AIMS Mathematics, 7(5): 7552-7568.
DOI: 10.3934/math.2022424
ATMS Mathematics Received: 20 December 2021
Revised: 05 February 2022

Accepted: 09 February 2022
http://www.aimspress.com/journal/Math Published: 15 February 2022

Research article

Coupled fixed point theorems on C*-algebra valued bipolar metric spaces

Gunaseelan Mani'!, Arul Joseph Gnanaprakasam?, Absar Ul Haq?, Imran Abbas Baloch*>* and
Fahd Jarad®’:8*

! Department of Mathematics, Saveetha School of Engineering, Saveetha Institute of Medical and

Technical Sciences, Chennai 602 105, Tamil Nadu, India

Department of Mathematics, College of Engineering and Technology, Faculty of Engineering and
Technology, SRM Institute of Science and Technology, SRM Nagar, Kattankulathur 603203,
Kanchipuram, Chennai, Tamil Nadu, India

Department of Natural Sciences and Humanities, University of Engineering and Technology
(Narowal Campus), Lahore 54000, Pakistan

Abdus Salam School of Mathematical Sciences, GC University, Lahore, Pakistan

Higher Education Department, Govt. Graduate College for Boys Gulberg Lahore, Punjab, Pakistan
Department of Mathematics, Cankaya University, Etimesgut 06790, Ankara, Turkey

Department of Mathematics, King Abdulaziz University, Jeddah, Saudi Arabia

Department of Medical Research, China Medical University Hospital, China Medical University,
Taichung, Taiwan

* Correspondence: Email: iabbasbaloch@ gmail.com, fahd @cankaya.edu.tr.

Abstract: In the present paper, we introduce the notion of a C*-algebra valued bipolar metric space
and prove coupled fixed point theorems. Some of the well-known outcomes in the literature are
generalized and expanded by the results shown. An example and application to support our result
is presented.

Keywords: C*-algebra; C*-algebra valued bipolar metric space; coupled fixed point
Mathematics Subject Classification: 47H10, 54H25, 54C30

1. Introduction

In 2016, Mutlu and Grdal [1] introduced the concepts of bipolar metric space and proved fixed point
theorems.

Definition 1.1. [1] Let /" and ¥ be two non-void sets and ¢ : I' X ¥ — R* be a function, such that
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@) ¢(o,0)=0iff o= ¢, forall (o,0) e ' x ¥.

(b) (0,0 =p(,0), forall o, l e ' N Y.

©) (0,0 < (o, w) + (o1, w) + (0,0, forall 0,0y € I'and w, € V.
The pair (I, ¥, ¢) is called a bipolar metric space.

In bipolar metric spaces, a lot of significant work has been done (see [2—10]). In 2014, Ma, Jiang and
Sun [11] introduced the notion of a C*-algebra-valued metric space and proved fixed point theorem. In
2015, Batul and Kamran [12] proved fixed theorems on C*-algebra-valued metric space. In the present
paper, we introduce a new notion of C*-algebra valued bipolar metric space and proved coupled fixed
point theorems. The details on C*-algebra are available in [13-17].

An algebra A, together with a conjugate linear involution map ¢ — 97, is called a x-algebra if
(Y@)* = w*9* and (9*)* = & for all I, w € A. Moreover, the pair (A, x) is called a unital x-algebra
if A contains the identity element 1,. By a Banach x-algebra we mean a complete normed unital
x-algebra (A, x) such that the norm on A is submultiplicative and satisfies ||19*|| = ||19|| for all ¢ € A.

Further, if for all J € A, we have ||z9*19|| = ||19||2 in a Banach x-algebra (A, x), then A is known as a
C*-algebra. A positive element of A is an element ¢ € A such that ©} = 9¥* and its spectrum o(¢) C R,
where o(}) = {v € R : vl, — ¥1is noninvertible}. The set of all positive elements will be denoted by
A, . Such elements allow us to define a partial ordering > on the elements of A. That is,

w>®ifandonly if w -9 € A,.

If 9 € A is positive, then we write ¢ > 04, where 0, is the zero element of A. Each positive element
of a C*-algebra A has a unique positive square root. From now on, by A we mean a unital C*-algebra
with identity element 1,. Further, A, = {¢ € A : 9 > 0.} and (3*9)'/? =9|.

2. Preliminaries

In this section, we extend Definition 1.1 to introduce the notion bipolar metric space in the setting
of C*-algebra as follows.

Definition 2.1. Let A be a C*-algebra, and I, ¥ be two non-void sets. A mapping ¢ : ' X ¥ — A, be
a function such that

(@) (0, 0)=01iff o= ¢, forall (o, () e ' x V.

(b) p(0,0) =p(l,0), forallo, e N Y.

(©) p(0,0) < p(o,y) + p(o1,y) +¢(01,{), forall o,y € Mand y,{ € V.
The 4-tuple (I, 7, A, ) is called a C*-algebra valued bipolar metric space.
Lemma 2.2 ( [14,17]). Suppose that A is a unital C*-algebra with a unit I.
(Al) Forany o € A, we have o < Il iff ||lo|| < 1.

(A2) If 9 € A, with ||9]] < % then (I —9) is invertible and ||9(I — a)™'|| < 1.
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(A3) Suppose that ¥, w € A with dw > 04 and Y@ = @wd, then @ = O,.

(A4) By A’ we denote the set { € A : 0w = w,Vo € A}. Let ) € A/, ifw,c € Awithw > ¢ > 0,4,
and I — 9 € A/_ is an invertible operator, then

I-N"'w>=T-9"c

(AS5) f m,ce Ay={oc e A:o=0"}and ¥ € A, then @ < c implies that 9* @ < 9* .
(A6) 0, <9 < @, then |9 < |||l
Notice that in a C*-algebra, if 0, < 19, @, one cannot conclude that 0, < ¥w.

Definition 2.3. Let (I}, ¥}, A, ¢) and (I, ¥, A, @) be pairs of sets and given a function @ : I'yU ¥ —
Fz U y’g.

(Bl) If &(I'y) € I'; and &(¥)) C P, then P is called a covariant map, or a map from (I'y, i, A, ¢;) to
(I, V5, A, y) and this is written as

@ : (Fla y/laﬁ%’ QOI) 3 (FZ’ TZ’ A’ ‘)02)

Iy, Y1, A, 1) to (I, 5, A, ,) and this is denoted as

B2)If o) < ¥, and &¥,) < [,, then @ is called a contravariant map from

D: (I, VLA 0) S T, ¥, A ).

Definition 2.4. Let (I, ¥, A, ¢) be a C*-algebra valued bipolar metric space.

(C1) A point o € I' U ¥ is said to be a left point if o € I', a right point if o € ¥ and a central point
if both hold. Similarly, a sequence{c,} on the set I" and a sequence {{,} on the set ¥ are called a
left and right sequence with respect to A, respectively.

(C2) A sequence {o,} converges to a point  with respect to A iff {o,} is a left sequence, { is a right
point and lim (o, {) = 04 or {0} is a right sequence, { is a left point and lim ¢({, 07,) = O4.

(C3) A bisequence ({0,},{,}) 1s a sequence on the set " x V. If the sequence {0} and {{,} are
convergent with respect to A, then the bisequence ({0,},{{,}) is said to be convergent with
respect to A. ({07}, {¢,}) 1s a Cauchy bisequence with respect to A if lﬁim (0o, ¢p) = 04, hence

biconvergent with respect to A.

(C4) (I, P, A, ¢) is complete, if every Cauchy bisequence with respect to A is convergent in I” X V.
3. Main results

Theorem 3.1. Let (I, ¥, A, ¢) be a complete C*-algebra valued bipolar metric space. Suppose
@ (2,92, A,0) 3 (I, V7, A, 9)
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is a covariant mapping such that
o(D(0, ), D(u,v)) < v*p(o, W + v (L, v)v forall o, € I'u,v € P,
where v € A with 2||v||*> < 1. Then the function
D:I*Uu¥Y*>Truy
has a unique coupled fixed point.

Proof. Let 0, {y € I' and 1y, vy € ¥. For each a € N, define
¢(O-aa ga) = Oa+1>

¢(§a, O_a) = §a+1,
gp(ua, na) = Ug4

and
¢(Dm ua) = Dg+1-

Then ({o,}, {¢,}) and ({u,}, {v,}) are bisequences on (I, ¥, A, ¢). Then, for each @ € N,

<P(0'a, ua+l) = QD(CD(O'Q_I, 50—1)9 gp(ua, Da))
SV PO -1, UV + U P(Lo1, D)V

= v"M,v,
where
Mo = @(Ta-1,Ua) + @(La-1,Da)-
Similarly, we get

SD(ZQ, Doz+l) = (p(é(ga—l, O-a—l)a ¢(Das u(z))
< U*SO({a—l, Ua)U + U*()O(O-oz—l, ua)v
= v*M,v.

Now,

Ma+1 = (,D(O'Q,, ua+l) + 90({(1, Da+l)
< U* [90(0'a—1, ua) + 90(§(z—1, UQ)]U
+ U* [<P(§a—1, Da/) + SD(O-Q—I’ ua)]v

< (V2u)* M,(V2v).
By Lemma 2.2 (AS), we have

04 < Mait < (V20" Mo(V20) < - < ((V20)")* My (V20)“.
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On the other hand,
<P(0'a+1, ua) = QD(CD(O-U[’ {a), cD(ua—l’ Da—l))
=< U*(;D(O-m uoz—l)v + U*(;D(éaa n(l—l)v
=v*S,v,
where

Soz = (,O(O'Q,, ua—l) + Qo(é/a/a Da—l)-

Similarly, we get

¢(€a+l» na) = ()D(dj(ga, O-a)’ ¢(Da—la ua—l))
< U*‘P(ga’ Doz—l)v + U*()D(O-m ua—l)v
=v*S,v.

Now,

Sa+1 = QO(O-CHI’ ua) + ¢(§a+1a Da)
= U* [90(0-(1’ ua—l) + Qo(gaa Da—l)]v
+ U* [So(gm Da—l) + ‘10(0_(1, ua—l)]v

< (V2u)*S,(V2v).

By Lemma 2.2 (AS5), we have

04 < Sor1 < (V200* S, (V20) < -+ < (V20)N)2 S (V2v)°.

Moreover,
<P(0'm ua) = 90(@(0-(1—1’ ga—l)’ qj(ua—l’ Da—l))
< U*‘p(o-a—l, 1’1a—l)v + U*Cﬁ(fa—l, Da—l)v
= U*R(YU7
where

Ra = 90(0'a—la ua—l) + ‘p(é/a—l’ Da—l)'

Similarly, we get

80(&“ Da/) = 90(¢(§a/—1’ 0-(1—1)’ (p(na—la u(x—l))
< U*‘p(é/a—l’ Da—l)v + U*CP(O'a—l, ua—l)‘U

= v*R,v.

Now,
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Ra+1 = ()O(O-aa ua) + Qp(gom Da)
LU [@(T -1, Ug-1) + @(Lo-1, Vo))V
+ U* [‘P@a—l’ Da—l) + ‘10(0-&—19 ua—l)]v
< (V2u)*R,(V2v).
By Lemma 2.2 (AS), we have
0n < Ros1 < (V20)*Ro(V20) < -+ < (V20)*)* R, (V2v)".

Now,

P00 ug) = P(T a5 Uas1) + P(T a1, Uas1) + -+ + @(05-1, Up),
O(Las08) = O(Ly» Vas1) + @(Las1s Vas1) + -+ + @(Lp-1, Vp),

and

0(0,1,) = (0, Up_1) + @(Op-1,Up-1) + -+ + @(Tg41, Ua),
©(Lp, 00) = ©(Lp, 0-1) + p({p-1,08-1) + + =+ + P(Lat1, Vo),

for each a,8 € N, @ < . Then,

0(T¢, 1) + ©(Ly, 18) 2 (P(Tas Ugr1) + P(Las Var1)) + (P(Tas1s Ugr1) + @(Lot1s Var1))
+ o+ (@(op-1,u8) + @({p-1,0p))
= Mos1 +Ror2 + Moo + - + R + Mg
< (V20) Y My(V20)" + (V20))* 'R (V2u) ! +
- <( V2u) IR (V20! + (( V2u)* P M (V20!

:Z((\/_U) Y Mi(V2v)' + Z((ﬂ) )'Ri(V2v)

i= i=a+1

p-1

((V20)* Y ME M2 (V20)' + Z((\/_v) YRR (V2v)

i i=a+1

=
1 i
— R

(M3 (V20))* (MF (V20)) + Z (R} (V20)))* (R} (V20))

i=a+1

IM; (V20) P + Z [R; (V2v)?

i=a+l1

M (V2P + | Z R (V2o) Pl

i=a+1

0
R

‘Im .
—_

M

I
R

m

|/\
Lo Mm

||M2|| 2ICV2U) Pl + Z IIRZII 2ICV20) PN

i=a i=a+1
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L . 1 At ,
<IMER S ICOVZORIIL + IR S ICVZRIL,

i=a+1

p-1 B-1
1 . 1 .
= IMIE D @Y 1+ IRTIE . @I
i=a i=a+1

— 0y (asf,a — o)

and

©(0, 1g) + ©(dp, 0,) 2 (@(0p, 1) + ©({p, Vp-1)) + (@(0p-1,U5-1) + ©({p-1,0p-1))
+ o+ (@(Ogr15 o) + @(Los1s Do)
=S+ R+ Spo1 + -+ Rz + Sosi
< (V20)* P71 S1(V2uy ! + (V20 V' Ry (V20! + -
+ (V20)) 'R (V20)™* ! + ((V20)*)*S1(V2u)"

a+1 a+2

= > (V2081 (V2v)' + > (V2u) ) Ri( V2w
i=f i=p

a+1 a+2

= Y (V2 )SESH(V2U) + D (Vo) RERE(V2v)
i=0 i=8

a+1 a+2

= Y STV S (V2 + Y (R (V) (R} (Vav))
i=p i=p
a+1 . a+2 .
= Y IST(V2u) P + Y IR (V2u) P
i=B i=B
a+l a+2

<UD ISEV2PIL, + 11 ) IRF(V2u) Pl
i= i=

a+1 a+2

< D UUSTIRICVZo) I, + 1 IR IPICV20) 1Pl
i=8 i=8

a+1 a+2

<USTIP D ICV2ZORI L + IREIPH D ICV2u) L
i=B i=p

a+1 a+2
1 . 1 .
= IS > IR s + IRFIE Y @IAPY 14
i=f i=p

— 0, (asf,a — ).

Therefore, ({0}, {11,}) and ({{,},{v,}) are Cauchy bisequences in I X ¥ with respect to A. By
completeness of (I, ¥, A, ¢), there exist 0, { € ' and u,» € ¥ with

limo, =u, lim{, =v, limu, =0 and lim v, ={.

a—00 a—00 a—00 a—00
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Since ({0}, {u.}) and ({{,}, {v,}) are Cauchy bisequences, we derive that

@O, Uy) < % and ¢(,,0,) < %
Then,

P(P(0, ), 1) X P(P(0,0), Uas1) + P(Oas15 Uas1) + @(O o415 Ua)
= <P(@(0'a {), @(um Da)) + QO(O-(HI ’ lJ'(y+1) + ‘;0(0-(1+1 > ua)
LU Q(0, U U + U@L, 0)U + @(Tar15 Ugs1) + @(Tar1, Uy).

As @ — oo, we have

o(P(0, ), ) < €.
Then,

o(P(o, ), ) = 0.

Hence, @(o, ) = u. Similarly, we can derive &({,0) = v, @(1,v) = 0 and D(v,u) = £. On the other
hand, we derive that

p(o, 1) = p(lim 11y, lim 0,) = lim (07, 1,) = 0
and
©(£,0) = o(lim v,, lim ,) = lim ¢(,,v,) = 0.

So, o = uand ¢ = v. Therefore, (o, ) € I'> N ¥? is a coupled fixed point of ®. Let (¢,f) € I U P2 is
a another coupled fixed point @. If (e,f) € I 2 then

04 < @(e,0) = @(D(e, §), D(0, 0)) < v* (e, ) + v o(f, Hu
and

04 < ¢(f, ) = p(D(, ¢), DL, 0)) = v*p(f, v + v* (e, v,
which implies that
0 = @(e,0) + @(,£) = (V20)* (@ (7, £) + (e, ))(V2v).
Then,
0 < [lg(e, ) + o(F, Il < 1 V2ulPlle(f, £) + (e, .
Since 2||[v|* < 1, we derive that

¢(f,0) + ¢(e,0) = 0.

Therefore, ¢ = o and f = £. Similarly, if (¢,f) € Y2, then ¢ = o and f = . Then (0, ) is a unique
coupled fixed point of @. O
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Example 3.2. Let I = [0,1], ¥ = {OJUN — {1}, A, = My(C)andthe map ¢ : ' X ¥ — A, is
defined by

(o) = loo — ] 0
ATTU=1 0 Ko -l
forall o € I'and u € ¥, where k > 0 is a constant. Let < be the partial order on A given by

(191,@'1) < (192,@'2) (=4 191 < 192 and w < W)

Then (I, ¥, A, ¢) is a complete C*-algebra-valued bipolar metric space. Define

O:r’uvruy
by

o+
27,0 = 3L,
Vo, €U ¥ Then

o(D(0, ), D1, v)) = [ |®(0, {) — P(u, v)|

0 k|®(o, é) D(u, v)| ]

TH
— 3 3
[t
1 lo—u 0 IL-v 0
55([ 0 kla—u|]+[ ])

0 k|l — o]
= v (o, W + v e, v)v,
forall o, € Iou,vp € ¥, where

'

All the conditions of Theorem 3.1 are fulfilled and @ has a unique fixed point (0, 0)

c
1l
| —]
O wi—
)

1 1
and ||[v|| = 3 < v

Theorem 3.3. Let (I, ¥, A, p) be a complete C*-algebra valued bipolar metric space. Suppose

Q:(I'XV, XA Q) 3ULY, A, @)
is a covariant mapping such that

o(D(o, 1), D(v,0)) < v (o, Vv + v e, W forall o, € Iu,v € P,
where v € A with 2||v||* < 1. Then the function

O (I'xP)UMWPXT)->TuYyY
has a unique coupled fixed point.

AIMS Mathematics
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Proof. Let 09,y € I' and uy,vy € ¥. For each @ € N, define (0, 11,) = Tos1, Py, 00) = Los1s
ds(u(n 0-04) = Up4 and ¢(Dom ga) = Dg41- Then ({O-oz}’ {ua}) and ({ga}a{na}) arc bisequences on
(I,%,A, ). Then, for each a € N,

‘;0(0_07 I)w+1) = QD(QD(O'Q—I » Ug—1 )’ @(Dw, ‘:(z))

=< U*QD(O-Q—I, Da)v + U*Sﬁ(fm ua—l)v,

‘;0(0-<1+1 s Da) = 90(45(0'a, 11(,), gzj(Da—l s {a—l))

=< U*QD(O-Q’ Da—l)v + U*¢(§a—la ua/)v,

‘10(4(1’ u<1+1) = ‘10(¢(§a—1 ) Da—l)a gp(um O-a))
=< U*¢(§a—1, ua)v + U*QD(O-(I9 Da—l)v»

¢(§a+1 s ua) = ‘10(®(§0za Da), ¢(ua—l > Oa-1 ))
=< U*€0(§a, ua—l)v + U*<)0(0-(I—19 UQ)U.

Let
M(x = ‘10(0-(1’ Doz+1) + (;D({(Hl, u(l)’

for all @ € N. Then

M, = @( o, Dg11) + @(Lo+1, Ua)
SV [@(Ta-1,04) + @(Las o1V
+ U* [¢(§aa uoz—l) + ‘P(O'a—l, Doz)]v

< (V20)* M, (V2v).
By Lemma 2.2 (AS), we have
04 < My 2 (V20 Mo (V20) < -+ < (V20)) " Mo(V20)".
Let
So = @(0a+1,0a) + @(La Mar1)
for all @ € N. Then

So = @(Ta+1504-1) + P(Las Ua+1)
< U* [(,0(0-01’ Da/—l) + ‘10(4/&—1’ u(l)]v
+ U*[(p({(l—l’ ua) + 90(0-(1/, na—l)]v

< (V2u)*S,_(YV2v).
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By Lemma 2.2 (AS), we have

0, < S, < (V20)*S,1(V20) < -+ < (V20)N)2So( V20)°.

On the other hand,
90(0-0’ Doz+l) = QO(Q(O-(!—Ia ua—l), ¢(Daa {a))
< U*‘p(o-a—l ’ Da)v + U*(p(ga, ua—l)v-
90(0'0, D(z) = ‘;0(@(0-(1—1 s ua—l)’ gzj(Da—l s (a—l))
=< U*SD(O-Q—I’ Da/—l)v + U*¢({d—l9 ua—l)v
and

gp(ga’ 11[,) = QD(QD(&Z*I’ uafl)’ gp(uafl, 0-0171))

=< U*Qo(éa—la ua—l)v + U*QD(O-(I—I’ Da/—l)v
for all @ € N. Let
Ra = QD(O'Q, na) + €0(§a, ua)a

for all @ € N. Then

Ra = 90(0'0, na) + 90(§a, u(l)
< U* [QD(O-Q—la n(x—l) + Qo(éa—la ua—l)]v
+ U*[¢(§a_1, ua—l) + (P(O'a—l, Da—l)]v

< (V20)*R,_1(V2v).
By Lemma 2.2 (A5), we have
04 < Ry < (V20)* Ry 1 (V20) < -+ < ((V20)*)*Ro( V20)".
Now,

@00 08) X (04, Vas1) + P(T i1, Var1) + -+ + @(0p-1, Vp),
()D(éa’ uﬁ) =< Q0(§m u(1+1) + ¢(§a+la u(x+1) R <P(§ﬁ—1, uﬁ),

and

0(0p,0,) < (0, 0p-1) + @(0p-1,08-1) + -+ + @(T 15 Vo),
0B, Ua) = @(Lp, Up—1) + @(Lp-1, 1) + - - + @(Lot1, Ua)s

for each a, 5 € N, a@ < . Then,
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‘,O(O'Q, D,B) + ()0(5,39 ua) < (()O(O-m Da+1) + 90(§a+1’ ua)) + (‘P(O'ml, na+1) + 90(§a+1a u(r+1))
+ o+ (@(op-1,08) + ©(L, Up-1))
= My +Ros1 + Mosr + -+ Rpi + Mgy

< (V20" Mo(V20)" + (V20))™ Ro(V20)"*! +
+<( V20" P Ry(V2u) ! +<( V2u) P Mo(Vavy !

:Z((\/_v) ) Mo(V2v) + Z«fw ) Ro(V20)

i= i=a+1

5-1
= N (V2 Y MM (V2v) + Z((\/_v) VRER: (V2v)
i=a i=a+1
p-1

™

(M(V20)) (M3 (V20)) + Z(R (V20))* (R} (V20))

i i=a+1

=
o
— |

IME(VZu) P + Z IRE (V2u)'P

i=a+1

/3
5'2“ (V2u) Pl + | Z [Re (V) P

i=a+1

m
’—‘II

IMGIPICVZO) IR, + Z RSP V20) P11

i=a i=a+1

< IM;IP Zn(«f 0PIl + IR 1P Z V2021

i=a+1

= ||M2|| Z(ZIIUII )'1a+ ||7€2|| Z QP

i=a+1

— 04 (@sf,a — o)
and
0(08, 00) + ©(Las 08) < (@(0,05-1) + @(Lp-1, 1)) + (P(Tp-1,0-1) + ©({p-1, Up_1))

et (§0(0-11+1» Ua) + 90(§a, u[l+l))
= Sﬁ_l +R/g_1 +Sﬁ_1 + .- +Ra+1 + Sa

< (V20" P71 So( V20! + (V2u) P ' Ro(V2u) ' -
+(< V2u)* ) 1Ry ( V2u) ! +(( V2u)*)?So( V2u)?

—Z((«fw )So( V2v)' + Z((\fv) JRo( V2v)!

= i=a+1
/3—1
(\/_v) )iS2 82 (V2u) + Z((«fu) YRER: (V2v)

i=a+1

AIMS Mathematics Volume 7, Issue 5, 7552-7568.



7564

& U ‘ 1 .
= SUSHVIIHS; (Vo)) + Y (Ry(V20))* (R (V2v))

i=a i=a+1

B-1 B-1

Sc(V2u)P + Y IR (V2u)

i=a i=a+1

B I ‘ A .
Z S (V2u) Plla + 11 ) IR (V2 Pl

i=a+1

< ZI|82|| ICV20) 1Pl + | Z RSP V2) P

i=a+1

G Zn(fv) 111 + 1IR3 IPI Z V202 1.

i=a+1

,_

G Z(znvn Y1a +IRSIP Z QlIPYiI1

i=a+1

— 0,y (asf,a — ).

Therefore, ({0}, {v.}) and ({{,}, {11,}) are Cauchy bisequences in I X ¥ with respect to A. By
completeness of (I, ¥, A, ¢), there exist o, € I and u,» € ¥ with

lim o, = D, hm(a—u hmua { and limv, =o0.

a—00 a—0

Then for given € > 0, there exists @; € N with ¢(o,0) < 5 for all @ > ;. Since ({0}, {v.}) and
({Za}, {1, }) are Cauchy bisequences, we derive that

€
as Va <=
(0 g Vo) >
Then,

P(P(0,1),0) < (P(07, 1), Va11) + (O a+15 Var1) + P(Ta+1, D)
= QD(CD(O-9 u)a ¢(ua/9 ga)) + SD(O-a+la D(l+l) + SD(O-(Y+1’ D)
< U*()O(O', Da)v + U*‘P@m ll)U + ‘10(0-(14-1’ na+1) + ()O(O-a+1’ D)-

As @ — oo, we have

o(D(o,1),) < €.
Then,

o(P(o,),0) =0

Hence, @(o, 1) = v. Similarly, we can derive @(u,0) = ¢, &({,v) = uand D(v,{) = 0. On the other
hand, we derive that

¢(o,v) = @(lim v,, lim 0,) = lim @(0,,0,) =0
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and
e, 1) = p(lim u,, lim £,) = lim ¢({,,1,) = 0.

So, o = v and { = u. Therefore, (o,u) € (I' X ¥) N (¥ x I') is a coupled fixed point of @. As in the
proof of the Theorem 3.1, one can easily prove uniqueness part. O

Example 3.4. Let I' = {0,1,2,7}, ¥ = {0,1,5,3}, A, = My(C)andthemap ¢ : I' x ¥ — A, is
defined by
lo—u 0

WoW=1" 0 oo |
forall o € I"'and u € ¥, where k > 0 is a constant. Let < be the partial order on A given by
(0, @) =2 (h, @) © th < and @ < @,.

Then (I, ¥, A, ¢) is a complete C*-algebra-valued bipolar metric space. Define

. (I'xP)YuW¥xI->Tuy

by
a(7,0) = T5E,
forallo,l € (I'xX ¥)U (¥ x I'). Then
|D(0, 1) — DL, V)| 0 — & 0

_ [ e
‘”@("’“)’M’D))‘[ 0 kl¢(d,u)—¢({,v)l]_[ To T meog

1 |- — | 0 | — ] 0 - N
ﬁg([ 0 kla—n|]+[ 0 klg_u|])—v(p(0',n)v+v (L, W,
|
5

:

and ||v|| = % < % All the conditions of Theorem 3.3 are fulfilled and @ has a unique fixed point (0, 0).

forall o, € I'and u, v € ¥, where

O vl
)

4. Applications
As an application of Theorem 3.1, we find an existence and uniqueness result for a type of following
system of Fredholm integral equations.

Theorem 4.1. Let us consider the system of Fredholm integral equations

o(u) = G, p,o(p),{(p)dp + 6(u), p,p € E U &y,

E1UE

L) = G, p,{(p),o(p)dp + 6, p,p € E U &y, 4.1)

E1UE

where &1 U &, is a Lebesgue measurable set. Suppose
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(Tl) G : (8% U 8%) XRXR — [0,00) and 6 € L*(E) U L>(Ey).
(T2) There exists a continuous function K : 8% X 8% — Rand 0 € (0,1), such that
|g(/'l,p’ 0'(17)’ g(p)) - g(/'[,pa u(p)’ D(p))l
<Olk(u, p)l(lo(p) —u(p)| + L(p) — o(p)| + 1 = 67'D),
forall u,p € & U &E,.
(T3) SUP,eg, e, f&ugz lk(u, pldp < 1.
Then the integral equation has a unique solution in L= (&) U L™ (&E,).

Proof. Let I' = L*(&;) and ¥ = L*(E,) be two normed linear spaces, where &, &, are Lebesgue
measurable sets and m(&E, U &,) < co. Let H = L2(E;) U L*(&E,). Consider ¢ : I' x ¥ — L(H) defined
by ¢(0,{) = miy—y, wWhere my : H — H is the multiplication operator defined by my(w) = bh.w for
w € H. Then (I, ¥, A, p) is a complete C*-algebra valued bipolar metric space.

Define the covariant mapping @ : I U %2 — ' U ¥ by

D(o, (W) = G, p,o(p),{(p)dp + 6(u), Yu,p € & U &Es.
E1UE
Set 7 = 61, then T € L(H), and ||7]| = 6 < 1. For any w € H, we have

llp(D(o, &), (1, v))|| = sup (7T|cb((r,g)—<p(u,u)|+1w, w)

llwll=1

= sup fg 6(@(mo—@(u,n)|+1>w<u)w_ondﬂ

llwll=1

< sup f f G, p. o (p). ()
[lwll=1 JEUE, JEIUE
— G(u, p,w(p), o(p))ldplw(w)*du

+ sup f f dploo)Pdul
lwll=1 JEUE, JEIUE,

<sw [ [ [ okt pllo) - up)
lwll=1 JEUE, E1UE

+1E(p) —v(p)| + 1 - 9_11)dp]|w(,u)|2d,u ny

<0 sup f [ f IK(ﬂ,p)ldp]lw(u)IZdu(llcr—ullm
lwll=1 JEUE, E1UE

+ & = vlloo)
<6 sup f Ik, Pldp sup f lw(Pdu(lor -l
HeEIUE, JEIUE, llwll=1 JE1UE,
+ & = vlloo)

< 9[”0- - u”oo + ||§ - n”oo]
= [I7lllll@(o, Wl + 1B, v)Il].

Therefore, all the conditions of Theorem 3.1 are fulfilled. Hence, the integral equation (4.1) has a
unique solution. O
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5. Conclusions

In this paper, we introduced the notion of a C*-algebra valued bipolar metric space and proved
coupled fixed point theorems. An illustrative example is provided that show the validity of the
hypothesis and the degree of usefulness of our findings.
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