvo - Vvo — ttg)dx + f (vo(x) — Vo(y))((Vo - uo)(X) (vo — uo)(y)) dxdy. 27
Q
D

|X _ y|N+2s

Making use of the convexity of Wy, we get

_ 2 _ 2
f|VVO|2dx+f [vo(x) — vo(y)| dxdy — f |Vu0|2dx—f luo(x) — uo(y)l dxdy
Q p lx =yt Q o |x—yNt2s

o vao~v<uo—vO> o f 0000 = (g = ¥0)(3) = o = v)OD) ,
Q D

|X _ y|N+2s

which means that

_ 2 _ 2
f|VVo|2 s f o) = Vo o fwqu e f o) = O, 1
Q D Q D

|X _ y|N+2s |.X _ y|N+2s
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© f Vvo - V(vo — tg)dox + 2 f o(x) = v = uo)(x) = (vo =~ U0)Y)) , dy. (2.8)
Q D

|X _ y|N+2s

Thus, taking into account (2.7) and (2.8), we obtain

2 [vo(x) = v 2 Juo(x) = uo(y)?
f |Vvol“dx + f@ X y|N+Zs ————dx dy — 5 |V dx — » detiy

=2 f Vvo - V(ug — vo)dx + Zf (Vo) = vo(M) (1o — vo)(x) — (up — Vo)(y))dxd
Q D

|x — y|N+2.S
Thus,
_ _ 2
f Vv — Vil dx + f ((vo(x) = vo()) — (;toz(x) Mo()’))) 0.
Q D |x yl +28
It is clear that we can obtain uy = vo. The proof of this lemma is complete. 0

Lemma 2.8. [12, Theorem 1.1] For any solution u € H,(Q) to problem
—Au+ (-A)’u= f(x), xeQ,
u>0, x e, 2.9
u=0, xeRV \ Q,

where f € L"(Q) withm > S% Then there exists a constant C > 0, depending on N, Q, s and IIMIIWJ(Q),
such that

el ) < C. (2.10)

Lemma 2.9. [12, Theorem 1.3] Suppose that f € L"(Q) with

l<m<

. 2.11
s+ 1 ( )

Then, there exists a constant ¢ = ¢(N, m, s) > 0, such that any solutions to problem (2.9) satisfy

lleell o ) < cll fllzm, (2.12)

where m* is given by (1.8).
3. Existence result

In this section, we prove the existence of solutions to problem (1.1) by Lemma (2.7).
For r > 0, define K(r) as (1.6) and (1.7). According to [20, Lemma 3.5], we know that K is a
weakly closed subset of U. The following lemma shows that I5(«#) has a minimum point 1, € K.

Lemma 3.1. Suppose that K is defined by (1.6) and (1.7). Then there exists uy € K such that Iy(uy) =
min,ex Ioc(n).

AIMS Mathematics Volume 7, Issue 7, 13313-13324.
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Proof. By the definition of Iy (see(1.9) for more details), we know that Iy (1) = +oo provided u ¢ K.
Therefore, § := min,cg Igc(1) = min,eqq I5(u). Considering the growth condition (1.13), we obtain

G(x,u) < 4 lul” + cu,
p
which, together with Holder inequality, leads to

a a
D) < f %Iul” + (b(x) + pe)udx < “?nunim) 116 + el il o, (3.1)
Q

where m’ is the conjugate exponent of m.

Case 1: Form > % we have [|ul|~q) < r. Then,

d(u) < f 'Lﬁlulp + (b(x) + uc)udx
QP

< C(ullfe g + lledll =)

< Cir? + Cyr < o0, (3.2)

where C(c, u, |, [|b(xX)||n)) > 0 1s a constant.
Case 2: For2 <m < S%, we know that [[ul|;» ) < r, where m” is defined by (1.8). Note that
m* > m(p — 1). Therefore, L™ (Q) — LP(Q) for 1 < p < m(p — 1). Thus,

D(u) < f L1 + (b(x) + poyudx
QP
S CHu”im*(Q) + CH””LW’*(Q)

<CP+r) < oo, (3.3)

where C > 0 depends on p, a, p, |Ql, [|b(xX)||nc)-

In both cases, we derive that ®(u) < oo, which, combined with Wy () > 0, implies that § =
min,ex Igc(u) > —oo for any u € K.

Consider the minimizing sequence {u,} C K such that Ix(u,) — S. Therefore, up to a subsequence,
still denoted by {u,}, such that u, — uy weakly in K. Furthermore, u, € K since K is weakly closed.
It is easily seen that ®(u,) — D(uy) as n — +oco. On the other hand, by Lemma 2.6, we know
that Wgc(up) < liminf,_, . W« (), which implies that Ix(uy) < liminf, .. Yx(u,) = B. Therefore,
B = Ix(up). m

Now we give the proof of the main theorem.

Proof of Theorem 1.1. Using Lemma 3.1, we know that there exists uy, € K such that Iy (uy) =
min,ex Ix (1), where Iy is given by (1.9).
Now we shall prove there exists vy € K such that

—Avg + (=A)*vg = ug(x, up) + b(x), xeQ,
vy = 0, x € Q, (3.4
v =0, xeRV\ Q.
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Let f(x) = ug(x,up) + b(x). Recall that Wi and @ are defined as (1.10) and (1.11), respectively. In

order to get the existence of solution u, to problem (3.4), it is necessary to show that |[vol|z~q) < 7 if

N : N
m > = and ”V()”Lm*(g) <rif2<m< e

s+

Let m > % choose r > 0 such that Cl||b(x)||z»q) < r, where C appears in the following inequality.
Then by Lemma 2.8, we get

vollz=@) < Cllug(x, uo) + b(X)|lzm)
< uClig(x, uo)llm@) + ClIBO L)
< HCl0l1} 1) + CUIE iy + HC
< uCr™' + ClIb(X)llpm) + 1C,

where we have use the fact that |[up|| .~y < r. Choose yu* > 0 small enough, such that uC rPl o+

Cllb(x)l|pmq) + uC < r for each p € (0, ™).
Similarly, when 2 < m < 2, then by Lemma 2.9, we have

IVoll» ) < Cllug(x, uo) + b(X)llzm)
< CullgCe, up)llm) + ClIbCON ()

-1
< C (ol gy + Wi + 1)

< C(,ur’"1 + 16O L) +#)-

Choose y* > 0 small enough, such that C (,ur’"1 + 16X ) + ,u) < r for each u € (0, u").
According to Lemma 2.7, we conclude problem (1.1) has at least one positive solution u, € K. O
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