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1. Introduction

Riemann-Liouville fractional integral given by

1

I3, &(p) = m

Y
f (x — ) Ep)dr.
Many different concepts of fractional derivative maybe found in [9—11]. In [12] studied a conformable
derivative: |
flp+ep ™) — f(p)

€

Pof(9) = lim
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The time scale conformable derivatives was introduced by Benkhettou et al. [17].

Further, in recent years, numerous mathematicians claimed that non-integer order derivatives and
integrals are well suited to describing the properties of many actual materials, such as polymers.
Fractional derivatives are a wonderful tool for describing memory and learning. a variety of materials
and procedures inherited properties is one of the most significant benefits of fractional ownership. For
more concepts and definition on time scales see [13—-19,33-35].

Continuous version of Steffensen’s inequality [7] is written as: For 0 < g(p) < 1 on € [a, b]. Then

b b +A1
[ fr < f Foalp)d < f Flo)dr, (L1
) a a

where A = fa b g(p)dt.
Supposing f is nondecreasing gets the reverse of (1.1).
Also, the discrete inequality of Steffensen [6] is: For A, < >}7_, g(£) < A;. Then

n

n 4
IGCEDNIGEGEDINIG! (12)
=1 =1

t’:n—/12+1

Recently, a large number of dynamic inequalities on time scales have been studied by a small
number of writers who were inspired by a few applications (see [1-4,8,28-32,36,37,40—-42,44,48-53]).
In [5] JakSeti€ et al. proved that, if fi([c,d]) = f[a " g(p)di(p), where [c,d] C [a, b]. Then

[b]f(@)g(@)dﬁ(so)s [d]f(go)g(go)d/ft(p)+ [ ](f(go)—f(d))g(go)dﬁ(p),

and

J(p)di(p) - (f(©) = f()g(p)di(p) < F(©)g(9)di(p).

[e,d] [d,b] [a,b]
Anderson, in [3], studied the inequality:

b b a+A
d(p)Vep < f (W (P)Vp < f d(P)Vy, (1.3)

b-A

In [47] the authors have proved, for

m+A1 k
f Lp)dp = f )e(p)dy,

and

f ) {(p)dgp = fk L(p)g(p)dyp.

If there exists a constant A such that r(p)/{(¢) — At is monotonic on the intervals [m, k], [k, n], and

n m+A44 n
f tq(p)g(p)dp = f tq(p)dyp + f ) 1q(p)dgp,

m m
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then n m+A n
f H)e(p)dp < f H)dg + f Hp)dg.

n—A»

In particularly, Anderson [3] proved

n n m+A
[ o< [ rowemos [ romp
n—-A4 m m

where m,n € T, withm < n, r, g : [m,n]r — R are V-integrable functions such that r is of one sign
and nonincreasing and 0 < g(p) < 1 on [m,n]r and A = f’:g(go)Vgo, n—A,m+AeT.

We prove the next two needed results:
Theorem 1.1. Assume g > 0 with 0 < g(p) < {(p) V¢ € [m,n]r and A is given from f,:g(g))Aago =

I 2(9)Aep, then

n m+A
f H)g(9)Aup) < f O (A (1.4)

Also, provided with 0 < g(p) < {(p) and [ 2(9)Aep = [ g(9)Aep, we have

f O < f HD)2(9)Aup. (1.5)

m

We get the reverse inequalities of (1.4) and (1.5) when assuming r/{ is nondecreasing.
Theorem 1.2. Assume ¢ is integrable on time scales interval [m, n], with {(p) —¥(p) > g(p) = Y(p) >

0 Vo € [m,n]r and fn;"” (@A = [ g(@Aep = [ {(9)Aep and g, r and { are A,-integrable
functions, {(p) > g(p) > 0, we have

f Ar(@)é(ga)AasH f

< f r(9)g(9)Awg

(r(p) = r(n — VW (p)|Aep

<[ " )b - [ [t = rm + dpwig| e, (1.6)
and
| : oot < [ : (1)) = (1) — 0 = )]2(9) — 2@ IAap
< fm n r(©)8(9)Aap
< fm " 19X () = (r(9) = r(m + D) |[£(9) = g(9)]Aug
< [ " eI (1.7)
Proof. The proof techniques of Theorems 1.6 and 1.7 are like to that in [4] and is removed. ¥

AIMS Mathematics Volume 7, Issue 6, 11382—-11398.



11385

Several authors proved conformable Hardy’s inequality [20,21], conformable Hermite-Hadamard’s
inequality [22-24], conformable inequality of Opial’s [26, 27] and conformable inequality of
Steffensen’s [25]. In [45] Anderson proved the followong results:

Theorem 1.3. [45] Suppose @ € (0,1] and ry, r, € R such that 0 < r; < r,. Suppose [] : [r1, 2] —
[0,00) and I" : [ry, ] — [0, 1] are a-fractional integrable functions on [ry, r,] with II is decreasing,
we get

o) ) r1+N
f H()dad < f H(OI(dod < f H(O)dod,

r—N r r

where N = “Q? Q> ST dot €10,7, = 1],

In [46] the authors gave an extension for Theorem 1.8:
Theorem 1.4. Assume « € (0,1] and ry, r, € R such that 0 < r; < r,. Suppose [[,I,Z : [r1, 2] —
[0, o) are integrable on [ry, ;] with the decreasing function [Tand 0 <T" < X, we get

) ) r+N
f NZ(OH(Oda{ < f H(OI'(Ddad < f L(OI()do{,

where N = §’; (g)‘; ; f "T()d, € [0, — ).

In this paper we prove and explore several novel speculations of the Steffensen inequality obtained
in [47] through the conformable integral containing time scale concept. We furthermore recover certain
known results as special cases of our results.

2. Main results

Lemma 2.1. Assume ¢ > 0 is rd-continuous function on [m, n]NT, g, r be rd-continuous on [m,n]NT
such that r/{ nonincreasing function and 0 < g(p) < 1 Vg € [m,n] N'T. Then

(A1)

m+A

‘fmmmmm@sf ) A, @1

m

where A is given by

n m+A
f§(@)g(@)Aa50=f L(P)Aap.

(A) n n
fynmm@sfr@m@mW, 2.2)

such that

7

{(@)Ap = f L(9)g(P)Aup.

n—-A4

(2.1) and (2.2) are reversed when r/{ is nondecreasing.

Proof. Putting g(p) — {(p)g(p) and r(p) — r(p)/L{(p) in (1.4), (1.5) to get (A;) and (A;)
simultaneously. O
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Lemma 2.2. Under the same hypotheses of Lemma 2.1. with ¢ be integrable functions on [m,n] N'T
and 0 < Y(p) < g(p) < 1 —yY(p) for all p € [m,n]r. Then

f r(@)Aap + f
n-A4 m

< f r()g(@)Awp

m+A n
< f r(©)Aqp — f

where A is obtained from

([®) _rn-d Ao

{p) (-2

Jeowe)

(r(g)) B rm+ Q)
{(p) Lm+ )

Je@w ()|,
m+A n n
f h()Aup = f ()8 Aep = f o,

Proof. Putting g(p) = {(p)g(p), r(p) - r(p)/h(p) and Y(p) — {(@W(p) in (1.6) . |

Lemma 2.3. Under the same conditions of Lemma 2.1. Then

" Y ) =D,
[ o < [ (0 -| 55 - T ot - sl Jaup
< f )R

IA

e rp)  ra+d)
[ (=73 - A2 e - sonau

m+A
f r(@)A.9,

m+A n n
f {(9)Aap = f 8()A.p = f {(9)Aag.
m m n—A4

Proof. Taking g(p) = {(p)g(p) and r(p) = r(p)/{(p) in (1.7). o

IA

where A is obtained from

Theorem 2.1. Under the same conditions of Lemma 2.3 such that k € (m, n) and A,, 4, are given from
(A3)

m+A1 k
f {(9)Aup = f () A,

7l

f (A9 = j/: L(9)8(P)Ap.
n—Ar

If 77 /¢ € AHN[m, n] and
n m+A4 n
f P(P)(9)g(P) Ay = f P9I (9)Ap + f ) PO (9) Ao, (2.3)
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then n m+A n
f r7(9)g(P)Ayp < f r7(9) A9 + f 7 (9)Aep.

m m n—Ar

(2.4)isreversed if r7/( € AHé[m, n] and (2.3).

(A4)
k

k
(YA = f () A,

k=4

k+Ap n
fk (@A = fk {(P)8(P)Agp.

If 77 /¢ € AHN[m,n] and
) k+Ao
f PP (9)g(P)Aap = - PP (9)Ae9,

then
V7 k+ﬂ2
f r7(9)g(©)Aagp 2 f r7(9) A 9.
m k

-

Ifro/l e AH’;[WL, n] and (2.5) satisfied, then we reverse (2.6).
(As) If A4, A, be the same as in (A3) and r7/ € AH’f [m, n] so that

[ owrosing
- fm " (#0)(9) = 1809 —m = 1)1 - g Ao
+ f A (#9)29) - [8(9) = 1 + L1 - 80N JAvg.
then

7l

r7(9)g(9)Ayp
m+Aq o o /l
< f (r“(go) B 'r () r7(m+ 1)‘5(50)[1 —g(g/«))])Aag{)

) Lm+ )
+ f (r"(sO)—
n—As

) =)
{p) (- 1)

Ifro/l e AH’; [m, n] and (2.7) satisfied, the inequality in (2.8) is reversed.

(Ag) If Ay, A, be defined as in (Ay) and 7/ € AH’{ [, n] and

—

OB 19

f AP (9)g(P) Ay

k

= fk (6@)L(9) ~ [8(9) — k + LI - g)])Aes

-4

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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m+Aq
= f (¢()2(9) = [¢(9) — k + WD = g()])Aap, (2.9)

m

then
f r7(9)g(©)Aq 9

e r7(p)  r7(k—24)
y fk_m (r @-| {9) L= ) Jewrr - g(@)])AaKJ

o) k)
+ fk (- ORTEYS et = g1 )Aug. (2.10)

Ifr7/l e AH’;[m, n] and (2.9) satisfied, we reverse (2.10).

Proof. (A3;) Consider r7/{ € AH'f[m, n], and Ri({) = r7(€) — Ap(){(€), since A is given in
Definition 2.1. Since R;/{ : [m, k] N T — R, using Lemma 2.1(A ), we deduce

0

IA

m+Aq k
f Ri(9)Aug — f Ri(©)8(9)Ap

m+A1 k
f (YA — f P (©)g()Aap

m+A1 k
—A( f (@) (P)A 9 — f ¢(30)§(go)g(50)AasO)- (2.11)

As R/ : [k,n] N T — R is nondecreasing, using Lemma 2.1(A,), we obtain

0

\%

fk Ri(9)g(©)Asp — f Ri(9)Aeg
n—Ay

f r(r(@)g(@)AaW - f I’O-(S{))AQSO
k n—A;

—A( fk PP (9)g(P) Ay — f ¢(50)§(@)A030)- (2.12)
n—Ar

(2.11) and (2.12) imply that

m+Aq n n
f r7(P)A.p + f r7(9)Agp — f r7(9)8(©)Aeg
m n—Ap m

m+Aq n
> 4( f B (D)D) + f B (9D — f HOH D)
m n—A» m

Hence, if (2.3) is hold, then (2.4) holds. For r7/{ € AHS[m, n], we get the some steps.
(Ay) Letr?/l e A]H[’f[m, n], also Ry(x) = r7(x) — Ag(x){(x), where A as in Definition 2.1. R,/ :
[m,k] N T — R is nonincreasing, so from Lemma 2.1(A;) we obtain

k k
0 < f r7(9)g(9)Asp — fk ) r7(9)A.9
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k

k
-A( f oM A9~ [ o)) 2.13)

c—A

Using Lemma 2.1(A) we have
k+Ap n
0 > f r(9)Aep — f r7(9)8(©)Aap
k k

_A( k

Thus, from (2.13), (2.14), we get

k+Ap

PP (P)Aap — fk ¢(@){(50)g(50)Aap)- (2.14)

) k+Ao
f r7(9)g(@)Aep — f r7(9)Aqp

m k=74
l k+/12

>4 [ owrwong - [ owreng)

k=41
Therefore, if fr: D) (9)g(P)Asp = fkl:/llz () (p)A,p s satisfied, then (2.8) holds. Follow the same
steps for r”/{ € AH§ [m, n].

Using Lemma 2.3 and repeat the steps of Theorem 2.1(A3) and Theorem 2.1(A4) in the proof of
(As) and (Ag) respectively. O

Corollary 2.1. The inequalities (2.4), (2.6), (2.8) and (2.10) of Theorem 2.1 letting T = R takes

n m+A| 7l
@) f 7 (@eg(@)dep < f r7(9)d,p + f ) r7(9)dap. (2.15)
n k+A,
(if) f r7(9)g(P)d.p > fk r7(9)dy 9. (2.16)
m -
(i) f 7 ()8()dap

m+A1 o o 1
= f ("0(5{’ )~ [rg((gf)) - 2((,;?: ﬂll))]f(@)[l - g(so)])dag)

"o @) (=) )
" fn_ﬁz (r () [4(50) CEEN Je@n g(sO)])dago. (2.17)

(iv) f 7 (9)g(9)dayp

k . }"(r(g/J) r(r(k _ /ll)
; fk-al (r @~ [Fy ~ ) KON - g(@)])da%’

b (p) 7k + Ay)
+ fk (oG~ T g K@U gl @19)
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Corollary 2.2. We get [47, Theorems 8, 10, 21 and 22], if we put @ = 1 and ¢(p) = g in Corollary 2.1

[(D), (D), (iii), (iv)] simultaneously.
Corollary 2.3. In Corollary 2.1 taking T = Z, the results (2.15)—(2.18) will be equivalent to

n—1 m+A;—1 n—1

) D e+ < > o+ D+ D rp+ e,

p=m p=m p=n—A2

n—1 k+Ar—1
i) Y rp+ g = > rp+ e

p=m p=k—1;

n—1

(iif) D ro + Dglp)p™!
p=m

A rp+1) ra+d,+1)
D R At LU0

~! 1 — L+

(iv) r(p + Dg(p)p™™"

o ) rk—-A+1
D I e ey L] i

p=k—21,
k+dy—1 rp+1) rtk+A,+1) .
" KOZ:;C (r(go +D- [ () B Lk + A5) ]5(50)[1 - 8(80)]))80 .

Theorem 2.2. Under the assumptions in Lemma 2.1 with 0 < g(p) < {(p) and A;, A, be defined as

(A7) m+A k
f LA = f g(PA.p,

f L(@)Ap = f g(PA..
-y k

/7

n m+A4
f P()g(P) A = f P (P)Aep + P9I (P)Aap, (2.19)

n—A

If 17 /¢ € AH [m, n] and

then
n m+A4 1
f P (©)g(9)Aap < f DL 9)Dap + f O (220
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(As) . .
. L@ A = f g(PA.P,
k+Ao n
fk LA = fk g(PA..
If 17 /¢ € AH [m, n] and
n k+1o
f d(@)g()Ap = ) AP (P)Aeg, (2.21)
m -
then
n k+1o
f 7 ()8()Anp > fk (O Ap. (2.22)
m -4

Ifr7/l e AH’;[m, n] and (2.19), (2.21) satisfied, we get the reverse of (2.20) and (2.22).

Proof. By using Theorem 2.1 [(A3), (A4)] and by putting g — g/h and f — fh, we get the proof of
(A7) and (Ag) O

Corollary 2.4. In Theorem 2.2 [(A7), (Ag)], assuming T = R, the following results obtains:

n m+Aq n
0 f ()29 dap < f (D) + f (O (9. (2.23)
m m n—A»
7 k+Ao
(il f P (0)e)dop > fk OO, (2.24)

Corollary 2.5. In Corollary 2.4 [(i), (if)], when we put @ = 1 and ¢(p) = ¢ then [47, Theorems 16 and
17] gotten.
Corollary 2.6. In (2.23) and (2.24) letting T = Z, gets

n—1 m+;—1 n—1
) D rp+De@p < > rlp+ Dhp)+ ) r(p+ Dhp)p™".
Y=m p=m p=n—A>
n—1 k+Ax—-1
i) D o+ Dglp" = Y e+ Dip)e" .
P=m ©=k—2A;

Theorem 2.3. Using the same conditions in Lemma 2.3. Letting w : [m,n] N'T — R be integrable with
0<g(p) <w(p) Ve € [mn]NTand

k

m+A4
(Ao) f WO (9)Dap = f L)) A,

f WA = fk )8 Aup.

AIMS Mathematics Volume 7, Issue 6, 11382—-11398.
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If 77 /¢ € AHN[m,n] and

n m+A4 n
f PP (9)g(P)Aap = f A(PIW(P)(P)Aep + f ) A(PIW(P) () Aoy, (2.25)
then "
f r7(9)g(@) A9 < r7(@w(@) Ay + f r (@)w()Agp. (2.26)
m m n—Ar

k k
(A1o) fk w(@) (P)Aep = f L(9)g(9)Axp,

_/11

k+Ao n
fk WAy = fk L9)8()Aup.

If 17 /¢ € AH [m, n] and

7 k+/12
f S = [ Ao, 227)
m -4
V7! k+/12
f ()8 A > fk OO (2.28)

The inequalities in (2.26) and (2.28) are reversible if 77/ € AHS[a, b] and (2.25), (2.27) hold.
Proof. In Theorem 2.1 [(A3), (A4)], { changes wgq, g changes g/w and r changes rw. O
Corollary 2.7. In (2.26) and (2.28). Letting T = R, we have

n m+A n
(@) f r7(9)g(@)dep < f r7(pw(p)d,p + f ) r7(@w(p)d.g. (2.29)
n k+Ay
(if) f r7(9)g(@)dap = fk ) r7(@w(p)d,p. (2.30)

Corollary 2.8. In Corollary 2.7 [(i), (ii)], letting @ = 1 and ¢(p) = ¢ we get [47, Theorems 18 and 19].
Corollary 2.9. In (2.29) and (2.30), crossing T = Z, gets

n—1 m+A1—1 n—1

) D rp+ e < Y rp+Dw)+ > r(p+ Hw(p)p" .
p=m p=m p=n—A12
n—1 k+A,—1
i) Y+ = > r(p+ Hwp)p" .
p=m p=k—A1

Theorem 2.4. Using the same conditions in Lemma 2.1, and Theorem 2.1 [(A3),(A4)] with
Y [m,n] N'T — R be a integrable: 0 < Y(p) < g(p) < 1 —yY(p).

AIMS Mathematics Volume 7, Issue 6, 11382—-11398.
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(A1) If 77 /¢ € AHN[m,n] and

jn: n P(0)S(9)8(9)Aap
- fmm”l PP () — j; k |l6(9) — m — 1i|L (@ (9)Acp + f :2 SO ()AL
+ j/: n |l6(9) — n + L|c(@W(9) A, 2.31)
then
fm n r7(9)8(9)Aap
: LM P | k Z2 - oo + [ "h () Ay

. f P =)
o) T =)

(A1) Ifr7/¢ € AH [m, n] and

‘é (W (P)Acg- (2.32)

f (@) (9)g(9)Ayp
k k
=] H(L(P)Ap — f |6(9) — k + 11|L (W (P)Ap
+ fk |l6(9) — k = 4|2 (9)Aup, (2.33)
then
f r7(9)g(P)Aap
z f T o)A + f 7@ =)o
/Y “ m 1 (o) L(k—A4y) ¢
() Tk + Ay)
_ _ AyQ. 2.34
fk Qo) Lkt LW (9)Aop (2.34)

Ifr7/ e AH';[m, n] and (2.31) and (2.33) satisfied, we get the reverse of (2.32) and (2.34).

Proof. The same steps of Theorem 2.1 [(A3),(A4)] with Lemma 2.1, R/ : [mk] N T — R
nonincreasing, R;/{ : [k,n] N T — R nondecreasing. O

Corollary 2.10. In Theorem 2.4 [(A11), (A12)], letting T = R we get:

() f 7 (9)g(9)dayp

AIMS Mathematics Volume 7, Issue 6, 11382—-11398.
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m+A1 . k 1”0-(80) r”(m+/11) 7 .
< fm r’(9)d.g — j,; | o) Zme ) LW (p)dp + f _hr (©)dop

N f” r(p)  r7(n—4y)
k

() {(n— )
(if) f r7(9)g(p)dap

oW 0)dus. (2.35)

e |7 k=)
ol d(z - d(l
ZIHI r’(p) 50+fm o) k=) LW (p)d.e
"7 (p) 7k + Ap)
_ _ d,o. 2.36
j/: Qo) k) (W (p)d.p (2.36)

Corollary 2.11. In (2.35) and (2.36), we put a = 1, with ¢(p) = p we get [47, Theorems 23 and 24].
Corollary 2.12. Our results (2.35) and (2.36), by using T = Z gets

n—1

0) D r + D)™
<m+z/11:—1 ( +1) a_l_kz_ll‘r(s{)+])_r(m+/11+l)‘( ) ( )@
= 2 I TG T ey POV

n-1 o n-l rp+1) rin—2h+1) a-1
b Y ot Y [PED T Dy

p=n—A, o=k
n—1
(if) D ro + Dglp)p™™!
| k+Ax—-1 k-1 1 k=21 1
> ) g Dot 4 Y |1OED - I E D g

p=k—2, p=m

‘ni rp+1)  rtk+ L+ 1)
S ) k)

’h(p)w(p)@““-

3. Conclusions
In this work, we explore new generalizations of the integral Steffensen inequality given in [38,39,43]
by the utilization of the @-conformable derivatives and integrals, A few of these results are generalised

to time scales. We also obtained the discrete and continuous case of our main results, in order to gain
some fresh inequalities as specific cases.
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