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1. Introduction

Numerous authors have been interested in fractional differential equations throughout the years [1,4,
5,10,12-14,16,18-20,28]. Several natural events are known to be modeled using fractional differential
equations, which provides for a better description of the true state of the problem as compared to the
problem modeled using differential equations of integer order [8, 20,24,27].

Fractional calculus has played an essential role in several domains during the last two decades,
including mechanics, chemistry, economics, biology, control theory, and signal and image processing.
Furthermore, it has been discovered that fractional order models may accurately capture the dynamical
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behavior of many complex systems. Such models are appealing not just to engineers and physicists,
but also to mathematicians. For further details and applications [2,3,17,20,21,23,29,31-35].

Several researchers have recently explored impulsive differential equations given their considerable
applicability in diverse domains of science and technology. For a detailed study, see for instance [9,
11,25].

Motivated by the aforementioned works and the paper [26], in this paper, we consider the following
impulsive problem:

(pDi‘;,lzp) W = lp(ﬂ, p(1F), (pDilsz) (ﬂ)) , e @, 91;v=0,...,c, 1.1)
NI g, =3y €R, v=1,...,6, (1.2)
PI *p(a) = G €R, (1.3)

where pr;;{z F I;If are the Hilfer-Katugampola fractional derivative of order ; € (0, 1) and type {, €
[0, 1] and Katugampola fractional integral of order 1-¢, (¢ = £, +{>—{1{>) respectively, ¥ : OXRXR —
R,and 0 < @ = $ < 9 < -+ < O < D1 = pt, ML plyy, = PLp@h) = 1 p(9;),where
Pl 1_fp(ﬁj) = lirélf I'4p(, + ) and P1 l_fp(ﬁ;) = lirgl_" I"4p, + x) represent the right and left limits

of /1. p(d) at & = 9,

The following is the structure of paper. Section 2 presents certain notations and revisits several
notions and auxiliary results. Section 3 presents two results for the problems (1.1)—(1.3) by employing
suitable fixed point theorems. In Section 4, the Ulam-Hyers stability for the problems (1.1)—(1.3) is

given. Finally, we give an example to illustrate the applicability of our theoretical results.
2. Preliminaries

LetO < a < u,® = [a,u] and C(®, R) denotes a Banach space composed of all continuous functions
from O into R with the norm
lIplleo = sup{|p(F)| : ¥ € B}.

Consider the weighted spaces

—aPf

o\ }
) () e CO,R);,0<E< 1,

9°
Cep(®) = {p S(a,ul > R: (

2 (@) =|pe (@) : p? € Cep(©)] €N,
Cg,p((a) = C¢p(0),

with the norms

lIpllc,, = sup
Je®@

oo\
[ o
Je

and
B-1

Iollee = 10l + 110l
) v=0
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Consider the weighted Banach space of piecewise continuous functions defined by

PCi_¢p(O,R)={p:0 > R:peCig((1d,4],R), v=0,...,¢5 and there
exist *1..°p(9;) and LI p(@7), v=1,...,¢ with L. *p(9;,) =° I..5p(9,)),

NN
(W %)pw>
0

PCy,(O,R) = PCO,R)={p:® —>R:peC(d,?+],R), v=0,...,¢and
there exist p(¢,) and p(d)), v=1,...,¢ with p(&,) = p(I,)},

with the norm

Ipllpc,_., = sup
S(0)

For £ = 1, we obtain the space

with the norm
Ipllpc = IIPlle -

Now, we consider the weighted spaces:

PCY_, (©) ={pe PC*(©) : v € PCi_(O)} B €N,

PC(I)ff,p(G) = PCl—f,p(®),

with the norms |
ﬁ_

1Pl = D 100l + 9Pl .
' v=0

By X2(a, @), (@ € R, 1 < p < ), we denote the space of those complex-valued Lebesgue measurable
functions ¢ on [a, @] for which ||| xr < 00, with the norm

- 1
NP )
HW%:(f|WWWW§J,(1Sp<mﬂ€R)

Definition 2.1. [26] Let {; € R,,& € Rand x € Xg(a, @). The Katugampola fractional integral of
order {; is given by

1 T (= o)
(plim)(ﬂ):j;g“’l( > ) F(gl)dg,ﬁ>a,p>0.

Definition 2.2. [26] Let {; € R, \ N and p > 0. The Katugampola fractional derivative pDiL of order
{1 is given by

(DLx)®) = S0
_ (g dY [T (TN @
= (ﬁ pdﬂ)j;gp ( ; ) F(ﬂ—§1)dg’ﬁ>a’p>0’

B
where B = [{1] + 1 and 6§ = (ﬂl‘p%) .
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Theorem 2.3. [26] Let {; > 0,{, > 0,1 < p< 00,0 <a <@ < oandp,& € R,p > a. Then, for
% € X2(a, @) the semigroup property is valid, i.e.

(P15 P125) ) = (P12 5%) ().

Lemma 2.4. [22] Let(, > 0,and 0 < & < 1. Then, plii is bounded from Cg,(®) into Ce,(0©).
Lemma 2.5. [7] Let ¥ > a. Then, for {, > 0 and {, > 0, we have

01
() o
i:pDiL (Qp ;afp)fl—l] (ﬂ)

Lemma 2.6. [22] Let{, > 0,0 <& < 1 and » € C¢la, @]. Then,

I(&) (ﬁﬂ o )-"*‘“2‘1
G +)\ p ’

0, O<{1<1.

(pDil+ ‘013%) (P =x(9), forall 9 € (a,al.

Lemma2.7. [22]Let0<{; < 1,0 <& < 1.Ifx € Cepla. @l and 1, '« € C} [, @], then

(15 P D%, ) (9) = 2(9) -

(P17 (@) (ﬁp Y
(&) p

Definition 2.8. [22] Let the order (| and the type {, satisfyf—1 <y <Band 0 < {, < 1, with 3 € N.
The Hilfer-Katugampola fractional derivative of a function x € Ci_¢ [, @], is defined by

J1-1
) , forall 9 € (a,a].

B
(ng;{z%) W) = (plii(ﬂ_gl) (ﬁp—l %) pI((tl:,(z)(ﬂ—Cl)%) )

0 758-01) B p 7(1=-02)(B-L1)
(IS eI %) ().

In this paper we consider the case f = 1 since 0 < {; < 1.

Property 2.9. [22] The operator pDi‘fz can be written as
, 1- 1- 1-
pDZLQ = plﬁ( gl)ép pIoﬁf = plii( WrpDE., E=l+ L - L.

a,+9

Definition 2.10. We assume that the parameters (, (>, ¢ satisfy

E=0+0-0b, 0<4,0.6< 1.

Then, we can define the spaces

Cl2 (@) = {p € C1g,(0), "Dy € €1, (O)),

Cle)(©) ={p e Ciep(O), PDip € C1e (O],
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PC{"2 (©) = {p € PC1_¢,(©), ’D%:%p € PCy_¢,(0)],

and
PC{_, (©) = {p € PCi_¢,(®), "D,.p € PCi_,(©)}.

Since pDi‘fzp = plisl < pDim, by Lemma 2.4, we get

(©) C C1"¢,(0) C C1£,(0),

l:fp

and
PC;_, (©) C PCY" (©) C PCy_¢,(O).

Lemma 2.11. [22]Let0< {1 <1,0<HL < landé=0+0-006. Ifp e Cf_f’p((a), then

plf pr _plé“l pD§1{2

at

and
pr plllp _ pDZZ(l {l)

Lemma 2.12. [22] Let 0 < {; < 1,0 < L < land é = 4+ b - GG If ¢ € Cigla,al and
Py e CL, o, @), then P DL Plﬂga exist on (@, @] and

D(l 02 pI(JrgD .

Definition 2.13. [20] A two-parameter Mittag-Leffler function E;, +,(p), {1, (., p € Rwith § > 0 and
$ > 0, is defined by

RN p
Boe® = ) ety
If &, = 1, we obtain:
_ P’
Ea) = ZO TG+ 1)

Lemma 2.14. [6] Let £, > 0, p(}), @ () be nonnegative functions and w,(#) be nonnegative and
nondecreasing function for & € [y, w), u > 0, @, () < 6 where 0 is a constant. If

O 9° — -
p(P) < @ ((P) + @(F) (TQP) & "'p(o)do, ¥ € [0, ).

o
Then s
(@ (D)) (ﬁp Qp) S
D) < 9 do, ¥ € [Py, ).
p@) < @y( )+fﬂ0 ; TG p o ]wl@g € [Fo. 1)

Corollary 2.15. [6] Assume that the requirements of Lemma 2.14 are met, and that @(¥) is a
nondecreasing function for 9 € [y, u). Then

ﬁp 1967 41
p(d) < @i (DE,, wZ(ﬁ)F@l)( 5 ) , 0 € [Po,p).
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Definition 2.16. The Eq (1.1) is Ulam-Hyers stable if there exists a real number cy . > 0 such that for
each k > 0 and for each solution w € PCf_&p((a) of the inequality

at

{|pD§:»‘2m<ﬂ> — @, w®)! D w@)| <k I € @ dalv =106 1)

1_
AL P wlgg, — x| <k V=106

there exists a solution p € PCéf_f’p(@) of Eq (1.1) with

[w(F) — p(P)] < ¢k, T € O.

Definition 2.17. The Eq (1.1) is generalized Ulam-Hyers stable if there exists wy . € PCi_s(R.,R,),
@y (0) = 0, such that for each solution w € PCélj_g’p((D) of the inequality (2.1), there exists a solution

p € PC;_, (O) of the Eq (1.1) with
[w(}) — p(P)| < @y (k), D € O.
Definition 2.18. The Eq (1.1) is Ulam-Hyers-Rassias stable with respect to (w, @) if there exists a real

number cy ¢, > 0 such that for each k > 0 and for each solution w € PCSIC_ (@) of the inequality

{|pD§1fzm<ﬂ) — Y, W@, D w(@)| < kw(®), & € @y, Dyl v=1,....¢ 02

1-.
AL wlg_g, — Xy

<kw,v=1,..¢;

there exists a solution p € PCf_g’p((@) of Eq (1.1) with
[w(F) — p(P)| < ¢y cwk(w(P) + @), T € 6.

Definition 2.19. The Eq (1.1) is generalized Ulam-Hyers-Rassias stable with respect to (w, @) if there
exists a real number cy ., > 0 such that for each solution w € PCf_f’p(®) of the inequality

(2.3)

<w,v=1,...,¢;

D3 w(@) — (@, W@ DY w@)| < w@), 9 € (@, Fnl,y=1,...06
Apl;:gmb:ﬁv —Xv

there exists a solution p € PCf_f’p((D) of Eq (1.1) with

[w(F) — p(P)] < ¢y gw(W@) + @(D)), ¥ € O.

Remark 2.20. A function w € PC‘f_f,p((ﬂ) is a solution of the inequality (2.2) if and only if there is
ne PCf_SC’p(G)) and a sequence n,,v = 1,...,¢, where

i) ()| < kw(), )€ @, Hal,v=1,...,¢and|n| <kw,v=1,...,6;
i) "D w(®) = (@, w(@),” DL w(d)) + (), & € @y, vl v =1,...,6
iii) API;:§m|19:19V =xy+mn,v=1,...,¢.

Theorem 2.21. [30] Let © c PC(®,R). D is relatively compact (i.e D is compact) if-
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(1) ® is uniformly bounded i.e, there exists 6 > 0 where
(p)| < 8 for every ¢ € D and p € (3,011, v = 1,...,5.

(2) © is equicontinuous on (V,,%,.1] i.e, for every k > 0, there exists 6 > 0 such that for each
p.P € @, Darl. [p = | < & implies |[y(p) — y(P)| < «, for every y € D.

With appropriate modifications, the preceding theorem may be extended to the weighted space
PC_¢(O,R).

Theorem 2.2_2. [26] (PC,_¢ type Arzela-Ascoli theorem). Let © C PCi_g(0O,R). D is relatively
compact (i.e D is compact) if:

(1) ® is uniformly bounded i.e, there exists 6 > 0 such that
ly(p)| < 6 for every Y € D and p € (3,911, v=1,...,6.

(2) D is equicontinuous on (9,,%,.1] i.e, for every k > 0, there exists 6 > 0 such that for each
P, P € @, Oyl [P = B| < & implies |y(p) - y(F)| < « for every y € D.

3. Existence of solutions

In this section, we study the existence of solution for the problems (1.1)—-(1.3). We employ the
following lemma to establish our main results.

Lemma3.1. Let0< {; < 1,and0< L < 1, E= 4+ 6 — 4 and y : ® — R be continuous function.
For any @ € O, a function p € Cf—f,p(®’ R) is a solution of the equation:

9= (PN 1w - (1) @ loa) + (1) (8 3.1
@ = 5= (P125) p@) = (L) yDlo=a) + () (), (3.1)

if and only if, v is solution of the Hilfer-Katugampola fractional differential equation
D) = y(@); 9 € ©. (3.2)

Proof. (=) Letp € C‘ic_f’p(®) satisfying (3.1). We demonstrate that p also verifies the fractional
differential equation (3.2). Applying ng‘fz on both sides of the Eq (3.1), we get

1 1 1 o’ —a !
DL = (1) p@ = (1) YO loca) 1D (—p ) ()
+ PDLR P y(®); O € O.
From the Lemma 2.4 and by the definition of the space C %_é ,(©), we get
PIL:(Z(I—Q)Y c C}—g,p(G))-

By Lemma 2.12 and Lemma 2.5 we obtain

D p() = y(d); €.

AIMS Mathematics Volume 7, Issue 7, 12859-12884.
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(=) Letpe Cf_ §p(@) by a solution of the fractional differential equation (3.2). We prove that p is also

a solution of (3.1). Then
1 (90 —a !
(&) p
1 ¥ —aF &1 1— - o
- PIEY p@) - (P DY p()lgms
@\ 5 ) ()@= () @l
+ LI PDLCp(9)
1 (990 —a?\ ', .
- PIY @)~ L (PI PDSL2) p()lg=a
rée\ p (@ o (15 D) p@li=a)
+ PIL DY), G5

{(°126) p@) = (P15 ) yDloa) + (P12y) ()

By Lemma 2.7, with {; = &, we obtain

&1
(PI5. *DEp) @) = p(8) - L ) /1, pla),

')
where ¢ € (a, u]. By hypothesis, p € C"lc_g,p(G), using Lemma 2.11, we have

(ﬂp—ozp

(15, #D5p) @) = (P15, DY 0) (9) = b)) - %f) (

¥ —-aof

&1
) o1, p(a), (34)

which implies that

- _ 1
YL (P PDER) @) = CLI D) - = ¥

‘ - A
6, g ey ( ; ) ®.

By applying Lemma 2.5 we get
1
LE(ILPDCR) @) = CLIAD®) - = 7L Pl (@)
@ ( a @ ) @ F(f) @ f
CLED@) = I p(). (3.5)

By replacing (3.4) and (3.5) in (3.3) we have

1 (9 —af\! )
Fg) ( ; 1o ) {(Pl(lifp) (@) — (PI;IS ’[17) (19)|19:a} 4P ]37(19)

1 (90 —ar\! ) i )

- Fg)( - ) ((°1,%0) @ = 1,75 0@®) + 1,7 p(@)l=a)
&-1

' p(ﬁ)_%(ﬁ";ap) P1, p(a)
_ L(ﬁp—ap)f—l P11 0(a) + p(8) — L(ﬁp_ap)f—l o)
- Te\ p  POTRIT T\ T o P
= p(®),

with ¥ € (a, @], that is p(-) satisfies (3.1). This completes the proof of the Lemma.
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Lemma3.2. Leté = {1+ — 010, where 0 < ) < 1and0 < < 1. LetVY : (a,u] — Ris a continuous

function. A function p € PC‘f_‘f’p((")) is a solution of the fractional integral equation

_ -
%(ﬁp;ap) +(LE) @), e (@]

p(P) = L
e S
— xi|+ (L) (@), O € @, 0],
@l » 2|+ (1) 1

wherev = 1,...,, if and only if p is a solution of the problem:
(*DE20) (@) = V@), for each , § € (9,811, v = 0.6,
Ap](i:é:pL?:ﬂv =Xv € R’ V= 1, R O
I Ep(@) = @ eR.

Proof. Assume that p € PCf_E,p((B, R) satisfies the problems (3.7)—(3.9).
If 9 € (@, %] then »

("D:Cp) @) = ¥ (@)
°IN p(e) = a.

Then the problem (3.10) is equivalent to the following fractional integral [22].

p() = =——

a (19-" —a”
(&)

&1
) +(PIW) @), 9 e (@],

Now, if 9 € (¥4, ¥,] then

(DCp) @) = @) 9 € @1.0a] with P15 p@) L@ = xa.

By Lemma 3.1, we have

_ g\
b) = %‘f)(ﬁp pap) (1) D) = (L5 0R) @ g, ) + (P100) @)
_ g\
= %(ﬁppap) (1) @) + x1 = (L) Do, )

+

(1) @) 9 € @921,
Now, from (3.11), we have
PIER®) = @+ I 5W(9), O € (a, 9]

This gives

L) = AL g, = @

(3.6)

(3.7)

(3.8)
(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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Using (3.13) in (3.12), we obtain

1
p() = Ff)(

»” —-a”

&-1
) @+ x1) + PIP@), 9 e (9,9]. (3.14)

Next, if ¢ € (¢,, 93] then
PDUE () = P(@); 9 € (9, B3] with P p(35) —* I5p(95) = xo.

Again, by Lemma 3.1, we have

1 W —af &t 1-& + 1-é+4y {1
() el 5 (L 5007) = LY@l |+ TLPW)

1 (90 —ar\T erd
@( “) (L Ep@7) + x2 = LY@, )

+ PIVP(); O € (9, 5], (3.15)

From (3.14), we have
P 1-¢ (= P 1-¢+84 .
Ia,+ p(ﬂ) - (a +X1) + IQ+ \P(ﬂ)’ ﬁ € (015ﬁ2]7
which gives
PLEp(0y) = LY gmp, = @ + x1- (3.16)

Using (3.16) in (3.15), we get

9 —ar |\
( “) @@+ x1 +x2) + PIOW), O € (9,05,

Continuing the above process, we obtain

P = ——=
P

1 (19" -a’
L&)

£-1 v
) (@ + Z)ﬁ) + (PP @), e @l =1--¢.

i=1

Conversely, let p € PCf_ f,p(®’ R) satisfies the fractional integral equation (3.11). Then, for # € (a, ],
we have

P9 = =

a (19-" —a”
()

£-1
) + L),

Applying pDi‘;{z on both sides, we get

5 P _p\é!
DY) = o DA (QPIT“) (8) 4 DO 210D,

From Lemma 2.4 and by the definition of the space C }_ L p(@), we can get
P e Cl (O). (3.17)

AIMS Mathematics Volume 7, Issue 7, 12859-12884.
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Using Lemma 2.12 and Lemma 2.5, we obtain
PDIA () = W), 9 € (a, ],

Now, for ¢ € (3,;9,,1], we have

1 ¥ —aof ¢l - - e
p() = Fé:)( r ) [af + ;Xi] + PIP ().

Applying the operator pDi'fz on both sides, we get
1 v Qp —a é-1
PSP = ——|a+ > xi| PDLE (—) @) + #DC PP ().
a l—‘(f) ; a p a @

From (3.17) and using Lemma 2.12 and Lemma 2.5, we obtain
DI (@) = P(®).

Thus, p satisfies (3.7). Next, we demonstrate that p also verify (3.8) and (3.9). Applying the operator
PI(]X:‘E on both sides of Eq (3.11), we get

é-1
I p(9) = ré)ng:f (Qp ;ap) @) + PIEOw(),

By Lemma 2.5 we get
PLIEP@) = @+ PLECR),

which implies that
L@ - PLIEN) = @,
oL () - PILP)) = .
Since p satisfies (3.7) we have
YL (p@) - PLL D)) = &

Using Lemma 2.11 we have
L (p@) - PLL P DEp)) = @

From the definition of Cf_ g’p(G)), Lemma 2.4 and using Definition 2.2, we have
prl-§ o 4 — prl-¢
I.°peC(@) and *D..p=0,"1,"p € Ci_,(0).

Thus
’Ifp e Cl, (0.

By Lemma 2.7, with {; = & we can write

b

1-¢ B £-1
1 0o - oy + S B () ]

AIMS Mathematics Volume 7, Issue 7, 12859-12884.
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L@ (gﬂ o

&-1
N ) = a.
re @ ) W =a

By Lemma 2.5 we have
1 () = @,

which is the condition (3.9).
Further, from Eq (3.6), for ¥ € (¢,,9,+1], we have

v _ &-1
oL () %g) (@ > X,-) Pt (%) @) + I )
i=1

G+ ) i+ ML), (3.18)

i=1
and for ¢ € (9,_;,9,], we have

v—1 P é-1
@+ Xi) opE (Qp—p - ) (@) + LI EP(9)
1

i=

f’[jfp(ﬂ) ) (
y—1
R R s () (3.19)

i=1

Therefore, from (3.18) and (3.19), we obtain
v v—1
LR — L) = Y = = e
i=1 i=1

which condition (3.8). We have proved that p satisfies the problems (3.7)—(3.9).
As a consequence of Lemma 3.2, we have the following lemma.

Lemma33. Leté =0+ -0 where0 < (< 1and0< O <1, lety: (a,u] X RXR — Rbea
continuous function where (-, p(-), X(-)) € PCi_¢,(0) for any p,x € PC_¢,(0). If p € PC"lc_f,p(G), then
p verifies (1.1)—-(1.3) if and only if p is the fixed point of the operator S : PCi_¢,(®) — PC\_£,(0)
given by

1 (9 —ar\!
Sp(ﬂ):ﬁg)( p“) [m Z Xv]+(plil+%)(ﬁ), (3.20)

where % : (0, u] — R be a function verifying the functional equation

a<d,<d

%x() = (@, (), x(F)).
It is obvious that x € PC\_¢,(©). Also, by Lemma 2.4, Sp € PC\_¢,(0).

Assume that the function ¢ : (@, u] X R X R — R is continuous and verifies the following:

(HI) (-, x(),n()) € PCY, ) forany x,p € PC)_,(O).

AIMS Mathematics Volume 7, Issue 7, 12859-12884.
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(H2) There exist constants ¢; > 0 and 0 < 6, < 1 such that

(3, x,v) — (D, % 9)| < 01|x — x| + 62y — B
for any x,1,%, ) € PCi_£,(0) and ¢ € (a, ul.

We can now declare and demonstrate our existence result for problems (1.1)—(1.3) based on
Banach’s fixed point [15].

Theorem 3.4. If (H1) and (H2) are met, and

41
OI(E) (“p - “p) <1, (3.21)

TG +OHU -0\ p
then the problems (1.1)—(1.3) has unique solution in PCf_f, p(@) C PC?_’?p(@).

Proof. The proof will be presented in two segments.
Step 1: We demonstrate that S defined in (3.20) has a unique fixed point p* in PCi_¢,(®). Let
p,x € PCi_¢,(0) and ¥ € (a, u], then, we have

[Sp() — Sx(D)|

PIx()  1Ly(@)|
1 ) oG- )
[() f (ﬂppg )( lé’p "o, p(0), %(0)) — ¥ (0, x(0), ()| do,

where %,y € PC_¢,(0) such that

%) = Y@, p(9), 2(9)),
y(@) = y(@, x(1), y(9)).

By (H2), we have

@) =y = W@, p@), x(9)) — Y(@, x@), y(9)|
< 611 — x| + Oalx(9) — y(BD)!.
Then,
0
|mm—ﬂmullemm—amL
— 02

Therefore, for each ¥ € (o, ]

0, 19( ).(1—1 »
Sp() — Sx(IP _ - d
SpD) - Sx(@)] < u—%rmxﬁ o' Ib(e) - x(@)ido

6 —ap\¢!
S(Lkg@%QF&))WW“”M@-

9 — o

By Lemma 2.5, we have

ISp() — Sx(P)| <

OrE (0 -\
F(§1 + é:)(l - 92) ”p xllpclffvp’
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hence

9 — P\t 0,0(&) 90 — oP\&
‘( ) (Sp(@) — Sx(P))| < [+ 81 = 02)( ; ) lo — ¥llpc, .,
OrE)  (w—a)]
TG + )1 = 92)( ) lp = *llpc,_,»
which implies that
OrE  (w-a)’
ISP = Sxllpc, ., < G 616 ( ) P —*llpc, -

By (3.21), the operator S is a contraction. Hence, by Banach’s contraction principle, S has a unique
fixed point p* € PC\_¢,(0).

Step 2: We show that such a fixed point p* € PC_¢,(®) is actually in PC‘f_g’p(®).
Since p* is the unique fixed point of operator S in PC;_¢,(®), then, for each ¢ € (a, u], we have

"9 = 1 (99 -a° &1 5 P . 9
P = @( . ) G+ > x|+ (Lo v (). x(0)) ).

a<t, <

Applying ”Df';+ to both sides and by Lemma 2.5, and Lemma 2.11, we have

DL @) = (D5 Lo, v (0), %(0)) ()
(D2 Dy (o, 1(0). #(0))) (9.

Since & > £, by (H1), the right hand side is in PC,_¢,(0O) and thus pr; p* € PCi_¢,(0) which implies
that p* € PCf_g’p(G)). As a consequence of Steps 1 and 2 together with Lemma 3.3, we can conclude
that the problems (1.1)—(1.3) has a unique solution in PC‘f_ f’p(G)).

Our second result is based on Krasnoselskii fixed point theorem [15].

Theorem 3.5. Assume (H1) and,

(H3) There exist constants 0 < 6, <
1 20(¢) p

(0, %,9) = (3, %, D) < 6i]x — & + 6]n — D]

_ 0 _ £ _gl
(I =601 + &) (# @ ) and 0 < 0, < 1 such that

forany x,1,%,) € PC\_¢,(0) and ¥ € (a, ul.
Then the problems (1.1)—(1.3) has at least one solution.

Proof. Consider the set
By = {p € PCi_¢,(O) : [¥llpc, ., < &),

S * 1-¢+4)
R (I&I £ val) AL (“p ‘ “p) ,

where

A=) +H\ p
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where " = sup |y/(13, 0, 0)].
DLEC)
We define the operators S; and S, on B, by

1 (9 —ar\!
Sin(®) = — q L, 9e0, 3.22
1P(9) F@( . ) [“M;f] € (3.22)
1 W ﬂp_Qp 51-1 1
S,p(P) = - do, 9 € 0. 3.23
2p(F) F({l)fa( 5 ) 0" x(o)do, V€ (3.23)

Then (3.20) can be written as
Sp(@) = Sip() + Sop(P), p € PCi_g,(O).

Step 1: We demonstrate that S;p + Sx € B, for any p,x € B,.. For operator §;, multiplying both

_ 1-¢
sides of (3.22) by (ﬁp ap) , we have
9 —ar\'¢ 1
Sip() = —|a v
( o ) T {“a;«f )
then e
P —ar\ 1 (. <
l( ) Sip(d)| < T@ [|01| + VZ:; IXV|]~
This gives
1 3 S
ISivlle, o, < 55 [|a| + Z‘ Lm]. (3.24)

By (H3), we have for each 9 € (a, u],

()]

(0, 2(9), 2(9)) = ¥(3,0,0) + ¥(3,0,0)|
(@, 2(9), 2(9)) = ¥(3,0,0)| + (8, 0,0)|
Orx( D) + ol (D) + ¥

IAIA

»” —-a”

1-¢
) , we get

_ 1-¢ B 1-¢
[55) wa=55) o

(ﬁp—a/p

Multiplying both sides of the above inequality by (

o\t
()

IA

+ 6,

1-¢
) x(1F)

IA

(/Jp —af

o p\1¢
(’9’( “’) #(@®)|.
o o
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Then, for each ¥ € (a, u], we have

p_ P\ ¢
(“—“) y 0
<

‘(’9’0 — = 0. (3.25)

1-¢
) x()

Thus, (3.23) and Lemma 2.5, implies

INCI AN 0, (&)e* 90 \ (161
SO0 < [(1 o o7 Tacergeall )
Therefore e »
W —af\ eI/ H—af\
S,x(1
l( ) ) = [(1 BN +§>( P )
0T e ] (ﬁﬂ —a”\"
(1 =-6)I'({ + &) p
NG ap) s
(1 =61 + &) p
0,(&)e" w—a’ )‘“
(1 -6 +&) p '
Thus
W =g +6\ p (1= +&)\ p ' '

Linking (3.24) and (3.26) for every p, ¥ € B.- we obtain

ISip + Soxllpe, ., < IS1Pllpe,, + IS2xlpe,,,

< L&y ( yﬁ—ap)l—f%
(I=-)r+6 " *

0,1'(§)e" W —a” ‘ L :
A= 0T +0 ( P ) TE ['a' ’ Zl 'XV']'

Since 1-¢+¢,
> 2 [@+S AW [ —ar)
© 2T ('“H;"‘V')*(1—92>r<§1+§)( )
and
(1= )0 +€) (uﬂ —aF )‘4'
! 2L (&) p ’
we have

IS1p + Saxllpc, ., < &

which infers that S;p + S>x € B,-.
Step 2: Clearly S; is a contraction.
Step 3: S, is compact and continuous.

AIMS Mathematics Volume 7, Issue 7, 12859-12884.
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The continuity of S, follows from the continuity of . Next we prove that S, is uniformly bounded
on B,.. Let any x € B,-. Then by (3.26) we have

FOw (o) aree (ﬁf’ )“
||S2x||Plef,p < (1 _ 92)1“({1 + é:) ( P ) * (1 - 92)F(§1 + é:) P .

This means that S, is uniformly bounded on B,-. Next, we show that S, B, is equicontinuous. Let any
x€Bsand0 < a <71 <7 <. Then
21-1
NN
o x(0)do
(&) |Ja P

T (P — a-1
f (ZTQP) Qp‘l%(g)dgl

1 Ty T? -0 -1 B & —ab &1 o —aF 1-¢
il (50 (5] () e

75 _ -1 _ £-1 _ 1-¢
[ (52 (5 o
@ P P P

é | ( )

19) 0 _ -1
[E e
« P P
&H@(ﬁ—wf**(ﬁ—wr*‘
[G+o\ p P '

[S2x(11) — Sax(12)| =

|S2x(71) — Srx(m2)] <

(e
ol

Note that
|Sz$(T1) - Szi(‘['z)l — 0 as Ty > Tq.

This shows that S, is equicontinuous on ®. Therefore S, is relatively compact on B,.. By PC,_;; type
Arzela-Ascoli theorem S, is compact on B,.:.

By Krasnoselskii’s fixed point theorem, S has at least a fixed point p* € C_¢,(®) and by the same
way of the proof of Theorem 3.4, p* € Cf_g’p((a). Using Lemma 3.3, we conclude that the problems

(1.1)—(1.3) has at least one solution in the space Cf_f’p(G)).

4. Ulam-Hyers-Rassias stability

In what follows, we give the following result on Ulam-Hyers-Rassias stability.
Theorem 4.1. Assume that (HI), (H2), (3.21) hold and,

(H4) There exists a nondecreasing function w € PCe_(®) and there exists A, > 0 such that for any
D€ (a,u] :
PI%, (w(0)) (9) < A,w().

Then, the Eq (1.1) is Ulam-Hyers-Rassias stable with respect to (w, @).
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Proof. Let w € PCy_¢,(0) be a solution of the inequality (2.2). Denote by p the unique solution of
the problem:

a,+

("D%p) (@) =y (8, p(@). ("DE29) (9)), foreach , & € (B, Byl v=0,....5,

AL plog =xv€R, v=1,...,¢,

("1 w) (@) = (PI,¥p) (@) = @ € R.

Using Lemma 3.3, we obtain

o (9 — g \E!
%‘f)( P - ) * (plfy]*%(g)) (@), 7€ (a,d]

p() =

1 (ﬁp—ap)f‘l(~ - ) o
- a+ ) xi|+ (I8x@) @), 9 €@, Bl
rée\ p Z ( ) 1

where % : (0, 4] — R be a function satisfying the functional equation
%) = Y@, p(9), 2(9)).
Since w solution of the inequality (2.2) and by Remark 2.20, we have
("D w) (@) = (9, w@), ("D5:2w) () + n(9), for each, B € (B, By, (4.1)

NI Fwlyg, =y, + 7, v=1,....6. (4.2)
Clearly, the solution of the problems (4.1) and (4.2) is given by

(e
['¢)

1 (ﬁp—ap)f_l[@+ V ]
= (i +mi)
o\ »p Z‘

=

+ (P (v(0) + (@) @), B € (9. D],

-1
) + (1L () + 1)) @), 9 € (@]

w(d) =

where vy : (0, u] — R be a function satisfying the functional equation

y(@) = (@, w(@), y(3)).

If ¥ € (a, 9], it follows that

1 9 90 — 01-1
(@) - p@)| < f ( & ) &' Ino)ldo

['({1) P
1 9 W_Qp £1-1 .
- - d
+ F((Ofa( 5 ) o ly(o) — x(o)ldo
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"' w(o)do

) 9P — Qp 4-1
Iﬂ({l) a ( )

1 ) 9° — &-1
R (—Qp) @ 'y(0) — x(0)ldo

W l9'p— 51-1
( Qp) " 'Iy(0) — x(0)ldo,

IA

kd,w() +

I'(¢1) Ja

where %,y € Ci_¢,(0) such that

%) = Y@, p(9), 2(9)),
y(@) = ¢, w(@), y(9)).

By (H2), we have
Iy (@) — #(9)| [y (3, w(), y(})) — Y3, p(F), (D))l

Oilw(@) — p(D)| + B2y () — %(P)].

IA I

Then,
ly(@) — %(9)| < I

6
— ezlm(ﬁ) — Pl

Therefore, for each ¥ € (a, 9]

9 _ 41-1
() — ()] < KA (®) + — ! (ﬁp ¢ )

(1 =6)I() Jo
Applying Corollary 2.15, we get

0, (9 —a”\"
w(#) - p(@)| < Kawww)Egl(l_lHZ( p“) )

0 P _ P \o
e
— 6

IA

IA

0 P _ P\
KA + W), (1 s (“ - ) ) = ke (W + (D)),

where

o (1 -ar\
o ﬂwE‘“[l—le(ﬂ p ))

Ifde@,daqal,v=1l,..., ¢, then we have

[w(@) — p(P)| <

1 fl 1 g 9 —0P _1 d
r(g) Zlny o ( ) o nolde

,ﬂp_Qp J1- »
- d
+ F(él)fa( ; ) o’ ly(o) — x(o)ldo

0" '[w(e) — p(o)ldo.
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IA

oap () —a\T e g — o \OT
Té)( P ) +F(§1)fa( p ) ¢ wioMe

1 9 ﬂp _Qp 51-1 .
- d
+ F(él)fa( 5 ) " ly(o) — x(o)ldo

S
% (—ﬁfl} ; ap) + k(D)

1 ) ﬁp_Qp &1 o
_ do,
t D f ( p ) ¢ v(@) - x(@)lde

where %,y € Ci_¢,(0) such that

IA

x(@) = Y@, p(), 2(9)),
y(@) = (@, w(@), y(3)).

By (H2), we have

ly(@) — x| = W@, w(@?), y( D) — (@, p(d), 2(F))|
< Gw(@) — p(D)| + Oa2ly(D) — %(D)|.
Then, o
ly(9) — % ()| < I 19 [w() — p(I)].
-0

Therefore, for each ¢ € (¢,,%,.1], v=1,..., S,

sk (V] —af ¢

(@) — p(P)| < @( o ) + kA, w(F)

0 9 ﬁp_ O-1
q- 62‘)%) f ( pr ) &' Iw(o) - n(o)lde.

Applying Corollary 2.15, we get

9 — P\ 6 (9 —a’\"
(@) - n(@)| < %(1 a) o) E‘“(l-lez( pa)]
9 —aP\o! 7] P — o\
B el
s (9 -a & 0 (=o'
< K[@( P ) +/1u) (w(ﬁ)+¢’)E§1(l_92( o, )
= ke (w(@) + ),
where
s (- 6 (w o\’
¢ = @( 5 ) +/1“E41(1—92( p ))

Thus, the Eq (1.1) is Ulam-Hyers-Rassias stable with respect to (w, @). The proof is complete.
The following theorem gives Ulam-Hyers stable result.

AIMS Mathematics Volume 7, Issue 7, 12859-12884.



12879

Theorem 4.2. Assume that (H1), (H2) and (3.21) hold. Then, the Eq (1.1) is Ulam-Hyers stable.

Proof. Let w € Cy_¢,(0) be a solution of the inequality (2.1). Denote by p the unique solution of
the problem:

(prl 42 )(19) = l/,(ﬁ (), ("D‘V1 © )(ﬂ)), for each, ¥ € (¥,,9,,1], v=0,...,¢,

NI, 5Plomg, =xv €R, v = 1,6,
("1 w) (@) = (PI,*p) (@) = @ € R.

By the same way of the proof of Theorem 4.1, we can easily show that:
If 9 € (a, %], it follows that

9 ﬁp_gp 4-1

[w() — ()] ) 5
11 aﬂ i

IA

o' In(o)ldo
Qp {1_1

—1 _ d
F(gl) 5 " ly(o) — x(o)ldo

Qp {1_1

IA

d
r(fo g de

9° — {i—
¢! —Hz)r(g]) f ( Qp) 0" ~'w(o) - po)ldo
K Iup_ap &
F<§1+1)( pﬁ)

IA

ﬁp _Qp gl_ .
- do.
TN fa ( ; ) o’ lw(o) — p(o)ldo

Applying Lemma 2.14, we get

B
p /Jp_ap & ) &0 (1 —92) ﬁp_QP G -1
(@) — ()| < r(gl+1>( - ) ”fd 2, ( ) ¢

( . )ﬁ
K ﬂp _ ap 4] L l _ 92 (ﬂp _ ap)ﬂé'l
1
r(§1+1)( p ) DI

- oS [ Sl |
F(gl + 1) P | ) F(ﬁ(l + 1) 1—92 P

_ K ﬂp —af ar 91 Iup & B
) F(§1+1>( P ),“E“((l—ez)( P )H_blk'

If9e,, 9,41, v=1,...,¢, then we have

IA
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1 (90— o\ & 1 (- \
() — () @( . ) ;lmum) f ( . ) & 'Ino)ldo

1 9 19‘)— 1-1
+ f( pr) 0" 'Iy(0) — x(0)ldo

)
K 9 ﬁp_gp 51-1 .
r-e -4
r(@)fa ( P ) g de

SK ('9'[1) - a/p)f_] A
1 o l?p _ 01-1
+ f (Tgp) 0" Iy(0) — x(0)ldo

IA

IA

T&\ p
')
i (19,? _ CKp)‘f—l . X (/lp _ ap)’('
o\ p rG+nH\ p

0, 0(ﬁp _Qp).fl—l

(1 =6)I'() Jo
Applying Lemma 2.14, we get

IA

+ 2" '[w(e) - p(o)ldo.

A
X
| aee——
ke
—_
|
i
~——
T

A
(@) - p()| < +r(§1+1)( P ) _

[ra)
g X 1_92 ﬁp_gp pLi-1 B
[ () o
e )
= e\ p ra+o\ p )|
[ia)
= 1—92 ,up—ozpﬁg'
1+ZF(ﬂ{1+1)( P )
_ Ki(ﬁff—a")‘f—l_’_ 1 (,up—a/p)g]
rée\ e rG+H\ p
= 1 0, w—af ay
AN Ty (1—02)( P )H

Y - et 1 o —ar\"
P ) +F<41+1>( P )]

6\ (1 -\
()5 e

which completes the proof of the theorem. Moreover, if we set @y, (k) = (b; + by)k; @y (0) = 0, then,
the Eq (1.1) is generalized Ulam-Hyers stable.

Il

=
—
=
ION e
N
—_

AIMS Mathematics Volume 7, Issue 7, 12859-12884.



12881

5. An example

Consider the following initial value problem with impulse

, 2+ Ip(@)] + [} D2 () In(Va + 1
D2 n(o) = | JVED o .1)
10872 1+ 5] + D50} 3 vF -1
NI (%) =n€eR, (5.2)
(1) =0, (5.3)
where J, = (1, %] JJ = (%,2].
Set Vs
2+ | + | In(Vd + 1)
9, x%,1) = ,9e(1,2], xyeR.
VO = (e v |+ T 343 €2 xpe
We have
PCY P ([1,2]) = PCY | ([1,2]) = PCy 4 (11.2)),
withé =4 =p= % and &, = 0. Clearly, the function ¢ € PC%,%([I, 2)).

Hence condition (H1) is satisfied.
Foreachx,%,p,) € Rand ¢ € (1,2]:

W(ﬂ, X, I)) - W(ﬁ, i’ I_))l (|$ - i:l + |I) - r_)|)

= 108e 743
1
< W(If—xlﬂn D).
1
Hence condition (H?2) is satisfied with 6, = 6, = 108
e
The condition c
6 l" O _ AP \51
1e) (“ a ) ~0.0055 < 1,
G +6HA-6)\ p

is satisfied with with @« = 1 and g = 2. It follows from Theorem 3.4 that the problems (5.1)—(5.3)
has a unique solution in the space PC; ,([1,2]). Moreover, Theorem 4.2, implies that the Eq (1.1) is

I\J\— I

1
°2

Ulam-Hyers stable.
6. Conclusions

We have investigated the existence, uniqueness and stability of solutions for a class of nonlinear
impulsive Hilfer-Katugampola problems. Our reasoning is founded on the Banach contraction
principle and Krasnoselskii’s fixed point theorem. In addition, an example is provided to demonstrate
the effectiveness of the main results. We plan to consider for for a futur study the same problem in
infinite dimensional Banach space and make us of Darbo and Monch’s fixed point theorems
associated with the notion of measure of noncompactness.
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