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Abstract: The inclusion relation and the order relation are two distinct ideas in interval analysis.
Convexity and nonconvexity create a significant link with different sorts of inequalities under the
inclusion relation. For many classes of convex and nonconvex functions, many works have been
devoted to constructing and refining classical inequalities. However, it is generally known that
log-convex functions play a significant role in convex theory since they allow us to deduce more
precise inequalities than convex functions. Because the idea of log convexity is so important, we
used fuzzy order relation(<) to establish various discrete Jensen and Schur, and Hermite-Hadamard
(H-H) integral inequality for log convex fuzzy interval-valued functions (L-convex F-I-V-Fs). Some
nontrivial instances are also offered to bolster our findings. Furthermore, we show that our
conclusions include as special instances some of the well-known inequalities for L-convex F-I-V-Fs
and their variant forms. Furthermore, we show that our conclusions include as special instances some


https://doi.org/10.3934/math.2022226
mailto:nkamsi@kku.ac.th

4339

of the well-known inequalities for L-convex F-I-V-Fs and their variant forms. These results and
different approaches may open new directions for fuzzy optimization problems, modeling, and
interval-valued functions.

Keywords: log convex fuzzy interval-valued function; Riemann integral operator; Jensen type
inequality; Schur type inequality; Hermite-Hadamard type inequality; Hermite-Hadamard-Fejér type
inequality

Mathematics Subject Classification: 26A33, 26A51, 26D10

1. Introduction

Convex functions are well-known for their importance and superior applications in a variety of
domains, particularly in integral inequalities, variational inequalities, and optimization. As a result,
substantial effort has gone into analyzing and describing many aspects of the traditional concept of
convexity. Several writers have recently examined several extensions and generalizations of convex
functions, such as generalized convexity [1], s-convexity in the second sense [2], #-convexity [3],
P-convexity [4], and so on.

In classical approach, a real mapping 2: K — R is named as convex if

A0+ (1 —¢)y) < cAD) + (1 — O)AW), (1)

forall 9,y € K,¢ € [0,1]. If U is a concave, then inequality (1) is flipped.

The integral problem and the idea of convexity is a fascinating subject for investigation. As a
result, several inequalities have been offered as convex function applications. Among these, the H-H
inequality is a fascinating convex analytic result. The H-H inequality [5,6] for convex function
A: K - R onan interval K = [y, v]

U () < = [ W(@)do < M, @)
forall 0 € K. If 2 is a concave, then inequality (2) is flipped.

We should notice that H-H inequality is a refinement of the idea of convexity, and it readily
follows from Jensen's inequality. In the recent few decades, H-H inequality has drawn a large number
of authors to this topic. It's worth noting that (2) may be used to generate some of the standard
inequalities for function A selection.

If A is concave, both inequalities hold in the opposite direction. Ostrowski inequality [7,8],
Jensen type inequality [9], and H-H type inequalities are examples of inequalities that generalize,
enhance, and extend the inequality (2). Fejér created the H-H Fejér inequality as the most important
weighted extension of H-H inequality in [10].

Let A: [y, v] » R* be a convex function on a convex set K and u,v € K with u< v.
Then,

u+v 1 v AW+ AW) (v

If A is concave, then inequality (3) is flipped. If Q(0) = 1, then we obtain (2) from (3) with
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the assistance of inequality (3), many inequalities can be obtained through special symmetric
function Q(d) for convex functions.

It is well knowledge that log-convex functions are important in convex theory because they
allow us to construct more precise inequalities than convex functions. Some writers have recently
studied other classes of log-convex and log-nonconvex functions, such as #-convexity [11], s-log
convexity [12], and log-preinvexity [13,14], among others. The log-convex functions introduced by
Pecari’c et al. [15] are a significant subclass of convex functions. Dragomir further looked into
several log convex function features and developed H-H and Jensen [16-22] type inequalities for
various log convex function classes.

On the other hand, to improve the accuracy of measurement findings and perform error analysis
automatically, Moore [23] and, Kulish and Miranker [24] have proposed and examined the notion of
interval analysis, replacing interval operations with simple operations. It is a field in which an
uncertain variable is represented by a range of real numbers. Robotics, computer graphics, error
analysis, experimental and computational physics, and many more fields have applications.
Following their research, other writers turned to the literature to present several key generalized
convex classes and inequalities for set-valued and interval-valued functions. With the use of fuzzy
variational inequality, Nanda and Kar [25] and Chang [26] studied the concept of convex fuzzy
mapping and discovered its optimality condition. Fuzzy convexity generalization and extension play
an important role in a variety of applications. Let us mention that preinvex fuzzy mapping is one of
the most well studied nonconvex fuzzy mapping classes. Noor [27] presented this concept and
demonstrated certain findings using a fuzzy variational-like inequality to identify the fuzzy
optimality condition of differentiable fuzzy preinvex mappings. We suggest readers to [28-32] and
the references therein for more examination of literature on the applications and properties of
variational-like inequalities and generalized convex fuzzy mappings. Romén-Flores et al. found
Beckenbaches inequality for interval-valued functions in [33,34]. Chalco-Cano et al. derived
Ostrowski type inequalities for interval-valued functions using the Hukuhara derivative in [35,36].
Zhang et al. [37] used a pseudo order relation to establish a novel version of Jensen's inequalities for
set-valued and fuzzy set-valued functions, proving that these Jensen's inequalities are an expanded
form of Costa Jensen's inequalities [38]. In addition, for interval-valued functions (I-V-Fs) and
F-I-V-Fs, fuzzy-interval and interval inequalities [39-41], fuzzy differential inequalities [42], are
some related inequalities. See [43—58] for further details.

The goal of this study is to use fuzzy Riemann integrals to establish novel Jensen, Schur, H-H,
and H-H Fejér type inequalities for L-convex F-I-V-Fs. For some exceptional circumstances, such as
log convex functions, we establish our results. We further demonstrate the validity of our major
findings using nontrivial examples. A brief conclusion is presented at the end.

2. Preliminaries

In this section, we introduces some preliminary notions, elementary concepts, and results as a
pre-work, including operations, orders, and distance between interval and fuzzy numbers,
Riemannian integrals, and fuzzy Riemann integrals. Some new definitions and results are also
provided, which will be helpful to prove our main results.

Let R be the set of real numbers and K- be the space of all closed and bounded intervals of R,
and @ € K be established by

AIMS Mathematics Volume 7, Issue 3, 4338-4358.



4341

w=|w, o |={0ER|w, <0 <o}, (w, " €ER).

If w, = @w”, then @ is named as degenerate. If @, > 0, then [w,, @w*] is named as positive
interval. The set of all positive interval is denoted by K} and established as K =
{[w,, @"]: [w, @] € K and @, = 0}.

Let s € R and s@w be established by

[sw,, sw*]ifs > 0,
S.w = 4{0} if s=0,
[sw”*, sw,] ifs < 0.

Then the Minkowski difference ¢ — @, addition w+¢ and w X ¢ for w,§ € K are
established by

[E*:E*] - [ZD'*,ZD'*] = [E* — Wy, f* - w'*]:
[$.. ¢+ o, @] =[§ + @, §"+o7],

*)

and
[£.¢7] X [, w"] = [min{é.@,, § o, {w”, §"o" ), max{{.w., § o, §.w”, § o™}
The inclusion " € " means that ¢ € @ if and only if, [¢,,&*] € [w,, @], if and only if
w, <&, {F<w. (4)
Remark 2.1. [24] The relation " <; " established on K byl[¢,,&*] <; [w,, @w*] if and only if
$<w, §F<w, )

for all [&,,&7], [w,, @w*] € K, itis an order relation.
For [¢,,&%], [w,, @*] € K, the Hausdorff-Pompeiu distance between intervals [£,,¢&*] and
[w,, @*] is established by

d([§.¢7), [, @"]) = max{|§, — @, [§" — @} (6)

It is familiar fact that (K, d) is a complete metric space.

A fuzzy subset T of R is characterize by a mapping &: R — [0,1] named as the membership
function, for each fuzzy set and 8 € (0, 1], then O-cut sets of ¢ is denoted and established as
follows ég ={u € R|é(w) =0}. If 8 =0, then supp(é) ={0 € R| &(d) >0} is named as
support of £.

Let F(R) be the collection of all fuzzy sets and ¢ € F(R) be a fuzzy set. Then, we establish
the following:

(1) ¢ is named as normal if there exists d € R and £(9) = 1;

(2) & is named as upper semi continuous on R if for provided d € R, there exist € > 0 there
exist § > 0 suchthat é(0) —&(y) < ¢ forall y € R with [0 —y| < 6;

(3) ¢ is named as fuzzy convex if &g is convex for every 6 € [0, 1];

(4) & is compactly supported if supp(§) is compact.

A fuzzy set is named as a fuzzy number or fuzzy interval if it has properties (1)-(4). We denote
by F¢(R) the group of all fuzzy intervals.
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Let £ € Fc(R) be a fuzzy-interval, if and only if, 8-cuts [£]? is a noempty compact convex
set of R. From these definitions, we have

[£1° = [£.(6),£7(6)], (7

where
$.(0) = inf{0 € R| £(9) = 6}, §7(0) = sup{d € R| £(0) = 6}.
Proposition 2.2. [39] If ¢, @ € F.(R), then relation " < " established on F(R) by ¢ < @ ifand
only if,
[£1° <, [w]9, forall 6 € [0,1], (8)
this relation is known as partial order relation.
For §,@w € F-(R) and s € R, the sum ¢¥w, product ¢ X @, scalar product s.§ and sum

with scalar are established by:
Then, for all 6 € [0, 1], we have

[EFw] = [£]° + [w]®, )
[§ Xw]® = [£]° x [w]°, (10)
[s.£] = s.[£]°. (11)

For ¥ € F-(R) such that § = w¥, then by this result we have existence of Hukuhara
difference of ¢ and @, and we say that i is the H-difference of ¢ and @, and denoted by {=w.
Definition 2.3. [39] A fuzzy-interval-valued map U: K € R — F-(R) is named as F-I-V-F. For each
0 € (0,1], O-cuts establish the series of I-V-Fs Ug:K € R - K are provided by Uy(0) =
[2,(0,0),U%(d,0)] for all 0 € K. Here, for each 6 € (0,1], the end point real functions
A(,0),UA*(.,0):K > R are named as lower and upper functions of 2.

The following conclusions can be drawn from the preceding literature review [7,39,40,42]:
Definition 2.4. Let 2: [u,v] € R = F(R) be a F-I-V-F. Then, fuzzy Riemann integral of 2 over

[u,v], denoted by (FR) f: A(d)da, it is provided by level-wise

[(FR) [P u(@)do|” = (IR) [ Ug(0)d0 = {J A(3,0)d0 U@, 0) € Reuer},  (12)

for all 6 € (0,1], where R([,,1¢) denotes the collection of Riemannian integrable functions of
[-V-Fs. A is FR-integrable over [u,v] if (FR) f: A(d)dad € F-(R). Note that, if both end point

functions are Lebesgue-integrable, then U is fuzzy Aumann-integrable function over [y, v], see [39].
Theorem 2.5. Let 2U: [i,v] € R = F-(R) be a F-I-V-F and for all 6 € (0, 1], 8-cuts establish the
series of I-V-Fs Uy: [y, v] € R » K are provided by Uy(d) = [AU,(0,0),U"(d,0)] for all d €
[t,v]. Then, A is fuzzy Riemann integrable (FR-integrable) over [u,v] if and only if, U,(3d,6)
and A*(0,0) both are Riemann integrable (R -integrable) over [u,v]. Moreover, if A is
FR-integrable over [u,v], then
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v 0 v v
l(FR) f m(a)da] _ I(R) f 90.(3,0)dd, (R) f m*(a,e)dal
u u

U

= (IR) J,, %y (2)do, (13)

for all 6 € (0,1], where IR represent interval Riemann integration of 2, (d). For all 6 € (0, 1],
FR(uv),0) denotes the collection of all FR-integrable F-1-V-Fs over [u,v].
Definition 2.12. [15] A function U: K — R is named as log-convex function if

Ao + (1 —¢)y) < AD)AW)' 5, va,y €K, ¢ €[0,1], (14)

where (d) = 0, where K is a convex set. If (14) is flipped, then U is named as log-concave.
Definition 2.13. [25] Let K be a convex set. Then F-I-V-F A: K — F-(R) is named as convex
F-I-V-F on K if

A0 + (1 = ¢)y) < ¢UA@)F(1 - )AW), (15)

for all ,y € K,¢ € [0,1], where A(d) > 0. If inequality (15) is flipped, then A is named as
concave F-I-V-F on [u,v]. U is affine if and only if it is both convex I-V-F and concave I-V-F.
Definition 2.14. [25] Let K be a convex set. Then F-I-V-F A: K — F-(R) is named as log convex
F-1-V-F (L-log convex F-I-V-F) on K if

A(cd + (1 —¢)y) < AD)S X ARY)1~9, (16)

forall 9,y € K,¢ € [0,1], where () > 0. If inequality (16) is flipped, then A is named as L-concave
F-I-V-F on [u,v]. A is L-affine if and only if it is both L-convex F-I-V-F and L-concave F-I-V-F.
Remark 2.15. If A is L-convex F-I-V-F, then YA is also L-convex F-I-V-F for ¥ = 0.

If & and J both are L-convex F-I-V-F s, then max((d),J(d)) is also L-convex F-I-V-F.
Theorem 2.16. Let K be a convex set and let U: K — F-(R) be a F-I-V-F with 2(9) > 0, whose
O-cuts establish the series of I-V-Fs Ug:K € R —» K+ © K are provided by

forall d € K and for all 6 € (0,1]. Then U is L-convex (resp. concave) on K, if and only if, for
all @ € (0,1], U,.(9,0) and A*(9,0) both are L-convex (resp. L-concave).
Proof. Let A be a L-convex F-I-V-F on K. Then, forall d,y € K and ¢ € [0, 1], we have

A(60 + (1 - ¢)y) <A@ X AW
Therefore, from inequality (17) and Proposition 2.4, we have

[A.(c0 + (1 —¢)y,0),A(¢0 + (1 —¢)y,0)]
<, [%.(8,0)5,UA(9,0)5] x [A.(y, 0)1=9, A (y,0)1=9)], (18)

It follows that A,(¢d + (1 —¢)y, 0) < U, (9,0)U,(y,0)1~9, and A*(¢d + (1 —¢)y,0) <
A*(9,0)5 A (y,0)1~9, for each O € (0,1]. This shows that A,(d,0) and A*(d,0) both are
L-convex functions.

Conversely, suppose that ,(9,0) and A*(d,0) both are L-convex functions. Then from
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definition and above inequality (19), it follows that 2(d) is L-convex F-I-V-F.
Example 2.17. We consider the F-I-V-F U:[1,4] - F(R) established by,

S 1
1 selog]
a

A0)(s) = 5-s 1 2] (19)
T SE€ 53]’
0 oterwise.

Then, for each 6 € (0,1], we have Uy(d) = [6%, (2—-06) %] Since end point functions

A, (0,0), A*(9,0) are L-convex functions for each 6 € (0,1], then by Theorem 2.16, A(3) is
L-convex F-I-V-F.

Remark 2.18. If A, (9,0) = A*(9,0) with 6 =1, then L-convex F-I-V-F becomes classical
L-convex function [15].

3. Jensen and Schur inequalities for log convex fuzzy interval-valued functions

Now, we prove the Jensen inequality for L-convex F-I-V-F.
Theorem 3.1. Let w; €R*, 0; € [pw,v], G =1,2,3,..,k,k >2) and W:[p,v] - Fc(R) be a
L-convex F-I-V-F, whose O-cuts establish the series of I-V-Fs Ug:[u,v] € R —» K" are
provided by Uy (d) = [U,(0,0),UA*(d,0)] forall d € [u,v] and for all 6 € (0,1]. Then

A (=T w5 ) < T [2(9)] ™, (20)

Wi j=

where W, = Zle w;. If A is L-concave then, inequality (20) is flipped.

Proof. When k = 2 inequality (20) is true. Consider inequality (20) is true for k = n — 1, then

W (s g 0y) < T [(a,) et

Wy TI=

Now, let us prove that inequality (20) holds for k = n, we have

1 Wn— 1 — n— n n— n
m(ﬁzyzleaj)=m(—2— Py oy LSl g )

Wy Wn_p = Wn Wn—1twn Wn—1twn

Therefore, for every 6 € (0, 1], we have

A, (Win ?:1 w; 0;, 9)

Whn— 1 - Wn-—1+w Wn— w
<, (H= Py gy 4Lttt p),
Wy Wy_p < Wn Wp—1t+wn Wn—1twn

wWn—1t+wn
Wn

< 223, ) [an (22250, + =20, 0)]

Wp—1t+wn wn—1t+twn
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wn-1+t¥n
Wn

bl On—1 wn
< ]‘[7;12[91*(6]., 9)]wn [ [U,(0,,_1, B)]n-1*on [A, (0, 6)]wn_1+wn] )

< I'=2[0.(8;, 6)]"" [ (Bp_s, )] W' [20.(30 O)],

= [T} [2.(9;, ©)]"

Similarly, for A*(d, 6), we have
@5

From which, we have
hd hadl
o 5 8701019,0) 2 5 5700,9,0)] = | @ 001 Ml G o)™

that is,

Q1(1 j=10j ) [‘21(6)]

and the result follows.

If w; =w,; =w3 ="++=w, =1, then Theorem 3.1 reduces to the following result:
Corollary 3.2. Let 9; € [w,v], (j=1,2,3,..,k,k>2) and A:[u,v] > F-(R) be a L-convex
F-I-V-F, whose O-cuts establish the series of I-V-Fs g:[u,v] € R —» K" are provided by
Ap(0) = [AU,(0,0),U*(0,0)] forall d € [u,v] and forall 6 € (0,1]. Then,

w(15L, ) < [T, [2(3)]F (1)

If A is a L-concave then, inequality (21) is flipped.

Now we obtain Schur inequality for L-convex F-1-V-Fs.
Theorem 3.3. Let A: [y, v] > F-(R) be a F-I-V-F, whose O-cuts establish the series of I-V-Fs
Wo: [, v] € R - K* are provided by Uy (d) = [U.(3,60),U(9,0)] for all d € [u,v] and for
all 6 € (0,1]. If A be a L-convex F-I-V-F then, for d,,0,,0; € [u,v], d; < 0, < d3 such that
03 — 04, 03 — 04,0, — 01 € [0, 1], we have

A(D,)P79) < A(D,)%379290(9;) %27, (22)
If A is a L-concave then, inequality (22) is flipped.

Proof. Let 0,,0,,05 € [u,v] and 95 —9; > 0. Taking A = then 0, =10, + (1 —A1)0s.

66’

Since U is a L-convex F-I-V-F then, by hypothesis, we have
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d3—-02 9= 01

A, (0,,6) < [U,(0,,0)]9:-91[A, (33, 0)]%791,
d3—-0 >—0 (23)
3702 2-01
A (05, 6) < [U (9, 0)]73771[A* (33, )15,
Taking “log” on the both sides of (23), we have
(95 = 91)In U (0,60 < (95 = 0) InU.(3,0) + (0, = 0)) I W (05,0),

(03 — 01)In U (0, 0) < (03 — 3,)In A (94,0) + (9, — 91) InA (95, O).
From (24), we have

A, (62, 6)(63—61) < [QI* (al’ 9)](63—62) [Q[* (03’ 6)](62_61),
A*(9,, 0) 03790 < [UA*(9,,0)] P39 [UA* (95, 0)]2~1.

That is
[2,(8,, 0)@9), A*(3,,0)@3=01)]
<I [[m*(al, 9)](33—62) [21, (63, 9)](62—31), [ (61' 6)](33—62) [ (63, 9)](52_31)]’

Hence
%(62)(33_31) < %(61)(63_32)91(63)(62_31)

Now, we obtain a refinement of Schur’s inequality for L-convex F-I-V-F, which is provided in
the following results.
Theorem 3.4. Let w; € R*, 9; € [u,v], G =1,2,3,..,k,k 22) and W:[u,v] > F-(R) be a
L-convex F-I-V-F, whose O-cuts establish the series of I-V-Fs Uy: [, v] € R = Kt are provided
by Ue(0) = [AU,(0,0),U*(0,0)] forall d € [u,v] and forall 6 € (0,1].If (L,U) S [u, v] then,

i?zl[g[(aj)](w_p < ?:1 (m@n(ﬁ)(w_i) [QI(U)](L{——_L)(W_D) (25)

where W, = 29{:1 w;. If A is L-concave then, inequality (25) is flipped.

Proof. Consider = 0,,0; = d,, (j = 1,2,3,...,k), U =05 in inequality (23). Then, for each 6 €
(0, 1], then

;-

=)

>[mu, 9)]<”‘

=
U-L

U-9d;

~

A,(9;,0) < QI(L6)<

-0

()
)

ol Ny

A(9;,0) < %I*(L6)< >[‘21*(U,6)]<

Above inequality can be written as,
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U—aj

%A (9;, 9)<Wk> < [A.(L, 6)]< =) )[91 W, 6)]< .

-0;

Q)

|

t~
\_/
~—
%s
?C“~
S~

(26)

J

QJ
I
L
\_/
-~
€|e
[~
N——

A*(9; 9)(Wk) < [A(L, 9)]( ) ])[%*(U 6)](

Taking multiplication of all inequalities (26) for j = 1,2,3, ..., k, we have

U-o0

r L U.(9; 9)(Wi) < 1% 1([91 (L, 9)](0 L])(Wi)[gl w, 9)](111 J(WL))
o (9,0)) < Hﬁzl([?x*@, o T par 0, 0017 )(Wi)>,

that is

k=1 9Ie(aj)(;;_D = [Hﬁ:l QI*(GJ-,Q)(‘%), §=1 QI*(aj,Q)(V%)]

K ([%(L, o) 7@ e, v, 9)](%)(%)> ,

Fo1 <[%I*(L, 9)]("%)(%) [ (U, 9)](#;)(%))]

< ?:1([91*@' 9)](%)(%) [ (L, 9)]<U aj)(Wi)D (l[m U, 9)]<a] L)( i)
2 (U, 9)](%)(%4),

k L
= ()
j=

a
QIe(U)

U a ] k
[ (L)
J:

1 1

Thus,

ﬁ[%(aj)](%) < ﬁ( QI(L)](IZI 6L>(wk)[91(U)]<a L)(wk))

this completes the proof.
Remark 3.5. If 2,(d,0) = A*(9,0) with 6 = 1, then Theorem 3.1, Theorem 3.3 and Theorem
3.4 reduce to the result for convex function, see [21].

4. Hermite-Hadamard type inequalities

Now, we will establish some integral inequalities of H-H type for L-convex F-I-V-F using fuzzy
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order relation.

Theorem 4.1. Let 2: [y, v] - F-(R) be a L-convex F-I-V-F, whose O-cuts establish the series of
I-V-Fs Ug:[w,v] € R - K" are provided by U, (0) = [U.(9,0),A*(d,6)] for all d € [y, v]
and forall 6 € (0,1].If A € “F“R([H’U]’@)’ then

% () < exp [%” (FR) [ In 0(9)dd| < AW X A@). 27)

If A is L-concave then, inequality (27) is flipped.
Proof. Let U: [u,v] = F¢(R), L-convex F-I-V-F. Then, by hypothesis, we have

o (122 < fanton + (1= s % [21(C1 - )+ v)].

Therefore, for every 6 € (0, 1], we have

A, (”T“’, 9) < [, (e + (1 =), 9)]% x [A((1 = Qu+ ¢, 0)]7,

1 . (28)
w (2, 0) < [ (u + (1 — v, )]z x [0 (1 — O + v, 0)].

Taking logarithms on both sides of (28), then we obtain
u+v
2In9, (T' 6) <SlmAU(u+1-¢)v,0)+nA((1—)u+¢v,6),
+v
2In A (HT' 9) <A (gu+(1—¢)v,0)+nA((1—¢)u+¢,0).
Then,

2, ln?l( )dg<f InUA.(cu+ (1 =9, 9)dg+f m A ((1 =)+ v, 0)dg,
2, ln?l*( )dg<f InW(cu+ (1 -9, 9)dg+f A ((1— )+ v, 0)ds.

It follows that

u+tv 1 v
in¥. (42,0) < = [ In%.(3,6)dd,
« (HFV 1 v *
In A (7,9) <= [, n(8,6)dd,

which implies that

A, (“—Jrv, 6) < exp (ﬁ f: In U, (0, Q)da),
w (22,0) < exp (ﬁ [V, e)da) .

That is
[QI (Mv 9) A* (’Hv 6)] [exp (—f In . (0, Q)da) exp (ﬁ f: In A* (0, Q)da)].
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Thus,
1
(1) < exp [ L (FR) [ i 2(@)do] .
In a similar way as above, we have

exp [ﬁ (FR) J In A(0)dd| < VAW X AW). (30)

Combining (29) and (30), we have

91(“ er”) < exp L}% (FR) f “In m(a)dal < UG X AQ),
K u

the required result.
Remark 4.2. If U, (0,0) = A*(9,60) with 6 = 1, then Theorem 4.1 reduces to the result for L-convex
function see [16]:

u () < exp [ﬁ (R) J In 0(9)dd| < AW x AW).

Example 4.3. We consider the F-I-V-F 2:[1,4] —» F-(R) established by,

S
62
| ?, S € [O,e ],
AD)(s) ={2e% — s
@)(s) = e (e 2e7)
e
0, oterwise,

Then, for each 6 € (0,1], we have Uy(d) = [Qeaz, (Z—Q)eaz]. Since end point
functions ,(d,0), A*(9,0) are L-convex functions for each 6 € (0,1] then, by Theorem
2.16, A(0) is L-convex F-I-V-F. Since, U,(0,0) = 0e?” and A*(0,0) = (Z—Q)eaz then,
we have

+ 5\2 25
A, (%,9> = Qe(f) = Oe'4,

exp (ﬁ f: In U, (0, Q)da) = exp(%ff In (Gef’z)da) = ln©+7

17

JEW X L) = [(0e)(46e)]z = 2 07,

17

25
forall © € (0,1]. That means e+ < e™@*7 < 29¢7,

Similarly, it can be easily show that

w (K2,0) < ewp ;= [} In%(3,0)d0| < U, 0) x T(,0),
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forall 6 € (0,1], such that
25

52
A* (’uzj, 9) =2- 9)3(5) =(2—-0)e4,

exp (ﬁ f: InuA*(0, Q)da) = exp (%ff In ((2 _ 6)862)(10) = eln(2-0)+7

ST 0) X W (0,0) = [(2— 0)e. 4(2 — 0)e'®]z = 2(2 — H)ez.

From which, it follows that

17

(2 - e)ei—s < em-9+7 < 2 (2 - 0)ez,

that is

25 17 1
0% (2 - Q)er] <, [eO7, enG=0+7] <, (2067, 2(2 - O)e, forall 6 € (0,1].

Hence, Theorem 4.1 is verified.

To obtain H-H Fejér inequality for L-convex F-I-V-F, firstly, we give the following results

connected with the right part of (3).

Theorem 4.4. Let U [u,v] - F:(R) be a L-convex F-I-V-F with u < v, whose 6-cuts establish
the series of I-V-Fs Uy:[u,v] € R - K* are provided by U, (d) = [A,(,0),A*(d,0)] for all
0 € [, v] and for all 6 € (0,1]. If A € FR([,116) and Q: [u,v] » R,Q(J) = 0, symmetric with

respect to MTH), then

ﬁ (FR) f:[ln A(0)]Q(0)do < In [A(w) X AW)] fol Q1 —u+ gv)dg.

If A is L-concave then, inequality (31) is flipped.
Proof. Let A be a L-convex F-I-V-F. Then, for each 6 € (0, 1], we have

[In A, (cu+ (1 —¢)v,0)]Q%u + (1 — ¢)v)

< (gl W (1, 8) + (1 — ©)ln A (v, 0)) Qs + (1 — Hv),
[In A (gu + (1 — ¢)v,0)]Q%u + (1 — ¢)v)

< (gln W (w,0) +(1—¢)inA (v, 6))D(§u + (1 —¢)v).

And

[ (1 = Qdu+ v, 0)]((1 = du + )

< (1= A, 60) +¢inA.(v,0))Q((1 — Ou + ¢v),
[ (1= u+¢v,0)]a((1—9u+ )

< ((1 —¢)In A (u, 6) + ¢ln A* (v, 6))@((1 —ou+ gv).

After adding (32) and (33), and then integrating over (0,1), we get

(1)

(32)

(33)
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[ Tin 2, (s + (1 = 6)v, 0)1Q(u + (1 — ¢)v) dg
+ fol mA(1—u+6v,0)Q((1—p+q)dg
<[ l In A, 0){cQleu + (1 — ) + (1 — )Q((1 — Qu + qv)} c
T+ W, 0){(1 - )Qu+ (1 — ) + QL —Qu+ )}
fol[ln W ((1—u+¢v,0)]((1 - u+v)ds
+ fy % (gu+ (1= 6),0)Qsu + (1 - v) dg
<[ l In W (w,0){¢Qleu + (1 —v) + (1 —)Q((1 — Qu + qv)}
"0+ W w,0){(1 - )Qu + (1 — ) + ¢Q((1 — u + )}

= 2In A, (1, 6) fol ¢Qu + (1 —¢)v) dg + 2In A, (v, 0) fol ¢Q((1 - ¢u + ¢v) dg,
= 2In A*(u, 6) fol ¢Qcu + (1 = ¢Q)v) d¢ + 2In A* (v, 6) fol ¢Q((1 — Q)u + ¢v) ds.

Since Q is symmetric, then

= 2in[ A, (u, 0) X U, (v, 0)] fol ¢Q((1 - Qu+v)dg,

(34)
= 2n[ W (1, 6) x A (v,0)] [, ¢Q((L — Ou + ¢v) dg.
Since
S (op + (1= ©)v, )19 + (1 — ©)v) dg
= fol[ln W ((1—u+6v,0)]|((1 — p + ¢v) dg
1 v
= fﬂ [(nA,.(0,0)]Q(d)da, as)

fol[ln WA ((1 =) + v, 6)]8((1 —Q)u+ qv) dg
= [yl % (gu + (1 = §)v,0)]1Q(su + (1 - Hv) dg
= ﬁ [ lin 24" (9, 0)1Q(3)da.
From (34) and (35), we have

— [}[In%.(9,0)1R(9)dd < In[2. (1 6) x U(v,0)] [ (1 — I + gv) s,
ﬁ [ lin 2 (8,0)19(8)dd < In[A*(1,0) X A (v,0)] Jy s((1 = Q) + ) dg,

that is

[ﬁ f: [in A.(0,0)]Q(0)dd ﬁ f:[m A (0, 9)]a(a)da]

< [In [%.(1, 0) X AU (v, 0)], In [ (11, 0) x W (w,O]] f, 6R((1 — Q)+ gv) dg,

hence
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= (FR) [ [In A(®)]R(2)dd < In[Uw) X AW)] f, ¢Q((1 — O + qv)d.

This concludes the proof.

Now, we give the following result connected with the left part of (3) for L-convex F-I-V-F using
fuzzy order relation.

Theorem 4.5. Let A:[u,v] » F-(R) be a L-convex F--I'-V--F with u <wv, whose O -cuts
establish the series of I-V--Fs Ug:[p,v]c R—> K" are provided by Uy(d) =
[A.(0,0),A"(9,0)] for all d € [u,v] and for all © € (0,1]. If A€ FR([,)6) and Q:[p,v] >

R, Q(9) = 0, symmetric with respect to “Tw, and f: Q(0)do > 0, then

In 91(”*“) T D(a)da (FR) J[in A(2)]Q(9)do. (36)

If A is a L-concave then, inequality (36) is flipped.
Proof. Since U is a L-convex then, for 6 € (0,1] we have

2In¥U, (”w 6) <lmAU(u+(1—¢)v,0)+nA((1—)u+¢v,6),
(37)

2 n A (”H} 9) <nWu+1—-9¢v,0)+In 91*((1 —¢)u+ g, 6).
By multiplying (37) by 5;)((1 —Qu+ev) =Q(u + (1 — ¢)v) and integrate it by ¢ over [0,1],

we obtain

2 [ln A (”+v )] f Q((1 = Qp + qv)dg
< [, Tin ¥ (gu + (1 = ©)v, 0)]1Q(u + (1 — Q)v)ds
+ I 4, ((1 = u + v, 8)]Q((1 — O + ¢v)ds,

1 (38)
2 [ln A* (“TH, 6)] Jy Q((1 - ¢p +¢v)dg
< [ in 2w (s + (1 = ©)v, 0)]Q(u + (1 — Hv)dg
+ [T @ ((1 = u+ 6v,0)]Q((1 — e + gv)ds.
Since
[T 4, (gu + (1 = )v, 0)19(su + (1 — ¢)v) dg
= [ u.( = ou +,0)]Q((1 - O)u + ) ds,
=L ("lln%,(3,0)]Q(3)da,
- [l %.(2,)]19(9) 0

[y in & (g + (1 = ©)v, ©)]1Qgu + (1 — ©)v) dg
= [, [In 2 (1 = Ou+¢,0)]2(A - u+ ) dg,
== [, lIn%(9,0)1Q(0)do.

From (38) and (39), we have
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In, ("T“’ 9) < Ulin U, (9, 6)]Q(3)da,

1
= [, 9@add “n f
nw (22,0) < ——— [Y[in ' (3,0)]Q(d)do.
n 2’ —f Q(0)do n

From which, we have

e, (552,6), o (4, 0)]
<, W [ [Vlin.(8,0)12(3)dd, [lin W (5, 9)]a(a)da] ,

that is

ln?l(“—w <

) W (FR)f [In A(9)]Q(0)da.

Then we complete the proof.
Remark 4.6. If 2, (u,0) = A*(u,0) with 6 = 1, then Theorem 4.4 and Theorem 4.5 reduces to
classical first and second H-H Fejér inequality for L-convex function.

Example 4.7. We consider the F-I-V-F : [y, v] = [%,g] — F¢(R) established by,

ﬁ’ = [0’esin(6)]‘

91(6)(5) = Zesm(a)_s’ = (esin(a)’zesin(a)]’

esin(z’))
0, oterwise.

Then, for each 6 € (0,1], we have
QIQ (a) — [Qesin(a), (2 _ Q)esin(a)]_

Since end point functions ,(9,60) = Qesn@ | 9*(9,0) = (2 - Q)eSi“(a) are L-convex
functions, for each 6 € (0, 1] then, by Theorem 2.16, A(d) is L-convex F-I-V-F. If

6——, S E
Q(0) = *

"5 se (]
2 8 "2

L3 377.']

Then, we have
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L [0 9.(5,0)1R(9)dd = £ [2[1n %,(3,0))2(2)dd

3T b
= [ [In 2,(3,0)]R(0)dd + 2 [ In %,(3,0)R(9)dd,
4 8

%ﬂ [, inw(9,0)]1R(3)do = - ff [in A* (8, 0)]Q(3)dd

=2 [ [In (3, 0)1Q(3)dd + = [ In U (3, 0)Q(0)da,
4 8

am | m ,
=2 fgs [In(0esin@®)] (a -2 do+2 fé[zn(eesm(@))] (3-0)do

~ [—l ©) + 14]

(40)
3
4 g sin T 4 7 sin T
- ;fgs [in(2 - ©)e"®] (0 - —) da + —fé [ln (2-6)e <6>)] (E - 9)do
~—[Zin2-0)+14|,
and
In [2U.(1, 6) x A (v, 0)] f, ¢Q((L — ) + qv) dg
In (A (1, 0) x W (v, 0)] [ ¢Q((1 — ) + v) dg
= |2m(6) + 2= “f [ JZ¢%dd + ffg(1 +c)dg] ~ =2 [Zin(0) + “f,
(41)
[zzn(z ~0) + 2”] [fz 249 + ﬁ c(1+ c)dc] 27 —ln(2 —0) + 2+f ,
From (40) and (41), we have
1
[25 [ In(6) + 14] —[—ln(z —0)+ 14”
2+\/_ 2+/2
S 24n[_l ) + 24n[_l (2-0)+ 2 ]l’
forall 6 € (0,1]. Hence, Theorem 4.4 is verified.
For Theorem 4.5, we have
u+v _ 3w _ E
In %, (7'9) =n¥, (?,9) ~ In (26), .
« UtV _ « [3T ~ E _
In A (7,9) = In %A (?,9) ~ In (2 (2 9)),

f:a(a)da=f£?n(a—§)da+é(g_a)da 2

20’
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1

f;’ Q(9)dd
_r
f: Q(8)dd

[Vl .(0,0)12(0)dd ~ = [Zin(6) +7],

15

43
[, Inw*(2,60)12(0)dd ~ = [34—1 In(2 —6) + 7], @)

From (42) and (43), we have

5 5 2 [31 2 [31
Hence, Theorem 4.5 is verified.
5. Conclusions

In this research, some new Jensen, Schur, and H-H-Inequalities of L-convex F-I-V-Fs are
offered using fuzzy order relation. We also prove that the results provided in this study generalize the
results given for classical L-convex functions. It is an interesting and new problem that the upcoming
researchers can obtain new results for different kinds of convexities and inequalities in their future
investigations. In future, we will try to explore this concept for interval-valued functions. Morever,
we will try to find fuzzy inequalities for L-convex F-I-V-Fs by using different fractional integral
operators.
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