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1. Introduction

In the present work, we discuss discontinuous Galerkin (DG) approximations to a nonlinear optimal
control problem (OCP) of ordinary differential equations (ODEs). More precisely, we consider the
following optimal control problem:

T
Minimize J(u, x) := f g(t, x(1), u(t)) dt, (L.1)
0
subject to

X' (t) = f(t, x(t), u(t)), a.e.onl0,T],
x(0) = xo, (1.2)
ueU,y, ae onl0,T].
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Here u(f) € R™ is the control, and x(#) € R? is the state of the system at time ¢ € [0, T]. Further,
g:[0,TIxRYxR" — Rand f: [0,T] x R x R™ — R are given, and the set of admissible controls
U,y C U :=L>0,T;R™) is given by

Uy = {u@) e R" :up < u(t) < u,}

for some u,, u, € R™. Here the inequality is understood in the component-wise sense.

There have been a lot of study on the numerical computation for the above problem. The numerical
schemes need a discretization of the ODEs, for example, the Euler discretization for the OCPs of
ODEs are well studied for sufficiently smooth optimal controls based on strong second-order optimality
conditions [2,13,14]. For optimal control problems with control appearing linearly, the optimal control
may be discontinuous, for an instance, bang-bang controller, and such conditions may not be satisfied.
In that respect, there have been many studies to develop new second-order optimality conditions for the
optimal control problems with control appearing linearly [3,21,31,32]. The second-order Runge-Kutta
approximations for the OPCs was studied in [15]. Recently, works [16, 17] developed a novel stability
technique to obtain new error estimates for the Euler discretization of OCPs.

The Pseudo-spectral method is also popularly used for the discretization due to its capability of
high-order accuracy for smooth solutions to the OCPs [20, 33]. However, the high-order accuracy
of the Pseudo-spectral method is known to be often lost for bang-bang OCPs, where the solutions
may not be smooth enough. To handle this issue, Henriques et al. [24] proposed a mesh refinement
method based on a high-order DG method for the OCPs of ODEs. The DG method discretizes the
time interval in small time subintervals, in which the weak formulation is employed. The test functions
are usually taken as piecewise polynomials which can be discontinuous at boundaries of the time
interval, see Section 2 for more detailed discussion. We refer to [7, 19, 34] and references therein
for DG methods for ODEs. It is also worth to refer to papers for the analysis of the discretization
of optimal control problems of PDEs, for example, the elliptic problems [1,23,35] and the parabolic
problems [9, 12,25-29]. In addition, the recent works [22,30] studied the discretization of the optimal
control for fractional diffusion problems.

In this paper, we provide a rigorous analysis for the DG discretization applied to the nonlinear
OCPs (1.1) and (1.2) with arbitrary order r € N U {0} for general functions f and g with suitable
smoothness. Motivated from a recent work by Neitzel and Vexler [29], we impose the non-degeneracy
condition (2.4) on an optimal control i of the OCPs (1.1) and (1.2). We obtain the existence and
convergence results for the semi-discretized case and the fully discretized case. The rates of the
convergence results depend on the regularity of the optimal solution # and its adjoint state with the
degree of piecewise polynomials mentioned above, see Section 2 for details.

It is worth noticing that the control is not required to be linear in the state Eq (1.2), and the control
space U, allows to take into account discontinuous controls. The constraints for controls are defined
by lower and upper bounds. Moreover, the cost functional is also given in a general form, not limited
to be quadratic. We mention that the DG discretization of zeroth order was used in [29] for the optimal
control problem for the semi-linear parabolic equation where the control is linearly applied to the
system.

For notational simplicity, we denote by I := (0,T), X := L*(I;RY), and (v, w); = (v, W)2¢pa). We
also use simplified notations:

I Nerery =11 ”LP(I;R") and || - [lwrey == - ”WP’“’(I;]R")
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for 1 < p < oco. Throughout this paper, for any compact set K C R™, we assume that
f,g € C([0, T]; W¥*(R? x K)) satisfy

sup (If(, -, NMwse + llg(@, -, lwse) < M (1.3)
0<t<T
for some M > 0.
We next introduce the control-to-state mapping G : U — X N L*(I;RY), G(u) = x, with x
solving (1.2). It induces the cost functional j : U — R,, u — J(u,G(u)). This makes the optimal
control problems (1.1) and (1.2) equivalent to

Minimize j(u) subject to u € U,,. (1.4)

Definition 1.1. A control iz € U, is a local solution of (1.4) if there exists a constant & > 0 such that
J(u) > j(i) holds for all u € U, with [|iz — ull;2) < €.

In the proof of the existence and convergence results, the main task is to show that the strong
convexity of j induced by the second-order optimality condition (2.4) is preserved near the optimal
control # and also for its DG discretized version jj,. It is achieved using the second-order analysis
in Section 4. As a preliminary, we also justify that j and jj, are twice differentiable, by showing the
differentiability of the control-to-state mapping G and its discretized version G, in the appendix.

In Section 2, we explain the DG discretization of the ODEs and the OCP. Then we present the
main results for the semi-discretized case and provide some preliminary results. In Section 3, the
adjoint problems are studied. Section 4 is devoted to study the second order analysis of the cost
functionals j and j,. In Section 5, we prove the existence of the local solution and obtain the
convergence rate for the semi-discretized case. Section 6 is devoted to establish the existence and
convergence results for the fully discretized case. Finally, in Section 7, we perform several numerical
experiments for linear and nonlinear OCPs. In Appendix A, we obtain first and second order
derivatives of the control-to-state mapping G. Appendix B is devoted to prove a Gronwall-type
inequality for the discretization of the ODEs (1.2) involving the control variable. It is used in
Appendix C to establish the differentiability of the discrete control-to-state mapping G, and obtain the
derivatives. In Appendix D, we prove Lemmas 3.3 and 3.5, which reformulate the first derivatives of
the cost functionals in terms of the adjoint states. In Appendix E, we derive the formulas on the
second order derivatives of the cost functionals.

2. DG formulation

In this section, we describe the approximation of the OCPs (1.1) and (1.2) with the DG method, and
then we state the main results on the semi-discrete case. First, we illustrate the discretization of the
ordinary differential equations

{xm:Fmﬂm,tHQD, (2.1)

x(0) = xo,
where x : [0,T] = R%, F : (0,T) x R? = R? is uniformly Lipschitz continuous with respect to x, i.e.,

”F(ta l/l) - F(ta V)” < L”I/l - V”, u,v e Rda re (09 T)’
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with a constant L > 0. By the Cauchy Lipschitz theorem, we have the existence and uniqueness of
classical solution x of (2.1).

Given an integer N € N, we consider a partition of / into N-intervals {I,,}nN:1 given by I, = (t,-1,1,)
withnodes 0 =: 1) < t; <--- <ty_; <ty :=T. Leth, be the length of I,,, 1.e., h, = t, — 1,_1, and we set
h := max,<y h,. For a piecewise continuous function ¢ : [0, 7] — R?, we also define

@y = lirglgo(tnﬂ-t), 0<n<N-1, @, = lirglgo(t,,—t), l1<n<N.
—0+ t—0t

The jumps across the nodes is denoted by [¢], := ¢} —¢, for 1 <n < N—1. For r e NU{0}, we define
Xl; = {Soh €X: CPh|1,, € Pr(In)a 1 <n< N},

where P'(1,) represents the set of all polynomials of ¢ up to order r defined on I, with coefficients in
R9. Then the DG approximate solution x;, of (2.1) is given as

N N
DLW @ = F,x0), ¢0), + > (X1, g ) + (05, 95) = (o, 45) (22)
n=1 n=2
for all ¢ € X}. Here (-, ) denotes the inner product in R¢, and
(A(D), B(1));, = f(A(t), B(1)) dt
I,

for integrable functions A, B : [, — R4,
We recall the error estimate for the DG approximation of (2.1) from [34, Corollary 3.15 &
Theorem 2.6].

Theorem 2.1. Let x(t) be the solution of (2.1) such that x € W&(I;R?) for some k > 1. Suppose that
hL < 1. Then there exists a unique DG approximate solution x; € X, to (2.2) of order r € N U {0}.
Furthermore, we have

sup |x4(1) = x(B)] < CA™™ || x| ypes g gy,
0<i<T

where C > 0 is determined by L, T, and r.

Now, for given u € U, we consider the approximate solution x € X; of the control problem (1.2)
satisfying

N N
D@ = fE 30, u®), ¢0),, + > (Xt ) + (5, 65) = (o, 65) (2.3)
n=1 n=2
forall ¢ € X.

Throughout the paper, we will consider local solutions # to (1.4) satisfying the following non-
degeneracy condition.
Assumption 1. Let iz € U,, be the local solution of (1.1). We assume that it satisfies

J@E.) 2 AR, YveU (2.4)

for some y > 0.
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The differentiability of the cost functional j(u) = J(u,G(u)) with respect to u € U is induced
by the differentiability of the solution mapping G(u) justified in Appendix A (see also the proofs of
Lemmas 3.3 and E.1). Note that the above second-order optimality condition holds under suitable
regularity assumptions on the function f, g, and solutions, see Remark E.2 for a detailed discussion.
We refer to [4,5] for further discussion on the second-order condition and also [8,10,11] for the optimal
control problem of PDE:s.

In addition, we assume that # € U,,; has bounded total variation, i.e., V(iz) < R/2 for a fixed value
R > 0. Here the total variation V(f) for f € L>(0, T) is defined as

V() = sup ) 10 = fnl
j=0

where P is any partition P = {0 = xp < x; < xp <+ < X, < X4 = T}

Considering a discrete control-to-state mapping G, : U — Xj, u — Gy(u), where G,(u) is the
solution of (2.3), we introduce the discrete cost functional j, : U — R,,u — J(u,G,(u)). Let us
consider the following discretized version of (1.1):

i ] 2.
seimin Jn(u), (2.5)

where
Ve={ueU : V(u) <R}.

We now define the local solution to (2.5) as follows.

Definition 2.2. A control i, € U,; N Vg is called a local solution of (2.5) if there exists an § > 0 such
that j,(u) > ju(it,) holds for all u € U,y N Vg with [|u — iyl 2y < 0.

In the first main result, we prove the existence of the local solution to the approximate problem (2.5).

Theorem 2.3. Let i € U,q N\ Vg2 be a local solution of (1.1) satisfying Assumption 1. Then, there are
constants € > 0 and hy > 0 such that for h € (0, hy) the approximate problem (2.5) has a local solution
iy € Uag N Vi satisfying |y — itll 2 < &

The second main result is the following convergence estimate of the approximate solutions.

Theorem 2.4. Let i € U,; N Vg2 be a local solution of (1.4) satisfying Assumption 1, let iy, be the
approximate solution found in Theorem 2.3, and let A(i1) be the adjoint state defined in Definition 3.1
below. Assume that the state ¥ = G(it) belongs to W*-°(I;R?) and the adjoint state A(ii) belongs to
Wke(I;R?) for some ki, k, > 1. Then we have

iz — @yl 2 = O(hmin{rﬂ’kl’kz})‘

The required regularity of solutions X and A(iz) can be obtained under suitable smoothness
assumptions on f, g, and u#, see Remark 3.2 below. The above result establishes the error estimate
concerning the discretization of the ODEs in the OCPs. We will give the proofs of Theorems 2.3
and 2.4 in Section 5. On the other hand, to implement a numerical computation to the OCP (1.4), one
needs also to consider an approximation of the control space with a finite dimensional space. In
Section 6, we will see that the proof of Theorem 2.4 can be extended to the error analysis
incorporating the discretization of the control space.
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3. Adjoint states

This section is devoted to study the adjoint states to the OCP (1.1) and its discretized version (2.5).
We introduce a bilinear form b(-, -) for x € W'*(0, T) and ¢ € X by

T
b(x, ) := f X' (1) - p(t) dt. (3.1)

0
Then, for a fixed control # € U and initial data x, € R¢, a weak formulation of (1.2) can be written as

T
b(x,¢) = fo £t X0, () - 9(0) dit (3.2)

for all ¢ € X with x(0) = x,.
Definition 3.1. For a control u € U, we define the adjoint state A = A(u) € W'*(0, T) as the solution

to
A1) = =0, f(t, x(1), u(D) A1) + 0,g(t, x(1), u(?)), (3.3)
with A(T) = 0. It satisfies the weak formulation
b(p, D) = (9,0, f (-, x, u)Ad = 0:8(-, x, u)) 21 (3.4)

for all ¢ € X with A(T") = 0.
Remark 3.2. It follows from the Eqgs (1.2) and (3.3) that if
fECIR, XxR'xRY), ge iR, xR!xRY) and ueC)(0,T)),
we have
xe O (0, 7] and A e M ([0, T)).
For u,v € U, the derivative of j at u in the direction v is defined by

Ju+ 1) = ju)

t

It is well-known that the derivative of the cost functional can be calculated with the adjoint state, as
described below.

J (v := lim
t—0+

Lemma 3.3. We have
J @) = (0,8C, x,u) = 0.f(, x, ) A(u), v), (3.5
forallv e U,,, where x = G(u).

Proof. For the completeness of the paper, we give the proof in Appendix D.
Next we describe the adjoint problem for the approximate problem (2.5). For x, ¢ € X, we define

N N
Bx,¢) = D (), + ) ([t 9r ) + (5, ). (3.6)
n=2

n=1

For approximate solution x;, = G,(u) € X/, the Eq (2.3) with control u € U can be written as

B(xn, @) = (fC, xnw), 9 + (X0, 7). Y € X (3.7

Now we define the adjoint equation for the approximate problem (2.5).
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Definition 3.4. The adjoint state 4, = 4,,(u) € X; is defined as the solution of the following discrete
adjoint equation:
B(S09 /lh) = (QD’ 8xf('a Xhs l/l)/lh - axg('a Xhs I/l))], v @ € X}rz (38)

In Appendix D, we briefly explain how the adjoint Eq (3.8) can be derived from the Lagrangian
related to (2.5). We also have an analogous result to Lemma 3.3.

Lemma 3.5. We have

Ji@W) = (0.8, xp, ) = 0uf (s Xp, WA, VI, Vv € Uaa, 3.9)
where x; = G,(u).
Proof. The proof is given in Appendix D.
In order to prove the main results in Section 2, we shall use the following lemma.

Lemma 3.6. Let u € U. Suppose that x = G(u) € Wo>(I;RY) and A = A(u) € W>(I;RY) for some
ki,k, > 1. Then we have
A() = 4,2y = O(R™ERr+th, (3.10)

Proof. We recall from (3.4) and (3.8) that 4 = A(u) solves

b(p, ) = (@, 0. f (-, X, W) D2y = —(, 0,8(-, X, W), (3.11)
and A;, = 4,(u) solves

B(p, A) = (@, 0, f (-, X, W) Ap) 121

. (3.12)
= —(¢, 0,8(-, xp, u))LZ(I) + (@, (O f (-, xp, 1) — 0 f (-, X, u))ﬂh)y(l), Yo €KX,

Here x € G(u) € X and x, = G,(u) € X;,. The estimate of x — x;, is induced from Theorem 2.1 as
follows:
1 = Xllzoay = O™ D)y oy (3.13)

As an auxiliary function, we consider j, € X, solving

B(p, &) = (0, 0. f (o x, w)8h)r = —(@, 0x8C, X, W), Y@ € X, (3.14)

which is the DG discretization of (3.11) in a backward way (see Lemma 3.7 below). Then, by
Theorem 2.1, we have
18 = Allz=y = O™ N[ Allyyiseo - (3.15)

By (3.13), we obtain
0xg(-, X, u) — 6xg(.’ Xp, u) — O(hrnm{kl,rﬂ})

and
(8xf(-’ Xn, u) — axf(.’ X, M))/lh(u) — O(hmin{kl’r+1})_

Combining these estimates with (3.12) and (3.14) gives
B, Ay = &) = (0, 0. f (. %, 1)y = G + (@, R(D)1, - Vg € X,
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where R : I — R? is given by
R(#) = (0 (s xp, 1) = O f (-, X, ) (1) + 058(:, x, u) — 028(-, xp, 0),
and it satisfies ||[R(¢)|| = O(h™kir+1h) - This, together with Lemma B.4, yields
14n = Lullzsay = O™,
Combining this estimate with (3.15),
A = Al = O(hmrterethy,
which completes the proof.

With abusing a notation for simplicity, let us define J as the interval I given a partition 0 = 57 <
sp <+ < sy < sy =T with s; = ty_;. Also we set X; , as the DG space X, with the new partition.
Then we have the following lemma.

Lemma 3.7. Assume that A € X] is a solution to
B(¢, D) = (¢, F(t, D)), Y ¢eX,.
Then W : I — R? defined by W(t) = AT — 1) for t € I = [0, T] satisfies
BW,p) = (F(, W), 0, Y eX),.

Proof. By an integration by parts,

N N
B, D) = > (@, + Y ($lat ) + (85, 45)
n=1 n=2

N N-1
== e, = D (5 [A) + @y, A7),
n=1 n=1

which leads to

N N-1
= DS 0, = D L) + By, Ay) = (6, F (L, ), Y g€ X, (3.16)
n=1 n=1

We now observe that W(r) = A(T — t) satisfies W/(t) = —A'(T —t) and [W]y_, = —[4],. We also
set (1) = (T —1). Then ¢ € X} , and we have ¢, = ¢ . Considering J, := (s,-1, 5»), it holds that
Jn = Iny1-n for 1 < n < N. Using these notations, we write (3.16) as

N N-1
DLW, + ) Wi (W) + WG Wo) = W F W), Y g € X,
n=1 n=1

Rearranging this, we get
N N-1
D WL, + ) (AWl + Wy ) = (F( W), 00, Y € X)),
n=1 n=1
which is the desired equation B(W,¢) = (F(t, W), ¢),. The proof is finished.
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4. Second order analysis

In this section, we analyze the second order condition of the functions j and j,, which are essential
in the existence and convergence estimates in the next sections.

4.1. Second order condition for j

We defined the solution mapping G : U — X N L=(I;R?) in the previous section. Here we present
Lipschitz estimates for the solution mapping G, its derivative G’, and the solution to the adjoint
Eq (3.4).

Lemma 4.1. There there exists C > 0 such that for all u, it € U,y and v € U we have
IG(w) — G(@)llz=~q) < Cllu = 2y, NG @y = G (@Wlle=y < Cllu = dtll 2|Vl 21y

and
|ACu) = A@)||zoy < Cllu = il 2y

Proof. Let us denote by x = G(u) and X = G(&t). Then it follows from (3.2) that
(x = %) (@) = f@t, x(0), u(1) = f(z, X(@), W) (4.1)
By (1.3), there exists a constant C > 0 such that
|f (2, x(2), u(0)) = f(&, (1), ()] < CIX(1) — x()] + Clia(r) — u(o).
Using this estimate and applying the Gronwall inequality in (4.1), we get the inequality
llx = &llzoy < Cllu = @iy < Cllue = itll 27y

This gives the first inequality. For the second one, if we set y = G’(u)v and = G’(i1)v, then it follows
from Lemma A.1 that

O =9 = 0 f(t, x(), u())(y = @) + (O.f(t, x,u) — 0, f(t, X, 1))I(?)
+ (0, f (1, x, u) — B, [ (8, &, W))V(?).

This together with the first assertion above yields

Iy = Jllzey < ClOf Gy x,u) = O fC, X, )|y
+ ClI@uf 3, u) = Buf % Wl
< C (Il = &gy + e = allz2n ) V2
< Cllu = all 2|Vl 21y

For notational simplicity, we denote by A = A(u) and A = A(it). Then we get

(A=) (1) = 0 f . XA = V(@) + Do f (X, 1) = O, f (-, £, ) A1)
- (axg(’ X, I/t) - a)Cg(" 5&9 ﬁ))(t)’ re (0’ T)a
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with (1 — A)(T) = 0. By applying the Gronwall inequality in a backward way, we obtain
14 = Allway < CUDf €, x, 1) = Do f (-, 2, W) Al
+ CHHXg(’ X, l/l) - axg('9 55’ I”\t)”Ll(l)
< CAsy + 1) (11 = Elpewqry + lle = all2s))

< Cllu = allr2),

where we used
Al < CllOL&l o1y

due to (3.3) and A(T) = 0. This completes the proof.
We now show that the second order condition of j holds near the optimal local solution & € U ,,.
Lemma 4.2. Suppose that u € U,y satisfies Assumption 1. Then there exists € > O such that
71 v) = 2l
holds for all v € U and all u € U,y with ||u — ull;2) < 2e. Here y > 0 is given in (2.4).
Proof. Let y(t) = G'(u)v and y(i1)(t) = G'(#)v. By using Lemma E.1, we find
J' @, v) = j @,v)

_ [ f 2 f ’f 2
= - f(; A(t) ((8x)2 (t, x, u)y“(t) + 28)“9” (, x, u)y(H)v(r) + (87)20, X, )V (t)) dt

0’g

(Ou)?

828 2
(@, x, u)y()w(r) + (, x, u)v"(2) dt
xou

T (92g )
+L (ax)z(t,x,u)y (t)+26‘

T Pf N Pf o’f 5
+ j; A(1) ((8x)2 (t, X, u)y=(1) + 28x6u (, X, u)y(®)v(r) + @) (t, X, u)v (t)) dt

0’g

Z@ﬁ@xmﬁmm,

2
P& (1 5 05mD) +
xOu

! 328 )
—f(; W(r,x,u)y (t)+2(9

where we denoted by A(?) := A(u)(?), x(t) := G(u)(?), A(t) := A(i)(f), and %(¢) := G(ii)(t). On the other

hand, it follows from Lemma 4.1 that

lx = X[y < Cllu = all2iy, My = Ylleway < Cllu = all 2l Vll2ys
IVl < Clvllzgy,  NAllzoay + Alsqy < CllOLgllz=a), and 4.2)
|4 = Allgey < Cllu = il g2y

This together with the following estimate

T T
fo V20 - POl dr < fo () + SOl - 30| di

<|ly = ¥llzzq) (||y||L2(1) + ||)_7||L2(1))

_ 2
< Cllu- u||L2(1)||V||Lz(1),
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yields
(" @)(v, v) = " @), )| < Cllu - b'tIILzu)IIVIIiz(,).
Combining this with (2.4) we have
S @, v) = j @, v) + (@, v) = j @, v))

2 — 2
> YW, = Clle = @l VIEs

By choosing & = %= > 0 here, we obtain the desired result.

As a consequence of this lemma, we have the following result.

Theorem 4.3. Let i € U,, satisfy the first optimality condition and Assumption 1. Then, there exist a

constant € > 0 such that

. . Y _
) 2 ) + Sl = il

for any u € Uyq with |lu — il 2 < 2e.

Proof. Choose € > 0 as in Lemma 4.2. By Taylor’s theorem, we get

. o N _ _
J) = ja) + j'(@)(u —u) + 7/ (i) (u — it, u — i),
where ity = i + s(u — i) for some s € [0, 1]. On the other hand, the first optimality condition implies
J@(u—-u)=0, YueUy. 4.3)
Moreover, we also find
it — dgll 2y < sllu = all2y < 2e.
Using these observations and Lemma 4.2, we conclude

. . Y _
) = ) + 2l = il

The proof is finished.

4.2. Second order condition for j,

In this part, we investigate the second order condition for the discrete cost functional j;,. Similarly
as in the previous subsection, we first provide the Lipschitz estimates for G, and the discrete adjoint
state.

Lemma 4.4. Let u,it € U,y and v € U be given. Then, there exists C > 0, independent of h € (0, 1),

such that
IGr(u) = Gr(@||r=y < Cllu — @l 2,

||G;,(M)V - GZ(LA!)V“LZ(I) < Cllu - ﬁ||L2(1)||V||L2(1),

and
1An () = Ap(@)||zory < Cllu = @l z2py-
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Proof. The first and the third assertions are proved in Lemma B.5. The second estimate is proved in
Lemma C.2.

Lemma 4.5. Foru € U, let x = G(u) be given by the solution of the state Eq (1.2), and let y = G’ (u)v
forv e U. Let x;, = G(u) be the solution of the discrete state Eq (3.7), and let y, = G,(u)v. Then we
have

yn = Ve < ChIVI -
Proof. Define ¥ : [0, T] — R? by the solution to
Y (1) = 0xf (s X, wWF(O) + Ou f -, X, w(1),  5(0) = 0. (4.4)
Recall from Lemma A.1 that y satisfies
V(1) = 0:f (o x,wy + 0, f (o x,uv,  y(0) = 0.
Combining these two equations, we get

G =) (@) = 0 f(t, x5, w)(F — Y)(O) + (01 f (8, Xp, u) — O, f (2, X, 1)) y(£)
+ (0. f(t, xp, u) — 0, f(t, x, u)v(2).

Using the Gronwall inequality here with (4.2) and (3.13), we find that

15 = Yllz=ay < Cllxs = Hlzsy (M2 + Mz
< Cllxp, = xllz=@plVIl2r 4.5)
< Cl’l”VHLZ(]).

On the other hand, y, satisfies
B()’h, ‘P) = (8xf(’ Xhs U)Yh + auf(" Xhs M)V, ()0)1’ v "2 € Xr,

which is the DG discretization of (4.4) in a backward way in view of Lemma 3.7. Thus, we may use
Theorem 2.1 to obtain the following error estimate:

15 = yalle=ay < ChlVIi2 ).

This, together with (4.5) gives us the estimate

yn = Ylleway NP = Yoy + IV = yallzeay < ChlVII2¢.
The proof is finished.

Lemma 4.6. For € > 0 given in Lemma 4.2, there exists hy > 0 such that for h € (0, hy) we have the
following inequality

a4 ’y

@) = 2V, veU

for any u € Uy, satisfying |lu — il 2 < &.
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Proof. We first claim that
7 @), v) = jil @), V)] < CAIVIIE, (4.6)

for h > 0 small enough, where C > 0 is independent of 4. Let x(t) = G(u)(?), A(t) = Au)(t),
x,(1) = Gp(u)(t), and A,(r) = A,(u)(r). Also we let y = G’(u)v and y, = G,'(u)v. It follows from
Lemmas E.1 and E.3 that

J @), v) = ji @) (v, v)
T 2 2 2
= —f /l(t)( of (t, x, u)y (1) + 2 9 f (t x, u)y(Hv(t) + o7 (t, x, u)vz(t)) dt

(0x)? (Ou)®
2 &g dg
+f0 W . - o )2(txu)v (1) dt
T 82 82 82
+ j(; /l,,(t)( @ ];z(’ xh,u)yh(t)+2(9 f (t, xp, Wyr(HHV(2) + 0 8u];2(t’ xh,u)v2(t)) dt

T g2 g d’g
_fo % ‘g;z(t Xy WY,(0) + 2oy (X Wy (OV(D) + Ou )2(t X V(1) dl

In order to show (4.6), by using a similar argument as in the proof of Lemma 4.2, it suffices to show
that there exists C > 0, independent of A, such that

[l = Xpllpeory < Ch, |y = Yillzoay < Ch||V||L2(1), ||yh||L2(1) < C||V||L2(1), 4.7)
lAnllzoy £ C, A = Apllz=ay < Ch, (4.8)
and

The first and second inequalites in (4.7) hold due to Theorem 2.1 and Lemma 4.5. For the third one
in (4.7) is proved in (C.2). By Lemma 3.6, the second inequality in (4.8) holds. We also find

| Allzeory < N4 = Apllzoy + Aoy £ Ch + C < C,

which asserts the first inequality in (4.8). Finally, we obtain

T T
jo‘ V(1) = ya(o)l dr Sj(; (®) + yaOIlly(@) = yu(0)| dt

< Iy(@® = yeOll2a) (||)’||L2(1) + ||)’h||L2(1))

< Ch”v”LZ(I),

due to (4.7). All of the above estimates enable us to prove the claim (4.6). This together with
Lemma 4.2 yields

I @, v) = j W), v) = j, @), v) = j" @), )]
Y
> zllv”iZ([) Ch”v”LZ([)

”v”LZ(])
for 0 < h < hy := y/(4C). The proof is finished.
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5. Existence and convergence results for the semi-discrete case

We first prove the existence of the local solution to the approximate problem (2.5).

Proof of Theorem 2.3. Choose € > 0 as in Theorem 4.3. We consider the following set
Bo(it) = {u € Uy = lu— ll2y < 26,

and recall from Section 2 the space Vx = {u € U : V(u) < R}. We will find a minimizer v of j, in the
space W := By.(i1) N Vg, and then show that ||V — @[z, < . It will imply that v is a local solution
to (2.5).

Since jj, is lower bounded on W, g, there exists a sequence {vi}ren C m N Vz such that

lim j,(vi) = inf ju(v). (5.1
k—o0 veWer

Moreover, since W, g is compactly embedded in L?([) for any p € [1, o), up to a subsequence, there
exists a function v € W, such that {v;} converges to ¥ in L*(I) and converges a.e. to . By definition,
the function z; := G,(v;) € X] satisfies

N

N
D@D = 2D, v, 00, + Y (o101 + @b 68) = Gaos 65) (5.2)

n=1 n=2

for all ¢ € X;. Note that {z; };cv 1S a bounded set in the finite dimensional space X, by Theorem 2.4 (see
also Lemma B.4). Therefore we can find a subsequence such that z; converges uniformly to a function
7 € X;. We claim that Z = G,(v). Indeed, since v;(#) converges a.e. to ¥(¢) for € I and f is Lipschitz
continuous, we may take a limit £ to infinity in (5.2) to deduce

N N
D RO F,20,50), ), + > (Zur6i) + G 05) = Gor 65)

n=1 n=2

for all ¢ € X;. This yields that 7 = G,(v), which enables us to derive
T
l}im Jav) = l}imf 8(t, zi(1), vi(2))dt
—00 —00 0
T
- [ fim g0 na
0 —00
T
- [ stz 50
0

T
= f 8, G (W)(®), (1)) dt
0
= ju().
This together with (5.1) implies that v € W, satisfies

jn® = inf i)
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It remains to show that the minimizer ¥ € W,y is achieved in the interior of B.(it) = {u € U,y :
|l — #ll;2) < €}. To show this, we recall that

Jw) = J(u, G(w)) = fo ' 8(t, G(u)(1), u(r)) dt

and ,
Jn) = J(u, Gp(w) = fo 81, Gp(u)(0), u(t)) dt.

Since ||G(u)|lwry < C for all u € U4, we see from Theorem 2.1 that

1G 1) = G|~y < CAIG@lIwroy < Ch,
where C > 0 is independent of 4. Combining this with the Lipschitz continuity of G yields that

lj(@) — ju@)| < Ch, Y u e Uy
Taking hy = y&?/(8C). Using this and the estimate
ja = j@) + 38, Vue U withs < u =z < 26
from Theorem 4.3, it follows that for & € (0, hy) we have
Jn) = @) + %82, VueUy withe < |lu-—allzg < 2e. (5.3)

Thus, the minimizer v is achieved in B (i). It gives that j,(u) > j,(V) forall u € Vg with |lu—v||;2 < e.
We now provide the details of the convergence estimate of the approximate solutions.

Proof of Theorem 2.4. Analogous to (4.3), the discrete first order necessary optimality condition for
i, € U, reads
Jnlan)u —uy) >0, VYue B(i,) N Vg
Inserting here u = it and summing it with (4.3), we get
0 < (J'(@) = Ji, (@) (ity — i) (5.4)
= (/@) — @)@y — 1) + (@) = Ji, @)y, = ). '

Now, by applying the mean value theorem with a value # € (0, 1), we have
Cllitn — i}, < jin @ = 1@ — @)@y — it, iy, — 1)
= () = ji' @)y, — i) (5.5)
< (/@) = ju' @)y — ),

where we used Lemma 4.6 in the first inequality and (5.4) in the second inequality. For our aim, it only
remains to estimate the right hand side. Let us express it using the adjoint states. From (3.5), we have

J @ity — i) = (0,8, X, i) — 8, f (-, X, W) A(w), ty, — )y, (5.6)
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and it follows from (3.9) that
Jn@ay, — ) = (0,8, Xp, ) — 0, f (-, Xp, W) Ay(@), Wy, — ). (5.7
Here we remind that X, € X; denotes the solution to (2.3) with control # and initial data x.
Combining (5.6) and (5.7) we find
(@) = Jo @)@y = B) = (Dug(-, %, ) = D8 (-, B, ), By — ),
= (0uf €, X A@) = D f -, Ty D), Wy — )
Applying Holder’s inequality here and using (1.3), we deduce
(/@) = j, (@) — )
< N10u0:8llr=11X = Xpll 2 llitn — ull 2y
+ A@ o pl1Ouf ¢ X, 1) = 0y f Gy Xy Wl 200l — 1ll 2r) (5.8)
+ 110 f ¢, Xny W 111AH) = Ap@l2epllitn — allr2r)
< C (1 = Zallzgy + 1A@) = @2 W = il 2
Now we apply (3.10) and (3.13) to get
(/@) = ji @)@y — i) < CH™™ 2" Wiz, —al| 2. (5.9)
Combining this with (5.5), we finally obtain

”ﬁh _ ﬁ”LZ(I) < Chmin{kl,kz,rﬂ}‘

This completes the proof.
6. Existence and convergence results for the fully discrete case

This section is devoted to the existence and convergence results for the fully discrete case. We
consider a finite dimensional space U, which discretizes the control space U, , for example, the space
of step functions

U, ={ue Uy | u: piecewise constant on Iy = [t;_1, 1]},

or the high-order DG space U, = X; N U,y with r € N.
We say that i1, € U, is a local solution to

min ji,(w), (6.1)

ueUy

if there is a value € > 0 such that j,(u) > j,(i1,) for all u € U, with [|u — i,)|;2 < e.

The existence result of local solution is provided in the following theorem.

Theorem 6.1. Choose € > 0 as in Theorem 4.3. Let u € U, be a local solution of (1.4) satisfying
Assumption 1. Fix any € > 0. Then there exists hy > 0 such that for h € (0, hy) problem (6.1) has a
local solution u;, € U, such that ||ii — it||;> < &.
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Proof. By compactness and continuity, j, has a minimizer i, in
Boo(it) = {u € Uy : |lu— illl 2y < 2},
since U, is finite dimensional. Next we aim to show that the minimizer i; satisfies
llizy, — @l 2 < €.
To show this, we recall from (5.3) that there is a value Ay > 0 such that for & € (0, hy) we have

Jn) = jiu(@) + %32, Vuely with &< |lu—illpg < 26

Combining this with the minimality of &, for j, in B,.(it), we find that ||it, — @l|;2;) < €. It then yields
that
Jn@) = juip), YueU, with |lu— il <e.

Thus i, is a local solution of (6.1).
We establish the convergence result in the following theorem.

Theorem 6.2. Assume the same statements for i € U,y and A(in) in Theorem 2.4. In addition, suppose
that there exists a projection operator P, : U — U, and a value a > 0 such that

1Pyt = il 2y = OCK)  for € (0,1).
Let i, € Uy, be a local solution to (6.1) constructed in Theorem 6.1. Then the following estimate holds:
@ = @ll2y = O™ Hkar2y),
If we further assume that j'(it) = O, then the above estimate can be improved to
it — all 2y = O(hmin{r+l’kl’k2’a})~
Proof. In this case, by the first optimality conditions on i and i, we have
J @), — i) >0 and jj, (i) (Pyit — i1y) 2 0.
The latter condition can be written as
0 < j, ()@ — y) + jo,(tap)(Ppit — it) = j,,(iap)(@ — ty) + R,
where R, := j,'(i,)(Ppit — i1). Summing up the above two inequalities provides

0 < (/@) — ji' (un))ity, — ) + Ry
= (J' @) = jy(@)(a, — @) + (jy, () = Ji, (@)@, — i) + Ry,

i.e.,
() — @), — i) < (' (@) — j, () (iy — i) + Ry (6.2)
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By the assumption of the theorem,
IRullz20y = O(h?). (6.3)

On the other hand, by applying the mean value theorem and Lemma 4.6, we obtain

(nCitn) = i, @)y, — ) = jy/ (@ + (i — )iy — @, ity — i) > Cllity, — ﬁlliz(,)-

Combining this with (6.2) yields

iy — @[z, < C(' (@) = ji(@) (@, — &) + CRy.
Applying here the estimate (5.9) in the previous proof, we have

i, — ﬁ“iz(l) < cpmrtkr g, — illz2y + CRy, (6.4)
which together with (6.3) gives the desired estimate

ity — bl 2y = O(pmntr+thikaalayy
When we further assume j'(iz) = 0, it follows that
g’ @) = G’ @w) = Ji' @) + (i’ @) = j'(@)).

Using this and the estimates in (5.8), we find

[ — — — - in{ky,kp,r+1 — —
IRul = L' @)(Pyit = @)| < C (N — ally + B2 Y 1Pyt = @l 2,

< Ch* (”ﬁh — ﬁ”Lz([) + hmin{k1,kz,r+1}) .
Inserting this into (6.4) yields

_ o0 infky o+ 1)) = -
iy, = @l < Ch™™ R Wiy, — |2

+ Cha(”ﬁh - ﬁ”LZ(]) =+ hmin{klak2,7+l}).

It gives the desired estimate

- - infr+1,k ko,
|lizy, — M||L2(1) = O(hmm{r+ )}
The proof is done.
7. Numerical experiments

In this section, we present several numerical experiments which validate our theoretical results. The
forward-backward DG methods [18] is employed to solve the examples of the OCPs.
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7.1. Linear problem

Let us consider the following simple one dimensional OCP, which has been used as an example [36],
that consists of maximizing the functional

subject to the state equation

J_1
2

X' (1) = —x(1) + u(0),

1
f x2(1) + u*(f) dt
0

x(0) =1,

(7.1)

and U = L*([0,1]). Using a similar idea as in Section 3 based on the maximum principle, we can

derive the adjoint equation to the above optimal control problem:

A=A —x(r), A1)=0
Furthermore, we also find that the optimal solutions it = —A and X satisfies (7.2). Thus we have the
solution
#0) = V2 cosh( V2(¢ — 1)) — sinh( V2(z — 1))
V2 cosh( V2) + sinh( V2)
and
5O = sinh( V2(t - 1)
V2 cosh(V2) + sinh( V2)
Table 1. Discrete L? error: ||X — Xullz2ry and | — wyll12(r).
I %= Fall2ay 1= @llzg,  log, T2l log, T
(0.1)x 2° 1.9455e-03 6.2543e-04
(0.1)x 27! 4.8861e-04 1.6088e-04 2.00 1.96
0.1) x 272 1.2240e-04 4.0780e-05 2.00 1.98
r=1 (0.1)x273 3.0629¢-05 1.0264e-05 2.00 1.99
0.1) x27* 7.6607e-06 2.5748e-06 2.00 2.00
0.1)x 27> 1.9156e-06 6.4477e-07 2.00 2.00
(0.1)x 2° 2.6708e-05 1.3269¢-05
0.1)x 27! 3.3523e-06 1.6837e-06 2.99 2.98
0.1) x 272 4.1979¢e-07 2.1202e-07 3.00 2.99
r=2 (0.1)x273 5.2518e-08 2.6599¢-08 3.00 3.00
(0.1) x 27 6.5673e-09 3.3308e-09 3.00 3.00
0.1)x 273 8.2108e-10 4.1672e-10 3.00 3.00
0.1)x 2° 2.8964e-07 9.5564e-08
(0.1) x 27! 1.8172e-08 6.0617e-09 4.00 3.98
0.1) x 272 1.1377e-09 3.8151e-10 4.00 3.99
r=3 (0.1)x273 7.1152e-11 2.3918e-11 4.00 4.00
0.1) x27% 4.4370e-12 1.4871e-12 4.00 4.01
0.1)x 27 2.7555e-13 8.4657e-14 4.01 4.13
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For fixed r € N, we use X; for the approximate space of U. In Table 1, we report the discrete L?
error between optimal solutions and its approximations for the above optimal control problem. Here
r + 1 is the number of grid points on each time interval I,,, and we used the equidistant points for our
numerical computations. The numerical result confirms that the error is of order A"*!' as proved in
Theorem 2.4.

7.2. Nonlinear problem
In this part, we consider the following nonlinear optimal control problem:
1 (s
J== f () + () dt
2o

subject to the state equation

X (1) = X2@) + u@®), x(0) = 2. (7.2)

In this case, the corresponding adjoint equation and optimal control are given as follows.
A1) = =x()(1 + 24(1))

and u(r) = —A(),

and thus the optimal solution X solves

X (1) = () — A, x(0)=2

Table 2. Discrete L? error: ||X — Xnllz2cry and | — wyllr2().

I 1% = Fallz 17—l log, ol log, T
0.1 1.3006e-02 2.6587¢-03
(0.1) x 271 4.5715e-03 6.8872e-04 1.51 1.95
(0.1) x 272 1.3286¢-03 1.7024e-04 1.78 2.02
r=1 (0.1)x27 3.5677e-04 4.2187e-05 1.90 2.01
(0.1) x 27 9.2305e-05 1.0492¢e-05 1.95 2.01
(0.1) x 273 2.3420e-05 2.6101e-06 1.98 2.01
0.1 7.9288e-04 7.1751e-05
(0.1)x 27! 1.6928e-04 6.8412e-06 2.23 3.40
(0.1) x 272 2.7566e-05 7.2059¢-07 2.62 3.25
r=2 (0.1)x273 3.9391e-06 8.4373e-08 2.81 3.10
(0.1)x 274 5.2676e-07 1.0332¢-08 2.90 3.03
(0.1) x 27 6.8107e-08 1.2833e-09 2.95 3.01
0.1 4.8978e-05 2.3326e-06
(0.1) x 27! 5.8217e-06 2.0158e-07 3.07 3.53
(0.1) x 272 5.0236e-07 1.3655e-08 3.53 3.88
r=3 (0.1)x273 3.6929¢-08 8.7619¢-10 3.77 3.96
(0.1)x 27 2.5037e-09 5.5551e-11 3.88 3.98
(0.1) x 27 1.6329¢-10 3.6858e-12 3.94 3.91
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In this case, since we have no explicit form of the actual solutions, we take the reference solutions
%, (resp., iiy) with h = (0.1) x 27° instead of X (resp., ii). In Table 2, we arrange the discrete L? error
between reference solutions and its approximations.

Next we consider a two dimensional problem given by

1 1/5
=3 f (x°() + () + (1)) dt
0

subject to the state equation

X)) =0 +y0), x0)=

/ (7.3)
Y ==3y@® +u@®, y0) =1
In this case, the corresponding adjoint equation and optimal control are given as follows.
/() = =x((1 +2A(¢)) and a(r) = —A(2),
1(0) (( (1) (0 2(1) (7.4)

(1) = =y() — 4, (1) + 3 ().

This case also has no explicit form of the actual solutions and so we take the reference solutions X
(resp., iiy) with h = (0.1) x 27 instead of X (resp., ii). The discrete L? error between reference solutions
and its approximations are arranged in Table 3.

Table 3. Discrete L? error: ||X — Xullz2cry and | — wyll 2y

I 1% = Fallz 17—l log, ol log, T
0.1 5.6850e-03 3.6402¢e-03
(0.1) x 271 1.6706e-03 1.1148e-03 1.48 1.71
(0.1) x 272 4.5109¢-04 2.9952e-04 1.77 1.90
r=1 (0.1)x27 1.1702e-04 7.7189e-05 1.89 1.96
(0.1) x 27 2.9736e-05 1.9566e-05 1.95 1.98
(0.1) x 273 7.4372e-06 4.9221e-06 1.98 1.99
0.1 1.1860e-03 2.9482¢-05
(0.1)x 27! 2.5679¢-04 2.6302e-06 221 3.49
(0.1) x 272 4.2605e-05 3.5132e-07 2.59 2.90
r=2 (0.1)x273 6.1623e-06 4.8266¢e-08 2.79 2.86
(0.1)x 274 8.2960e-07 6.3722e-09 2.89 2.92
(0.1) x 27 1.0764e-07 8.1940e-10 2.95 2.96
0.1 7.3645e-05 1.0438e-06
(0.1) x 27! 9.4018e-06 6.7811e-08 297 3.94
(0.1) x 272 8.4549¢-07 4.1743e-09 3.48 4.02
r=3 (0.1)x273 6.3517e-08 2.5778e-10 3.73 4.02
(0.1)x 27 4.3534e-09 1.6014e-11 3.87 4.01
(0.1) x 27 2.8493e-10 9.9925¢-13 3.93 4.00
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8. Conclusions

In this paper, we established the analysis for the DG discretization applied to the nonlinear OCP with
arbitrary degree of piecewise polynomials r for nonlinear functions f and g with suitable smoothness
assumptions. Under the non-degeneracy condition on an optimal control of the OCP, we obtained
the existence of the local solution to the approximate problem and the sharp L-error estimates of the
approximated solutions. These results was extended to the fully discrete case, in which the control
space is also discretized. Finally, we showed numerical experiments validating our theoretical results.
Based on the results of this paper, it would be interesting to analyze the mesh refinement method for
the discontinuous galerkin method of the optimal control problems. We would like to investigate this
problem in the future.
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Appendix
A. Differentiability of the control-to-state mapping

In this section, we show that the control-to-state mapping G is twice differentiable, and obtain the
derivatives.

Lemma A.1. Let x* = G(u + sv) and y : [0, T] — R? be the solution of

0 0
Y = 6_§(t’ x(1), u())y () + a—i(t, x(), uM)v(n), 1€ (0,T), y(0)=0. (A.1)

Then we have

d
—G(u + sv)|s=0 = y.
ds

Proof. Recall that x* and x satisfy

() (0) = f(t, X’ @), u®) + sv(1)) and  X'(1) = f(z, x(1), u(t)),
respectively. Using this, we find that r(¢) := x*(¢) — x(¢) — sy(¢) satisfies

(x*(1) = x(2) = sy(1))' (1)

0 0
= f(t,x’,u+ sv) — f(t,x,u) — s (a—];(t, x, w)y(1) + a—i(f» X, “)V(f)) (A.2)
0 ‘
= a_i:(t, x, u)(x* (1) = x(1) = sy(1)) + A1(1) + A (1),

where
0
Al(t) = f(t’ xS’ I/l) - f(t’ X, M) - 8_‘£‘(t7 X, u)(xs(t) - X(t)),

and

Ay(t) = f(t, x*,u+ sv) — f(t,x°,u) — sg—i:(t, x, u)v(1).

Given that |x*(f) — x(¢)| < Cs and (1.3), an elementary calculus shows that |A;| < Cs? and |A,| < Cs?.
With these bounds, we may apply the Gronwall’s lemma for (C.3) to deduce |r(¢)| < Cs? for t € [0, T].

From this we find

lig 20 = X0 — sy(@) _
im =

s—0 Ky

0,
which yields that

d , .
75 0=y,

Next we show the twice differentiablity of the mapping s — G(u + sv) at s = 0.
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Lemma A.2. Let z : [0,T] — R? be the solution of

o Of 2 o f o f 2
< (t) - (ax)z ’ ’ ax ’ ’ ((9”)2 (t, X(t), M(l))V (t)
of

+ _(t9 .X(t), M(t))Z(Z), Z(O) =0.
o0x

Then we have )

(ds)y

G(u + sv)|s=0 = z(1).

Proof. Let
d d
y(t) = —Gu+sv) and y()=—G(u+ sv)|s—.
ds ds

Then we get

") (@) = y' (@) = s2' (1)

= a—f(t, X, u+ sv)y'(t) + g(t x5 u+ sv)v(e) — g(t, x, u)y(t) — g(t, x, u)v(t)
ox ox ou
52f f
(8 ¥ (t, x(1), w)y*(1) + (A3)
P
( 5 ])02 (¢, x(t), UV (1) + —f(t x(1), u)z(t)]

0 )
- a_i(r, xX(1), (' (1) = (1) = s2(1)) + A (1) + Ax(0),

where

2

0 , 0 lig 0
A1) = [a—i(t, X’ u+ sv)— 8_§(Z’ X, u)] yi(t)—s [(8)6]; (, x, u)y(r) + (9x6fu (, x, u)v(t)] (1)

and

O f 62f

of of @u? (¢, x, u)v(t) +

Asx(t) := [%(t’ X', u+ sv) — %(t, x(1), u)] v(t)— s [

(t X, u)y(t)] ().
By Lemma 4.1, we have [y*(¢) — y(¢)| < Cs. Given this estimate and that

d
%xs(l)h:o = y(1)

from Lemma A.1, an elementary calculus shows that |A;(¢)] < Cs* and |A,(f)] < Cs?. Inserting this
estimate into (C.5) and applying the Gronwall’s lemma, we find

Y (@) = y(1) = sz(1) = O(s°).

It proves that
d
—y*(0)|s=0 = z(2).
7Y Ols=0 = 2(0)
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This implies that
2

(ds)?

G(u + sv)ls=0 = 2(0)

since J
V() = —G(u + sv).
ds

This completes the proof.
B. Gronwall-type inequality for the DG discretization of ODEs

In this section, we provide a Gronwall-type inequality for the DG discretization of ODEs with
inputs. It will be used in Section C to establish the differentiability of the discrete control-to-state
mapping G,.

We begin with recalling from [34, Lemma 2.4] the following lemma.

Lemma B.1. Let [ = (a,b) and k = b —a > 0. Then we have

’ 2 1 N ’ ’ 1 ’ ’ 2
f; lp(n)I" dr < %;(j; ¢i(t)dt) +§j; (b -0t —a)¢" (1) dt

for all p(t) = (¢1(1), -+ , pa(t)) € P'((a,b);RY), r € Ny, where
P ((a,b);RY) = {(p1,-++ , pa) : px: (a,b) = R is a polynomial of order < r}.

The next result is from [34, Lemma 3.1].

Lemma B.2. For I = (a,b) and r € Ny, we have

b
1917y < Clog(r + l)f ¢’ (O (t = a) dt + Clg(b)’

for all ¢(t) = (¢(1), -+ , pa(t)) € P'((a, b); RY). Here C > 0 is independent of r, a, b, and d.
We shall use the following Gronwall inequality.

Lemma B.3. Let {an}nl\’:1 and {bn}ﬁl\’:] be sequences of non-negative numbers satisfying by < b, < ---

by and by, = 0. Assume that for a value h € (0, 1/2) we have

IA

(1 - h)bn+l < bn +a,

for n € N. Then there exists a constant Q > 0 independent of h € (0,1/2) and N € N such that

n
b, < 20 Z ay
=1

forany n € Nwithn < N/h.

Proof. The proof can be obtained by induction.
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Now we obtain the Gronwall-type inequality.

Lemma B.4. Suppose that

N
|B(x, )l < C Z (ICx(0), (@), ] + 1(u(®), (D)1, 1) (B.1)

n=1

forall ¢ € X;. Then there exists a constant C > 0 independent of h > 0 such that
x|y < Cllullz2r)

forall uy,u, € U,y and h > 0 small enough.

Proof. From the condition (B.1) we have
N N
D@D, 00, + Y (X1, @), + (5, 6
n=1 n=2

N
< C ) IGe(0), @@+ 1), (1)), |

n=1

for all ¢ € X;. To obtain the desired estimates, for each n € {1,--- , N} we shall take the following test
functions ¢ € X; supported on I, given as

o) = (x1 — x2)()1,,(D),
o) = (t —t,-1)(x1 — x2) (H)1,,(¢), and
o(t) = (t = t,-1)1,(0),

where 1, : I — {0, 1} denotes the indicator function, that is, 1;(f) = 1 for ¢ € I,, and 1, (t) = O for
t € I\ I,. First we take ¢(t) = x(#)1, (t) forn =1,2,--- ,N. Then,

(X' (@), x)1, + ([x]a-1, %,-1) < CU@), XDy, | + 1(u(®), X))y, (B.2)
where for n = 1 we abuse a notation [x], to mean x;. Notice that
(IXTn-t> Xp) = (i )” = (> X)),
where for n = 1 the above is understood as ([x]o, x;) = (x; ). Using this in (B.2), we find
S = SRR TP < (1 30) + CIG0, X0V + 10, 00|
By applying Cauchy-Schwarz inequality, we obtain
S < Sh i+ CXOlE g, + O, 8.3)
Secondly, we take ¢(t) = (t — t,-1)x’(¢)1,,(¢) to have
('@, (t = )X @)1, < (x(0), (= 1,20)X' @), + (WD), (= t,-)X' (D)), -
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By using Holder’s inequality, we get
f (t =t ()P dr < f It = £l (XOF + () . (B.4)
I, I

Notice that
(XD, (= ti))y, = = f x(t) dt + x(t,)(ty = ty1)-

I
Thus, choosing ¢(7) = (t — t,-1)1;, () gives

f x(t) dr + x(tn)(tn - tn—l) < Cf |X(f)|(l - tn—l)dt + Cf |M(I)|(I - tn—l)dta
I Iy Iy

and subsequently, this yields

f x(t) dt
I

2
<212x | +2 f (X0 + u(t)?) dt f (g — 1) dt
I Iy

< 2R2|x; | + Ch f (x(t)* + u(t)*) dt,
In

where h, = t, — t,_;. This together with Lemma A.1 asserts

f x()dt
I,

for A > 0 small enough. Combining (B.3) and (B.4), we find

2
< 2h%|x; 1> + Ch} f (t = t, DX ()1 dt + Ch f |u(o)|? dt (B.5)
1}1 ]n

’ 2 —12
f (t =t )Y (O dr + x|
I)l
<Clxdlsy,  +C | lu@Pdt+1x,_ P
—_ -x LZ(In) + u( ) + ‘xn—l
I,

< —

¢ f x() dt
Iy

n

2
+ Ch, f (t—ti )X @ dt+|x, >+ C f lu(o)? dt,
I, I,

where we applied Lemma B.1 in the second inequality. This, together with (B.5), we obtain
% fl (t = DX OF dt + 1%, > < Chylx, P+ |x,_ P + C j; u(t)* dt (B.6)
for & > 0 small enough, where for n = 1 one has |x;| = 0. This inequality trivially gives
x> < Chylx >+ |x,_ >+ C fl lu(r)* dt

forn =1,---,N. Now, by applying Lemma B.3 to find an estimate of |x;!|* and inserting it into (B.6),
we achieve

1 T
3 f (t—t DX OPdt+ x> <C f lu(0)? dt.
I, 0

Finally, by applying Lemma B.2 to the above, we obtain the desired estimate.
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As a corollary, we have the following Lipschitz estimates.
Lemma B.5. For u,v € U,; we have
IGr(1) — Gy < Cllu = vl 20y
and
() = AWllz=y < Cllue = Vil 2y
Proof. Let us denote by x = G,(u) and X = G,(v). Then it follows from (2.3) that
B((x - 2),¢) = (f(t. x(0),u(t) - f(1. 20,00, ¢). V¢ €X.

By (1.3), there exists a constant C > 0 such that
|f (2, x(0), u(®)) = f(t, X(2), (1)) < C|3() = x(0)] + Claa(r) — u(®).
By applying Lemma B.4, we get the inequality
lx = Xl oy < Cllu = @ll 12

This gives the first inequality. For the second one, we denote by A = A,,(u) and A = A,(v). Then, we see
from Lemma 3.8 that

Bp, (A- Q) = (90, 0xf (-, X, W)(A = V@) + (D f C, X, 1) = Do f (-, £, ))(0)
— (@.8C X u) = 0.8(, 2, 0) . Ve X,
By applying Lemma B.4 again in a backward way (see Lemma 3.7), we obtain
14 = Allzeqry < CNOof € x, 1) = Bef G, £, DAl 2
+ Cll0:g(-, x, u) — 0:8(, X, Dlr2r)
< C U=y + 1) (Il = Rz + lle = llzr)
< Cllue = @tll 27y

where we used
Aoy < Cll0x&llz=)s

due to Lemma B.4. This completes the proof.
C. Differentiability of discrete control-to-state mapping

This section is devoted to prove that the discrete control-to-state mapping G, is twice differentiable.
We also obtain the first and second derivatives of Gy,.

Theorem C.1. We denote x; = G,(u + sv) and set y;, € X, be the solution of the following discretized
equation:

0 0
B(yha ()D) = (a_i‘(t’ Xns M)Yh(t) + (9_i:(t’ Xns M)V(t), ‘,O(t)) s VQO € Xr’ (Cl)
1

where x;, = G,(u). Then we have %x,‘; (®) = yp(0).
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Proof. By Theorem 2.1 there exists a solution y, € X} to

0 0
B(yn, ¢) = (6—§(t, Xp, w)yp(t) + a—i:(t, Xp, WV(1), sa(t)) , YeeX,.
1

By Lemma B.4 we get
allzewy < ClIvlizzq).- (C.2)

Recall that x* and x satisfy
B(xj.¢) = (6,2 u+ sv), ¢(0), and  BOu(0), @) = (ft.x,u0). @),

Using this, we find that r(2) := x;(¢) — x,(¢) — syn(?) satisfies

B((x;, = xi = syn). @)

= (f(t, .x;;, u—+ SV) - f(t, Xnsy M) - S (%(t’ Xns ”))’(l) + (;;i(t’ Xhs M)V(t)) ’ (,D(I)) (CS)
0
- (a—ie, S 0G0 = 300) = sy(D) + Ay + A, so(ﬂ)

for all ¢ € X7, where

0
AL = 1065010 = 05010 = S0, 5110530~ 34(0)

and

Ay = f(t,x;,u+sv) — f(t,x;,u) — SZ_Z:(I’ Xp, )v(1).

Given that |x; (1)—x;(f)] < Cs and (1.3), an elementary calculus shows that |A;| < C s?and |A,| < Cs.
With these bounds, we may apply Lemma B.4 to deduce |r(¢)| < Cs? for ¢ € [0, T]. From this we find

that
. X (D) = xp(2) — syp(2)
lim =

s—0 Ky

0,

which yields that

d S
gxh(f) = yu(D).
This completes the proof.

Lemma C.2. The following holds.
NG (ur)v = G/ (u)Vllsy < Clluy = uallrzpl Vil

Proof. Lety, = G;'(uy)v € X; and z;, = G},"(u2)v € X;. Then we obtain

0 0
B(yn, ) = %(I, Gu(uy), uy)yn(t) + %(h Gp(uy), up)(z), SO(l))
I
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and
0 0
B(zp, @) = (a—i:(l, Gu(uz), ux)zu(t) + a—i(h Gn(uz), ux)v(t), SD(l))

1
for all ¢ € X;. Combining these equalities, we have

0
By, — zn, ) = (6—§(h Gp(uy), uy)(yn — zn)(@), SD(f))

1

+ ((g—f(t, Gp(ur), uy) — a—f(f, Gi(ur), Mz)) (), Sﬂ(f)) (C4)
X ox

1

+ ((g—f(l, Gi(ur), ur) — a—f(t, Gi(u2), Mz)) (D), ‘P(t))
u ou

1

for all ¢ € X;. On the other hand, the following two inequalities hold:

0 0
K%mmwmm—%m@wmmﬁmscwmewmo4MWWWN

and

< C(luy = ua| + 1Gp(ur) — Grp(un))v(@)l.

‘(g—f(t, Gp(ur), ur) — a_f(z, Gp(ua), uz)) v(t)
u Au

Given these estimates, by applying Lemma B.4 to (C.4), we obtain

Iy = zallesay < Cl|lr = wal +1GaGuar) = Gau)DIza(| 2,
+ C|lur = o] +1G (1) = G)DV ||,

< Clluy = uall 2oy,
where we used Lemma B.5 in the second inequality.

Lemma C.3. Let zj, € X| be the solution of the following discretized equation:

B(zp, ¢)

T 82 02 02
= fo ((aTj;a,xh,u)yi(z)+2W££(r,xh,u>yh<t>v<r>+#(nxk,mvzm @(1) dt

T
+ f a—f(t, X, W)Zn(D)p(1) dt
0o Ox

forany ¢ € X;, where y, € X is the solution of (C.1). Then we have

2

(ds)*

Gp(u + sv)ls=0 = z4(0).

Proof. Let
d d
v = %Gh(u +sv) and y,(f) = %Gh(u + 5V)|s=0-
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It then follows that

B(G)(®) = yu(®) = sza(t). (1))

af (C.5)

= (-3 0O30 = 31(0) = 52,(0) + Ar(D) + Ax(0), ¢(0)

where
0 0
A(p) = [a—f:(t, X, U+ SV) — (9_§(t’ Xn, u)] v,
o? 0?
-5 [@Tf)z(l, Xp, WYR(1) + Wgu(t’ Xps M)V(l)] V(1)

and

A1) = [Z_i(t’ X, U+ Sv) — g—i:(t, X, u)] (1)

82 82
-5 [(au])cz (, xp, u)v(t) + W@fl‘t(l‘, Xn, u)yh(t)] w(1).

We obtain from Lemma C.2 the estimate [y, (1)—yx(#)| < Cs. Upon this estimate and that %Xfl(t)h:o =
yu(f) from Lemma C.1, an elementary calculus reveals that |A,(7)] < Cs* and |A,(¢)| < Cs?. Putting this
estimate into (C.5) and using Lemma B.4, we find

Y(@) = y(0) = s2(t) = O(s”).
This yields that

d
%)’};(I)h:o = z;(1),

and so we have )

(ds)

Gp(u + sv)ls=0 = z4(0)
since

() = %Gh(u + sV).

The proof is done.
D. Derivations of the first order derivative of cost functionals
In this part, we give the proofs of Lemmas 3.3 and 3.5. Before presenting it, we shall explain how

to derive the discrete adjoint Eq (3.8) from the Lagrangian associated to (2.5).
Let us first write the Lagrangian of the problems (1.1) and (3.7) as follows:

T
-Eh(xh’ u, /1/1) = fo g(t’ Xh(t), l/t(t)) dr + B(xh’ /lh) - (f(’ Xhs I/t), Ah)] - (X(), /l;,()) (Dl)
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for A, € X7, where the bilinear operator B(-, -) is given by (3.7). If we compute the functional derivatives
of the above Lagrangian (D.1) with respect to the adjoint state A, then 6.£,,/64, = 0 leads (3.7). We
now derive the equation of discrete adjoint state. Using the integration by parts, we find

N N-1
B, ) = = > (0 s, = (s A1) + (s Ay )
n=1 n=1

This enables us to rewrite the Lagrangian (D.1) as

T N
Lo u, ) = f g(t, x,(0), u(®) dt = " (xi, )y, = (FC, X 10), ),
0 n=1

N-1

= > G L) + G Ai) = (Ko, A1),
n=1
and this further implies
5 n b b ﬁ
0= Ly(xp, u h)(lﬂh)

5)Ch

= Ta—g(tx(t) (1) d—N A _ﬁ. A
—I) L Xn(0) u Wi (1) dt nz:;(lﬁh, Wi (ax(,xh,u)l/’h, h)l
o (D.2)
= D Wi L) + W Ay )
n=1
T
:f g—g(f,xh(l‘),u(f))lﬁh(f)df—(a—f(',xhau)lﬂh,/lh) + B, )
0 Ox 0x /

for all ¢, € X}, where we applied the integration by parts for (3, 4;);, to derive the second equality.
The above equality corresponds to the adjoint Eq (3.8).

Proof of Lemma 3.3. In order to compute the functional derivative of j with respect to u, we consider
Ju + sv) = J(u+ sv,G(u + sv)) with v € U and s € R,. If we set x°(¢) := G(u(t) + sv(¢)) it follows
from Lemma A.1 that y = d—dsxs(t)lszo satisfies

0 0
0 = Lt vy + Lt unio, (D.3)
ox ou
with the initial condition y(0) = 0. Recall from (3.4) that the adjoint state A(f) = A(u)(¢) satisfies
A(t) = a—g(t, X, U) — ﬂ(t)a—f(t, X, u). (D.4)
ox ox

Since x*(¢) is differentiable with respect to s, the cost j(u + sv) is differentiable with respect to s and it
is computed as

d
J v = PRACRELY)
s

s=0
- T
_ f 08 1. x(0), ult)(r) di + f 08 (1, (), u()y(y dt
o Ou o Ox
T
_ f (a_g(,,x(,),u(z))—A(r)a—f(t,x(t),u(t)))V(t)dl,
0 ou ou
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where we used
. af
f —(r xX(1), u(0)y(r) dt = fo (@) + AW (0, x(0),u(e) | (1) dr

T
= f ﬂ(t)(;—f(t,x(t), u(t))v(t) dt,
0 u

due to (D.3), (D.4), y(0) =0, and A(T) =

Proof of Lemma 3.5. The proof is very similar to Lemma 3.3. We consider j,(u+ sv) = J(u+sv, G,(u+
sv)) with v € U and s € R,. We recall from Lemma C.1 that the function x; := G,(u + sv) is
differentiable at s = 0 with

S —
Exhhzo = Yh,

where y;, € X; satisfies the following equation:

0 0
B(yn, @) = (6—§(-,xh, u)y, + %(-,xh, uv, so) ., YeeX. (D.5)
1

Using this, we obtain

d
Jauwv = Jg et sv)

s=0

) . (D.6)
- f Z—g(l‘, x4(0), u())V(t) dt + f a—g(t, xn (1), u(0)yn(?) dt.
o Ou 0o Ox

We then take ¢, = y;, in (D.2) to get

f —(t xn(2), u(2))yn(?) dt

N-1
= Z()’h’ )i, + ( (5 Xns U)Yns /lh) + Z()’;:,n, [Ann) = Vys Aew)-

1 n=1

On the other hand, by using the integration by parts, we find
N N-1
D0 A, + D G L) = G A
n=1 n=1

N N
== > b A, = D (Oidits by ) = Gingr Alg)
n=1 n=2

= —B(wp, Ap),

where B(:, -) is appeared in (3.6). This yields

79 9
f a—g(f, xp(1), u(@)yn(t) dt = =B(yy, Ap) + (—f(', Xps U)Yh, ﬂh)
0o OXx 0x

I

0
=- (—f(~,xh, uv, /111) ,
ou /
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due to (D.5). This together with (D.6) concludes

, ) )
Jpyv = f (a—g(t, xXp(1), u(t)) — —f(t, Xy(1), u(t))ﬂh(t)) v(t) dt,
0 u ou
where v € Y.
E. Derivations of the second order derivative of cost functionals

In this appendix, we provide details of the derivation of the second order derivative of cost functional
Jj and its discrete version jj,.

Lemma E.1. Let j be the cost functional for the optimal control problems (1.1) and (1.2). Then, for
ueU,;andv e U, we have

" ——T/ltazftttZIZazftttttdt
J (v, v) = fo ()(ax)z(,X(),u())y(H axau(,X(),u())y()V()

T 2f s T
A , d
f (f)(a )2(f , X(1), u(t))v=(1) t+j;

2
8 2
) (2, x(2), u(1))y~(¢) dt

T 62 T aZg )
+ fo 2m(t, x, w)y(H)v(t) dt + L W(t’ x(t), u(t))v°(r) dt.

Proof. Similarly as in Appendix D, we consider j(u + sv) = J(u+ sv,G(u+ sv)) withv € U and s € R,
and set x*(¥) := G(u(t) + sv(t)). By Lemmas A.1 and A.2, it follows that

d d

= ¥ = d
dsxl 0=y an (ds)?

xsls=0 =2

where y € X is given as in (D.3) and z € X is the solution to

P f f ’f

(@) = ) ——(t, x(1), u(D)y*(t) + ) — (1, x(1), u())V (1)
+ —f(t, x(1), u(1))z(2),
0x
with the initial condition z(0) = 0. Then we obtain
" a
J @)y, v) = @J(u + sv) »
2 T
=— g(t, x*(2), u(t) + sv(t)) dt
ds =0 (E.1)
T 82 :

f (1, x(0), u(0)2(e) it + % fz (2, (0, u(e)y*(1) dt

0’g
f (t x, u)y(t)v(t) dt+f )’ (t x(2), u())V* (1) dt.
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On the other hand, we use (D.4) to get

T
f a—g(t, x(1), u(t))z(t) dt
0 8)6

T T af
f A (Dz(0) dt + f ==, x(), w())A()z(1) dt
0 0o Ox

T T 6f
- f A7 (H)dt + f —(t, x(1), u())A(t)z(t) dt
0 3x

) s f
= fﬂ%wﬁ )

T aZf
—~ f A1) o )2(t x(t), u(H)WV (1) dt,

where we used A(7T) = 0 and z(0) = 0. By combining the above with (E.1), we have

47 _ ! *f >f
J w)(v,v) = —fo /‘L(t)(((9 )2(f L xX(0), u(D)y* (1) + PRTGRIO )dt

! 2f 2 ! (92g 2 E2
- f /l(t)( E» )2(1‘ , (), u())v(t)dt + fo W(t, x(t), u(t))y“(t)dt (E.2)

+f 2—(t (1) (t)dl+fT ik (t, x(1), u()Vv*(2) dt
2 oxou , X, u)y(t)v . uy , X(1), u(t))v .

This completes the proof.

Remark E.2. Solving the differential Eq (A.1) gives

y(t) = f g(s, x(s), u(s))v(s) exp (f a—f(T, x(7), u(t)) dT) ds
o Ou s Ox

and thus )
bm»schWQMa
0

where C > 0 depends only on || f||~r.w~) and T > 0. This estimate for y enables to bound the first
four integrals on the right hand side of (E.2) by

2
C||v||L2(1)7
where C > 0 depends only on [|Allz=~), T, || fllze@©7:w2e, and ||gllz=.r:w2~). This implies that if g is
given by
g(t, x,u) = g(t, x) + ylul’,
then we have

J' @@, v) = 2y = OVl

which satisfies (2.4) if y > C/2. It would be interesting to develop a numerical method to check (2.4)
for general case.
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Next we proceed the similar calculation for the approximate solution.

Lemma E.3. Let j, be the discrete cost functional for the optimal control problems (1.1) and (1.2).
Then, for u € U,y and v € U, we have

Ji @, v)

T 62 82 62
T fo ((a J;z (8, X5, Y1) + 25— . (1 00 YOV + auj; t, xh,u)vz(t)) A1) dt

o (92 62
+j(: ((3 é;z(t Xp, WYH(E) + 2(9 o (#, xp, Wyn(OV(1) + o )2(t Xp, U)V (t))

Proof. Similarly as in the proof of Lemma 3.5, we consider j,(u + sv) = J(u + sv, G,(u + sv)) with
v € U and s € R, and set x; := G(u + sv). We recall from Theorem C.1 and Theorem C.3 that

2

Xpls=o =yn and  ——=x;l=0 = 2>

ds (ds)?

where z;, € X satisfies

B(Zha ‘10)

T (92 62 (92
= f(; ((6 ];2 (t, xh,u)yh(t) +26 f (t, xp, wyp(Hv(t) + (6u];2(t’ X, )2 (0) ) (1) dt

T
+ f 6—f(t, X, w)Zp(t)(t) dt.
0 8x

Now a straightforward computation gives

2

ds?

T
Ji ), v) = fo 8(t, x,(0), u(®) + sv(1)) dt

s=0

Ta T 62
_ fo St 300, u()z (1) i + fo (af;z(f’xh(”’WW%W‘”

T azg T aZg 5
+f0 ZE(I, xp (1), u())y(H)v(t) dt +](; @) (t, x,(8), u(t))v=(¢) dt.

Note that the discrete adjoint state A,(¢) = A,(u)(t) satisfies

0 0
_B(w’ /1/1) + (0f(t, Xns I/l)/lh, w) = ( g(t’ Xns I/l), W)
x 0x /

1

for all ¢ € X;. Thus by considering ¢ = z;, € X}, we find

0
(Ei(ta Xhs I/l), Zh)[

0
= —B(zy, A4p) + (—f(t, Xp, U)Ap, Zh)
0x /

T 62 82 (‘92
= —f(; ((0 ])02 (t, xp, Lt)yh(l) + 20 f (t, xp, w)yp(v(t) + ((’)uj): (t, X, u)v2(t) A,(0) dt.
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Combining the above equalities, we have
Ja@)(v,v)

T 62 02 62
= - fo (ﬁ(n Xy W)Y5(8) + 2 8x6fu (7, 2, wyn(OV(1) + (HTJ;(L Xn, u)vz(t)) (1) dt
2

T & ) i
+fo\ (ﬁ(t,xh,u)yi(t)+2ﬁ(l,xh,u))’h(f)v(f)+ 8

(67)2(;, X, u)vz(t)) dt.

This completes the proof.
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