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Abstract: The focus of the current manuscript is to provide a theoretical and computational analysis of
the new nonlinear time-fractional (2+1)-dimensional modified KdV equation involving the Atangana-
Baleanu Caputo (ABC) derivative. A systematic and convergent technique known as the Laplace
Adomian decomposition method (LADM) is applied to extract a semi-analytical solution for the
considered equation. The notion of fixed point theory is used for the derivation of the results
related to the existence of at least one and unique solution of the mKdV equation involving under
ABC-derivative. The theorems of fixed point theory are also used to derive results regarding to the
convergence and Picard’s X-stability of the proposed computational method. A proper investigation
is conducted through graphical representation of the achieved solution to determine that the ABC
operator produces better dynamics of the obtained analytic soliton solution. Finally, 2D and 3D graphs
are used to compare the exact solution and approximate solution. Also, a comparison between the
exact solution, solution under Caputo-Fabrizio, and solution under the ABC operator of the proposed
equation is provided through graphs, which reflect that ABC-operator produces better dynamics of the
proposed equation than the Caputo-Fabrizio one.
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1. Introduction

Korteweg and de-Vries developed the classical KdV equation in 1895 as a nonlinear PDE to
investigate the waves that occurs on the surfaces of shallow water. Many studies have been conducted
on this exactly solvable model. Many scholars have proposed novel applications of the classical KdV
equation, such as acoustic waves that produces in a plasma in ion form, and acoustic waves which are
produces on a crystal lattice. In [1], the classical KdV equation is as follows

U+ Bi1Uer + B UU, = 0. (1.1)

Different variations of Eq (1.1) have been published in the literature, including [2, 3]. In
literature [2], various efficient methods have been used to get solitons solutions of different kinds of
KdV equations. Wang [3] used a quadratic function Ansatz to obtain lump solutions for the
(2+1)-dimensional KdV equation. In [4-6], several systematic techniques were utiltized to investigate
the different types of KdV equations. Wang and Kara introduced a new 2D-mKdV in 2019 [7]. The
new (2+1)-dimensional mKdV equation is given by

ﬁ = 6f2fx - 6f2f;7 + fxxx - fyyy - 3fxxy + 3fxyy- (12)

After 1695, the non-integer order or fractional-order derivative (FOD) was described as a simple
academic generalization of the classical derivative. A FOD is an operator that extends the order of
differentiation from Natural numbers (N) to a set of real numbers (R) or even to a set of complex
numbers (C). Fractional calculus has emerged as one of the most effective methods for describing
long-memory processes over the last decade.  Engineers and physicists, as well as pure
mathematicians, are interested in such models. The models that are represented by differential
equations with fractional-order derivatives are the most interesting [8—10]. Their evolutions are much
more complicated than in the classical integer-order case, and deciphering the underlying principle is
a difficult task. There are many fractional operators regarding to the kernels involved in the
integration. The most popular fractional operator is Caputo-Liouville which is based on power-law
kernel, but this kernel has issue about the singularity of the kernel. To tackle the limitation of
derivative operators with power-law kernels, new types of nonlocal FOD have been introduced in
recent literature. For example, in literature [11], Caputo and Fabrizio (CF) introduced a FOD that is
focused on the exponential kernel. However, the CF derivative, on the other hand, has some issues
with the kernel’s locality. In 2016, Atangana and Baleanu constructed an updated version of FOD that
is based on the Mittag-Leffler function [12]. This derivative solves the issues of locality and
singularity. The FOD of Atangana-Baleanu in Caputo sense (ABC) accurately describes the memory.
The ABC operator’s most significant applications are available in [13-17].

Certain important techniques have been used to solve fractional order differential equations
(FODEs). Some of these includes the homotopy perturbation method (HPM), Laplace Adomian
decomposition method (LADM) fractional operational matrix method (FOMM), homotopy analysis
method (HAM) and many more [18-22]. In contrast to these techniques, the Laplace-Adomian
decomposition method (LADM) is an important tool for solving non linear FODEs. The ADM and
the Laplace transformation are two essential methods that are combined in LADM. Furthermore,
unlike a Runge-Kutta process, LADM does not require a predefine size declaration. Every numerical
or analytical approach has its own set of benefits and drawbacks. For instance, discretization of data is
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used in collocation techniques that require extra memory and a longer operation. Since the
Laplace-Adomian approach has less parameters than all other methods, it is a useful tool that does not
necessitate discretion or linearization [23]. With the aid of LADM, the smoke model was successfully
solved in [24]. LADM was utilized by the authors to solve third order dispersive PDE defined by
FOD in [22].

Inspired by above literature, in this paper, we study Eq (1.2) under ABC-operator. We use LADM
to solve the proposed equation. Consider Eq (1.2) under ABC-operator as

ﬂBCDthI = 6f2fx - 6f2fy + fxxx - f;;yy - 3fxxy + 3fxyy~ (13)
2. Preliminaries

Definition 2.1. [12] Let 0 < ¥ < 1 and f(t) € H'. Then ABC FOD of order ¥ is expressed as

Py
e (-G gy Jan

where ¢ (V) is the normalization function such that ¢c(0) = c¢(1) = 1. The symbol Ey denotes the
Mittag-Leffler kernel which is defined as:

DY () =

(o8]

lk
B (t) = Z T D)

Definition 2.2. [12] Let0 < ¥ < 1 and f (t) € H'(0,T). Then AB fractional integral of order ¥ is
defined as

ﬂBIt'l’f (l) — (1

-1
-7 - d
) D+ (T)m,)f(t "~ f () d.

Definition 2.3. [12] The formula for the Laplace transform of ABC FOD of f(t) is defined by

c(?)

Lfeotrol = sy

" LIF0)] - s"7u(0)].

Theorem 2.4. [25] Let H be a Banach space and X : H — H be a mapping. Then X is said to be
Picard’s X-stable, if V &,m € H,

X = X[ < allé = Xel| + b1 = ml.
where a > 0, and b € [0, 1]. Further, X has a fixed point.
3. Lipschitz condition holds for ABC derivative
Theorem 3.1. [12] The ABC derivative holds the following Lipschitz type condition for 0 < F < oco.

726Dy f() - "D g(v)|| < FIf@) - g@ll.
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Proof. By using definition of ABC, we have

||ﬂBCDlY’f(t) _ ﬂBCDY’g(t)”
e (t —n)" cw) -’V
= (1—5U)ff() av( ))dn—(l_y,)o 807)5?’(‘—(1_?/) )dn

_ ‘1’ / , _ ny/
| (2 e 5252
0

Using the Lipschitz condition for the first order derivative, we can find a small positive constant p;
such that

c( ¥)

I DY f(t) - 75D} g(1)||

[ e(P)pr 43 t , ‘ ,
- (1_9/)&”(‘(1_% lff(n)dn—fg(n)dn
0 0

f £ (dn - f ¢ (n)dn
0

0
<F f £ (ydn - f ¢ ()
0 0

<FIf@® -g@ll,

c(S”)pl Es ( yr?
(1 -¥) (I-9)

where F = ‘éiy:);,’; Ey ( - 5l,)) Thus Lipschitz condition holds for ABC derivative. O

4. Existence theory
Let
D (x,y,6 f) = 62 i = 6/ f; + frer = fiy = 3fny + 3o 4.1
Eq (1.3) can be written as
D fluy,t) = @5 f). (4.2)
Applying the ABC FOI to Eq (4.2), we have

4-9s
c(¥)

) &) w1
FOryst) = f (1,7,0) = O (x,y. 12 ) + (y,)r(y,)ﬂ DD (x,y. 1 f) dn.

First we have to verify that the Lipschitz condition holds for the kernel ® (x,y, #; f). For this, let us
take two bounded functions, f and g, i.e., ||f|| < 4, and ||g|| < 4, where 4,4, > 0, and consider
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D (x,y, 8 f) — ©(x,y, 8l
(6721 - 6622) = (6/2fs = 68%2,) + (fo, = ux) = (Fivs = &)
{— (3 = 38u0) + (3o = 320w
) H%% f3—g3)— %(f3—g3)+§—;(f—g)— Z(f-g)
_{ 350 (f- )+ 355 (f- 9|
) { (=) w2 s (o) «
+3 ‘

oz U~ g)” +3 H6>26x (f - g)”

Z-o+|& -9

Since f and g are bounded functions. Therefore, their partial derivatives satisfy the Lipschitz conditions
and there exists non-negative constants K, L, M, N, O, P such that

10 (5,1 f) = @ (1,3, 19
{ = &)+ 2|7 - )|+ s - 9l + N - 9
" 43017 - Il + 3P - 9

3 {<2K+ 2L) (f2 + fg + &) II(f = @Il + MI(f = @l + NIl = @)l

| #301I(f = 9l + 3PIICf = 2l
=(QK +2L) (4} + 4142 + £) + M + N + 30 + 3P) ||(f - 2|
=k [I(f — &Il

Let
= (2K +2L) (4} + 4142 + £3) + M + N + 30 + 3P),

thus
For further analysis, we make an iterative scheme as

1-9)
Jen (0, p,0) = () CD(x,y,t;f) Wf(f m' o (x, y,U’J%)dU,

where fy (x,y,1) = f(x,y,0). Now the difference between two consecutive terms can be taken as

ef(-x’y’t) :ff(-x’yat) _ff—l (-xay’t)

:(t(_;)/) [cD (x, V.1 fg_l) - CD(x, AH fg_z)]

+ —C(W)F(S”)f(t_n)yj 1[ (x Vo105 fe- 1) (x,y,n;ff_z)] dn
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Also, we have

¢
feCuy =) ey, (4.3)

k=0
with £, =0

Theorem 4.1. Assume that f (x,y,t) is bounded a function. Then

_ 3
lee (x,y.0) || < ((1( *) ad

¢
(7 K+c(‘}/)r(¥/)) ILf Cx, y, 01l (4.4)

Proof. Consider
e: (x,y,1) = fe (x,y,1) — feu1 (x,,0) . 4.5)

The Eq (4.5) gets the form under norm as

llez ey 0| = || fe (.. 8) = femt (. D).

To get the required result, we use the concept of mathematical induction. For £ = 1, one can get

”el (x’y’ t)” = ”fl (x’ya t) - fO (X,y, t)”

< a (‘;)/) 1D (x,y, 15 fo) = @ (x, y, 85 fo)l
Wf(z—w "I Gy, 13 fo) = @ (v, s fo)ll dnp
< Sl = fall + ik f(r—m“nfo—flndn
= U (Ol + s O fo (t—m)"dy
_a (‘yj) Cllf Gy, Ol + Wg’rmknﬂx,y, o)l
’ ,
((1c<svf) * c(avk)tr<9f>)”f(x’y’0)”'

Now assume that the result is true for & — 1, i.e.,

1-¥) «t?
llee-1 (x.y. 1) S( @ T

&1
) I/ (x, ¥, 0l . (4.6)

Next, we have to show that

( _ SU) kt?
Jec0ll < (e mrres

¢
) I1f Cx, , 0l 4.7)

To get the result (4.4), consider
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||e€ (xay’ t)” = ||f;f (x9y7 t) - ff—l (x,y’ t)”

-

: (c(‘l’)) @ (ot feor) = @ (o feo)|
c(TI‘(‘I’)f(t_")W o Gevorr fema) = @ (s feca)] |
|-

< ( (tp) K||f§—1 _f§—2”+WKj;(t—n)W_l ||f§_1 _f«f—2||d77
_a-9 Kt
C(y/) e + W” -]

(e o e

R c(a”)r(y/) G-l

_(A-9) wt”! (1-9) kt?71 !

B C(T) K+C(SU)F(T) ( c(l[’) K+C(¥/)F(T)) ”f(x’y’o)”

— v-1 &
(s ) o,

c(?) c(MHT(Y)
This ends the proof.

Theorem 4.2. If the following relation holds at t = ty > 0, where

(1-9) Ky !
0< (Yx+ i) <1

(4.8)

Then at least one solution of the new 2D KdV equation under the ABC fractional derivative exists.

Proof. With the help of Eq (4.3), we have

< ([ -w) w1\
||f§<x,y,0>||skzzo]uek(x,y,ﬂusz <+ s I Cr 0l

k=0

for t = 1y, we get

k

-¥) Kty ! )

£ Ce, 3, O)]| < 11 (e, v, O Z( MTONTa)

From the above relation, we can say that

k

-1
(( _T)K+ “o )

Jim || ., 00 < I (. 3, Ol Jim Z

c(P)I(YP)
Since
(1-%) e
0< ( o K+ C(Y’())F(W)) <1,

4.9)

AIMS Mathematics Volume 7, Issue 5, 7847-7865.



7854

this implies that sequence f: (x,y, ) is convergent and therefore the sequence is bounded for each &.
Further, assume that

R:(x,y,1) = f(x,y,0) — fe (x,y,1).
Since f:(x,y,t) is bounded. It follows that for 4 > 0, we have || Jfe (x,y, t)|| < A. After simple
manipulation like we did in Theorems 4.1 and 4.2, we obtain

&+1

(1-¥) kty !
R:(x,y,0)| <
[Retee. o) ( @) e
Using Eq (4.9), one can get
lim [[Re(x.y.0]| = 0,
it follows that limg_,, fz (x,y,?) = f(x,y, ). This finish the proof. O

Theorem 4.3. If the inequality (4.8) holds at t = ty > 0. Then the unique solution of proposed equation
exists.

Proof. On contrary, suppose that there are two solutions f and g of the proposed equation such that
f # g. Now

f(x’ya t) - g(x,y,t)

Ca-w D=y 9]+
_ (@)= @y 9+ s

c ()
j;(t - @y f) - @ (xy, 73 9)] dn] :

X

Taking norm both side

”f (x»)’» t) - g(x9y’ t)”

(- %) | |
< TG ||q)(x,y,t,f)—d)(x,y,t,g)”+—c(lp)r(lp)
* fo(t_ m Oy, 73 f) = @ (x, y, n;g)lldn]
(1-¥) v t w1
= W "”f_g”JFWfOK(I—n) If = glldn
d-% L _ t NP1
( c(¥) K+c(9/)r(slf)'<)”f g”fo“ G
(1-%) kt?
( c(¥) K+ C(T)F(T))”f_g”’

but

(1-%) ¥
0< ( ) KT c(%r(&v)) <L

Using the above inequality, we achieve

”f(-x’y’t)_g(xay7t)” = 0’

thus, our supposition is wrong. Hence, the solution is unique. O
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5. Solution of Eq (1.2)

In this section, we briefly discuss the solution of the model by applying Ansatz method. For this
purpose, we will consider a test function as

f Oy, t) = Bo+pBisech(bix + byy+ bst). 5.1
By putting above equation into classical form of the model, we obtain
6Bia; — 6B3by + by — 3biby + 3bsby — b3 — by = 0,
12B0B1b1 — 12Bob1by = 0,
61b) — 687by — 6b7 + 18b7b,y — 18bsb; + 6b; = 0,

solution becomes as
Bo=0,B81 = Fby + by, by = b’ — 3b>b, + 3b3b, — b3,
solution of classical model becomes as
fiaGey.) = (Fby +by) sech(byx + byy + (b} — 3b1by + 363b; — b3)1).

For b; = 1 and b, = —1, the above solution becomes

4exp(x —y + 81)

b ,t )
fl,2 (X y ) +1 + exp(2x— 2y + 16t)

(5.2)

6. Solution of Eq (1.3)

In this section, to obtain analytic solution we applying Laplace transform (LT) on both sides of
equations f(x,y, f) is the source term. Subject to the initial condition f(x,y,0) = f(x,y,0). On utilizing
LT, one can get

,E I:ﬂBCDth] = -E [6f2fx - 6f2]3 + fxxx - fyyy - 3fxxy + 3fxyy] ’

L[f(x,y,0]= f*.3.0) [s(l P+

(7 £[6fzfx—6fzfy]+fxxx—];yy—3fxxy+3fw]. 6.1)

The approximate solution is represented by
faey.n = ) flxyo, (6.2)
=0

and the nonlinear term is represented by Adomain polynomials, i.e., G(f) = f? = Yeeo e, Where
is defined as follows for any € =0, 1,2, - --

(5]

52{5 =
r(g+ 1)d/lf -
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Using Eq (6.2), we obtain
< f(x,5,00 s(1-¥)+V¥ = . < = 0
L[ ff(x’y’t)]: + L 6 % —f§—6 ,Q{g —f§
520 s c(¥) yary ; Ox 520 gzo Jy
R 63 83 83 63
+§Z(a_ff ~ e Syt 3Wff)]-
The following can be obtain by comparing terms
-£ [fO(x’ Y, t)] = M’
sPTA-P)+ ¥
Llfynl = S pleih — 6ot + i
stc(¥)
+ﬁ)yyy - 3ﬁ)m’ + 3f Ox,vy] ’
fAa-v+y
Lipay.n] = ° ( 7 ARSYS 64 fi, = 6 fi, + fi..,
stc(¥)

+f1yyy - 3flxx,v + 3f1x,"y] ’

sPT1-%)+ %)

Llfener.n] = —grgm L6 — 65 S, + fe,

+f;fyyy - 3f§xxy + 3]%)@,},] .

Applying £7!, we get

ooyt = £ M]
(1 =W+ ¥
fite,y,0) = L7 »S ( STC(;’; )1:[6%1@ — 6.9 fo, + fo.
+f Oyyy ™ 3f Oxxy + 3f Ox,vy]]
[sY(1 - 4
fleyn = £ SES DD 6Af, - 654, + i,

+f1>’;y - 3f1m‘ + 3f1xyy]]

. 'a-v+v
ff+1(x’y7 n = L_l [S ( SY/C(;/;_ )£[6”foffx - 6%‘}%} +ff.xxx

+ffyyy - 3]%%,\' + 3f;€"yy:|] ’

The required series solution is given as

fooy =) filx,y,0). (6.3)
£=0
Here, we present two special cases of the proposed equation.
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6.1. Case A

For the first case, we take the initial condition as

exp(x +y)
1 +exp(x—y))’

f(x9y’0) = -

Using the detail procedure as discussed above, we achieve

exp(x +y)
I +exp(x—y))’

Lsfa-v+ v 0 P
fitey.n =L [Wﬁ [W&afo ~ 65 o+

folx,y,0) =f(x,y,0) = —

63 33

ﬁfo - 8_y3f0

b
——( fo) 3o 82fo)”

using Mathematica, we obtain

14

I'‘y+1

(— exp(2x) + exp(2y)) ]
(exp(2x) + exp(2y))> ¢ (¥))

similarly, other terms can be calculated with the help of Mathematica. The required series solution is
given as

filx,y, 1) = (1 -V + )(32t exp(x +y)

1+exp(2(x—y)) I'(¥+1)
(= expx)+exp(2y)) ) 4 (6.4)

(exp2x)+exp(2y)) e(#)

fryt) =42y 301(1 - ¥ + )
X (exp(x +y)
Remark 6.1. When we put ¥ = 1 in Eq (6.4), the solution rapidly converges to the exact classical

solution, i.e.,

exp(x —y + 8¢)

S _41 +exp(2(x—y+8n) 6.5

6.2. Case B

For the first case, we take the initial condition as

exp(x +y)
I +exp(x—y))

S(x,y,0) =

Using the detail procedure as discussed above, we get

exp(x +y)
1 +exp(x—y))’

Lsfa -+ ¥ 0 0
fitey,0) =L 1[ TS £[6f§afo—6foza—yfo+

2 2
3 fo) #30 fo)”

fO(x’y’ t) :f(x’y70) =
o 0’

@fo - 0_y3f0
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using Mathematica, we obtain

14
¥/+yj—t
Ir'r+1

(= exp(2x) + exp(2y)) )

-32
)( fexp(x+) (exp(2x) + exp(2y))* ¢ (¥)

fl(x’y’t) = (1 -

similarly, other terms can be calculated with the help of Mathematica. The required series solution is
given as

_ exp(x+y) vV
Syt = 41+exp(2(x—y)) B 32t(1 - ¥+ F(Y’+1))

(- exp(2x)+exp(2y)) (6.6)
X [exp(x + +...
P(x+7) (exp(2x)+exp(2y)) c(¥) )

Remark 6.2. When we put ¥ = 1 in Eq (6.6), the solution rapidly converges to the exact classical
solution, i.e.,

exp(x —y + 81)
1+exp(x—y+8)

J(x.y,1) (6.7)

7. Convergence and stability analysis

Here, we derive some results regarding to the convergence and stability of the proposed scheme
with the help of functional analysis. The convergence of the proposed scheme of the is presented in
the following theorem.

Theorem 7.1. Let H be a Banach space and T : H — H be an operator. Suppose that f be the exact
solution of the proposed equation. If 1 @ such that 0 < @w < 1 and ||f§+1|| <w ||f§|| ,V £ e NU{0},
then the approximate solution }.;. f¢ converges to the exact solution f.

Proof. We construct a series as
So = Jo,

S = fot+fi,
S = fot it ho

Sf = ﬁ)+f1+"'f:g.

We want to prove that the sequence {Sf} is a Cauchy sequence in H. Let us consider

=0

[See1 = S| 7]
@ |||
@ || fe

@ ||fe2|

IA A

IA

@ foll.

IA
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Now for every &, m € N, we have

I = Sull = ||(Se = Set) + (St = Seca) + -+ + St = S|
< 1Se = Seaa| + [[Se-1 = Seal| + -+ 1Sr = Sl
< @ fll+ @ fll+ -+ @™ Il
E+1
< (@ @4l = T ol
-w
Now, limg e ||S§ - Sm|| = 0. This implies that {Sé:}::o is Cauchy sequence in H. So 3 f € H such that
limg_,.. S = f. This ends the proof. O

Next, we present the Picard’s X-stability of the proposed scheme in the following theorem.

Theorem 7.2. Let X be a self-mapping which is defined as
X (felx, 1)) =fer (x,1)

:ff(-x t) + -E_l [Sl[/(l _ T) * T)

s?c(P)

L[6f2 e, = 6f2 fe, + fe + i, = 3o + 3@]] . (1.1
The iteration is X-stable in L' (a, b), if the condition
H(ZK +2L) (@2 + By D, + D) Ny +MN, — N3 + 308, + 3}?&” <1, (7.2)

is satisfied.

Proof. With the help of Banach contraction theorem, first we show that the mapping X possesses a
unique fixed point. For this, assume that the bounded iterations for (¢, m) € NXN. Let @, ®, > 0 such
that ||f§|| < @y, and ||f,,|| £ ®,. Consider

X (fe(x, 1) = X (fou(x. 1)

fa-v+v
:‘fé(x’ t) - fm('x5 t) + ‘L_l [s ( SWC(Y)j;- )‘L [2‘](:52‘]%)( - z‘f“fz-f;‘f‘v + fé:xxx + fé)‘)‘)’ - 3‘f‘§xxy + 3ffx}):|:|
a-vy+v
- £ | T L2 o 2 4 o+ = S+ 36 |
[P — )+ ) .
= fe(x, 1) = fulx, 1) + L7 [ T L2k (£ - f2)-6L (£ - 1)

M (fe = fu) = N (e = fn) = 30 (e = fn) + 3P (£ = 1) ]|

Now, using triangle inequality, we have
[ (et 0) - X (e )
71—
o | S e e (- 1)

2L (f2 = 1)+ M (fe = ) = N (fe = £) = 30 (fe = £) + 38 (e = £ )] ]|

= |fee5) = fulx || +
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Using boundedness of f: and f,,, we have

X (£:x,0) = X (0|
< @K +2L) (@] + @@, + ;) Ry + MN, - NN
+30N, + 3PNs1 || £z = £

)

where N;, i = 1,2,3,4,5, are functions obtained from £ [mf;L—WL [*]] . Using assumption (7.2),
the mapping X fulfills the contraction condition. Hence by Banach fixed point result, X has a unique

fixed point. Also, the mapping X satisfies the condition of Theorem 2.4 with

a = 0,
(2K + 2L) (@7 + @, @y + D, ) N; + MN, — NR; + 30K, + 3PNs.

S
Il

Thus, the mapping X fulfills all conditions of Picard’s X-stable. Hence our proposed scheme is Picard’s
X-stable. =

8. Discussion and conclusions

Thanks to the Mittag-Leffler kernel, which solves the singularity and locality problems with the
Caputo and Caputo-Fabrizio FOD kernels. Since ABC-derivative is based on the Mittag-Lefller
kernel, it has recently become popular for investigating the dynamics of a mathematical model that
governs a physical process. We use ABC-derivative to investigate the soliton solution of the new
modified KdV equation in (2+1) dimension in the current paper. Since the presence of a solution is
essential for the study of a model, we have deduced some results using fixed point theory that
guarantees at least one solution and the unique solution of the proposed equation. There are several
techniques for solving FDEs, but among the analytical methods, LADM is the most effective and
accurate. Under ABC-derivative, we used the LADM to obtain the solution of the proposed equation.
Graphs of the solution are used to observe the method’s convergence. The exact solution and the
approximate solution obtained with the aid of LADM are in good agreement (See Figures 1 and 2).
The dynamics of the solution under the ABC-derivative have been investigated. We can see from
Figures 3 and 4 that the fractional-order solution curves are approaching the integer-order curve when
fractional-order equals 1. Figure 5 shows that the ABC-derivative solution curve is much closer to the
exact solution than the Caputo-Fabrizio derivative curve. As a result, the proposed model is better
than Caputo-Fabrizio’s. Figures 6-9 denote the graphical representation of solution obtained in the
Case B. The considered equation will be studied under more generalized fractional operators in the
next paper.
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Figure 1. Two dimensional dynamics of exact and approximate solutions.
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Figure 2. Dynamics of exact and approximate solutions in 3D.

Figure 3. Dynamics of approximate solution for different fractional orders in 2D.

AIMS Mathematics Volume 7, Issue 5, 7847-7865.



7862

y 0 5 4 x

..... Caputo-Fabrizio

=== = Atangana-Baleanu

== Exact

Figure 5. Comparison between solution curves of exact solution, ABC-solution and Caputo-
Fabrizio solution.

Figure 6. Dynamics of approximate solution in case B for different fractional orders in 2D.
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Figure 7. Dynamics of approximate solution case B for different fractional orders in 3D.
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Figure 9. Dynamics of exact and approximate solutions in 3D in case B.
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