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Abstract: In this paper, we mainly focus on extension-closed subcategories of extriangulated
categories. Let X be an extension-closed subcategory. We show that if C is X-projective and there
is a minimal right almost split deflation in X ending by C, then there is an s-triangle ending by C
which is very similar to an Auslander-Reiten triangle in X. We also show that if the extriangulated
category admits a negative first extension E~!, and X is self-orthogonal with respect to E™!, then X has
an exact structure.
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1. Introduction

Exact and triangulated categories are two important structures in category theory. Recently,
Nakaoka and Palu [14] introduced the notion of extriangulated categories as a simultaneous
generalization of exact categories and extension-closed subcategories of triangulated categories. After
that, the study of extriangulated categories has become an active topic, and up to now, many results on
exact categories and triangulated categories can be unified in the same framework.

Extension-closed subcategories form an important class of subcategories in representation theory
of algebra. The existence of Auslander-Reiten sequences (resp., triangles) in extension-closed
subcategories of abelian (resp., triangulated) categories is a very important topic in representation
theory, for example, see [4, 12] for the abelian case and [10] for the triangulated case. Jgrgensen
studied the Auslander-Reiten triangles in subcategories ending at non-Ext-projective objects in [11,
Theorem 3.1], and Iyama, Nakaoka and Palu studied the extriangulated version in [8, Proposition 5.15].
In [6], Fedele considered minimal right almost split morphisms ending at Ext-projective objects
in an extension-closed category of a triangulated category, and found something quite similar to
Auslander-Reiten triangles in a suitable extension-closed subcategory. Extension-closed subcategories
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admit sometimes nice categorical structures, for example, extension-closed subcategories of abelian
categories are exact categories. Extension-closed subcategories of triangulated categories are not
necessarily triangulated, but they are extriangulated. In [11], Jgrgensen showed that an extension-
closed subcategory of a triangulated category admits an exact structure under some assumption. In [17],
Zhou considered n-extension closed subcategories of (n + 2)-angulated categories. Therefore, it is
natural to ask whether there is a framework in the setting of extriangulated categories for these results.
The aim of this paper is to prove the analogues of the triangulated results [6, Theorem A] and [11,
Proposition 2.5(1)] into the extriangulated setup.

In Section 2, we recall some terminologies. In Section 3, we show that given an s-triangle
y2x 2 x4 in K, if B is a minimal right almost split morphism in X, and X is X-projective, then:
(1) Y ¢ X, (2) ais an X-envelope of Y, (3) Y is indecomposable. This generalizes Fedele’s result [6,
Theorem Al]. In Section 4, let K be an extriangulated category admitting a negative first extension E~!.
In general, extension-closed subcategories of extriangulated categories are still extriangulated, but not
necessarily exact. We show that if X is an extension-closed subcategory of K satisfying E~!(X, X) = 0,
then X is an exact category, which generalizes Jgrgensen’s result [11, Proposition 2.5(1)].

2. Preliminaries

We first recall some notions from [14].

In this section, K is an additive category and E : K°P X K — Ub is a biadditive functor, where Ab
is the category of abelian groups.

Let A,C € K. An element 6 € E(C, A) is called an E-extension. Two sequences of morphisms

A-B2C and AR 2

in K are said to be equivalent if there exists an isomorphism b € Homg(B, B’) such that X’ = bx and
y =y’b. We denote by [ A —~ B — C ] the equivalence class of A —~ B = C.In particular, we write

idg .
0:= [A(—"lAeac(OiQC].

For an E-extension ¢ € E(C, A), we briefly write
a6 :=E(C, a)() and ¢*6 := E(c, A)(5).

For two E-extensions 6 € E(C,A) and ¢’ € E(C’,A’), a morphism from ¢ to ¢’ is a pair (a,c) of
morphisms with a € Homg (A, A”) and ¢ € Homg(C, C’) such that a6 = ¢*¢'.

Definition 2.1. ( [14, Definition 2.9]) Let s be a correspondence which associates an equivalence class

s(0)=[A—>B Lc ] to each E-extension ¢ € E(C, A). Such s is called a realization of E provided
that it satisfies the following condition.

(R) Let 6 € E(C,A) and ¢’ € E(C’, A’) be any pair of E-extensions with
56)=[A=~B-2>Cland (&) = [A' =B ("],
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Then for any morphism (a,c) : 6 — ¢, there exists b € Homg(B, B’) such that the following

diagram
A—~B—-C
Pl
Atep Lo
commutes.

Let s be a realization of E. If s(§) = [A =B =AY ] for some E-extension 6 € E(C, A), then one

says that the sequence A — B - C realizes § ; and in the condition (R), the triple (a, b, ¢) realizes the

morphism (q, ¢).

For any two equivalence classes [ A — B Lc Jand [ A’ Ay ol ], we define

[A>B>Cle[A 2B l=[A0A* BeB X CcaC ]

Definition 2.2. ( [14, Definition 2.10]) A realization s of E is called additive if it satisfies the following

conditions.

(1) For any A, C € K, the split E-extension 0 € E(C, A) satisfies s(0) = 0.

(2) For any pair of E-extensions ¢ € E(C,A) and ¢’ € E(C’,A"), we have s(0 @ ") = s(6) @ s(5").

Definition 2.3. ( [14, Definition 2.12]) The triple (%, E,s) is called an externally triangulated (or

extriangulated for short) category if it satisfies the following conditions.
(ET1) E : K°? x K — Ab is a biadditive functor.
(ET2) s is an additive realization of E.

(ET3) Let o € E(C,A) and ¢’ € E(C’, A’) be any pair of E-extensions with

s(6)=[A->B-Clands(d) = [A' B L.

For any commutative diagram

A—-p—-C

Pl

A/;_B/ﬁ_cl

in K, there exists a morphism (a, c) : 6 — ¢’ which is realized by the triple (a, b, ¢).

(ET3)® Dual of (ET3).

(ET4) Let 6 € E(C,A) and p € E(F, B) be any pair of E-extensions with

s0)=[A>B->Clands(p)=[B->D-F].
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Then there exist an object E € K, an E-extension & with s(¢) = [A—=D-2E], and a
commutative diagram

A——

A—>

oo
a

~
<

[
©

>
lg
txy

~
<

-~
~

!
~

in K, which satisfy the following compatibilities.
(i) s(yup) =[C—~E—=F].
(i) s*¢ =0.
(iil) x,& = t*p.
(ET4)°P Dual of (ET4).
Definition 2.4. ( [14, Definitions 2.15, 2.17 and 2.19]) Let K be an extriangulated category.

(1) A sequence A—>B 2 C inK is called a conflation if it realizes some E-extension § € E(C, A).
In this case, x is called an inflation and y is called a deflation.

(2) If a conflation A—>B—>C in K realizes § € E(C,A), the pair (A =>B—C,5) is called an
E-triangle (or s-triangle, extriangle), and write it in the following way:

ASB>C0~ .
We usually do not write this “¢” if it is not used in the argument.

(3) Let A—>~B—> CS~ and A2~ B . c' %~ be any pair of E-triangles. If a triplet (a, b, c)
realizes (a,c) : 6 — &', then we write it as

ASB Lt~

af bl

AL L ols
and call (a, b, ¢) a morphism of E-triangles.

If a,b,c above are isomorphisms, then A = BXC2% and A/ 5B 5%~ are said to be
isomorphic.

(4) Let X be a full additive subcategory of K, closed under isomorphisms. The subcategory X is said
to be extension-closed (or equivalently, closed under extensions) if, for any conflation A — B — C
which satisfies A, C € X, then B € X.

Example 2.5. Both exact categories and triangulated categories are extriangulated categories
(see [14, Proposition 3.22]) and extension closed subcategories of extriangulated categories are again
extriangulated (see [14, Remark 2.18]). Moreover, there exist extriangulated categories which are
neither exact categories nor triangulated categories, see [14, Proposition 3.30]. For more examples,
see also [7, Theorem 1.2], [16, Example 2.8], [18, Corollary 4.12 and Remark 4.13].
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Condition (WIC):

(1) Let f € Homg(A, B), g € Homy(B, C) be any composable pair of morphisms. If g f is an inflation,
then so is f.

(2) Let f € Homy(A, B), g € Homg(B, C) be any composable pair of morphisms. If g f is a deflation,
then so is g.

3. Envelopes and almost split morphisms in extension-closed subcategories

Assume that & is a field, and K a skeletally small k-linear Hom-finite Krull-Schmidt extriangulated
category satisfying Condition (WIC). All subcategories are full, and closed under isomorphisms and
direct summands.

Assume that X is an additive subcategory of K which is closed under extensions. We will investigate
minimal right almost split deflations in X, and give a relation between minimal right almost split
deflations of X-projective objects and X-envelopes in an s-triangle which generalizes [6, Theorem A].
The results follow closely part of Sections 2 and 3 from [6] and the proofs also follow by very similar
arguments.

Definition 3.1. Let A, B € X.

(1) A morphism a : A — B is called right almost split in X if « is not a split epimorphism, and for
any C € X, any morphism g : C — B which is not a split epimorphism factors through @. Dually,
the notion of left almost split morphisms is given.

(2) A morphism @ : A — B is called minimal right almost split in X if it is both right minimal and
right almost split in X. A minimal left almost split morphism in X is defined dually.

Lemma 3.2. Let B : B — C be a right almost split morphism in X. Then C is indecomposable.
Moreover, if B is right minimal and ' : B" — C is a minimal right almost split morphism in X, then
there is an isomorphism ¢ : B — B’ such that 5 = 3'¢.

Proof. The proof follows from the same argument of [6, Proposition 2.7].
]

Definition 3.3. An object X € X is called X-injective if E(X,X) = 0. An object X € X is called
X-projective if E(X, X) = 0.

Lemma 3.4. ( [6, Lemma 3.4]) Assume that f = (fi, f>) : A ® Ay — B is right minimal in K. Then f
and f, are right minimal.
Lemma 3.5. Let A% B2 C 2~ bean s-triangle in K. Then

(1) B € radg(B, C) if and only if « is left minimal.
(2) a € rady (A, B) if and only if B is right minimal.

Proof. (1) By [14, Proposition 3.3], there is an exact sequence

Homw(ﬁ,B)HOm(K(B’ B) l—M)HOI’HW(A, B)

Homy(C, B)

Then the result holds by the dual of [9, Lemma 1.1].
(2) is similar. O
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Lemma 3.6. Let X € X be indecomposable X-projective, and Y - X’ L X% bea non-split s-
triangle with X" € X. Then « is an X-envelope of Y.

Moreover; if B is right minimal, then Y is indecomposable.
Proof. Applying Homg(—, X) to the given s-triangle, we have an exact sequence

Homg(X’, X) 20 Homue (Y, X) — E(X, X) .

Since X is X-projective, E(X,X) = 0, and hence Homg(a, X) is epic. This shows that « is an X-
preenvelope of Y.

Since K is Krull-Schmidt, we can write X’ = X] @ --- @ X/, where X[, -- - , X are indecomposable,
and write 8 = (By,--- ,B,), where 8, : X! — X,i=1,---,¢. Since ¢ # 0, 8 is not a split epimorphism,
and hence each f; is not a split epimorphism. By [3, Appendix, Proposition 3.5], each ; € radg(X], X).
Thus B € radg(X’, X) by [3, Appendix, Lemma 3.4]. By Lemma 3.5(1), « is left minimal, and hence
is an X-envelope of Y.

Now let 8 be right minimal, and let ¥ = Y, & --- @ Y,, where each Y; is indecomposable. Let
inc : ¥; — Y be the inclusion. For any X"’ € X, and any g : ¥; — X”, consider the diagram

\04
X"

Then there exists g : ¥ — X" such that g = goinc. Since a is an X-envelope of Y, thereis i : X' — X"
with ¢ = ha. Thus g = g oinc = h o @ o inc, which shows that @ o inc : ¥; — X’ is an X-preenvelope
of Y;. Since K is Krull-Schmidt, there exists an X-envelope «; : ¥; — X;. Thus we get an X-envelope
®_,a; : &_,Y; — &_,X;. But X-envelopes are unique up to isomorphisms, so we may assume that
a =@&_,a;and X" = @_, X;. Note that since each a; : ¥; — X; is an X-envelope, we have a commutative
diagram

@;

i— X
inc
't

Yy —=X.
Then a o inc is an inflation implies that @; is an inflation by Condition (WIC). Thus there exists an

s-triangle Y; 2X, X Z; %, Consider the following diagram

a; Yi 0i
—— X, —— Zi - — >
inc inc
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where the left square is commutative. By (ET3), there exists w; : Z; — X such that the following

diagram
s iL)Zl._ i
inc inc l/Wi
a , B 0
Y— X — X - =->

commutates. Therefore, we get a commutative diagram

‘o
& @i

@ . .
&Y, —@_ X, —=&_ Z -~ >

By [14, Corollary 3.6], X = @_,Z;. But X is indecomposable, so we may assume that X = Z;, and
Z; =0 fori # 1. This shows that w; = y; = 0 and @; 1s an isomorphism for i # 1.

Now suppose that 8 = (B, ,[,) is right minimal, by Lemma 3.4, each £; is right minimal. On
the other hand, fori # 1, 8; = 8 o inc = w;y; = 0, thus

Bo0=0=B=Boly, Yitl=0=1y Vi#]l
:>Xi:O, Vi#1
=Y, =0 Vil

= Y =Y, is indecomposable.

O

Theorem 3.7. Let ¥ -+ X' 2 X2~ be an s-triangle in K. Assume that B is a minimal right almost
split morphism in X, and X is X-projective. Then

(i) (1) Y ¢ X,
(2) ais an X-envelope of Y,
(3) Y is indecomposable.

(ii) If there is an s-triangle vyix £ X °~ such that ﬁ is a mmlmal right almost split morphism in
X and X is X- -projective, then X = X if and only if Y =

Proof. (i) Since g is a right almost split morphism in X, X is indecomposable by Lemma 3.2. Now
assume Y € X. Since X is X-projective, we have E(X,Y) = 0, and hence 6 = 0. Thus g is a split
epimorphism, which is a contradiction. Hence ¥ ¢ X. By Lemma 3.6, a is an X-envelope of Y.
Moreover, since S is right minimal, Y is indecomposable by Lemma 3.6.

(i1) Using (i), we have that Y¢ X, Yis 1ndecomposable and « is an X-envelope of Y.

The “only if” part. Assume that X = X, that is, there is an isomorphism ¢ : X — X. Then
ﬁ X — X and B: X — X are minimal right almost split morphisms. By Lemma 3.2, there exists
an isomorphism ¢ : X’ — X’ such that B = ,Bw Then we get the following commutative diagram

y—2exLox_94.
¢ lw ls@

yo_ ¥y - v _
y—-x LoXx-2-
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By [14, Corollary 3.6], ¢ is an isomorphism, and hence ¥ = Y.

The “if” part. Assume Y = Y, that is, there is an isomorphism ¢ : ¥ — Y. Then @ and a¢ are
X-envelopes of Y. Then X’ = X’ since envelopes are unique up to isomorphisms. That is, there exists
an isomorphism ¢ : X’ — X’ such that a¢ = Ya. Then we have the following commutative diagram

Yy —X' X— - >
l l ;
Yy - x L Y -2,
By [14, Corollary 3.6], ¢ is an isomorphism, and hence X = X. O

Example 3.8. Let A = kQ be a finite-dimensional hereditary path algebra over an algebraically closed
field k, where Q is the quiver
1 « 2« 3.

Then the Auslander-Reiten quiver of A is as follows ( [3, Chapter IV, Example 4.10]):

~
[Ps],
where the symbol [M] denotes the isomorphism class of a module M, and

1S 1=ke<00),S,=0k<0)and S3 = (0 « 0 < k) are all simple modules;
(2) Py =51, P, =(k < k « 0)and P; = (k < k < k) are all indecomposable projective modules;
(3) I) = P53, I, = (0 < k « k) and I3 = §; are all indecomposable injective modules.

Let K = modA be the category of finitely generated left A-modules. Then modA is an extriangulated
category with E = Ext}. Set X = add(/, ® S3). Then X is closed under extensions. Clearly, there is an

Auslander-Reiten sequence 0 — S, 5 I £ Iz — 0in modA. In particular, 8 is a minimal right almost
split morphism. Moreover, since Ext}\(Sg,, L®S3) = DHomp(l,®S3,753) = DHomp (I, ®S53,55) =0
we have that S5 is X-projective. By Theorem 3.7, a is an X-envelope.

Remark 3.9. (1) An s-triangle in K of the form A = B £ C?~ with A,B,C € X is said to be an
Auslander-Reiten s-triangle in X if
1) 0 #0,

(i1) a is left almost split in X,
(iii) B is right almost split in X.
Clearly, the s-triangle given in Theorem 3.7 is not Auslander-Reiten s-triangle in X since the
starting object is not in X at least.

(2) Let K = 7 be a triangulated category, [1] the shift functor, and E = Homg¢(—, —[1]). Then
Theorem 3.7 recovers [6, Theorem A].

(3) Dual to Theorem 3.7, we have the following result: Let Y - X’ LS X~ bean s-triangle in K.
Assume that « is a minimal left almost split morphism in X, and Y is X-injective. Then
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(i) (@ X ¢ X,
(b) B is an X-cover of X,
(c) X is indecomposable.

(i1) If there is an s-triangle Y% X’ LA X ®~ such that @ is a minimal left almost split morphism
in X and Y is X-injective, then ¥ = Y if and only if X = X.

4. An exact structure of extension-closed subcategories

Assume that K is an extriangulated category, and X be an extension-closed subcategory of K.
By [14, Remark 2.18], X is also an extriangulated category. In this section, we will show that X
has an exact structure under some assumptions, which generalizes [11, Proposition 2.5]. The results
in this section follow closely part of Section 2 from [11] and that the proofs also follow by very
similar arguments. An important difference is that in our setup one has to add the assumption that the
extriangulated category has a negative first extension in order to obtain the needed exact sequences in
our arguments, while in [11] these exact sequences come for free from the triangulated structure.

Definition 4.1. A homotopy cartesian square in K is a commutative diagram

A—>B
P
C—=D

in K such that A —— G) BeC L) D 1is a conflation.

Let X be an additive subcategory of K. We set
Ex = {conflations X; — X, — X3 in K with X;, X5, X5 € X}.

Definition 4.2. ( [1, Definition 2.3]) A negative first extension structure on K consists of the following
data:

(NE1) E7!' : K x K — Ab is an additive bifunctor.

(NE2) For each ¢ € E(C, A), there exist two natural transformations
5;' 1 E7'(=,C) = Homy (-, A)
&' 1 E YA, -) - Homg(C, -)

such that for each E-triangle A L BS Ol andeachWe XK , two sequences

6—1

(G omg
E-L (W, A) =L g1 w, By 9 51w 0) — 2 Homge(W, A) =™ Hom, (W, B)
@) omy
E1(C W) S 18wy E Y 514 W) — S Hom, W™ M Homy (B, W)
are exact.
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In this case, we call (K, E, s, E™!) an extriangulated category with a negative first extension.

In what follows, we assume that K is an extriangulated category with a negative first extension E™!,
and X is an additive subcategory of K which is closed under extensions and E~!(X, X) = 0.

Lemma 4.3. Each conflation X, . X5 A X5 in Ex is a kernel-cokernel pair in X.
Proof. For any X € X, we have exact sequences

Homg (X, f)
_—

E'(X, X3) — Homg(X, X)) Homy(X, X,) — Homy (X, X3) 4.1)

and

B! (X1, X) — Homy(Xs, X) ==

Homgy(X,, X) — Homgy(X;, X) . 4.2)
By assumption, E7!(X, X3) = 0 = E™'(X;, X). Thus the sequence (4.1) implies that f is a kernel of g,

and the sequence (4.2) implies that g is a cokernel of f. Thus X, l>X2 —g>X3 is a kernel-cokernel
pair in X. O

Lemma 4.4. Assume that the following diagram

X, ——X,

Lk

X3 u X4

is a homotopy cartesian square with each X; € X. Then it is a pullback and a pushout in X.

X (_v’u)

Proof. By definition, there is an s-triangle X X0 X;——X, -% ~ . For any X € X, there are
exact sequences

E~'(X, X;) — Homy (X, X;)

Homg (X, X, & X3) — Homgy (X, X4) 4.3)

and
E~1(X;, X) — Homgc(X4, X)

Homg (X5 @ X3, X) — Homg (X7, X) . “4.4)

By assumption, E™'(X, X;) = 0 = E™'(X}, X). Thus the sequence (4.3) implies that the given diagram
is a pullback in X, and the sequence (4.4) implies that the given diagram is a pushout in X. O

We recall the definition of exact categories from [5, Definition 2.1]. As proven by Biihler, it is
equivalent to the original definition by Quillen from [15, Section 2]. Let € be an additive category. A

kernel-cokernel pair (7, p) in € is a pair of composable morphisms A —~ B C such that i is a kernel
of p and p is a cokernel of i. If a class & of kernel-cokernel pairs on € is fixed, a morphism i is called
an inflation if there is a morphism p with (i, p) € &. Deflations are defined dually.

Let € be an additive category. An exact structure on C is a class & of kernel-cokernel pairs which is
closed under isomorphisms and satisfies the following axioms:

[EO] VA € €, 1,4 is an inflation.

AIMS Mathematics Volume 7, Issue 5, 8250-8262.
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[EO°P] VA € €, 14 is a deflation.
[E1] The class of inflations is closed under composition.
[E1°P] The class of deflations is closed under composition.
[E2] The pushout of an inflation along an arbitrary morphism exists and yields an inflation.
[E2°P] The pullback of a deflation along an arbitrary morphism exists and yields a deflation.
An exact category is a pair (€, &) consisting of an additive category € and an exact structure & on €.

Theorem 4.5. (X, Ey) is an exact category.

Proof. We will check [EO], [E1], [E2] and their dual.
[EO] and [EQ°P]: For each X € X, there are s-triangles X 1x X—0-"~ and 0—X 1z X

Clearly, X 2 X—0and 0—X X x belong to Ex. Thus 1,4 is an inflation and a deflation.
[E1]: Let x : Xo — X; and y : X; — X, be two inflations in X. Then there exist two conflations

Xo =X, — X5 and X = X, — X, in Ex. By (ET4), we have a commutative diagram

Xo——=Xi —=X;

N

Xoﬁ-Xzﬁ'Xg

|

Xo ==Xy,

where all rows and columns are conflations. Since X3,Xs € X, we have X5 € X, and hence
Xo LX>X2 — X5 € &Ex. Thus yx is an inflation in X. That is, inflations in X are closed under

compositions.
[E1°P]: Dual to [E1].
[E2]: Given a diagram
X —X,

|

X3

in X, where x is an inflation. Then there is an s-triangle X; —> X, — X4 2. with X, € X. By [13,
Proposition 1.20], there exists a morphism ¢ : X, — X5 such that there is a morphism of s-triangles

X] $'szq')(;;—(S*

Pk
é V%0

X5 5 X5 — X 2%
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x

. . . G -4, . .
and meanwhile, there is a conflation X; — X, & X3(if)X5 . That is, the diagram

X =X,

Pl

X3 —>X5

is a homotopy cartesian diagram. Moreover, since X3, X; € X, we have X5 € X. Thus by Lemma 4.4,
this homotopy cartesian diagram is a pushout in X, and ¢ is an inflation in X.
[E2°P] Dual to [E2]. |

Remark 4.6. Let K = 7 be a triangulated category, [1] the shift functor, E = Homs(—, —[1]), and
E~! = Homgs(—[1], —). Then Theorem 4.5 recovers [11, Proposition 2.5(1)].

5. Conclusions

Let X be an extension-closed subcategory of an extriangulated category K. We show that if C is
X-projective and there is a minimal right almost split deflation in X ending by C, then there is an s-
triangle ending by C which is very similar to an Auslander-Reiten triangle in X, and it generalizes [6,
Theorem A]. We also show that if K admits a negative first extension E~! and E™'(X, X) = 0, then the
subcategory X has an exact structure which generalizes [11, Proposition 2.5(i)].
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