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Abstract: The n-th Fubini number counts the number of ordered partitions of a set with n elements
and is the number of possible ways to write the Fubini formula for a summation of integration of
order n. Further, Fubini polynomials are natural extensions of the Fubini numbers. Recently, the
generalized Fubini polynomials were introduced by Sebaoui-Laissaoui-Guettai-Rahmani, as one of the
variants of the Fubini polynomials. The aim of this paper is to study the degenerate generalized Fubini
polynomials, which are a degenerate version of those polynomials, and to find an application of them
to probability theory in connection with geometric random variable.
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1. Introduction

Carlitz initiated an exploration of degenerate Bernoulli and Euler polynomials, which are
degenerate versions of the ordinary Bernoulli and Euler polynomials (see [2]). Along the same line as
Carlitz’s pioneering work, intensive studies have been done for degenerate versions of quite a few
special polynomials and numbers. There are various ways of studying special numbers and
polynomials, to mention a few, generating functions, p-adic analysis, umbral calculus, operator
theory, combinatorial methods, differential equations, special functions, probability theory and
analytic number theory.

The aim of this paper is to study the degenerate generalized Fubini polynomials F, ;(x,y), which
are a degenerate version of the recently introduced generalized Fubini polynomials, and to find an
application to probability theory. In more detail, for those polynomials we derive an explicit
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expression, an identity involving those polynomials, an integral representation, connections with the
two variable degenerate Fubini polynomials, the degenerate Eulerian polynomials and with the
degenerate Frobenius-Euler polynomials, a recurrence relation and a convolution type identity.
Further, we show that the degenerate generalized Fubini polynomial is given by the expectation of
some random variable made out of the geometric random variable with success probability p = x]?
Here we recall that Fubini number F,, = },;_,k!S,(n, k) enumerates the ordered partitions of the set
[n] = {1,2,...,n}, where S,(n, k) denotes the Stirling numbers of the second kind. It is the number of
possible ways to write the Fubini formula for a summation of integration of order n. A natural
extension of F, is the Fubini polynomial F,(x) = > ;_,k!S2(n, k)x*. Two variable variants of Fubini
polynomials include the two variable Fubini polynomials and the generalized Fubini polynomials. For
some of the recent works on Fubini polynomials, the reader may refer to [4].

The outline of this paper is as follows. In Section 1, we recall degenerate exponentials, degenerate
logarithms, degenerate Stirling numbers of the first kind and degenerate Stirling numbers of the
second kind which are respectively degenerate versions of exponentials, logarithms, Stirling numbers
of the first kind and Stirling numbers of the second kind. Also, we remind the reader of Fubini
polynomials and two variable Fubini polynomials, and their degenerate versions, namely degenerate
Fubini polynomials and degenerate two variable Fubini polynomials. Finally, we recall the
generalized Fubini polynomials which are recently introduced. The degenerate generalized Fubini
polynomials are a degenerate version of that and the central thing in this paper. In Section 2, we state
our main results. In Theorem 1, we express the degenerate generalized Fubini polynomials in terms of
the degenerate Stirling numbers of the second kind. In Theorem 2, we obtain an identity involving the
degenerate generalized Fubini polynomial and some differential operator. In Theorem 3, we have an
integral representation of the degenerate generalized Fubini polynomial. In Theorem 4, the degenerate
generalized Fubini polynomial is expressed in terms of the two variable degenerate Fubini
polynomials. In Theorem 5, we deduce an identity involving the degenerate generalized Fubini
polynomials and the two variable degenerate Fubini polynomials. A recurrence relation is derived for
the degenerate generalized Fubini polynomials in Theorem 6. A convolution identity is obtained for
the degenerate generalized Fubini polynomials in Theorem 7. The degenerate generalized Fubini
polynomials are expressed in terms of the degenerate Eulerian polynomials in Theorem 9 and of the
degenerate Frobenius-Euler polynomials in Theorem 10. In Section 3, we present an application to
probability theory. Indeed, we show that the expectation of (X — 1),, is equal to F, ;(x), if X is the
geometric random variable with success probability p = ;11 In the rest of this section, we state what
are needed throughout this paper.

For any nonzero A € R, the degenerate exponential functions are defined by
e = (1 + A0, ey =et) =+ A1, (see [10]). (1.1)

From (1.1), we note that

Xt = Z:(; (’2;”” ', (see [7-12]), (1.2)
where
Doa=1, Da=x(x=)-(x-(m-1DA), @n=1). (1.3)
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In [8], the degenerate Stirling numbers of the first kind are defined by
@ = DS 1L D@, (12 0), (1.4)
k=0

where (x)g =1, (X)), =x(x—=1)---(x=n+1), (n>1).
As the inversion formula of (1.4), the degenerate Stirling numbers of the second kind are defined as

(On.a = Z S, k)X, (n>0), (see[8]). (1.5)
k=0
Let log, t be the compositional inverse of e,(f). Then we have

log (1 +1) = %((1 +1' = 1), (see[8]). (1.6)

For (1.4) and (1.5), we note that

1 = n
—(log,(1+ ) = Z_;Sl,m,k);—!, (1.7)
and
1 o n
ey = 1)f = Z};Sz,a(n,k)%, (see [8]). (1.8)

Note that ﬁir%S 1a(n,k) = S1(n, k) and %irr&Su(n, k) = Sa(n, k), (n,k > 0), where S (n, k) and S,(n, k)

are the Stirling numbers of the first kind and the Stirling numbers of the second kind, respectively.
Here we recall that

@ = Y Si o, ¥ =Y Sk, (12 0),  (see [1,3,5-16,18,19)).
k=0 k=0

It is well known that the Fubini polynomials are defined by

1 - "
— = N'F,x)—, 6,13,14,16]). 1.9
e Z; (). (seel ) (1.9)
For (1.9), we note that
Fo(x) = Z KIS,(n, k)x*, (n>0), (see[5,6,13,16]). (1.10)

The two variable Fubini polynomials are given by

peO— x(e, ¢ melw (see [6,12]). (L11)
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By (1.9) and (1.10), we get

n

HENEDY (Z)Fk(x)y""‘, (n20), (see [6]).

k=0

Recently, the degenerate Fubini polynomials are defined as

1 > U
1= x(e ()= 1) = nZ:(; Fn,/l(x)a, (see [12]). (1.12)

Thus, by (1.8) and (1.12), we get

Foa(x) = > KIS2,00 05, (120), (see[12]). (1.13)

In view of (1.11), the two variable degenerate Fubini polynomials are defined as

(e8] tn
Y = R
e O Z:(; Fraaly)—.  (see [9)). (1.14)

By (1.14), we easily get

n

Foa(xly) = Z (Z)Fk,/l(x)(y)n—k,/b (n>0), (see[9).

k=0

Recently, a sequence of polynomials F,(x,y), called generalized Fubini polynomials, was introduced
in [15], which are given by

ZF (x, y) - x( e Ty o [6,18]). (1.15)

In this paper, we consider the two variable degenerate Fubini polynomials and investigate some
properties of those polynomials associated with combinatorial numbers and polynomials. From our
investigation, we derive some new formulae and identities related to degenerate Fubini and Eulerian
polynomials.

2. On degenerate generalized Fubini polynomials

As a degenerate version of (1.15), we consider the degenerate generalized Fubini polynomials
which are given by

(o)

L r
y—x(eaty)—1) Z:(; Fnalo ). (2.1)

From (2.1), we note that
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iF (xy)£= > = !
Ll Ty x(ety) = 1) 1= 2(ealty) = 1)

- Z et - 1) = Z(Zkvszm oty )T

By comparing the coefficients on both sides of (2.2), we obtain the following theorem.

Theorem 1. For n > 0, we have
Fra(x,y) = ZSM(H k!,
In particular, for y = 1, we have
Foa(x, 1) = Z S 2.a(n, k)k!xt,
k=0

By (1.9) and (2.1), we get

- I y 1 el X Py
Fn’ (x’ )_ - = X = Fn, -h'—.
; ALX, Y n! y— x(e/l(yt) - 1) - ;(e/l(ty) — 1) Z /l(y)y n!

n=0

Comparing the coeflicients on both sides of (2.3), we have
u X
Foax,y) =y n,/l(;), (n=0).

We observe that

d 1 2 d o 1
(xzx)n,/ll —x = Z (xd—x)mxk = Z(k)mxk = 1= XFn’/l(l ix)’ (n>0).

k=0 k=0

)
y=x\l == -1/ y—-x-x(eayn —1)

(9]

N R S
Cy—xe ) 1= Zen) Z (y) ea(yt)

k=0

=i Z(k)m ii ) ")
k=0

n=0 k=0

(2.2)

(2.3)

(2.4)

(2.5)
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Thus, by comparing the coeflicients on both sides of (2.5), we get
(2.6)

Ryuady™ = 2 Fou(2=y). @=0).

Z y—x Tl\y—x

k=0

(2.7)

(o)

On the other hand, we get
d d 1 d = k
(xa)my i Y (xa) = (xa)m kzz(;y = kz:(; (g) (K)nas  (n20)

Therefore, by (2.6) and (2.7), we obtain the following theorem.

nil]l — %
y

Theorem 2. Forn > 0, we have
N n— n d
=)= ;Uc)n,ﬂx’(y =) G =)

y
Y- xF"’”(y

When y = 1 in Theorem 2, we see that
1 N d 1
X 1) = 1 — an,/l<1 fx) = ;(k)n,/lxk = (Xa)n’/l(l ~ x), (n>0).

1
F"’A(l -x

1—x
It is well known that the degenerate Bell polynomials are defined by
(2.8)

el — Zoqﬁm(x)a, (see [11]).

For (1.7) and (2.8), we note that

Pna(x) = Z Saank)x',  (n>=0), (see[11]). (2.9)
k=0

(2.10)

From Theorem 1 and (2.9), we note that
n B . n PN
Faat.) = D S2200 DKLEY"™ = 37 ) S2001, () Tk + 1)

k=0 k=0

. n fk « —t —
_ykZ:(;SZ’A(n’k)(y)‘fo e't*dt YL £

=) fo ) ¢n,a(§t)e"dt, (n > 0).

Thus, by (2.10), we obtain the following theorem.

Theorem 3. Forn > 0, we have
00 X ~
Fua(x,y) =y f ua(=t)edt.
0 y
Volume 7, Issue 7, 12227-12240.
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By Theorem 3, we get

Z Fn /l(x y)_ Zy f ¢n,/l _Z)e_zdzli—r; (211)
= f:o e—zz(ﬁn,)(gz)();lt!)” .= f:oe 2yetn=h g,

n=0

%0 ) 1
_ | emieon-my, .
fo 1= 3(ealty) = 1)

From (1.14) and (2.1), we have

- "o 1 = 1 y
ZO Fra ) = T ey =1 = 4 O T Teon — D0

€/]y(yt)ZF’l/1 ‘y Zy( }’)kzk, Z m/l 'y yre"
_ ZO " ; (Z)(—l)k@»,ﬁm_k,a(g\y));’

where (X)o, =1, (X1 =x(x+D)---(x+(n—-1)A), (n>1).
Therefore, by comparing the coeflicients on both sides of (2.12), we obtain the following theorem.

(2.12)

Theorem 4. Forn > 0, we have
= (n X
Foa(x,y) =)" Z (k)(_l)k<y>k,/an—k,/l(;‘y)-
=0

By (2.1), we get

S " d 1
; Fn+1,z(X,)’)E = E( ~Ien - 1)) (2.13)
_ xe; (o) _ ( X+y ~ ) e (yt)
(I = 3(ean) - D)} \=Jaon-1) Y)T- seayn) = 1)

=(x+y)iFk,ﬂ(x,y)gin,() y——yZ w( ‘ yﬁ
k=0 )

Thus, by (2.13), we see that

Fuonaoy) + " Ea(S] = 4) = @+ 3 (Z)Fk,m, E(5| - (2.14)
k=0

Therefore, by (2.14), we obtain the following theorem.

Theorem 5. Forn > 0, we have

Fra(x,y) +y"'F, /l( ‘ =(x+y) Z ( )Fk,/l(x’ y)Fnk,/l(g‘ - ﬁ)yn_k-
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It is easy to show that

d ( 1 ) ~ 1 e o)
—Xen -1/ 1=y -11- Hean =1y

From (2.15), we have

11 d 1 o eton
5- y e D)l E(ed(ty) - 1>) I-3eon-D

—ZFW y)k, Z(l —A)My — = Z ,,

m=0 n=0 k=0

On the other hand, by (2.1), we get

(% B i(eﬂ(ty) B D)dit(l _ E(ej(ty) _ 1))
(

1 1 t*
S-S - 1))2 Fiaia(e) s

k=0
00 . l
= Z (i + )l))Fn+1 /l(x y)t— - - Z(l)l,l)i Z Fia A(x y)
n=0 !
b 1 1 [ 1 © n N p
= HZ:; (; + ;)Fn+l,/l(x, y)a - ; nzz(; ( kzz(; (Z)(l)n—k,/ly ka+1,/l(X, y));

Thus, by (2.16) and (2.17), we get
(Dn—k.

()lc + %)Fnﬂ,a(x, y) = i (Z)yn_k((l = DpicaFia(x,y) +

k=0
Therefore, by (2.18), we obtain the following theorem.

Theorem 6. Forn > 0, we have

X k=0

By elementary computation, we get

1 1
1 =S(ean =11 - f(ea(yf) -1

b 1 a 1
:(b -~ a)l - i—f(e,l(yt) T (b - a) — J(eayr) = 1)

=3 (L Fuib) ~ - Fata )

n=0

(> (Z)“ P IR e

Fria(x, Y))-

(l + %)qu(x, y) = Zn: (;l)yn_k((l — Dn-iaFra(x,y) + (1);_1“1 Fria(x, )’))-

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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From (2.1) and (2.19), we note that

1 1
— 20N = D1~ Ken) - 1)
i k e 1
= > Fra@yg O Fuab.)y (2.20)
k=0 =0 '
(1 "
= F . (a’y)Fn— (b,)’) —
D (fJrsta i)

Therefore, by comparing the coefficients on both sides of (2.20), we obtain the following theorem.

Theorem 7. Forn > 0 and a,b € R with a + b, we have

n

n bFn, (b’ )_aFn, (a’ )
Z(k)FkJ(a,y)Fn_k,A(b,y) = Tl e

k=0

It is well known that the Eulerian polynomials, A,(x), (n > 0), are defined by
Z A (x) et(x S (E DL (see[3,14).

Here we remark that there are two different definitions for Eulerian polynomials. The other ones,
denoted by E,(x), are defined by E,(x) = xA,(x), forn > 1, and Ey(x) = 1 (see [17]). For u € C with
u # 1, the Frobenius-Euler polynomials are given by

1—u

et = ZH (ulx)— (see [3,14,19,20]).
n=0

For any A € R, the degenerate Eulerian polynomials are defined by

& n

1-x t
P ;An,ﬂ(x)a, (x # 1). (2.21)

Note that %in(l)A,h 1(x) =A(x), (n=0).

It is known that the degenerate Frobenius-Euler polynomials are defined by

O e/l(t) = Z H,,A(ulx)— (2.22)

For x =0, H, ,(u) = H, 1,(u|0) are called the degenerate Frobenius-Euler numbers.
From (2.21) and (2.22), we note that

[Se]

" 1-x < (x- 1"
;An,m)a ST Z(; H,a(0)———. (2.23)

By comparing the coeflicients on both sides of (2.23), we obtain the following lemma.

AIMS Mathematics Volume 7, Issue 7, 12227-12240.
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Lemma 8. Forn > 0, we have

H, = A, .
A(x) x—1y A(x)
From (2.1), we note that
- " 1 1
Fo(x,y)— = — = - (2.24)
ZO P T T @on - T EE — (eGn - D)
3 1
“Seon -1+ D)
Thus, by (2.24), we get
- X " 1
— = )F(xy)— = —. 2.25
D T (e e
From (2.21), we note that
_ i A 1 (2.26)
£ (x = 1) ! e (t) - x '
By (2.25) and (2.26), we get
— X " 1
—Z)F,(x,y)— = : 2.27
Z:(;( y) A y)n! e (vt — (1 + %) 22
> nAn 1+ Y I o L+l M
D (R
n=0 (}) n: n=0 y xon:
By comparing the coefficients on both sides of (2.27), we get
n+1
~ 2Ry = - Au(1+2), >0 (2.28)
y y X
Therefore, by (2.29), we obtain the following theorem.
Theorem 9. Forn > 0, we have y
Foa(x,y) = X"Aua(1+ =),
X
Let i + 1 = ¢t in Theorem 9. Then we have
Ana® = (S Fus(213) = (3) Fualvoxt = 1)), (0 0),
' y -1 X '
Now, we observe that
= 1" 1 1
Foa(x,y)— = T = — , (2.29)
; ST Jeon -1 —H(eon—(1+32))
-2 1-(1+2%) 1-(1+2%)
= X = X = e_y(yt) = - ey(yt)
an—(1+3)  aon-(1+3) 7 Taon-(1+H"
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o0 r mt"

= Z (y” kz:(; (Z)(—l)k<y>k,AH,,_k’ 1(1 + )Xc‘y))ﬁ

n=0
Therefore, by comparing the coefficients on both sides of (2.29), we obtain the following theorem.

Theorem 10. For n > 0, we have
=~ (n
Fpa(x,y) =y" Z ( k)(_l)k<y>k,/lHn—k,/l(l + %‘y)
k=0

3. Further remark

In probability theory, the geometric distribution gives the probability that the first occurrence of
success requires k independent trials, each with success probability p. If the probability of success on
each trial is p, the probability that the k-th trial is the first success is

PX=k=(1-pp, *k=123,...).

The geometric random variable X is the number of experiments that were performed before obtaining
a success. This random variable can take values of 1,2,3,.... The probability mass function of X is
given by
pk)=PX=ki=(1-p"'p, (*k=1,23,...), (see[l5]),
where p is the probability of success on each experiment.
Assume that X is the geometric random variable with success probability p. Let f(x) be a real
valued function. Then the expectation of f(X) is defined by

E[f(X)] = Zf(n)p(n), (see [15]), 3.1
n=1

where p(n) = P{X = n} = (1 — p)"~!p is the probability mass function of X.
For a fixed 1 € R, let f(x) = (x),.1 € R[x], (n > 0). Then we have

E[(X)nal = ) [ (Rnap®) = p D (0na(1 = p)™ = p > (k+ Daa(1 = pff, (220).  (32)
k=1 k=1 k=0

Let X be the geometric random variable with success probability p = xlj Then, by (3.2), we have

D EIX = Dyl = le kZ — <>M) (3.3)

n=0

AIMS Mathematics Volume 7, Issue 7, 12227-12240.
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1 « Xk 1 1
x+lkZ:(;(x+l) exn) = x+1(1—ieg(t))

x+1

[

1 1 "
T x+l-xe) d1-xte)-1) ; Fralory:

By comparing the coeflicients on both sides of (3.3), we obtain the following theorem.

Theorem 11. For n > 0, let X be the geometric random variable with success probability p = —-.

x+1
Then we have
E[(X = Dpa] = Foa(x).

Remark. Assume that X is the geometric random variable with success probability p = xyT) Then we
have

S ' tn C n c k tn

;y EIX = Dl = Z; (v kZ; (55) ®ni)y (3.4)
Yy = X e "
- X+yZ(X+y) Z(k)"’/ly |

- () o= e

xX+yLdix+y x+y1—x%yel(yt)

y y N "
= = = Fn ,V)—.
x+y—xe,(yt) y-—x(e,(yt)—1) ; alx y)n!

Comparing the coefficients on both sides of (3.4), we have
E[(X = Dypal =y " Fua(x,y),  (n=0).

4. Conclusions

In recent years, many mathematicians have drawn the attention to studies of degenerate versions of
some special numbers and polynomials, which were initiated by Carlitz. These degenerate versions
include the degenerate Stirling numbers of the first and second kinds, the degenerate Bernoulli
numbers of the second kind and the degenerate Bell numbers and polynomials. In this paper, we
studied the degenerate generalized Fubini polynomials which are a degenerate version of the
generalized Fubini polynomials and found an application to probability theory. In more detail, for
those polynomials we derived an explicit expression, an identity involving those polynomials, an
integral representation, connections with the two variable degenerate Fubini polynomials, the
degenerate Eulerian polynomials and with the degenerate Frobenius-Euler polynomials, a recurrence
relation and a convolution type identity. Further, we showed that the degenerate generalized Fubini
polynomial is given by the expectation of some random variable made out of the geometric random
variable with success probability p = ﬁ

It is one of our future projects to continue to explore various degenerate versions of many special
polynomials and numbers and their applications to physics, science and engineering by using various
tools aforementioned in Introduction.
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