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1. Introduction

Nowadays, multi-objective fractional programming problem (MFP) is as a powerful tool to
formulate optimization problems in management science and economic theory. MFP problem is a
special type of optimization problems in which at least two fractional objective functions should be
optimized subject to some certain constraints. The traditional MFP problems consider the situation
that all data are reported as certain parameters; see [5, 9, 22, 24, 26] for more studies about MFP
problems. However, this assumption can be violated due to the modelling errors, the estimation and
the prediction ones which lead to the uncertainty in data of an optimization problem; see [2] for more
details. Robust optimization (RO) technique is a method used to model optimization problems in the
case of data uncertainty aiming at determining an optimal solution which is the best for all or the most
possible realization of the uncertain parameters. Some characterizations of robust optimal solutions
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for uncertain fractional optimization and applications [29] is investigated by Sun et al. in 2017 by
using the properties of subdifferential sum formulae and introducing some robust basic subdifferential
constraint qualifications, also, they considered the multi-objective fractional programming problem in
the case of data uncertainty in the objective function and the parameters of the constraints and used
the closedness constraint qualification to present some conditions for determining the robust weakly
efficient solutions. Debnath and Qin have studied the problem of robust optimality and duality for
minimax fractional programming problems with support functions [6] in which they have considered
a class of robust nondifferentiable minimax fractional programming problems containing support
functions in both the objective functions and in the constraints by using the robust subdifferentiable
constraint qualification. For more details; see [1, 3,4, 11, 12,27]. In many cases, it is practically
impossible to find the exact optimal solution of an optimization problem. In this situation, the theory of
approximate solutions is used to determine an approximation of the optimal solution of the optimization
problem. Many scholars have presented the duality theorems and the optimality conditions for
approximate solutions in the situation that all data has certain values; see [10, 15, 16, 18,25] for more
details.

In recent years, many studies have been presented on the optimality conditions and the duality
results of the robust approximation solution in the uncertain optimization problems. For example,
Lee and Lee [19, 20] proposed e-duality and e-optimality theorems for the convex optimization and
uncertain convex-concave fractional optimization problems with the geometric constraint set. Sun et
al. [28] used a robust type of the closed convex constraint qualification and investigated the necessary
and sufficient conditions for the optimality of the robust approximate solutions of an uncertain convex
programming problem. Also, they presented the strong and weak duality theorems for the robust
approximate solutions by introducing the Wolfe-dual and Mond-Weir dual and generalized it to the
multi-objective programming problems. For more studies about the approximate solutions of the
uncertain optimization problems; see [30,31,33].

On the other hand, the saddle point theorems have attracted the attentions of many scholars
due to their relationship with the optimal solution of the primal and dual problems. For example,
[23,25, 32] considered the e-saddle point in the situation that all parameters have certain values and
[8,17] presented the weak vector saddle point theorems for the uncertain multi-objective optimization
problems. Given the importance of the uncertain multi-objective fractional programming problems,
the approximate solutions and the saddle points, this paper aims to present the robust weakly &-
efficient optimality conditions and the robust e-saddle point theorems for the uncertain multi-objective
fractional programming (UMFP) problems. For this purpose, we use a parametric approach to
convert an uncertain multi-objective fractional programming problem into a non-fractional multi-
objective programming problem and then closed convex constraint qualification and the scalarization
of the results are used to generalize the robust e-optimality and the robust e-saddle point theorem of
the uncertain convex programming problem to the uncertain multi-objective fractional programming
problem.

The rest of this paper is organized as follows: In section 2, we review some preliminaries and
basic definitions. In section 3, we consider the necessary and sufficient optimality conditions for
the uncertain multi-objective fractional programming problems by using the convex closed constraint
qualification. In section 4, we propose robust e-saddle point theorem for the UMFP problems. Finally,
in section 5, we submite the conclusion of the paper.
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2. Preliminaries

In this section we review some preliminaries and basic concepts which are used throughout this
paper.

Suppose that f : R" — RU{+oco}. The function f is convex, if f(ux+(1—u)x") < pf(x)+(1—w) f(x'),
for all x,x’ € R" and any u € [0, 1]. The domain ( effective domain) and the epigraph of f are the
nonempty sets which are defined by domf = {x € R" : f(x) < +oo}and epif = {(x,r) e R" X R : r >
f(x)}, respectively. If f is a proper lower semi-continuous convex function, then its conjugate function
[T R" = R U {400} is defined by f*(x*) = sup{(x*, x) — f(x)|x € R"}, where (.,.) denotes the inner
product on R”.

The indicator function of the nonempty set C C X, 6¢ : X — R U {+oo} is defined as follows:

5o = { 0 ifxeC,
+o00 otherwise.

[
Let &€ > 0, the e-subdifferential of f at a € domf is defined as follows:
d.f(a) = {a* eR": f(x)— fla) 2(a",x—a)—¢g,Vx € R"}.

If € = 0, then 0y f(a) is the classical subdifferential of f at a € domf.
Throughout this paper, the convex hull and the closure of A C R”" are denoted by coA and clA,

respectively. For any closed convex set C C R” and € > 0, the e-normal cone of C at x € R", denoted
by N7.(x), is defined as follows:

Ni(x) ={ZeR": (f.y-x) <& VyeC).

If € = 0, then Nc(x) is the classical normal cone of C at x € C, also if C is a closed convex cone, then
N¢(0) is denoted by C*. In the following, we present some lemmas which help us to prove our main
results.

Lemma 2.1 ( [13]). Suppose that f : R" — R is a convex function and g : R" — R U {+o0} is a proper
lower semi-continuous convex function; then

epi(f +8)" = epif” +epig".
The following lemma shows that epif™ can be expressed by e-subdifferentials.

Lemma 2.2 ([14]). Assume that f : R" — RU{+oco} is a proper lower semi-continuous convex function
and a € domf; then

epif' = |_J{(0. b,y + & - F@)|p € 0. f(a)].

20
Lemma 2.3 ([21]). Let f; : R" — R U {+00}, j € J, be proper lower semi-continuous convex functions

with sup f(xo) < +oo, for some xy € X; then
jeJ

epi ( sup fj)* =cl (co U epif;),

Jjel jel

where J is an arbitrary index set.
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Lemma 2.4 ([11]). Suppose that h; : R" X R®® — R, j = 1,...,m, are continuous functions such that,
foranyw; € W;, hj(.,w;) is a convex function; then

m %
WjE(Wj,/ljZO j=1
is a cone.

Lemma 2.5 ([11]). Let h; : R" X R?® — R, j = 1,...,m, be continuous functions and C be a closed
convex cone on R". Also, suppose that W; CR®, j =1,...,m, are convex sets and for any w; € ‘W,
hj(.,w;) is a convex function and for any x € R", hj(x,.) is a concave function; then,

m *
U epi ( Z 1;8;(., w.,-)) + C" xR,
WjE(W_,',/l_/'ZO j=1
s convex.

Lemma 2.6 ( [11]). Assume that hj : R" xR?® — R, j = 1,...,m, are continuous functions such that
for any w; € R%, h;(.,w;) is a convex function and C is a closed convex cone in R". Furthermore,
suppose that W, j = 1,...,m, are compact and convex sets and there is xy € C such that

hi(xo,wj) <0, VYw;eW; j=1,...,m
Then
U epi(z/ljgj(.,wj)) + C*" xRy,
WjG(Wj,/ljZO j=1

is a closed set.
3. e-optimality theorems

In this section, we consider the uncertain multi-objective fractional programming (UMFP) problem
with a geometric constraint set as follows:

(UMFP) min (fl(x’ul), LG ”l))
g1(x,vy) 8i(x, vp)
s.t. hj(x,w;) <0, j=1,...,m,
xeC,
where C C R”" is a closed convex cone. Assume that f; : R* XR? - R, g, : R"XR? - R, i=1,...,1
and h; : R" X R® — R, j = 1,...,m. Also, suppose that u;, v;, w; are uncertain parameters which

belong to the convex and compact uncertainty sets U; € R”,V; C R? and ‘W; C R?, respectively.

Throughout this paper, we assume that, for any u; € U;, fi(x,u;) is a convex non-negative function
and for any v; € V;, gi(x,v;) is a concave positive function, for all i = 1,..., /. The robust counterpart
of UMFP problem, namely RMFP, is formulated as follows:

maxy, et Sfi1(xur) max,, ey, Si(xup) )

(RMFP) min (minvleav1 GiED) T Mmiy,ey, i)
st. hi(x,w)) <0, VYw;eW;, j=1,...,m,
xeC.
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Clearly, F = {x € C: hj(x,w;) <0,Yw; € W, j=1,...,mj}is a feasible solution set for RMFP.

Definition 3.1. Let £ € R!. A point X € F is a robust weakly g-efficient solution of UMFP problem if
and only if X is a weakly e-efficient solution of RMFP.

Definition 3.2. Let £ € R!. A point % € F is a weakly g-efficient solution of RMFP problem if and only
if there does not exist any x € F such that
maxyey, fi(X, i) _ MaxXyey, fi(X, u;)
min, ey, gi(x,v;)  min,cy, g&i(X, v;)

- & forall i=1,...,L

In the following, we use the parametric approach, introduced by Dinkelbach [7], to associate the
corresponding RMFP model to the robust multi-objective convex optimization problem (RMCP) with
a parameter vector r € Rﬂr:

(RMCP)
min ( max fi(x,u;) — ry mm g1(x,vy),...,max fi(x,u;) — r; min g;(x, vl))
u €U, M[E(u] VvIEV)

S.t. hj(X,Wj)SO, VWJ'GW]', j: 1,...,m,
xeC.

Definition 3.3. Let £ € R.. A point % € F is a weakly s-efficient solution of RMCP problem if and only
if there does not exist any x € F such that

max f;(x, u;) — mi‘fll gilx,v;) < mﬁ}gf filxk, u;) —r; mj‘r} gi(x,v;) — &,

ui€U; Vi€Vi u;€U; Vi€V
foralli=1,...,L

Lemma 34. Let f; : R" XRP — Rand g; : R" XR? — R,i = 1,...,1, be functions such that
fi(,u),u; € U;, is a convex function and g(.,v;),v; € V;, is a concave function. Moreover, suppose
that x € F and € € Rﬂr. If ¥i = max, v)euxv; % —-&20,i=1,...,1 then the following statements
are equivalent:

(i) X is a weakly e-efficient solution of RMFP;
(ii) X is a weakly g-efficient solution of RMCP;
(iii) there is ji € A, such that

1 I
Z,u, maxf(x u;) —r; m1n g,(x v, Z [ maxf(x u;) — rl m1n gl(x v, Z

u; €U, Vi€ €U,
i i=1 it i=1

forall x € F. Where

é = (81 min gl(')za VI), R o min gl(xa vl))a
vieV vieV,;

and

1
AN={ser,: > 5=1}

i=1
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Proof. In the following, the equivalence of (i) and (ii) is proved.
Suppose that x € F is a weakly e-efficient solution of RMFP, so there does not exist any x € F such
that

max fi(x, u;) — r; min g;(x,v;) <0, i=1,...,L
u;eU; vieV;
On the other hand,
max fi(X,u;) — r; min g;(X, v;) — & min g;(x,v;) = 0, i=1,...,1
u;€U; v;eV; vieV;

hence, we have

max f;(x, u;) — ¥; min g;(x, v;

max f(x, ) ~ F; min g/(x,v)

< max fi(x,u;) — ¥, min g;(x,v;) — & min g;(x, v;), i=1,...,1L
M,’E’L{,‘ﬁ( l) lv,'E(V,' gl( l) lv,»eﬂ/,- gl( l)

This means that x € F is a weakly &-efficient solution of RMCP.
>i1) = (iii)
Assume that,

d(x) = (d1(x), ..., Pi(x)), forall x € F,

where
¢i(x) = max fi(x,u;) — 7; min g;(x, v;), i=1,...,L
u;eU; v,eV;
Therefore, ¢;(x), i = 1,...,[, are convex functions. On the other hand, since X is a weakly e-efficient

solution of RMCP, so there does not exist x € F such that ¢;(x) < O foralli = 1,...,[. By using the
generalized Gordan theorem, there exist i; > 0,i = 1,...,1, Zle f; = 1, such that

!
Zﬁigbi(x) >0, for all x € F.
i=1

This means that, the statement (iii) holds.
(iil) = (i1)
Assume that the statement (i1) does not hold. Therefore, X is not a weakly robust g-efficient for RMCP.

This means that the statement (iii) cannot be held. O
Lemma 3.5. Assume that f; : R" XR? - R,i=1,...,[, h; : R*"XR®, j = 1,...,m, are continuous
functions such that fi(.,u;), w; € U; and h;(.,w;), w; € W; are convex functions and fi(x,.), x € R" is
a concave function. Furthermore, let g; : R" X R? — R,i = 1,...,1, be continuous concave-convex

functions. Also, suppose that U; CRP,V; CR%i=1,...,[,and W; CR®, j=1,...,m, are convex
and compact sets. Let (r,u) € RL x Al and let C C R" be a closed convex cone. If F # 0, then the
following statements are equivalent:
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(1)
{xeclncew) <0, vwew, j=1,....m)
l
C frer" Zu(me;; fiw u) = ri min gi(x, v)) 2 O;
(ii)
1
(0,0) € ) [epi( max (uifiC.. 1)) + epi( = r; min (uigi(, ) |
i=1 e Y
+cl co( U epi( Zml Aihi(,w) +C* x R+);
wieW;,2;20 =1
(ii)

/

0,00€ [ | epilusfit,w)) + | epi( = rigigic.vo)|

i=1 u,-e'u,« V,‘E(V,'
m
+cl co( U epi( Z Aihi(,w)) +C" % R+).
WjE(W_,',/l_,‘ZO j=1

Proof. Itis very easy to verify and prove the equivalence of (i) and (ii) through the following few lines.
Let f(x) = ', il max filx,u;) —r; mi‘l;l gi(x,v))); then applying [20, Lemma 2.1], the statement (i) is
u;eU; VeV

equivalent to
(0,0) € epif* +cl co( U epi( Z Aihi(,w)) +C" % R+).
wieW;,1;>0 j=1

Since max (i fi(.,u;)) and —r; mi‘r} (u:gi(.,v;)) are continuous convex functions, so by using Lemma 2.1,
u;eU; Vi€V

we have

i
epif” = Z [epi( max (i fiC., Mi)))* + epi( - vrrg‘r} (igi(., Vi)))*]~
i=1 e

u; Eﬂl

It means that, the statements (i) and (ii) are equivalent.
In the following, we prove the equivalence of (ii) and (ii1). For this purpose, it is sufficient to show that

epi(max uifi(.u)) = |_) epi(uific. u))’,

uie‘L(,-

and

epi( — r; fifé}‘r}illigi(-, V) = g epi( — ripigi(., vi))
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According to Lemma 2.3, we have

epi(max i fi(-, up)” = cl co |J epi(uific,up)”

u,-E'L(,-

Since f;’s are continuous convex-concave functions and g;’s are continuous concave-convex functions,
therefore, it is easy to show that | J,, cq; epi(uifi(., u;))" and U, ey, epi( — riptigi(., v;))" are closed convex
sets and this completes the proof. O

In the following theorem, we propose a necessary optimality condition for the robust weakly &-
efficient solution of UMFP problem.

Theorem 3.6. Let f; : R" XRP - R,i=1,..., hj : R"XR®, j=1,...,m, are continuous functions
such that fi(.,u;), u; € U; and hi(.,w;), w; € W, are convex functions and fi(x,.), x € R" is a
concave function. Furthermore, let g; : R" X R? — R,i = 1,...,[, are continuous concave-convex
functions. Assume that € € Ri and F; = MaX,, v)etxV,; g’l(();zg —& 2 0. If x € F is a weakly e-efficient
solution of RMFP and | J,, ey, }JZO(Z?; Ajhi(.,wj))" +C* X R, is a closed convex set, then there exist
(1,9, w) € U XV X W and (1, A, a,B,y) € N X R" x R, x R, X R™!, such that

) m
0€ > O fil, @)(® + I, = FiigiC FN®| + Y 3y (i W)@ + NI (8, B
i=1

=1

(X, u;) — r;min g(X;, v;) = mingi(X,v;), i=1,...,1 32
gleg;ff(x u;) rggglig(x ) 8gglig(xV) i (3.2)
1 m+1 m
Z(CK&BD-Z £ Min (T v) + ) yia < ) Ajhy(E ) (3.3)
i=1 i= k=1 j=1

where U = U X - XU, V=V X XV,and W =W, X+ XxW,,.

Proof. Assume that X is a weakly e-efficient solution of RMFP. Regarding the statement (iii) in Lemma
3.4, there exists i € A/, such that

Zul [max fi(x,u) = F; min gi(x. v)]
vieV;

M,G i

I
Z max f(x u;) — r, m1n g,(x vi)] + Z,uls, ml‘r/l gi(x,v)), Vx € F, 3.4)
i=1

i=1

so relation (3.4) can be rewritten as follows:
!
D Blmax fi(x, 1) = 7 min gi(x, v)] > 0,
P u;eU; v,eV;

thus, using Lemma 3.5, we have

/

0,0)€ >"[ | epiCufic,u))” + | epi( - Fuigi, v |

i=1 u,-E(L{,- V,'E(Vl'
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+cl co( U epi( Z Aihi(w))) +C* % R+),
wieW;,4;>0 Jj=1
according to the assumption,

/

0,00€ >"[ | epiCufic,u))” + | epi( - Fuigi, vo)'|

i=1 u,-e‘L{,- V,‘G(Vl'
+ | epi ) amitwp) + ¢ xRy,
WjE(Wj,/lJ'ZO j=1

thus, there are it; € U;,v; € Vi,w; € W; and/_lj >0,foralli=1,...,[,j=1,...,m, such that

1 m

(0,0) € > [epi(ufiC.. &))" +epi( - Fiftigi., 7)) | + epi( > Ajij(., )" + epid.

i=1 =1

According to Lemma 2.2, we have

i
0.0 € Y [{{J (@@ 0 + ;- puficw mla" € du,Gusic, w))

i=1 ;>0

+ { U (a®,(a™, %) + B — Fifligi(X, \71'))|612i € 0p,( - Fiigi(., \71'))(56)}]

Biz0

U (@ (a*, %)+ - Z Ahj(x,w))|a € 8y,( Z ihy(. WJ))(X)}
vi=0 J=1

U(am+1 m+1 —> + Vsl — 6C(x))|am+1 € 8ym+,5c(X)}

Ym+1

So, there are a'i € 04, (L (.. 1))(%),a% € 8p( — Faftigi(., ¥))(X), a¥ € 8,,( X"y A, W))X), Qs €
0y,..,0c(X) and ;, B;, Vj, Yme1 2 0,i=1,...,1,j=1,...,m, such that

0e Z (aa,-(ﬁifi(-, i;))(X) + 0p,( — Fifigi(., \71'))(?_6)) + Z Ay (Ah;(, W))E) + NZ(R),
i=1 =)

and

m+1

Z(a,+ﬁl>+2y, Z[ﬂf(xu) Fifligi(%, 7)) + zm] S5 )
j=1

/

Zﬁ(ma}l}f(x u) = F; min g,(%, v)) + Zﬂ (%))
P u;€U; P

~

e mmgl(x v)+2/1h(x w;).
=1 j=1
Thus, the proof is completed. O
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Definition 3.7. Let ¢ € Rﬂr. The vector (%, A, fi, it, ¥, w) € R" XR™ X A' XU XV x W satisfies the robust
&-KKT for UMFP problem, if there is (a,3,y) € R x Rl x R"™*!, such that the conditions (3.1)-(3.3)
hold.

In the following, we present a sufficient optimality condition for a robust weakly e-efficient solution
of UMFP problem.

Theorem 3.8. Let & € R, and let i = max,vpeuxv, 263 — & > 0,i = 1,..., L If (%, 4,1, &, ¥, W) €

FXR"x A'x U XV xW is a robust s-KKT for UMFP problem and —~4<“ f'()f W) SEW yhon ¥ e F

min, ey, gi(Evi) ~ gi(%5)’

is a robust weakly e-efficient solution for UMFP problem.

Proof. Suppose that (%, A, ft, it, »,w) € F x R™" x Al x U x V x W is a robust &-KKT; then there
is (a,B,y) € RL xR x R7*!, such that the conditions (3.1)-(3.3) hold. Therefore, there are u; €
aai(ﬁiﬁ(., I:tl))()_C), V? S 8ﬂ,( - f,-,a,-gi(., \71))()_(), Wj S (97/(/_1]]1](, W]))(X') and n* € NvaH such that

Zl:u?+2v;‘+zm:w = (3.5)

i=1 i=1 J=1

On the other hand, according to the definition of e-subdifferential, we have

wifi(x, ;) > i fi(x, ) + (u;, x — X) — a;, i=1,...,1
—Tij1igi(x, Vi) > —Tift;gi(X, ;) + (vi, x — X) — B, i=1,...,1
/_ljhj(x, VT/',) > ;1]]’1]()_(, W]) + <W;,X - )z'> =Y ] = 1, .o, m,

Oc(x) 2 0c(%) +{n", X = X) = Vst

So according to relations (3.2) and (3.5), it follows that

i m
DB i) - Fgie, 7] + . Ay, )
i=1 j=1

m+1

l
> > Wl (& @) - Figi(%, )] + Z Ajhy(%, ) - Z(a, +B) - Z Vi
1

i i=1

- I

z[(ﬁ()_ca ﬁi) - ?igi()_C, Vl Z,uzgl IIllIl gl(x Vl)

i=1 i=1

since Y1, A;hi(x,w;) < 0, thus,

1 l l
DAl ) = Figix, 7] = ) Bl &) = Figi(%, 0] + ) fues min g%, v).
i=1 i=1 i=1 o

MaXuery i) - fi(%ii;) thus, we have

On the other hand, since — — ,
mlnviE(Vl* gt(xsvl) 8i (x Vi )

I
Z #i[(ilile% Silx,u) = 7 min gi(x,vp)]

i=1
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l

!
> Z max(f(x u;) — rl mln gl(x vl Z mlngz(x Vi)
i=1

i=1

Hence, according to Lemma 3.4, X € F is a weakly g-efficient solution of RMFP and it completes the
proof. O

Corollary 3.9. Let f; : R"XR? - R,i=1,...,, hj : R" XR® — R, j = 1,...,m, are continuous
convex-concave on R" X U; and R" x W, respectively. Moreover, assume that g; : R" X R? — Ris a
continuous concave-convex on R"xXV,. Also, assume that € € R., and F; = max,, ,,eexv, 5(();:1; £ 2 0.

If x € F is a weakly robust s-efficient solution for UMFP problem, then (%, A, i, i, v, w) € F X R X
A'x U x V x W is a robust e-KKT of UMFP problem.

Proof. We use Lemma 2.5 and Lemma 2.6 to show that U, ey, 1,20 (Zi2; (., w))" + C* X R, is a
closed and convex set. Finally, by the same argument similar to that of the Theorem 3.6 the proof is
completed. O

4. Robust ¢-saddle point theorems

In this section, we prove robust e-saddle point theorem for UMFP problem.
The Lagrangian-type function associated to UMFP problem with respect to (u,7) € Al X R, is
defined as follow:

L% A, v, w) = Zulf(xu) el + Y A

j=1
where (x, 4, u,v,w) e R" XRI XU XV X W.

Definition 4.1. Let € > 0. A point (%, A, i1, v, w) € C X RT X U XV x W is a robust e-saddle point of
UMFP problem with respect to (i1, 7) € Al x R., if the following two conditions hold:

(l) Lﬁ,f(x’ /L u,v, W) < r(j 2 ljl ‘7

w)+e, YA uv,w) ERIXUXVXW.
(ii) Lyz(X, A, @1, v, W) < L—- x, A, i, v, W) + &

VxeC.

robust e-KKT for UMFP problem. If Maygety fi04) D oo (X, A, i1, v, W) is a robust &*-saddle

Theorem 4.2. Let £ > 0. Suppose that (X, A,ji,i,»,w) € FXR®" XAl X U XV x W is a

miny;ey; gi(X,vi) gi(x,vi)’
point for UMFP problem with respect to (j1,7) € Al x RL, where &* = 2521 iE miqf} gi(%,v;) and
VeV,
i) .
= MAaX(y; v)xUxV; J;g:f) —&,l = 1, RN L

Proof. Assume that (X, A, i, it, v, w) € F xR™" X A'X U x VX W is a robust e-KKT for UMFP problem;
then there exists (@, 3,y) € R x R, x R™*!, such that the conditions (3.1)-(3.3) hold. Hence, there are
M;k S aai(ﬁiﬁ(., I:tl))()_C), V? € 8ﬂ,( - f,-,a,-gi(., \71))()_(), Wj € (9yj(/_ljhj(, vT/]))()'c) and n* € Ngmﬂ such that

zl:uf+zl:vf+zm:wj+n*:0. 4.1)
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On the other hand, according to the definition of e-subdifferential, we have

Rifi(x i) 2 i fi(X, ) + (uy, x = X) — @i, i=1,...,1
—Fifigi(x, Vi) = —Tiftigi(X, v;) + (vi, x = X) — B;, i=1,...,1
Aihi(xe, i) 2 Ahi(X,W)) + (Wi, x = X) =y, j=1,....m,
0c(x) 2 6c(X) + (", X = X) = Vi1

So by adding recent inequalities and using relation (4.1), it follows that

l m
Zﬁi[(ﬁ(% ;) — 7,8i(x, V)] + Z Ajhi(x, w))
=

i=1

m+1

Ajh (%)) - Z(a, +Bi) - Zyk

Al (A(E ) - Figi(, )] - Zﬂ i min gi(¥,v)

1 i=1

il (fi(%, ;) — 7:8:(%, V)] +

M~ 1M~
- "M§

~

Ms

il (fu(x, ;) — 7,8/(X, V)] +

i=1 j=1

‘hj()_C, Wj) - E /._l,‘Si min gi()_C, V,').
- vi€V;
i=1

Hence, we have

Lﬂ,?(')za

o~
PN

i, v,w) < L,

,;‘(x’

On the other hand, according to the relation (3.3), we have
m+1

m 1
0< Z(al +B)+ Zl Vi S ) Ajhy(E W) + Zl ety min g(T, v,),
j= = i=

since 37y A;h;(X, w;) < 0, it follows that

Zm: ihi(X, w])+2 Eifl; mlng,(x V) > Z/I hi(x,wj),

J=1 j=1

hence,
I m
D RLAE ) - Figi(% 5] + D A% ) + Z et min g,(, v)
i=1 j=1 i=1

1 m
> "l fi(% &) - Figi(% 7)) + Zﬂjhjoz, w))

i=1

-~ I

ﬂ,[meg{(f,(x u;) — ¥ mlng,(x v)| + E Ahi(X,w))
u;€
i=1 =1

L0, VW) + E &ifl; miqr} gi(x,v)), forallx € C.
Vi€V
i=1
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) m
2 Z il fi(x,u) — Figi(X,vi)] + Z Aihi(x,w)),
=1
therefore,

l
L_,I_‘(x7 /_19 ﬁ, ‘_}’ W) + Z Siﬁi mlql} gi(x$ V,‘) > Lﬁ,?(x, /l’ u,v, W)
Vi€V
i=1

This means that (X, A, i, ¥, w) is a robust &*-saddle point for UMFP problem with respect to (ji, 7) €
A xR, m

Corollary 4.3. Suppose that x € F is a weakly robust e-efficient solution for UMFP problem and
the assumptions of Theorem 3.6 hold; then there is (A,[i,i,v,w) € R™ X Al x U X V x W, with

maxyew; fi(%u) (%)
miny,e; gi(X,v) 8gi(x.vi)

. IR -+ i vl Y = S
to (1, 7) € A'XR,; inwhich & = },_, ftig; min, ey, 8i(X,v;) and ¥; = maX, v)xuxv;

such that (X, A, it, v, W) is a robust £*-saddle point for UMFP problem with respect

S i)
g(x,vi)

—Si,i: 1,...,[.

Example 4.4. Consider the following uncertain multi-objective fractional programming problem

. Ur X
min uix,
X1+ v
s.t. —x1+w; <0, “4.2)
— Xy +wy < O,
X1, % =0,

where uy, u,, v,, Wi, w, are the uncertain parameters belonging to their uncertainty sets U, = U, =
(Vz = (Wl = Wz = [O, 1]

Suppose that fi(x,u;) = uixy, fo(x,u2) = usxa, g1(x,v1) = 1,82(x,v2) = x1 + vo, hy(x, wy) = —x; +
wi, ho(x,wa) = —xo + wy and C = R2. It is easy to show that F = {(x1,x;) € R|x; > 1,x, > 1}. Let
X = (%, 14—5) and € = (g1,&) = (%, %). It is clear that X is a weakly robust g-efficient for model (4.2).
SMppOSE’ that, (ity, o, Vo, w1, wy) = (1,1,0,1,1), (/Tl],,l?lz, /_11,/_12, rl,7) = (%, %,O, %, I,D)and a; = a, =
B1 =62 =7v1 =% =73 =0, then we can obtain

1 1
1 = 1
8( - 72ﬂ2g2(-a ‘_}2))(%) = {(_E, 0)}, a(/lzhz(., WZ))(X') = {(O’ —z)}

Hence,
2 2
D0 fi 1)) + O~ Fafiaga 22D + Y Ak w))E) = {(0,0)).
i=1 =1
On the other hand,

2

2
- 11 _ . _ 11
Z (Ajhj(x, W) = —— Z &ifti min gi(X,v;) = 3

j=1 i=1
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so we have

2 3 2 2

D@ +B)+ ) v Y smmingi(xv) = ) A(Ahi( W),
i=1 k=1 1 e

i= j=1

Thus, (%, A, it, v, w) is a robust e-KKT for model (4.2) with respect to (i1, 7).
Now, we verify the e-saddle point theorem. For any (x, A,u,v,w) € R2 X R2 x U X V x W, we have

1 1
lﬁKLﬂJh%W)=EUWH—1)+EOQQ—Xl—W)+3K—M4ﬂm)+ﬂﬂ—ﬁ*ﬂwl

thus,
L_,f()_ca /_la a9 ‘_}9 W) = L_,f(x9 /_la ljt’ ‘_}$ w) = 03
L;:(x, A ) 3 +15 ! 5+/1( +wy) + Ay( + W)
ar(x A, u,v,w) = — —Uy — =Vy — — ——+w —— +Wy),
\ u 4M1 3 1753 2 2 4 1 1 2 2 2
Obviously,
Lpf(x9 /17 u7 v’ W) S Lﬂj‘(i, /_ly ﬁ’ ‘_), w) + 8* V(/l, I/l, V, W) € R_%_ X 7/{ X (V X (W,
and

Hence, Theorem 4.2 is applicable.
5. Conclusions

This study has considered the multi-objective fractional programming problem with a geometric
constraint set in the presence of the uncertain parameters in the objective function and the constraint
functions. The necessary and sufficient conditions for optimality of the approximate robust weakly
e-efficient were proposed by applying the robust optimization techniques. Also, the robust e-saddle
point theorems for UMFP problems were expressed. In addition, we applied a parametric approach to
establish e-optimality conditions for robust weakly e-efficient solution. Furthermore, some theorems
have been presented to obtain a robust -saddle point for UMFP problem. The numerical example in the
end was illustrated the efficiency and correctness of our approach. In further research, we will consider
the optimization conditions of the approximated solutions for the various optimization problems along
with their applications for the real-world problems.
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