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1. Introduction

Bilevel programming problem has increasingly been addressed in the literature, both from the
theoretical and computational points of view [14]. This model has been widely applied to decentralized
planning problems involving a decision progress with a hierarchical structure. It is characterized by
the existence of two optimization problems in which the constraint region of the first-level problem is
implicitly determined by another optimization problem. The NBLP problem is hard to solve. In fact,
the problem has been proved to be NP-hard [8]. However, the NBLP problem is used so extensively
in resource allocation, finance budget, price control, transaction network etc. [1, 7, 28, 29, 39] that
many researches have been devoted to this field, which leads to a rapid development in theories and
algorithms. For the detailed expositions, the reader may consult [21, 33].
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In this paper we will consider the following NBLP problem

min, Jut,y)

s.t. gu(t,y) < 0’
min, fi(t,y),
s.1. gl(tay) < 0’

(1.1)

where r € R™ and y € R™. The functions f, : R — R, f;: R - R, g, R — R™ and
g R+ — R™ are assumed to be at least twice continuously differentiable function.

There are several approaches have proposed to solve problem 1.1, see [2,3,25,35,40]. One of these
approaches and used in this paper, is converted the original two level problems to a single level one
by replacing the lower level optimization problem with its Karush-Kuhn-Tucker (KKT) conditions,
see [24,41]. By KKT optimality conditions for the lower-level problem, then we can reduce the NBLP
problem 1.1 to one-level programming problem. This problem is non-convex and non-differentiable,
moreover the regularity assumptions which are needed to successfully handle smooth optimization
problems are never satisfied and it is not good to use our approach. So, we add slack variables for
inequalities constraints in problem 1.1.

By adding slack variables s, € R™ and s; € R to the upper inequality constraint g,(t,y) and the
lower inequality constraint g;(z, y) respectively, then NBLP problem 1.1 can be written as follows

min, Su(@,y)
s.t. gu(t,y)+s,=0,
min)’ .fl(l’ )’),
s.it.  gt,y)+s5 =0,
s, >0, s; > 0.

The above NBLP problem can be simplified as follows

min, Ju(t,y)

s.t. gu(t,y,s,) =0,
min,  fi(z, ), (1.2)
s.t. gty s) =0,
s> 0,

where ,(t,y, s.) = gu(t,y) + s, € R™, gi(t,,5) = gi(t,y) + s € R™, and s = (s,,, 5)" € R™*"™,
Applying KKT conditions only on the lower-level problem without the constraint s > 0, then we
can reduce the NBLP problem 1.2 to the following smooth SONP problem:

mint fu(t’ )’)
s.it. g,(t,y,s,) =0,

Vyﬁ(t’y) + Vygl(t’y’ sl)ﬂl = Oa (13)
gy, s) =0,
s >0,

where y; € R™ is a Lagrange multiplier vector associated with equality constraint g,(¢, y, s;), see [5].
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Using problem 1.3, to overcome the difficulty that problem 1.1 does not satisfy any regularity
assumptions, which are needed for successfully handling smooth optimization problems, and pave
the way for using the proposed approach to solve problem 1.1. To simply our discussion, we introduce
the following notations. x = (¢,y, s)" € R", n = n; + ny + m; + my, h(x) € R™ represents the vector of
equality constraints such that m = m; + m, + n,. Then problem 1.3 can be written as follows

minimize  f,(x)
subject to h(x) =0, (1.4)
vx<w,

where v € {R [ J{—oc0o}}", w € {R J{+oo}}", and v < w.

Various approaches have been proposed to solve the SONP problem 1.4, see [5,9-11,15-19]. In
this paper, we use Newton’s interior point method with Das scaling matrix [12] to solve problem 1.4.
Newton’s method converges quadratically to a stationary point under reasonable assumptions if the
starting point sufficiently closed to the stationary point. It may not converge if the starting point is
far away from the stationary point. To guarantee convergence from any starting point, a trust-region
strategy is used. The trust-region strategy can induce strongly global convergence, which is very
important method for solving SONP problem and is more robust when it deals with rounding errors. It
does not require the objective function of the model be convex or the Hessian of the objective function
must be positive definite. Also, some criteria are used to test the trial step is acceptable or no. If it is
not acceptable, then the subproblem must be resolved with a reduced the trust-region radius. For the
detailed expositions, the reader may consult [4,17,20-23,30,32,36,42,43,45,46].

A reduced hessian technique is used in this paper to overcome some difficulties in trust-region
subproblem. This technique was suggested by [6,37] and used by [19, 20].

In this paper, we use the symbol, f, = f.(x), e = h(xi), Pr = P(xi) & = C(x, &), Vily =
V. £(xx, A), and so on to denote the function value at a particular point. Finally, all norms are /,-norms.

The rest of the paper is organized as follows. In section 2, we introduce detailed description for the
proposed method to solve problem 1.4. Section 3 is devoted to analysis of the global convergence of
the proposed algorithm. Section 4 contains implementation of the proposed algorithm and the results
of test problems. Section 5 contains concluding remarks.

2. An interior-point method with trust-region algorithm

In this section, firstly, we will consider the detailed description for the Newton’s interior-point
method with Das scaling matrix to solve SONP problem 1.4. Secondly, to guarantee convergence
from any starting point, we will introduce the detailed description for trust-region strategy. Finally, we
clarify main steps for general algorithm to solve NBLP 1.1.

2.1. Newton’s method with scaling matrix

Motivated by the impressive computational performance of Newton’s interior-point method for
solving SONP problem 1.4, let

€x, ) = fulx) + A" h(x), 2.1)
be a Lagrangian function associated with problem 1.4 without the constraints v < x < w, and let
L, A s 1) = €05 ) = 1 (x = v) = 1 (w = ), (22)

AIMS Mathematics Volume 7, Issue 4, 5534-5562.



5537

be a Lagrangian function associated with problem 1.4 with the constraints v < x < w. The vectors
A€ R" u e R" and u* € R" represent Lagrange multiplier vectors associated with the constraints
h(x) = 0,0 < (x—v), and 0 < (w—x) respectively. LetG = {x:v<x<w}and int(G) ={x:v<x<wh

The first-order necessary conditions for the point x, to be a local minimizer of problem 1.4 are the
existence of multipliers 1. € R", u! € R, and p € R”, such that (x., ., u, 1) satisfies

Vl(x, ) —p, +ul = 0, (2.3)
h(x,) = 0, 2.4)
v<Xx.<w, (2.5

and for all i corresponding to x with finite bound, we have

)PP v =0, (2.6)
(yf)(i)(w(i) _ xii)) = 0, 2.7

where V £(x,, A.) = Vf,(x.) + Vh(x,)A..
The proposed algorithm here, like its predecessors in [12, 18, 19], starts at a point strictly feasible
with respect to the bounds on the variables and produces iterates that are strictly feasible with respect

to the bounds (i.e. ‘in the interior’). Define a diagonal scaling matrix P(x) = diag(p(x) whose diagonal
elements p(x) are given by

VO = vy, if v > —co and (V,£(x, 1) > 0,

PP =1 Jw® —x0), if w® < +co and (V,L(x, )P <0, (2.8)
1, otherwise.

Using the matrix P(x), then (x,, 4., u, 1) satisfy the KKT conditions [2.3-2.7] if and only if

P2(X)V.£(x, )
h(x)

0, (2.9)
0. (2.10)

For more details about the proof, see [12].
Applying Newton’s method on the nonlinear system [2.9-2.10], then we have

[P2(x)V2L(x, A) + diag(V,t(x, ))diag(@(x))]Ax + P*(x)Vh(x)Al = —P*(x)V.L(x, ), (2.11)
Vh(x)'Ax = —h(x). (2.12)

where 6(x) is a vector whose components are given by

1, if v > —coand (V,£l(x,)® >0,
09(x) =4-1, if w? < +ooand (V,£€(x, )P <0, (2.13)
0, otherwise.

For more details see [18].
In our method, the matrix P(x) must be nonsingular, so we restrict the point x € int(G). Multiplying
both sides of equation 2.11 by P~!(x), then we have

[P(x)ij(x, A+ P_l(x)diag(fo(x, D)diag(0(x))]Ax + P(x)Vh(x)Ad = —P(x)V.l(x, A),
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Vh(x)"'Ax = —h(x).
Substituting Ax = P(x) d in the above two system, then we have

[P(x)H(x, DP(x) + diag(V . l(x, D))diag(6(x))]d + Px)Vh(x)A1l=-P(x)V l(x,1), (2.14)
(P(x)Vh(x))'d = —h(x), (2.15)

where H(x, 1) = V?{(x, A) represents the Hessian of the Lagrange function 2.1 or an approximation
to it. It is easy to see that the step generated by the above system coincides with the solution of the
following quadratic programming subproblem

minimize  {(x, ) + (P(X)V€(x,))"d + 3d" Bd

sub ject to h(x) + (P(X)Vh(x))Td =0, (2.16)

where B = P(x)H(x, )P(x)+diag(V.{(x, 1))diag(6(x)). This means that, the point (x,, 4,) that satisfies
the KKT conditions for subproblem 2.16 will satisfy the KKT conditions for problem 1.4.

Although Newton’s method converges quadratically to a stationary point under reasonable
assumptions, it may not converge to a stationary point if the starting point is far away from the solution.
To overcome this disadvantage and to guarantee convergence from any starting point, we use the trust-
region technique.

2.2. Trust-region technique

Trust-region methods can induce strongly global convergence, which are very important methods
for solving a smooth nonlinear programming problem and are more robust when they deal with
rounding errors. It does not require the objective function of the model be convex. Also, it does
not demand the Hessian of the objective function must positive definite.

The trust-region subproblem associated with problem 2.16 is

minimize Qk(Pkdk) ={ + (kaxfk)Td + %dTBkd
sub ject to he + (P Vh)Td =0, (2.17)
lldll < 6k,

where ; > 0 is the radius of the trust-region.

Subproblem 2.17 may be infeasible, because there may be no intersecting points between the
constraint ||d|| < &, and h; + (P,Vh)Td = 0 constraints. Even if they intersect, there is no warranty
that this will continue true if ¢, is decreased. For more details see [13]. To overcome this difficulty, we
use a reduced hessian technique. This technique was suggested by [6,37] and used by [19, 20]. In this
technique, the trial step d is decomposed into two orthogonal components: the normal component d"
to improve feasibility and the tangential component d; to improve optimality. Each of components is
computed by solving unconstrained trust-region subproblem.

e How to estimate the normal component d}!

The normal component d} is computed by solving the following trust-region subproblem

minimize || + (PuVh)T d"||*

subject to ||d"|| < {6y, (2.18)
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for some 0 < ¢ < 1. To solve the subproblem 2.18, we use a conjugate gradient method which is
introduced by [38] and used by [21], see algorithm 2.1 in [21]. It is very cheap if the problem is
large-scale and the Hessian is indefinite. By using the conjugate gradient method, the normal predicted
decrease obtained by d]! is greater than or equal to a fraction of the normal predicted decrease obtained
by the Cauchy step d;”. This means that

Wll® = Il + (P VR P > Si{lll P = llhy + (Pthk)TdZCsz}, (2.19)
such that d;” is defined as follows
dr = —gDZCpPthkhk, (2.20)
where the parameter ¢, is given by
AR . |PeV il
ne ||(Pthlt)T1§kehkhk”2 if ||(PthIIZ)T;k€hkhk”2 S 6k ’
0. "= and ||(P Vi) P Vhhy| > 0, (2.21)
5 .
AT kazk ol otherwise.

Once d} is obtained, we will evaluate d,’( = ch?,’c where Z 1s the matrix whose columns form a basis for
the null space of (P, V).

e How to estimate the tangential component d

To obtain the tangential component d!, we use the conjugate gradient method [21] to solve the
following trust-region subproblem

minimize  [ZI Vqu(PydD1'd + 1d" 7! By Zid'

- 2.22
sub ject to 1Zed'|] < A, (2:22)

where qu(Pde) =P V.l + Bkdz and Ay = R /5% - ||dZ||2

By using the conjugate gradient method, the tangential predicted decrease which is obtained by
tangential step 07}( is greater than or equal to a fraction of the tangential predicted decrease obtained by
a tangential Cauchy step d,”. This means that

ai(Ped}) — qu(Pu(d] + Zidy)) = Dl qu(Pedy) — qu(Pildy + Zid ")), (2.23)
for some 0 < ¥, < 1 and d;” is defined as follows
dV = - P Z] Vg (Pd}), (2.24)
where the parameter ¢, is given by

1Z] Var(PrdD? I1Z! Var(PrdD)IP

_ ' i <
ep (ZIV qi(Ped)T BLZI V qi(Prd?) if (ZZVQk(Pde))TBkaTV_‘Ik(Pkdz) < A
b = and (Z] Var(Ped)" B&Z Vi (Pid})) > 0, (2.25)
A -
12T Vae (e otherwise,

where By = Z] BiZj .
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e How to estimate a parameter 7y

Once obtaining d;, we set dy = d} + d;_and xi.; = x; + Pdy. To ensure xi,; € int(G), we need to
evaluate the parameter ;. To do this, evaluate

()

i/ SRS () 1)
L0 = ) s V0> —coand PPd” <0
k & % .
L, otherwise,
and .
(1) _, X . . .
B = s Afw® < coand Pd)” > 0
r & Y ‘
L, otherwise.
Compute
v = min{1, min{a,(;), bg)}}, (2.26)
1

Once the trial step v, Prd; is evaluated, it needs to be tested to decide whether it will be accepted or
not. To do this, we need to a merit function which is ties the objective function and the constraints in
such a way that progress in the merit function means progress in solving problem. In our method, we
use the following merit function which is introduced by [26] and known as an augmented Lagrange
function

D(x, ;p) = £(x, D) + pllA(x)II, (2.27)

where £(x, 1) is defined in 2.1 and p > 0 represents the penalty parameter.
e How to estimate A,

The Lagrange multiplier vector A;.; will be estimated as follows
minimize ||Vf,,, + VhiAll%. (2.28)

To test whether the point (x.1, A1), Will be accepted in the next iterate or no we need to define the
following actual reduction Ared; and the predicted reduction Pred,.
The actual reduction Ared; in the merit function 2.27 in moving from (xi, A;) to (xx + Y Prdi, Ajs1)
is defined as follows
Aredy = O(xy, Ak pr) — O(xy + viPrdy, Agsr; pro)-

Also we can write the actual reduction Ared,, as follows,

Aredy DO(xp, s pr) — P(xx + Vi Prdy, Aksrs Pr),

(ks ) = €1, Ak) = AL gy + pilllel? = AP, (2.29)

where A/lk = (/11{_'.1 - /lk)
The predicted reduction Pred; is defined as follows

Pred, = —(PyVl(xe, 4)) yidy — %VidkTBkdk — A (i + (PR yiedy)
+orlllrell” = W + (PeV i) yidil 1. (2.30)
Since q(yxPrdy) = € + (PV.6)" vidi + 3y7d] Bidy, then Predy can be written as follows,
Predy = qi(0) — qu(yiPredi) — A (i + (P VR yidy) + pilllell> = i + (P Vi) yidil 7]
2.31)
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e How to update the penalty parameter p;

To ensure Pred; is strictly positive, we use the following scheme to update the positive penalty
parameter py

Algorithm 2.1. : (Updating the penalty parameter py )

Set pry1 = Pre
If
Pred > %[Hhkﬂz — i + (P V) yidil 1, (2.32)
then set
_ 2ge(ykPrdi) — qi(0) + AX (i + (P V) yed))] e (2.33)
= elP — W + PV ) yeddelP o '
End if.

e How to test the step y,Prd; and update &y

To decide the trial step y;Prd; will be accepted in the next iteration or no, we use the following
algorithm.

Algorithm 2.2. : (Testing the step v, Pid; and updating 6y )
Step 0. Choose 0 <11 <1, <1,0< ) <1<y, and 6,in < 6o < Opax-
Step 1. While % < 1y or Pred; <0.

Do not accept the step and set 8y = B1|dkll.

Compute a new trial step.

End while.

Step 2. If 1 < 5k < 1.

Accept the step: Xiy1 = X¢ + YViPrd,.

Set Ory1 = max(Oy, Opin)-

End if.

Step 3. If 5k > 1.

Accept the step: xj11 = Xi + Vi Pidy.

Set 01 = Min{0,4.x, MAX{Oymin, B20x}}-

End if.

Finally, the algorithm is stopped when either IIZkTPka{’kII + ||l]| < &1, for some €1 > 0 or ||di|| < &
for some &, > 0.

Main steps of the trust-region algorithm for solving subproblem 2.17 are summarized in the
following algorithm.

Algorithm 2.3. (Trust-region algorithm)

Step 0. Starting with x, € int(G). Evaluate Ay, Py, and By. Set po = 1 and cy = 0.1.
Choose g1 > 0, &0 > 0, and set k = 0.

Step 1. IfIIZkTPkVX{’kII + ||l < &1, then stop.

Step 2. (To compute dy)

a) Compute d; by solving trust-region subproblem 2.18.
b) Compute c?,’( by solving trust-region subproblem 2.22.
c) Set d, = dZ + de_][(
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Step 3. If ||d;|| < &, then stop.

Step 4. Compute vy, using equation 2.26.

Step 5. Update Ay, using subproblem 2.28.

Step 6. Update the penalty parameter using scheme 2.1.

Step 7. Test the step vy, Pidy and update 6, by using algorithm 2.2.

Step 8. Compute P, and ay using definitions 2.8 and 2.13 respectively.
Step 9. Setk =k + 1 and go to Step 1.

Main steps for solving NBLP problem1.1 are summarized in the following algorithm.

Algorithm 2.4. (Interior-point trust-region (IPTR) algorithm)

Step 1. Adding slack variables to inequalities in NBLP probleml1.1 and convert it to problem 1.2.

Step 2. By KKT optimality conditions for the lower-level problem, NBLP problem 1.2 is equivalent to
the one level problem 1.3 which can be written in the form 1.4.

Step 3. Using Newton’s method and Das strategy to transform problem 1.4 to subproblem 2.16.

Step 4. Using trust-region algorithm 2.3 to solve subproblem 2.16.

The following section is devoted to global convergence analysis for IPTR algorithm 2.4.
3. Global convergence theory

We state the general assumption under which the global convergence theory for IPTR algorithm 2.4
is proved.

3.1. A general assumptions

Let Q be a convex subset of R” that contains all points x; € int(G) and (x; + yiPrdy) € int(G). On
the set Q) we state the following general assumptions under which the global convergence theory of
IPTR algorithm is proved
[GS .] The functions f,(x), h(x) € C? for all x € Q.

[GS,.] The matrix P,Vh; has full column rank.

[GS3.] All of f,(x), Vf.(x), V2f.(x), h(x), Vh(x), V*hi(x) fori = 1, ...,m and
(P VH)((P V)T (P Vh))™! are uniformly bounded in Q.

[GS 4.] The sequence of Lagrange multiplier vectors {1} is bounded.
[GS's.] The sequence of approximate Hessian matrices {H;} is bounded.

An immediate consequence of the above general assumptions is that the existence of positive
constant b;, such that

1Z{ Byl < by, 1Z{ BeZi| < by. (3.1)

3.2. Technical lemmas

In this section, we introduce some important results which are needed in the subsequent proof.
The following lemma shows how accurate the definition of Pred; is as an approximation to Ared.

Lemma 3.1. Under assumptions GS -GS s, there exists a positive constant K, such that

|Ared, — Pred;| < K, pyilldil*. (3.2)
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Proof. From Equations 2.29, 2.30, and using the inequality of Cauchy-Schwarz, we have

1
|Ared) — Pred;| < El')’]%PkdkT[Hk — V2(xi + 1Y Prdy) | Prdy]
1
+§|A/lk7/%P vd] Vh(xy + £y Predy) Prdy]

1 . .
+§|y,%d,f diag(V ) diag(6y)dy|

+HALPL[Vhy — Vh(x, + ExyiPrd)] yidil
+20u Pl (VI = VR + E7Prdi) ] yidy
+orlyR Prd{ [V VI, — Vh(xy + E2yi Prd) Vh(xi + £y Prdi) 1Py,

for some &, and &, € (0, 1). Using the general assumptions GS| — GS5 and 0 < y; < 1, we have
Ared, — Predi| < yilkilldill + kopilldid> + kspelldil IR, (3.3)

where k1, k», and k3 are positive constants. Since p; > 0, ||di|| < dax, and ||A]| is uniformly bounded,
then inequality 3.2 hold. O

The following lemma obviously that the normal predicted reduction at any iteration k, is at least
equal to the decrease in the 2-norm of the linearized constrained by the Cauchy step

Lemma 3.2. Under assumptions GS -GS s, there exists a constant K, > 0, such that

Ky yipr
2

Pred). > 12k || min{{|Aell, 64} (3.4)

Proof. Since d] is obtained by approximating the solution of subproblem 2.18 using the conjugate
gradient method [21], then the fraction of Cauchy decrease condition 2.19 is hold. We will consider
two cases:

FiI'Stly, if 4P = _W(ka}lkhk) and |I5k||(Pthk)TPkV]’lkhk”2 < ||Pthk]’lk||3 then

—2(PVhh) ;" - chpT(Pthk)(Pthk)TdZCp
SHN(P V)T PV hychyI*

[PV hichy ||
2611 PV hichyl| = Skl P Vi hil|

> OrllPrVhihl|. (3.5)

Ael® = Nl + (PR V) 2

20611 PiV || —

\%

Secondly, if @' = — MBI __p 7p by and 8,][(Py Vi) PiVhhil? = [IPc Vi, then

1PV h)T PV hyhy?

el = i + (P VR A IP = =2(Py Vi)' d " - dZCpT(Pthk)(Pthk)TdZCp
2PVt
(P V)T PV |2
B A
(P V)T PV hyhy|?
A
(P V)T PV hychy 2
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| PV hhy?
P V(P V)T

(3.6)

Using assumption GS ,, we have

(172l
(P V)T P Vi) (P VROTII

IPVhchl >

Then, from the above inequality, inequalities 3.5, 3.6, and using assumption GS 3, we have

1ll? = e + (PR di PP 2 Kollel| ming|lfgl, ;).
From the above inequality and 2.19, we have

ell® = Ve + (P V)T 1 2 Kollel| mind]lFaell, 6} (3.7)
Since 0 < y; < 1, then we have

ell? = Vs + (PR VRO yidi P = yelllid P = Wi + (P V)T P
From inequality 3.7 and the above inequality, we have
ell? = Vs + (P V) yidi P 2 Koyl | min{l|gll, 64). (3.8)

From inequalities 2.32 and 3.8 we have

Kyyiprx

Pred, > 17| miind /o], 6}

Lemma 3.3. Under assumptions GS -GS s, there exists a positive constant K3, such that

1Z{ Vau(Pdy)l

[gx (Vi Ped}) — qr(viPredi)] = Kyl Z) Vg (Prd})| minf 1Bl

s Al (3.9)

Proof. Since the conjugate gradient method is used to solve subproblem 2.22 to obtain an
approximate solution for d, then the fraction of Cauchy decrease condition 2.23 is hold and we will
consider two cases:

Firstly, if d_]tfp = —m(zgvcﬁc([)kd:)) and Ak(Zgqu(Pde))TBkZZqu(Pde) <

1Z] Vqi(Prd)|l, then

qu(Pedy) — qi(P(d} + Z,dT)) qu(Ped}) — qi(P(d] + Z,d7))
Stc 1 step’ 5 Fte
= —(ZkTqu(Pde))Td]ip - Edltcp Bkd;{p

= AdIZ{Vau(Pid))l
2

k T n\\T p 7T n
- (Z{ Vau(Pid) BZ{ Vq(Pud)]
2Z] Vge(Pedp|p TR T T
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\%

1
ANZE Vg (Pidl)]| - EA"”ZZ Vai(Prd)l

\%

1
SMIZ] Vg Pl (3.10)

B 1Z] Va(Ped)IP
ZIV g (Ped) BeZ! Vau(Pid,

Secondly, if 47 =
1Z] Vqi(Pid)|P, then

)ZkTqu(Pde) and AW(ZVqu(Pd) BZI Vqu(Pid}) >

G(Pid}) = (P} + Zd ) = quPud) = u(Pd] + Zid,")

= VP & - S0 B
\ZI Vi (Ped)II*
(ZIVqu(Pd) BLZIV qi(Pidy)

~ \Z Vg(Ped)II*
2(ZIVgi(Pd)T BLZI V qi(Pd))
\Z{ Vai(Ped)|I*
2ZVqi(Pd) BZV qi(Pidy)
\Z] Vi (Ped)I?

211B4l G0
From inequalities 3.10, 3.11, and using necessary assumptions, we have
qi(Pedy) — qi(Pi(d}; + ijlt:p)) > K3\|IZI Vg (Pd)| min{”zgvﬁc%, Ai}.
From condition 2.23 and the above inequality, we have
G (Ped}) — qu(P(d} + Zidy)) = K3 Z] Vgu(Prd)| min{”zgvclllk#, Ag}. (3.12)

Since 0 < y; < 1, then we have

4 (ViPedy) — (i P(d] + Zidy)) 2 yilqu(Pid}) — qu(P(d} + Zid))].
From the above inequality and inequality 3.12, we have

1Z{ Vg (P

Gy Ped}) — gy Prdi) > KayillZ] Vai(Pid})|| minf 1Bl

s A}

This completes the proof.
The following lemma is needed in many forthcoming lemmas. In what follows, we use implicitly
that thdz = thdk.

Lemma 3.4. Under assumptions GS -GS s, there exists a positive constant K, such that
41 (0) — qu(yiPrd) — A (hy + (P V) vidi) > —Kayillll. (3.13)
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Proof. Since d} is normal to the tangent space, then we have

(Al (P VRIL(P V) (P VRO (P V) dill
(P V) [(P V)T (PO T + (P V) dy = Bl

(P VROV AT (P VRO U + (P V)T dill + (1.

IA

Using the fact that || + (PVh)Tdyl| < ||hill, we have
|| < 2P VRO PLV )T (PR el
From above inequality and necessary assumptions, we have
gl < KallAall. (3.14)
Since

1
q(0) — Gu(viPrd}) — A (hy + (P VR vidy) = —(PiV.6) yidy — E”zdz 'Bidy
— A, (hy + (P VRO yidy)

1
> =yllPeV el — EY}%”Bk””dZ”Z
~[IA I + (P yid)l
1
2 =YllPeValill + Syl Bulllldellldill = A A

From the above inequality and inequality 3.14 and using the fact that ||d}|| < 6,4, Wwe have
qi(0) — ey Prd)) — A (hye + (P V) yidi) > —Kayillll.

This completes the proof.

Lemma 3.5. Under assumptions GS -GS s,

o NIZIV g (PdD|
Pred, > KyyllZIVau(Pidy)l| mm{W . A
—Kayillall + ol = Wi + PV yvidil . (3.15)

Proof. From Equation 2.31, we have

Pred), qi(0) — qu(yiPrdy) — AN (i + (PeV ) yvidy) + orlllil? = iy + (P VR yidil]
(g (Vi Ped}) — @r(viPrd)] + [qi(0) — qu(ya Prdy) — A (hy + (P V) yidy)]

+orlllel? = 1 + (PeVR) yidil 1.

Using inequalities 3.9 and 3.13, we obtain the desired result.
The following lemma shows that, if ||ZkTPka€k|| > g and ||| < ndy at any trial iteration k', then
the penalty parameter p is not increased.
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Lemma 3.6. Under assumptions GS| — GS's, if||ZkTPkafk|| > &1 and ||| < noyi at any trial iteration
ki, then there exists a positive constant Ks, such that

Predy > Ksyuou + pillll® = Iy + (P VR yudisl ), (3.16)
where 1 is given by
V3 £ Kse &1
O0<n< i L) e
7 min { 2K4 2blK45max 8I<4 mln{ blémax }

Proof. Since ||ZkTPka€k|| > &1 and ||hi|| < oy, and using inequalities 3.1 and 3.14, we have

1Z{Va(Peddll = IZL PV i + Bidy)|
> 11Z; PVl = 1Z{ By
> - b1K4||I’lki|| > & — b1K47]6ki.
Butn < m , hence
1
1Z{ V(P = 8- (3.17)

From inequality 3.14, assumption ||i|| < nd;, and n < % then we have ||}l < kanép < K4£6k,- =

‘/736,{,-. Since Ay = /513,. - IIdZ,.IIZ, then Ay > %6,(1-. Hence, from inequalities 3.15 and 3.17, we have

Predii > Kﬁ""‘g‘ min( bfs:nax’ 165 — Keyandi + pullld = e + (PVAY yiadiel P
Butn < K’S] mln{b e, }, hence
Predy > K”S""‘s‘ min{ b;;ax’ 16x + pulllelP = Ve + (PR ol P1.
The result follows if we take K5 = K?f‘ min{—= B 5 , 1}

The following lemma shows that, at any iteration k, we can find an acceptable step after finite
number of trials, or equivalently, the condition Ared,;/Pred,; > T, will be satisfied for some finite ;.

Lemma 3.7. Under assumptions GS | — GS's, if ||h]| > &, where €, > 0, then Ared,;/Pred,; > 1| will
be satisfied for some finite j.

Proof. From inequalities 3.2, 3.4, and assumption ||/|| > &, we have

Ared,, ' _ |Aredy — Pred;] < 2K1'}’k5i
Pred; -

PFEdk - K2')/k81 min{sl , 5/(} '
If the trial step d;; gets rejected, then ;; becomes small and hence we have

Ared; 1‘ < 2K,6;
Pred,; Kre,

That is the acceptance rule will be met after finite number of trials (i.e.,for finite j) and this completes
the proof.
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Lemma 3.8. Under assumptions GS| — GS s and at any iteration k, if

. (1 =-1)K;
dii|| < — 1|4, 3.18
|ldyill < min{ K, HiAll (3.18)

at the j™ trial step, then the step must be accepted.

Proof. Assume that inequality 3.18 holds and the step d;; is rejected. From the way of updating
trust-region radius which is clarified in Algorithm 2.2 we have

|Ared,; — Pred,,|
Pr edk./ .

1-7)<

From the above inequality and using inequalities 3.2, 3.4, and 3.18 we have

|Ared,i — Pred,i|  2K\\ldull? 1
1-1))< < < —=(1-1)).
! Pred,, Kollbdlildall = 20

This is a contradiction with the assumption d;; was rejected. Hence the step must be accepted.

Lemma 3.9. Under assumptions GS | — GS 5 and for all trail iterates j of any iteration k we have

6min 1_ K
RS VLSRRI (3.19)

Sy > mi
oz min{=7 4K,

where by = sup, g ||hl|.

Proof. Consider any trial iterate k/, if j = 1, then the step is accepted and hence

6k-f = 61{‘ > 6min >

5min
p 1 H, (3.20)
2

such that b, = sup g 1Al
Now, if j > 1, then there exists at least one rejected trial step. For all rejected trial steps, we have

from Lemma 3.8, .
. (I =1)K;
di ’1 h D)
\ldill > mlrl{—AfK1 Hi7ll

foralli = 1,2,...; — 1. Since d}; is rejected trial step, then from the way of updating the radius of

trust-region, we have
(I -1DK;

B0 = Blld 1) > By min{ ===, gl

From the above inequality and inequality 3.20, we obtain the desired results.
The following lemma show that the sequence of trust-region radii {0;,} is bounded away from zero
if {||/]|} is bounded away from zero.

Lemma 3.10. Under assumptions GS1 — GSs, if ||| = €1 where &, > 0, then there exists a constant
K¢ > 0 such that
O > Ko, (3.21)

for all trial iterates j of any iteration k.
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Proof. From Lemma 3.9 and the condition ||//|| > &, the proof follows directly by taking K¢ =

. 1-t)K. -
min{%22, g, 508 B, e,

Lemma 3.11. Under assumptions GS | — GS s, there exists a subsequence {k;} of the iteration sequence
at which py, is increased such that at any trial steps j of any iteration k € {k;}, we have

Pllhel < K. (3.22)

where K7 is a positive constant.
Proof. At any trial steps j of any iteration k, if p;; is increased, then from equation 2.33, we have

%[Hhkﬂz — e+ (PR ywdilP] = [qi(Peyiidi) — q(Prywdy)]
+Ha(Peywdyy) = qi(0) + Ay (hy + (P V) yudy)]
C
+30[||hk”2 — i + (P V) yidi 1.
Applying inequality 3.8 on the left hand side and inequalities 3.9, 3.13, and 3.14 on the right hand side,
we have

Koouive . NZI VPt
2’)2"’”’||hk||mm{||hk||,5k,»} < —KyyillZ" Vau(Pdl)| min B K A
+Kyyiillill + coyil PV iyl |
60713/ T2 an 112
+ NPT Pl P,

CoK4Yki

2

< [Ky+ cokal| PV iyl + IR PN | Tyl .

From assumptions GS,, GS 3, and using the fact that IIdeII < 64 < Opax, WE have
prllell min{|ligll, 6} < Kl (3.23)
From inequalities 3.19 and 3.23, there exists a constant K7 > 0 such that
pPrilllull < K3,

at any trial steps j for any iteration k € {k;}.
In the following lemma we will prove that the sequence {||/||} is not bounded away from zero when
{ox} unbounded sequence.

Lemma 3.12. Under assumptions GS | — AS'¢, there exists a subsequence {k;} of the iteration sequence
at which py, is increased such that
klim |17, 1] = O. (3.24)

Proof: From Lemma 3.11 and the assumption p; is increased, we obtain the desired result.
In the following section, we prove the main global convergence results for IPTR algorithm 2.4.
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3.3. Fundamental convergence theorem

In the following theorem we prove that the sequence of the iterates generated by algorithm 2.4
converges to the feasible set.

Theorem 3.1. Under assumptions GS| — GSs, the sequence of iterates generated by IPTR algorithm
satisfies
lim |17l = 0.

Proof. The proof of this theorem is by contradiction, so we assume that lim sup,_, , [|/|| > €, where
g1 > 0. This implies the existence an infinite subsequence of indices {k;} indexing iterates that satisfy
||| > %, for all k € {k;}. From Lemma 3.7, there exists a finite sequence of acceptable steps. Without
lose of generality, we assume all members of the sequence {k;} are acceptable iterates. Now we will
consider two cases:

Firstly, if the sequence of the penalty parameter {p,} is unbounded, then there exists a subsequence
{k;} of the iteration sequence at which py is increased. Using Lemma 3.12, we have limy,_, [|/,]| = O.
Therefore, there are no common elements between {k;} and {k;} at iteration k which is sufficiently large.
From inequality 3.4 and Lemma 3.10, we have

Ared Pred K K _
T s 1 2 s 1 2 min 2 6 2 1 22 min 2 K, (3.25)
Prk Pr 4 2 2

for all k € {k;}, such that Ks = 5 min{%2, 8, 550082 g}, Since

Ared, = DO(xi, A pr) — POxx + ViPrdi, Aks1s Pr)s
= 0% ) = €001y Ast) + olllel® = Vs 1],

then from 3.25 we have

Ared £, — € K _
E o Tl Wl = W IP > 11 2222 min[ 2L, Rq ] > 0. (3.26)
Pk Pk 2

Hence

= ¢
“— I = Wl > 0. (3.27)
k

for all acceptable steps which are generated by IPTR algorithm 2.4. Let k € {k;} be an element between
the two elements k; and k;,; which are consecutive elements of the sequence {k;}. From inequality 3.26,

we have
kA

i+1_1

{6 = )
D P =

”2 > SIKZ)//C

T min[ﬂ,f((,] > 0.

i+1 -
k=k: k 4 2
Since the value of py is the same for all iterates k;, ...,k ; — 1, we have
f/«. - fka 81K2’}/k . €1 S
——— gl =l P = 7 7 min[=, K.

:
Since p; — o0 as k — oo, and |{;| is bounded, we can write

K _
diacd min[ﬂ, Kg] > 0,

2 2
Wi |17 = 1A, NI” = 71 >
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for k; sufficiently large. But this leads to a contradiction with Lemma 3.12.

Secondly, if the sequence of the penalty parameters {p;} is bounded, then there exists an integer k
such that for all k > k, we have p; = p. Since all the iterates of {k;} are acceptable, then for any k € {k;}
we have

O — O, = Aredy > 1, Predj. (3.28)

From Lemma 3.10, inequality 3.4, we have for any k € {k;} and k > k

Kyti0 .
Pred; = ==yl minligl 5
Kytipe, . £
> 4 mln{ll2 5 1}6;
> Kgé,; > KﬁKg, (329)
such that Kg = KZTip “L min{||52-, 1}. From inequalities 3.28 and 3.29, we have

26max ’

(ch - q)l~<+l > 11KKg > 0.

This gives a contradiction with the fact that {®;} is bounded below when {p,} is bounded. Hence in
both cases, we have a contradiction. Thus, the supposition is not correct and the theorem is proved.

Theorem 3.2. Under assumptions GS | — GS's, the algorithm is terminated because
]}Lrilo[IIZZPkakll + ] =0

Proof. Assume that IPTR algorithm 2.4 does not terminate and that some subsequences of
{IIZ] P,V E€,I} convergence to zero, then the nontermination is immediately contradicted by Theorem
3.1.

Now assume that for k sufficiently large, there exists an index k > k such that ||ZkT P V{ | = €. Let
{k;} be a subsequence of iterates that satisfy ||y || > 176y;, then limy o, 6x; = 0 such that limy, o ||y || =
0. This implies the existence of an infinite sequence {k;} of rejected trial steps. But this leads to
contradiction. To show this, we consider two cases:

Firstly, if the sequence of the penalty parameter {p;} is unbounded, then from inequalities 3.3 and
3.4, we have

|Aredy, — Pred; | - (ki lldi I1* + Kapi, 1, 1P+ &30k, 1 P11 1]
Pred,, - S0k i |l min 1A, 6}
[kl I1* + kapic 1 PP + K3pi |l P11 1]

2 pi; I My, || min{n, 1}
2k, 2y 2K3 O,
, + =+ —]————.
Kopynmin{n, 1} K,  Konp min{n, 1}

IA

‘Aredk/.—Predk/‘
Predkj
lld;|| must be accepted. This leads to a contradiction, so ¢;; must be bounded away from zero in this

case.

As py; — o0 and 6;; — 0, then — 0. This means that for k; large enough, all trial steps
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Secondly, if the sequence of the penalty parameter {p;} is bounded, then there exists an integer k
such that for all k > k, p; = p. Now, we discuss three cases:

1] If the previous step is accepted ( j = 1), then from the way of updating the trust-region radius in
algorithm 2.2, we have 6;; > ,,- That is &, is bounded away from zero in this case.

2]1If j > 1 and ||y, || > oy, forallr =1,---,j— 1. Then

|Ared;, — Pred,,|
Pred,

(1 —Tl) <

such that all the trial steps on {k;} are rejected. From above inequality and inequalities 3.2 and 3.4 we
have

|Ared,, — Pred,,| 2K ||dy, ||
(1-1) < < e
Pred,, Ks|lhy, || min{1, n}
Hence .
K>(1 — 7)) min{1, 7}
2K,
But from the way of updating the radius of trust-region in algorithm 2.2, all the rejected trial steps

satisfy o, = Billdy, |, hence

lld, Il >

172k, ]|

K>Bin(1 — 71) min{1, n}}

O = d > 1)
k= Billde_ Il > 2K, 3
K>Bin(1 —Tl)min{l,n}d _
- 2K1 min-

This means that §;, is bounded away from zero in this case.
31 If j > 1 and || || > 1o, does not hold for all ». Hence, there exists an integer i such that
g, |l < noy, forall r = 1,--- i, and ||h || > nox, forall r =i+ 1,---,j— 1. Since || || > nd;, for all

r=i+1,---,j—1, then as the above case we can prove ¢, is bounded away from zero.
The case when ||i || < 6y, forall r = 1,--- i, then for all rejected trial steps, we have
Ared, — Pred
(1 - 1y) < Areds el

Pred,,
From inequality 3.2, Lemma 3.6, and the above inequality, we have

|Aredy, — Predy,| _ Kiplldy||

(1 —Tl) <

Predkr N K5
Hence (1 )
-7
| > == —.
1P
From the way of updating the radius of trust-region, we have for all rejected trial step
Ks(1 —1y)
6, = Bild, | > PR T,

Kb

Hence, 6y, is bounded away from zeros. This leads to a contradiction and then for k; sufficiently large,
all the iterates satisfy ||| < 170y,
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For all successful steps and from the way of updating the radius of trust-region and Lemma 3.6, we
have for all k € {k;} and k > k

Oy — Oy, = Aredy > 1, Pred; > 1, Ksy Sy, for all k> k.

We proved in the above cases, that 6;; is bounded away from zeros. Then ®; — @y, > 0 . This leads
to a contradiction with the fact that {®,} is bounded below when {p;} is bounded. Hence in both cases,
we have a contradiction. Thus, the supposition is not correct and the theorem is proved.

4. Application

In this section, firstly the proposed algorithm IPTR is applied to the engineering application which
is called two-echelon supply chain system with one manufacturer and one retailer.

The manufacturer purchases raw materials from the supplier first, then after the manufacturer’s
production and processing, the end products are sold to the retailer, this problem is formulated as
bilevel models for joint pricing and lot-sizing decisions, see [34].

max,, s fu = (tz - i)s - TC - Mc)tll3y1 — O.SE‘mTPSt3(y1 — 1) - Omtl

s.t. P, +T.+M,. <t <10,
L= 0,
max,,,, fi=thhtsyi(ya—1)—0.5¢,Ttt; — Oty
S.t. I <y, <5,
yi > 0.

where T = 52; P, =4;T. =05, M, = 1, &, = ¢ = 0.001; O,, = 400; O, = 200. For more details
about the above application and its notations, see [34].

We solve this model in case of the manufacturer is the leader, who makes the first decision, and
the retailer is the follower. Our results, when applying Algorithm (2.4) is t; = 5.8778, t, = 6.002,
t; = 19710.195, y; = 7.691, y, = 2.6007, f, = 431230, and f; = 8548300, which is closed to whose
reported in [34].

Secondly, we introduce an extensive variety of possible numeric bilevel nonlinear programming
problems to clarify the effectiveness of our IPTR algorithm, since, Problems 1,2,6,7,13, and 14 have
quadratic functions in both levels. Problems 3,4,5,8,9 all the inner level functions are convex and
Problem 10 [27], at fixed x, the inner problem is convex. These problems are solved numerically with
the help of algorithm (2.4) to clarify the effectiveness of that approach. For each test example, 10
independent runs with different initial starting point are performed to observe the consistency of the
outcome. Statistical results of all examples are summarized in Table 1 which shows that the results
found by the IPTR algorithm (2.4) are approximate or equal to those by the compared algorithms in
the literature.

Table 1 also including the mean number of iterations (iter),the mean number of function evaluations
(nfunc), the mean value of CPU time (CPUs) in seconds.

For comparison, we have included the corresponding results of the mean value of CPU time (CPUs)
obtained by Method in [31](Table 2), [27](Table 3), and [44](Table 4) respectively. It is clear from
the results that our approach is capable for treating nonlinear bilevel programming problems even the
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Problem 1 [31]:

min, fu=yi+y;+12—4t
s.t. 0<r<2,
min, f; =yt +0.5y; + yiyo+
(1 =30y; + (1 + D)y,
s.t. 2y +y, =2t < 1,

V1 2> 0’ Y2 > O
Problem 3 [31]:
min, fu= 0.1(t% + t%) =3y — 4y, + O.S(yf + y%)
s.t.
min, f; = 0.5(y7 + 5y3) = 2y1y2 — hiyr — taya,

s.t. —0.333y, +y, -2 <0,
V1 — 0333y2 -2< 0,
) 20, y2>0,

min,
S.t.

min,,

s.t.

min,
s.t.
min,
s.r.

Problem 2 [31]:

fu=yi+y5—yiys =4y =Tt + 40,

h+t <1,

Hh=>0 £6=>0

fi=y1 +0.5y5 + 0.5y; + yiyo+
(I =3ty + (1 + 02)yo,

2y1 +y,—y3+1 -2t +2<0,
yvi=0; y>20 y;>0.

Problem 4 [31]:

fu=0-201+06-20+y +Y]
h=>0, >0

fi= =10+ (- n),
0.5<y <15,

0.5<y, <15,

upper and the lower levels are convex or not and the computed results converge to the optimal solution
which is similarly or approximate to the optimal that reported in literature. Finally, it is clear from the
comparison between the solutions obtained using IPTR algorithm with literature, that IPTR is able to
find the optimal solution of all problems by a small number of iterations, small number of function

evaluations, and less time.

We offered the numerical results of our algorithm using MATLAB (R2013a)(8.2.0.701)64-
bit(win64) and a starting point x, € int(é). The following parameter setting is used: 6,,;,, = 1073,
0p = max(llsgpll,dmm), Omax = 10350, T = 10_4, Ty = 075,ﬂ1 = 0.5,,82 =2,£€=001,¢ = 10_8, and

& = 10_10.
Problem 5 [31]:
min, fu =1+ -10)
sit. —-t+y<0,
0<r<15,
min, f; = (t + 2y — 30)%,
s.t. t+y <20,
0 <y<20,
AIMS Mathematics

min;,
S.t.
min,
s.1.

Problem 6 [31]:

fu=(=1)?+2y} =2t

t>0,

fi= @y =4+ 2y - 1> +1y1,
4t + Sy, + 4y, < 12,

—4f — 5y1 + 4y2 < —4,

4t — 4y + S5y, < 4,

-4t + 4y, + S5y, < 4,

20, »=0,

Volume 7, Issue 4, 5534-5562.
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Problem 7 [31]:

Problem 8 [31]:
min, fu=@=5%+2y+1)?

st. t>0, min, fu=1=3t+06-30+y1+Y;
min, f = (2y—1)* - 1.5y, st. 1120, £>0,
sit. =3t+y< -3, min, fi= (1 —1)+ O — )%
t—0.5y <4, sit. 05<y, <15,
t+y<7, 0.5<y,< 1.5,
y=>0.
Problem 9 [27]: Problem 10 [27]:
min, fu = 161 +9y? min, f, =8y +y
s.t. -4t +y <0, st. 0<r<l,
t>0, min, f; = -y
min, f; = (t+y-20)", st ty; <10,
s.it. 4t+y-50<0, Yty <1,
y > 0. vy, > 0.

Problem 11 [44]:

. Problem 12 [27]:
min, fu =2t +2t, — 3y; — 3y, — 60
s.t. t + 1t +y — 2y, <40, min, fu=@=37+(-2)?
0<#t <50, s.t. -2t+y—-1<0,
0<1 <50, t—2y+2<0,
min, f; = (y; —t +20)* + (y2 — 1 + 20)%, t+2y—14<0,
s.t. =2y, > 10, 0<t<8,
tr — 2y, > 10, min, f;=(y-5)°
-10 <y; <20, s.t. y > 0.
—10 <y, < 20.
Problem 13 [44]:
min, fu=—12 =38 -4y, +> Problem 14 [44]:
s.1. t% + 2t2 S 4, . _ 2 2
min, f; =2 +y> -5y, St t20,
Y . ’ min, f; = 0.5y* + 500y — 50ty
s =2 + 26 =2y +y, > =3, o Y v>0.

t +3y; — 4y, > 4,
y1207 )’220
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Problem 15 [44]:

min;
S.t.
min,
s.1.

yi >0,

L >0

<
<

1,
1,

Ju = =8ty — 41, + 4y — 40y, — 4ys
H =0,
Ji=t+20+y+y2 + 2ys,
y2+ys—y <1,

2l1 -y + 2y2 - 05y3
2t2 + 2_)71 — Y2 - 05y3
i=1,2,3.

min,

min,,
S.t.

Problem 16 [44]:

Jfu= =8t — 41, + 4y, — 40y, — 4y;

Hh=>0 >0
f _ 1+t1+0+2y1—y2+y3
L= T612614y14y2-3y3 °

“Vity2+y;+ys=1,

26 —=y1 + 2y, = 0.5y; +ys = 1,
2t2 +2y1 %) —0.5_)/3 + Y6 = 1,
vi=0, i=1,..,6.

Table 1. Comparisons of the results by IPTR algorithm 2.4 and methods in reference.

Problem | (t.,y.) I iter CPUs (tesys) I
7 nfunc | time "
name IPTR IPTR IPTR | IPTR | Ref. Ref.
prob(1) | (0.8503,0.0227, 26764 11 1.43 (0.8438,0.7657,0) | -2.0769
0.03589) 0.0332 12 -0.5863
prob(2) | (0.609, 0.391, 0, 0.6086 10 1.987 | (0.609,0.391, 0, 0.6426
0,1.828) 1.6713 14 0, 1.828) 1.6708
prob(3) | (0.97,3.14, -8.92 6 29 (0.97,3.14, -8.92
26,18) 6.05 8 26,1.8) -6.05
prob(4) | (5..5..5,.5) 1 10 1.68 (0.5,0.5, 0.5, 0.5) -1
0 14 0
prob(5) | (9.839,10.059) 96.809 6 1.635 | (10.03, 9.969) 100.58
0.0019 9 0.001
prob(6) | (1.6879, 0.8805,0) -1.3519 6 4.1 NA 3.57
7.4991 11 2.4
prob(7) | (1,0) 17 12 1.9 1,0 17
1 13 1
prob(8) | (0.75,0.75, 2.25 10 1.002 | (V3/2,V3/2,V3/2, | -2.1962
0.75, 0.75) 0 11 V3/2) 0
prob(9) | (11.138.5) 2209.8 10 1.95 (11.25,5) 2250
222.52 13 197.753
prob(10) | (1,0,6.6387e-06) 6.6387¢-06 | 5 2987 | (1,0,1) 1
6.6387e-06 | 7 1
prob(11) | (24.972,29.653, 4.9101 9 3.742 | (25,30,5,10) 5
5.0238,9.7565) 0.01332 12 0
prob(12) | (3.5) 9 8 1.23 (3.5 9
0 9 0
prob(13) | (0,1.7405, -15.548 5 2.1 (0,2,1.875,0.9063) -12.68
1.8497,0.9692) -1.4247 7 -1.016
prob(14) | (10.016,0.81967) 81.328 6 2.12 (10.04,0.1429) 82.44
-0.3359 8 0.271
prob(15) | (0,0.9,0,0.6,0.4) 292 5 20.512 | (0,0.9,0,0.6,0.4) 292
3.2 6 3.2
prob(16) | (0,0.9,0,0.6,0.4,0,0,0) | -29.2 5 40.319 | (0,0.9,0,0.6,0.4,0,0,0) | -29.2
0.3148 7 0.3148
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Table 2. Comparisons of the results by IPTR (2.4) and method [31].

Problem | (., y.) I CPUs | (t.,y.) I CPUs
I I
name IPTR IPTR IPTR | method [31] method [31] | method [31].
prob(1) | (0.8503, 0.0227, -2.6764 | 1.43 | (0.8462,0.769 2,0) | -2.0769 1.734
0.03589) 0.0332 -0.5917
prob(2) | (0.609, 0.391,0, 0.6086 | 1.987 | (0.6111, 0.3889,0, | 0.6389 2.375
0,1.828) 1.6713 0, 1.8333) 1.6806
prob(3) | (0.97,3.14, -8.92 2.9 (1.0316,3.0978, | -89172 3.315
2.6,1.8) -6.05 2.5970,1.7929) | -6.1370
prob(4) | (0.5,0.5,0.5,0.5) -1 1.68 | (0.5,0.5,0.5,0.5) -1 1.576
0 0
prob(5) | (9.839,10.059) 96.809 | 1.635 | (10, 10) 100 1.825
0.0019 0
prob(6) | (1.6879, 0.8805,0) | -1.3519 | 4.1 (1.8889, 0.8889,0) | -1.2099 4.689
7.4991 7.6173
prob(7) | (1,0) 17 1.9 (1,0) 17 1.769
1 1
prob(8) | (0.75,0.75, -2.25 1.002 | (0.75,0.75, -2.25 1.124
0.75, 0.75) 0 0.75, 0.75) 0

Table 3. Comparisons of the results by IPTR (2.4) and method [27].

Problem | (%.,y.) I CPUs | (t.,y.) I CPUs
" fr
name IPTR I{)TR IPTR | method [27] nllethod [27] | method [27].
prob(9) | (11.138,5) 2209.8 1.95 | (11.25,5) 2250 2.21
222.52 197.753
prob(10) | (1,0,6.6387e-06) | 6.6387e-06 | 1.9 (1,0,-1) -1 3.38
-6.6387e-06 1
prob(12) | (3,5) 9 1.23 | (3,5) 9 -
0 0
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Table 4. Comparisons of the results by IPTR (2.4) and method [44].

Problem | (¢.,y.) I CPUs (te, y4) Iy CPUs
i i
name IPTR I{DTR IPTR method [44] rrllethod [44] | method [44].
prob(3) (0.97, 3.14, -8.92 2.9 (1.03, 3.097, -8.92 11.854
2.6,1.8) -6.05 2.59,1.79 -6.14
prob(5) (9.839,10.059) 96.809 1.635 (10,10) 100.014 5.888
0.0019 4.93e-7
prob(6) (1.6879, 0.8805,0) -1.3519 | 4.1 (1.8888,0.888) -1.2091 25.332
7.4991 7.6145
prob(11) | (24.972,29.653 49101 3.742 (0,30,-10,10) 0 37.308
5.0238,9.7565) 0.01332 100
prob(13) | (0,1.7405, -15.548 | 2.1 (4.4e-7,2, -12.65 14.42
1.8497,0.9692) -1.4247 1.875,0.9063) -1.021
prob(14) | (10.016,0.81967) 81.328 2.12 (10.0164,0.8197) 18.3279 4.218
-0.3359 -0.3359
prob(15) | (0,0.9,0,0.6,0.4) -29.2 20.512 | (0,0.9,0,0.6,0.4) -29.2 45.39
3.2 32
prob(16) | (0,0.9,0,0.6,0.4,0,0,0) | -29.2 40.319 | (0,0.9,0,0.6,0.4,0,0,0) | -29.2 107.55
0.3148 0.3148

5. Concluding remarks

This paper presented a new technique for solving a nonlinear bilevel optimization problem based
on using the slack variable with KKT condition to transform NBLP problem into an equivalent
smooth SONP problem. A Newton’s interior-point method with Das scaling matrix is utilized to
solve the equivalent smooth SONP problem effectively. Newton’s method is locally method, so a
trust region technique is utilized to ensure global convergence from any starting point. On applying
this methodology we overcome some known difficulties on treating such problems, as

e A trust-region technique can induce strongly global convergence, which is very important
technique for solving a smooth optimization problems and is more robust when they deal with
rounding errors

e Our approach used to transform Problem 1.3 which is not smooth to smooth problem

e Using the interior-point method guarantees the converges quadratically to a stationary point.

On the other hand, the global convergence theorems for the IPTR algorithm is presented and numerical
results reflect the good behavior of our algorithm and computed results converge to the optimal
solutions. Finally, it is clear from the comparison between the solutions obtained using IPTR algorithm
with literature, that IPTR is able to find the optimal solution of all problems by a small number of
iterations.
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