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Abstract: In this paper, we study the initial value problem of Hirota-Satsuma system:

U — AUy, + 6uuy,) = 2Bvv,, xeR, >0,
Vi + Viex + 3uv, = 0, xeR, >0,
u(0,x) = ¢(x), v(0,x) =y(x), x€R,

where @ € R, B € R; u = u(x, t), v = v(x, t) are real functions. Aided by Fourier restrict norm method,
we show that Vs > —é initial value problem (0.1) is locally well-posed in H*(R) x H**!(R) which

improved the results of [7].
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1. Introduction

Hirota-Satsuma system coupled by two KdV equations:

U — Uy, + 6uU,) =2pvww,, xeR, >0,
Vi + Vir + 3uv, = 0, xeR, t>0,

(where @ € R, 8 € R; u = u(x, t), v = v(x, t) are real functions) was introduced by Hirota, Satsuma in [1]
to describe the interactions of two long waves with different dispersion relations, also was derived by
Hirota R, Ohta Y in [2] as a reduction of a special hierarchy of coupled bilinear equations.

The main progress of soliton solutions of Hirota-Satsuma system is as follows: In 2000, Tam and
Ma in [3] considered some particular special expansions in the direct method to derive the one- and
three-cKdV soliton solutions with a profile different in form to the classical solitons. In 2003, Hu


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2022374

6703

and Liu in [4] derived generalized M-solitons solutions of the Grammian type by means of a Darboux
transformation. In 2020, Prado and Cisneros-Ake in [5] carried out a systematic analysis of multi-
soliton solution based on the direct method to fully describe its N+M interacting multisoliton solutions
holding a typical hyperbolic profile (For more detail, see [6]).

The progress of well-posedness of Hirota-Satsuma system can be summarized as: In 1994, Feng
proved in [7] that Hirota-Satsuma system posed on the whole line is locally well-posed H*(R) x H*(R),
if s > 2. In 2005, Angulo showed in [8] that Hirota-Satsuma system posed on periodic domain is
locally well-posed in H 4ic(0, L) X H i 4ic(0, L), for s > 0, when @ = —1 and globally well-posed
in H;mo 4ic(0, L) X H;mo 4i(0, L) for s > 1, when a # —1, 0. In 2007, Panthee, Silva verified in [9] that
Hirota-Satsuma system posed on periodic domain is locally well-posed in H  i0aic0s L)XH;::;.U 4ic(0, L),
for s > —% and global well-posed in H;ma 4ic(0, L) X H;:rli() 4ic(0, L) for s > —% when a = —1.

In this paper, we will study the initial value problem of Hirota-Satsuma system:

U — Uy, + O6uuy) = 2Bvv,, xeR, t>0,
Vi + Vax + 3uvy, = 0, xeR, >0, (1.1)
u(0,x) = ¢(x), v(0,x) =v¢(x), xeR.

As shown in [9] that asymmetrical product space H*(R) x H**!(R) is more suitable to Hirota-Satsuma

system than the symmetrical product space H*(R) x H*(R) since the asymmetry of nonlinear term uv,.

Definition 1.1. Let s € R, b € R, Bourgain space X, associated with 8, + a8 is defined to be the
closure of the Schwartz space S (R?) under the norm:

lullx,, = L+ D (L + 7 F &) Fulé, 0llz.z

where (-) = (1 + | -|), Fu =u(&, 1) denote as Fourier transformation of u with respect to t and x.

Obviously, when s; < 55, by < by, ||u||XSl,,,1 < ||ullx
The main result is:

Theorem 1.2. Ler 5 > —%. Then for any initial data (¢,y) € H*(R) x H'"*(R), there exists T =
T (||, Y)||gsxm+s), such that there is unique solution of initial value problem (1.1) on [0,T).

s9,by *

Conservative of mass

%f[uz + %,sz]dx,

conservative of energy

f[l ;aui +pBv:— (1 + o’ —ﬁuvz]dx
and local well-posedness (Theorem 1.2) imply that: For @« = —1 and 8 > 0, initial value problem (1.1)
is globally well-posed in H*(R) x H'*$(R) if s > 0.

The following sections are arranged as follows: Bilinear estimate will be established in Section 2
which is the core of the Fourier restriction norm method; Locally well-posedness will be proved in
Section 3 by Banch’s fixed point theorem; We give some remarks in Section 4 to point out some simple
facts about the Hirota-Satsuma system.

In the following, without lose of generalization, we assume that « = —1, 8 = 1.
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2. Bilinear estimates

2.1. Some lemmas
D* denote the s-order derivative defined by:
FD*NHE) = EFFf(©), VfeSER).

Lemma 2.1. Denote F, P71 =5 J‘j:f_’gl)p, then
(1) If p > 3, then

IV Fpllzre < Cllfllzzez, (2.1)
where y € Cy’ satisfying: When |§| < 1, x(€) = 1; when |£| > 2 then (&) = 0.

(2)1fp>—,0<0§§, then

1D Follzszs < Cllfllz2ee. (2.2)

(3)If p > %, then
1Fplliszs < Cllllzzz- (2.3)

(4)Ifp>3 9 where 0 € [0, 1],then

IDVE, 2, < Clfllzez: (24)

(5) If p > 3, then
1D} Fylluazy < Cllfllzez- (2.5)
Proof. (2.1)—(2.5) are Lemmas 2.3-2.7 in [10]. O

Lemma 2.2. Assume f, f, f» are Schwartz functions, then

f FEDfE ) hEtds = | T ndxdr,

RXR

where L dé = f dédéydrdr,.

£=€1+&, T=T1472

Let Z be Abelian addition group with invariable measure d¢. For integer k > 2, we denote I';(Z) as
the hyperplane:

TW(Z) = (1.6, &) €Z, &+ &+ + & =0)
Define [k, Z]-multiplier as function m : I'\(Z) — C. If mis [k, Z]-multiplier, define ||m||x 7 the norm of
[k, Z]-multiplier as the infimum of C such that

| fr (Z)m(@ﬂf/ <CH||L||L2(Z)

j=1
Lemma 2.3. If m(¢) and M(€) both are [k, Z]-multipliers, and N & € T'i(Z), Im(€)| < |M(€)|, then

lmllie,z; < NIM|ikz;-

Proof. See [11] for the detail. O
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2.2. Bilinear estimates

Proposition 2.4. If s > —g, 3 <b < E’ then ¥ b" > 5, we have
10 u)uallx,,,, ., < Clluillx,,,, lluallx,, (2.6)
and
10 (ui1u)llx,,_, < Cllusllx,, lluallx,, - 2.7)

Proof. It is enough to prove (2.6). Since the proof of (2.7) is just a minor modification of that of (2.6).
Besides, it is enough to show the case of s < 0. Since when s > 0, we have:

(&) < (€&

This inequality and the results of s = 0 implies the result of s > 0.
By Plancherel Theorem, in order to prove (2.6), it is enough to prove

f (EFE D) 1ENAELT) folér,Ta) ds
nEsw (OO0 (EDTo )Y (€)oY

&'l .
fnwm OEN oy gy & DEL TG, T2
&'l

(2EN (o) (€2 o) HB»RXR]
where f € L*(R?) and f > 0;

sc|

2
||f||L§L$Hj=1||fj||L§L%’

fi = EV o mEL 1) = (6N o) (&, To);
E=&61+&, T=T1 4712 c=T1-&, 01=1 - f;

Oy =Ty — .fg
By the definition of [k, Z]-multiplier, if

H (EE] H <C
(OVI(EN (o )P () (o) 3R]

then (2.6) holds.
By symmetry, it is enough to consider |£| < |&,|. Let r = —s, then é >r>0.

= fi€.0) .
Denote F,(¢,7) = 20—, FJ(¢,7) = 7250 j=1,2.

Case 1. €] < 2.
Subcase 1.1. |£;] < 1. We have |&| = £ — &;] < |€] + [£1] < 3, thus,

f )(|§|<2f(f 7) X|§1|<1|§1|<§1>r lﬁ(flaTl)X|§2|<3<§2> fo(é2,12) ds
r

Jaxw) (E) o) (o) (o)

Cf f(&, T)fl(é:l,T1)f2(§2,Tz)
r

3(RXR) ()=t (o) (o)
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IA

IA

IA

C f Fi_y-F}, - F3(x, t)dxdt

1 2
C||F1—b||L§L,2||F/||Lf;L;‘||Fb/||L‘;L;‘
ClliAlzezllAllzezl fll 2z

We applied (2.2) of Lemma 2.1 and Lemma 2.2 here.
Subcase 1.2. || > 1. By symmetrical assumption, |&,| > 1. For r < i, we have

IA

IA

IA

<

>3

f X2 S ED) X1 E1EDY ™ A€, T1) Xiep1(E2) (&, Tz)d
r

saxm) (§Y o) (o) (o2)
c f JE D Xl i ) xeplol ) o
ry@ExR) ()P (o) (o)
c f f&D &l fié. ) ol A1) o
rexm ()P (o) (o)

— 1 1
C f Fi_,-D:F, - DYF}(x, f)dxdt

1 1

8l 8 2
C”Fl—b”Llez”D; Fy ||L§L;‘||D§ Fy, ||L§Lj‘
CllAlzzllfill 2z follzz.

We applied (2.2) of 2.1 and Lemma 2.2 here.

Case 2. |£] > 2.

Case 2.1. |£| < 1. We have |&] = € - &| = |€] — |&1| = 1, thus

IA

IA

IA

IA

<

f X2 f(€,7) X|§1|s1|51|<§1>"1f1(§1,T1)X|fz|zl<fz>rfz(§z,Tz)d
r

sy () o) (o) (o)

c f X2l FET) Yien fil€1 T X1l fo(€r, T2)
T3(RxXR)

(oyt=b (o) (o)

c f X2l FET) Yiena1 fi€1 T X1l fo(€a, T2) p
I'3(RxXR)

do

0

(o)!=b (o) (o2)”
C fD)lc_rFI—b 'X\§1|§1F11/ . D;F,f/(x, tHdxdt
1- 1 2
C|ID; ’F1-b||LX,z_L?|L‘(|§1|511”;,r||L§.L¢oIID,’CF;,,IILx%_rLt2
Cllf izl fill sl ol

0

0

Here (2.1) and (2.4) of Lemma 2.1 and Lemma 2.2 are used. Besides, b < % is also required.
Case 2.2. || > 1. By symmetrical assumption, 1 < [£| < |&].
Since (1) — &) + (12 — &) — (t = &) = 386, &,, at lease one of the following 3 cases will occur:

AIMS Mathematics
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By this fact, we divide Case 2.2 into 3 different subcases as follows:
Case 2.2.1. When (a) occurs. If r+b -1 < Land r > b > 1, then

;= f X|§|22?(§, 7) X|§1|21|§1|(§1>r_1ﬁ(§1,Tl)X|§z|21<fz>rf2(§z,Tz)d6
ry@Exp) (&) Hoyt=? (o) (o)
< Cf X|§|zz|§|1_r?(§»T)X|§1|z1|§1|rf1(§1,T1)X|§2|21|§2|rf2(§2,72)d5
B I'3(RXR) (|§||§1||§2|)]_b (o) (o)
r+b-1 r+b-1
> Cf Xl5|22|f|b_r?(§,T)X|§1|21|§1| fl(fl,ﬁ))(llezﬂfﬂ fz(fzﬂ'z)da
[3(RxR) (o1)? (o2)P
— &l fié, 16l i, 1)
< C , - - déd
: »[F3(R><R) JET) (o1)P (02)?
=cfﬂﬂﬁ;®mmmm
< ClIFlzIDEFL s DI Fallsys
<

CllAlzllfillz2 foll 2z

Here (2.2) of Lemma 2.1 and Lemma 2.2 are used.
The above results implies thatif r + b — 1 < % andr > b > % then

H ENNEKE)Y H -
(R (U (oA DL (* Y LRLIEN ST

(2.8)

By Lemma 2.3, when r < 1.(2.8) still holds. Indeed, since & = &, + &, we have (&) < (&,)(&). If

<4
r1 < rp, then
= ENNEKE _ &) ENNE
(N=2(E Ko )P (o) E ADE Ko ) (o)
PRV CEYE ENNE ENrlaE)

@ (O o o) oy ey Ko (o)

Case 2.2.2. When (b) occurs. If r+ " > 1,0 <r—-»b’' < 11—6, we have

;= f X|§|zz?(§ﬂ')X|§.|21|§1|<§1>r_1fl(§1,Tl))(|§2|21<§2>rf2(§2,Tz)d6
ryExp) (&) oyt? (o) (o)
< Cf )(|§|22|§|1_r?(§,T))(|§1|21|§1|rfl(§1,T1))(|«fz|21|-f2|rfz(§2,‘fz)al(S
B T3(RXR) (oyt=b (€11 NIEDY (o)
Xig2l€' (€, 7) ,_, X1l ™ foér, 1)
o R e T TR
[ &P f(E, 1)
< CL(RXR) (o) - fil, 1) R do

— 1
=cfﬂwwymﬁummm
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1
1 8 2
C||F1—b||L;‘L;‘||Fo||L§.Lt2||D§ Fb/”L;‘L;‘
C||f||L§L$||f1||L§L$||f2||L§L$,

IA

IA

where (2.2) of Lemma 2.1 and Lemma 2.2 is used here. Besides, it is required that b < %

When r < é, the results is implied by Lemma 2.3.

Case 2.2.3. When (c) occurs. The proof is similar to Case 2.2.2, we omit the detail. O
3. Proof of the main theorem

Take 6 € Cy°(R) such that: When ¢ € [-3, 1], 6 = 1 and supp 6 C (=1, 1). Denote 85(t) = 6(%). Let

202
U(¢) (t € R) denote fundamental solution operator of the Airy equation: v, £ v, = 0:

U(f)p = f TG EYdE, Y € HY(R), s € R.

Lemma3.l. Let s€R, 3 <b<b <1,0<6< 1, then

105(DU Duolly,, < C5* 7 |5 G.1)

165() [, UGt = $)F(s)dsllx,, < CS % IFllx, .. (32)

165(5)F Iy, , < C&"IIFllx, .. (3.3)

Proof. See [10]. O

In the following, we will give the
Proof of Theorem 1.1:

Proof. For s > —%, let (¢, ) € H* x H'™** and |[(&, Y)||gexeries = [1@llgzs + W]l = r. Define
B, ={(u,v) € Xsp X X150 ¢ @, V)|Ix, pxx1,,, < 2Cr},
then B, is Banach space, whose norm is
G, VlIx,xx1, = Nutllxg, + VI, -

For (u,v) € B,, define the mapping

Oylu,v] = B(OUMDG — 6,(1) [} Ut = $)85(0)[6uie, — 28vv,1(5)ds,
Wy u,v] = (U0 — 610) J7 Ut — $)050)[3uv,1(s)ds.

We will prove that @ X ¥4 4)[u, v] map B, into B,.
By (3.1)—(3.3) in Lemma 3.1 and bi-linear estimate (2.7), there exists b, b’ satisfying % <b<b < 126
such that

lDg[u, v]lx,,

IA

16:(OU®lx,, + [[6r) f U(t = )85(0)[6ute, — 26w, 1()ds|
0
< Cllgll: + Clsnanly,, , + CloEw.llx

s,b—1

X s.b

A

s.b—1

AIMS Mathematics Volume 7, Issue 4, 6702-6710.
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IA

b b b'—b
Cllgllas + C6” llunyllx,,, + Co” "livwillx,,

Cliglls + CS" llullz,, + CS" "IVIIE,,
Cligllzs + C8" Plully,, + CS" VI, ,.,- (3.4)

IA

IA

Similarly, by (3.1)—(3.3) of Lemma 3.1 and bilinear estimate (2.6), we have

!
¥yl Vil < 1OOU@Y,.,, + [0 f UGt = 90,0 Buv,)(s)ds]|
0 1+s,
< Cligllgrs + ClgsOuvilix, ..,
< Clllgss + C8" Plluvillx,,.,
< Cligllgrs + €8 Pllully,, IVllx,...,
< Cllligpss + C8”Pllully,, + 6" VI, (3.5)

Thus, by the estimates (3.4) and (3.5), we have

b =by|, 112 b=y 112
IO X Wl Vilix pxxivgy < Clidllas + Clillges + C7 llully,, + C6” Iy,
b=y (12 2
Cll@, Wllgsscrs + €67 llully,, + VI, ]
b b 2
Cll(@, Wllpsscrs + €67 N, Wy, ex,

IA

IA

Thus, when taking 6 < [(2C )zr]ﬁ, ® X ¥(4,)[u, v] mapping B, into B,.
Similar to (3.4) and (3.5), for 6 determined above, we have

1
1O X Wi ylur, vi] = @ X ¥ gy)[uz, valllx, ,xx1h,p < EH(M’ VI, x X120+

Thus,® x ¥4 [u, v] is contract mapping.
Finally, by Banach theorem, ¥ 7 (0 < t < 1), in the ball B,, the mapping ® X ¥, ) [u, v] have unique
fixed point (u, v) satisfying
u
v

U0 — [ Ut — $)[6uu, — 28w, ](s)ds,
Uy — [, Ut = $)[Buv,1(s)ds.

4. Conclusions

Remark 4.1. Although, the main result in this paper covered the results of [7], it must be not the sharp
results when compare it with [9].

Remark 4.2. When compare it with [9], we conjecture that the initial value problem of Hirota-Satsuma
system maybe locally well-posed in H*(R) x H**'(R), for any s > —%. We’ll investigate this question in
the future.

Remark 4.3. We are interested in well-posedness of initial boundary value problem of the
Hirota-Satsum system, especially well-posedness with low regularity datum. We’ll show the results in
elsewhere.

AIMS Mathematics Volume 7, Issue 4, 6702-6710.
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