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1. Introduction

The financial crisis will have a great impact on the economic order of China and even the whole
world. During the past several decades, the international financial crises have continually burst out and
spread to many countries or regions quickly. For example, “tequila crisis” of Latin American countries
in 1994, “Russian virus” in 1998, and the financial crises of Southeast Asian in 1997, etc. [1]. The
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financial crises is very harmful and will lead to great disorder of economic development. Thus it is an
important task for us to deal with the various financial models to reveal their inherent change law in
order to control vicious economic development and serve human beings. At present, there are many
valuable works on all kinds of finance models. For example, Yu et al. [2] reported the bifurcation
and its control issue for a hyperchaotic finance model, Cao [3] investigated the chaos control of a
hyperchaotic finance model, Liao et al. [4] revealed the impact of policy lag on the Hopf bifurcation
and chaos for a macroeconomic model. For more related studies, one can see [5—11]

Hopf bifurcation is an important dynamical phenomenon in delayed systems. In particular, Hopf
bifurcation and its control in economic systems plays a vital role in maintaining economic stability and
virtuous circle of development. Thus it is important for us to explore this topic in economic or financial
models.

In 2011, Chen and Ying [1] investigated the following financial crises contagions model:

dmm:a_m@@m,
dbgt(t) (1.1)
dr ur(N(=B + ur (Hux(1)),

where u;, u, denote the stock return rates of country I and country II, respectively, @ > 0 represents
the increasing rate of the average stock returns of country I under the normal situation, and 8 > 0
represents the decreasing rate of the stock returns of country II. In details, one can see [1]. By virtue
of the stability theory of ordinary differential equation, Chen and Ying [1] systematically analyzed the
stability of different equilibrium points of model (1.1).

Considering that the stock return rate of country I is affected by the stock return rate of country II
during the past time and the stock return rate of country Il is affected by the stock return rate of country
I during the past time, we think that it is more suitable for us to introduce the time delay into model
(1.1), then we can establish the following delayed financial crises contagions model:

du, (1)

= a — w3t - o),

dt
: (12)
I/Zt(t) = up(t)(—B + u  (t — o)uy(1)),

where u;, u, denote the stock return rates of country I and country II, respectively, @ > 0 represents
the increasing rate of the average stock returns of country I under the normal situation, and § > 0
represents the decreasing rate of the stock returns of country II, o is a delay.

From a mathematical point of view, fractional-order dynamical model is more efficient instrument
to describe the real financial phenomenon in economics than integer-order ones since fractional-order
dynamical model possesses the memory trait and hereditary peculiarity for all kinds of economic vari-
ables and inherent development process [12,17-23], Inspired by this idea, we modify the delayed
financial crises contagions model (1.2) as the following fractional-order form:

u
W _ o wenidie - o,
d'gﬂ (1.3)
dit(r)
= OB+t — (D)),

AIMS Mathematics Volume 7, Issue 2, 2102-2122.



2104

where O < u < 1 is a constant, u;, u, denote the stock return rates of country I and country II, respec-
tively, @ > O represents the increasing rate of the average stock returns of country I under the normal
situation, and 8 > O represents the decreasing rate of the stock returns of country II, o is a delay. The
fractional-order financial crises contagions model (1.3) owns greater advantages in describing eco-
nomic laws than the integer-order ones and Hopf bifurcation property can effectively depict the stock
return rates of country I and country II. Motivated by this idea, we think that it is necessary to deal with
the Hopf bifurcation and its control issue for model (1.3). In particular, the key object is to discuss the
stability and Hopf bifurcation of system (1.3) and analyze the Hopf bifurcation control issue of system
(1.3). In addition, we still reveal the effect of delay on Hopf bifurcation of system (1.3).

The key contributions of this work are as follow: (1) A novel fractional-order delayed financial
crises contagions model is built. (2) A delay-independent sufficient condition guaranteeing the sta-
bility and the creation of Hopf bifurcation for the involved fractional-order delayed financial crises
contagions model is obtained. (3) A suitable delayed feedback controller is successfully designed to
control the Hopf bifurcation of the involved fractional-order delayed financial crises contagions model.

The work is arranged as follows. The requisite theory about fractional-order differential system is
prepared in Section 2. The delay-independent stability and bifurcation criteria remaining the stability
and the onset of Hopf bifurcation for fractional-order delayed financial crises contagions model are
built in Section 3. The delay-independent stability and bifurcation criteria maintaining the stability and
the onset of Hopf bifurcation for fractional-order delayed controlled financial crises contagions model
are built in Section 4. The computer simulations substantiating the studied key results are performed
in Section 5. The conclusion is drawn in Section 6.

2. Requisite knowledge

In this section, some necessary important definitions and lemmas about fractional-order dynamical
system are given.

Definition 2.1. [12] The fractional integral of order u of the function g(n) is given by
1"g(n) : fn( Y~'e(s)d
8\n) = =— n—sy gls)as,
L) Jy,

where 11 > no, it > 0, and T'(s) = [ n*~'e™"dy denotes Gamma function.
Definition 2.2. [12] Let g(n) € C([no, ), R). Define the Caputo fractional-order derivative of order u

of g(n) as follows:
O

s,
L —-p) Jy (p— syt
where n > ny and m denotes a positive integer which satisfies m — 1 < u < m. Furthermore, when
0<u<1,then

Di'g(n) =

1 T g(s) )
Il —w J, (m— sk

D'eg(n) =

Definition 2.3. [13] For the given system:
D'x (1) = (), 1= 1,2,--- k, (2.1)
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where p € (0,11, x,(t) = (x1(®), x2(2), - -, xi (), i(2) = (hi(0), ha(2), - - -, (D). If hu(x;) = O, then
(x}, X5, -+, x;) is said to be the equilibrium point of system (2.1).

Lemma 2.1. [14] For the given fractional order system D'y = Ly, y(0) = yo where 0 < u < 1,y €
R, £ € R**_Assume that A,(h = 1,2,--- ,k) is the root of the characteristic equation of D'y = Ly.
Then system D'y = Ly is said to be asymptotically stable < |arg(A;)| > /g(h =1,2,---,k). Besides,
this system is said to be stable & |arg(Ay)| > ’%”(h = 1,2,--- ,k) and every critical eigenvalue that
satisfies larg(Ay)| = ’g(h =1,2,---,k) has geometric multiplicity one.

Lemma 2.2. [15] For the given fractional order system D*w(t) = T1w(t) + Tow(t — o), where w(t) =
o(),t € [-0,0l,ue0,1l,we R, T1,7, € R"", u e R*"™™_ The characteristic equation of the system
can be expressed as det|s' 1 — T — T,e *| = 0. Then the zero solution of the system is asymptotically
stable if each root of the equation det|s*1 — T — Te*7| = 0 owns negative real part.

3. Bifurcation of financial crises model (1.3)

In this section, we are to analyze the influence of time delay o on Hopf bifurcation for the fractional-
order delayed financial crises contagions model (1.3).

Let (uy., us.) be the equilibrium point of model (1.3), then

2
a—upy, =0,
3.1
{ s, (=B + r,ii2) = 0 G-b
It follows from (3.1) that system (1.3) has the unique positive equilibrium point U(uy., u,.) where
2

U = Uy, = %-

let

a’

{ iy (1) = ui (1) = uy., (3.2)

iy (1) = u(t) — Uy,

then system (1.3) is expressed as the following form:

dity (1) _ - 2
m =a — (U (1) + ur)(lx(t — o) + uz.)”, (3.3)

dit, (1) _ . _
- (2 (1) + up)[=B + (1 (t — o) + ur) (@2 (1) + uz.)].

The linear system of (3.3) near (0, 0) owns the expression:

dit| (1) 5 - ~
= —u2*1/t](t) - 2M1*u2*u2(t - O-)’
dgﬁlft) (3.4)
dzt# = 13,1, (t — ) + Quy.p, — B)ia(?).
Let u; denote ii;(i = 1, 2), then system (3.4) becomes
du(t
1( ) = —u%*l/ll(l) - 2“1*”2*”2(t - O-)’
dffﬁ’(l,) (3.5)
dzt/‘ = ug*ul(t = 0) + Quyuz. — Bus(2).
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The characteristic equation of Eq (3.5) is given by

sH+ u3, 2uy,Up.e” B
) _z e v - Quun —p) |~ .6)
which leads to
s*+aist +ar,+be ™ =0, (3.7)

where ,
ay = Uy, — 2”1*”2* +ﬁa

a = ux (B — 2uy.us.), (3.8)

b] = 2M1*M§*
Assume that
(Ky) a; >0,a, +b; >0
holds.

Lemma 3.1. For system (1.3), the positive equilibrium point U(u,., u.) is locally asymptotically stable
provided that (K,) holds true.

Proof. If o = 0, then (3.7) becomes
A +ad+ay+b =0. (3.9)

It follows from (K;) that every root A, of (3.7) satisfies |arg(4,)| > ’%T(h = 1,2). By Lemma 3.1,
one knows that the positive equilibrium point U(u;., u,.) 1s locally asymptotically stable. The proof
completes. O

Assume that s =iy =y (COS 5 +isin ’5’) is aroot of Eq. (3.7), then

yn
by cos 2yo = —y** cos ymr — a;y* cos — — a,

(3.10)
by sin2yo = —y* sinym — a;y" sin %
According to (3.10), we have
1
cos2yo = — [—yz“ cos ym — ary" cos m_ a|,
b, 2
(3.11)
. oy - 7
sin2yo = — [—y Hsinym — apy” sin —|.
b, 2
and ) )
bt = |y* cosym + a;y* cos 7/2—7T + az] + [)/2” sinym + a;y* sin %T] , (3.12)
which leads to
Y+ey* +ey* +ey +6=0 (3.13)
where . .
€ =2a, (cos YT COS y? + sin ym sin 77),
€& = 2a, cosym, (3.14)

yn
€ = 2611612 COS 7,

€ =a - b
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Denote
Y(y) = y4” + 6173” + 6272” + &Y + &. (3.15)
Suppose that
(Ky) a; < by.

By (K3), one derives €, < 0. Notice that d‘z—(f > 0, for each y > 0, then Eq (3.13) has at least one

positive real root. So, Eq (3.7) has at least a pair of purely roots.
Suppose that Eq (3.15) has four real roots (say y, > 0(h = 1,2,3,4). By (3.11), we have

1 —y*# cosym —ayy*cos L —a
o= — [arccos( LR i ity 2) +2In|, (3.16)
2y b,
where [ =0,1,2,--- ,h=1,2,3,4. Let
Yo = min Jhv0 = Yoo (3.17)
Assume that
(K3) QS +6,S, >0,
where @ n 3
Q= 2/17(2)“_1 cos % +,ua1yg_l cos (u 5 ﬂ,
4. Qu-Dhr . - D
Q = 2uyy"” SIHMT) +paryy ' sin 4 5 (3.18)
Sl = Zb’)/o sin 2’)/00'(),
Sz = Zb)/() COS 2’)/00'0.

Lemma 3.2. Suppose that s(o) = p1(0) + ip,(0) is the root of (3.7) near o = o such that p\(cy) =

0, p2(09) = Yo, then Re [j_g']ozao,y:yo > 0.
Proof. It follows from (3.7) that
d d
(2;132"_] +,ua]s"_l) @ 2bie > —Sa' +s5]=0. (3.19)
do do

It follows from (3.19) that

ds\™' 2us* '+ pua sl o
%) T 2she 5 (3:20)
which leads to ) .
ds\~ 2us* ' + pa, s
Re|[——] [=R : 3.21
© »(dcr) l © [ 2sbje~257 (3-21)
Thus |
ds\-
] -esees
R ST+S5;
Applying (K3), we have
-1
Re ﬁ > 0, (3.23)
do— T=00,Y=Y0
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which ends the proof.
By means of the analysis above, the following assertion holds.

Theorem 3.1. If (K;)—(K5) are satisfied, then the positive equilibrium point (u., uy.)

of system (1.3)

is locally asymptotically stable if 0 < o < 0 and system (1.3) generates Hopf bifurcation around the

positive equilibrium point (uy., u,.) when o passes through the delay value o .

4. Bifurcation control for the financial crises model (1.3)

In this section, we are to analyze the influence of time delay o on Hopf bifurcation for the fractional-
order delayed controlled financial crises contagions model. we design a time delay feedback controller

[16] which takes the form:
@) = Oluy(t — o) —u (0],

where 6 is feedback gain coefficient.

du|(1) 5

o = a—u(Ouy(t — o) + 0luy (t — o) —u (1],
diti()

T ur(D)(=B + u1(t — 0)ua(1)),

Clearly, system (4.2) has the unique positive equilibrium point U (uy., u,.) where u, = £

let
{ uy (1) = uy(t) — s,

iy (1) = u(t) — Uy,

then system (4.2) is expressed as the following form:

dit (1) B ) 5 B B
i =a — (uy(t) + up )zt — o) + up.)” + 0l (t — o) — 1 (1)),
dﬁ’;(t) B _ _
T (2(2) + Uz )[=B + (U1 (t — o) + ur)(@2() + uz.)].
The linear system of (4.4) near (0, 0) owns the expression:
di, (1) ) B B B
- —(u5, + Oy (1) + Oy (t — 0) — 2uy.un. o (t — 0),
AAUNIP ¢ 2 (¢
= - + « U T .
i us, i1 (t — o) + Quy.uz. — By (1)
Let u; denote i1;(i = 1,2), then system (4.5) becomes
du{ (1) )
I = —(u;, + Ouy(t) + Ouy(t — o) — 2uyup.ux(t — 0),
duy(t) . 5 .
= - + * U T .
i uy ui(t — o) + Qupiz. — Bluy(t)
The characteristic equation of Eq (4.6) is given by
st + (U3, + 6) — O™ Uy Up e B
det —u%*e_w st — (21/!1*1/12* _ﬁ) B 0’

4.1)

4.2)

PR Uy =

a
B

(4.3)

(4.4)

4.5)

(4.6)

4.7)
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which leads to
sH 4ot +er— (P +d)e” + dre 7 =0, 4.8)
where
) = u%* — 22Uy, + B+ 0,
¢ = (U3, — 0)(B - 2up.an.),
dl :ﬂ - 2”1*”2*’
dg = 2M1*M§*

(4.9)

Assume that
(K4) c1>1,0 —dl +d2 >0
holds.

Lemma 4.1. For system (4.2), the positive equilibrium point U(u,., u.) is locally asymptotically stable
provided that (K,) holds true.

Proof. 1If o = 0, then (4.8) becomes
2+ —DA+ca—dy+dr =0. (4.10)

It follows from (Kj) that every root A; of (4.8) satisfies |arg(4;)] > %’(j = 1,2). By Lemma 3.1,
one knows that the positive equilibrium point U(u,., uy.) is locally asymptotically stable. The proof
completes. O
By (4.8), we have

(s + 18" + c2)e"” — (s +dy) + dre™ = 0. (4.11)

Lets=ip=p (cos 5 +isin %) be the root of Eq. (4.11), then

{ my cos gor — my sin QO‘_Z ms, 4.12)
ny COS 00 + n, Sin o = ns,
where -
m; = Qz" cos urm + ¢10" cos ] +cy+dy,
my = 92” sin um + ¢;0" sin % +d,,
Vi3
ms = QFCOS% +d,
T (4.13)
ny = o™ sinum + 10/ sin 'u—,
s
n, = o* cos um + ¢10" cos > + ¢y —dy,
. uT
n3 = 0" sin >
It follows from (4.12) that
msn, + n3niy
Cos o0 = P—
mn
. I’l’llll’lgz— n11m32 (414)
singg = ——,
miny +nimy
which leads to
(miny + nymy)* = (m3ny + nymy)” + (myny — nyms)” . (4.15)
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For the convenience of calculation, we deal with this formula (4.13) properly. Let

V| = COS um,
U
Vp =1 COS —,
2
V3 =Cy + dz,
V4 = sinum,
. um
V5 = C1 S1n 7,
Ve = d,
ur
V7 = COS —,
ve = di 2 (4.16)
- ’
Vg = sin um,

. T
Vipo = C1 S1n 7,
V11 = COS um,
MTT
Vi = C1 COS —,

2
Vi3 = ¢y —da,
. M
Vig = S1In —.
2

then (4.13) becomes

mp = Vlé)zﬂ + 20" +vs,
my = vao™ + vsot + ve,
my = v10" + g,

np = V992’J + viod”,

ny = vi0* + vind" + vis,
n3 = v

(4.17)

Notice that

(miny + nimy)” = 610 + €20 + 630% + cu0™ + g50™
+660™ + 670 + 630" + v,

(m3na + n3my)* = 6100 + 6110 + §120™ + §130™ (4.13)
+ 5‘14@2” +6150" + 16,

ming — nimz)” = 6170™ + G150 + 190" + 200" + 62107,
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where

S1
2
3

4

S5

S6

Y

S8
S9
S10
Sl
S12

S13

S14

S15
S16
S17
S18
S19

S20
21

By (4.15) and (4.18), we get

8 7
vio* + vy

AIMS Mathematics

= + V4V9)2,
= 2(vivit + vavo)(Vivia + VoV + VsVo + Vavio),
= (ViVi2 + Vavii + VsV + Vavio)
+2(vivin + vave)(Vivis + vavin
+v3vi + Vevo + Vsvio),
=2(v1vi1 + v4ve)(V2viz + V3viz + VeVig)
+ 2(V1V12 + VoV + V5V9 + V4V10)
X (vivis + vaviz + V3vin + VeVo + VsVio),
= (Vivi3 + Vavia + V311 + VeVe + Vsvip)
+ 2(V1V12 + VoV + V5V + V4V]())
X (vavi3 + v3vi2 + VeVio)
+ 2v3vi3(Vivin + vave),
= 2(vivi3 + VaVia + V3Vi| + VeVo + Vs5Vig)
X (Vavi3 + V3Vi2 + V6Vi0)
+ 2v3vi3(Vivia + vavin + Vsvo + Vavio),
= 2vavi3(Vivis + vavio + v3vig + VeVg + Vsvig)
+ (Vavi3 + Vavia + VeVio),
= 2v3vi3(v2vi3 + v3via + VeVio), 4.19)
= (v3vi3)’
= (vovi1 + V4V14)2,
= 2(vovi1 + v4via)(VoVia + VgV + V5Via),
= (vovi1 + Vavia)® + 2(voviy + Vavia)
X (Voviz + VgVia2 + VeVia),
= vgvizs(Vovi1 + vavia) + 2(voviz + vgvia + VeVi4)
X (vovia + vgVvi1 + VsVia),
= (vovi3 + VgVia + VeVia)’
+ vgvi3(Vovia + vgvin + VsVia),
= vgvizs(Vvovia + vgvii + Vsvi4),
= (vsvi3)%,
= (Vivia — viv)’,
= 2(vivis — v1ve)(Vavia — VgVg — V7)),
= 2(vivig — v1v9)(V3Vi4 — VgVi0)
+ (Vavia — VsVo — Vivi0)’,
= 2(v3vi4 — vgvi0)(V2Vi4 — V8V9 — V7V10),
= (v3vig — V8V10)2-

+ v3g6“ + U4Q5“ + v5Q4“ + v6g3“ + v7Q2“ + vgd" + vg =0, (4.20)

Volume 7, Issue 2, 2102-2122.
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where

Denote

U1 =61,

Uy = 62,

Uz =63 =610 — S175

Us =G4 — 611 —S18s

Us =65 =612 — 619, 4.21)
Us = 66 — §13 — $205

U7 =67 — 614 — 6§21,

Ug = §8 — G155

Ug = §9 — Gl6-

Do) = vlgg’“‘ + UQQ7“ + U3Q6" + U4QS" + U5Q4" + U6Q3" + U7Q2“ + v + vo. 4.22)

Suppose that

By (Ks), one derives vg < 0. Notice that

(Ks5) 69 < Gi6.

dcz_;@ > 0, for each o0 > 0, then Eq (4.20) has at least one

positive real root. So, Eq (4.11) has at least a pair of purely roots.

Suppose that Eq (4.11) owns eight real roots (say o; > 0(j = 1,2,---,8). By (4.14), we have

wherei =0,1,2,---,j=1,2,---,8. Let

Assume that

where

AIMS Mathematics

-1 +
o= = [arccos (w) + 2i71] , (4.23)
Qj myny + nymy
— i 0 _
oo = j:rlr}zlj}’g{ff,-},@o = Olo=0y- (4.24)

(Ks) RiVi+ RV, >0,

Q=
2
2u—1
_ -1
_IJQG ICOS('u 3 )ﬂ,
Qu—-rm

_ _ 1 )
R, = [2/1@3“ 'cos — pe1ol "cos T)ﬂ] sin goog

_ 2u—1 _
+ [2u92” "sin Gu— D + pcig) "sin W=Dz

_ _ 1
R, = [2;1@(2)” 'co e cos T)ﬂ] COS 00

0 2
(u— )

2 -
YV, = (gé" COS T + €10}y COS % + cz)go sin poy + d»0¢ Sin 0y

/s

. .
+ (QO“ sinpum + ¢y} sin ,u? + cz)go COS 000,
n

V, = — (Q(Z)” COS T + €10}y COS ,u? + cz)go €08 000 + dr0( COS 090

n
+ (Q(z)“ sin um + ¢} sin ,u? + c2)90 sin poo.

] COS 00 (425)

- ,ug‘g_] sin

Volume 7, Issue 2, 2102-2122.
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Lemma 4.2. Suppose that s(o) = (o) + in,(0) is the root of (4.11) near o = o such that n,(c) =
0,17,(09) = 00, then Re [‘%] > 0.

0=00,0=00

Proof. It follows from (4.11) that

ds
(Z,usz“_1 + ,ucls“_l) %e”

(ds
+e* (d—O' + 5| (% + 15 + ¢))

o
d d
—,us”_] ﬁ —dye™7 (ﬁa + s) =0. (4.26)
It follows from (4.26) that
s\ R o
% = ? - ?, (427)
where
R = (2,1152”_1 + ,ucls’H) e — st (4.28)
V= e s(s + 15" + ¢3) + dpse™* '
Then ., .,
Re [(j_s) = Re (%) } . 4.29)
o
Thus |
ds\
Re [(d—s) l - %. (4.30)
o T=00,0=00 1 + 2
Applying (Kg), we have
ds\!
Re l(d—s) } >0, (4.31)
g T=00,0=00
which ends the proof. O

By means of the analysis above, the following assertion holds.

Theorem 4.1. If (K,)-(Kg) are satisfied, then the positive equilibrium point (u,., uz.) of system (4.2)
is locally asymptotically stable if 0 < o < 0 and system (4.2) generates Hopf bifurcation around the
positive equilibrium point (uy., u,.) when o passes through the delay value o .

5. Numerical examples

Example 5.1 Consider the following fractional-order financial crises contagions model:

0.67
d—ul (t) =2 - ul(t)ug(t - 0_),
7067 (5.1)
du(2).67(t)
—e = ur(1)(=1.45 + u (t — o)ua()).

Apparently, system (5.1) owns the unique positive equilibrium point (1.0513,1.3793). Making use
of Matlab software, we get vy = 0.5091 and oy = 0.0332. The conditions (K;)—(K3) of Theorem
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3.1 are fulfilled. In order to check the stability of the positive equilibrium point (1.0513,1.3793)
and the appearance of Hopf bifurcation of system (5.1), we choose two unequal delay values. Let
o = 0.025 < oy = 0.0332, we obtain the computer simulation results that are presented in Figure
1. According to Figure 1, one can clearly see that the positive equilibrium point (1.0513,1.3793)
keeps locally asymptotically stable situation. Figure 1 contains 4 subfigures. Subfigure 1 of Figure 1
shows that the state variable u; — 1.0513 when the time increases. Subfigure 2 of Figure 1 implies
that the state variable u, — 1.3793 when the time increases. Subfigure 3 of Figure 1 manifests the
numerical relation of u#; and u,. Subfigure 4 of Figure 1 display the numerical relation of #-u;-u,. Let
o = 0.045 > o0y = 0.0332, we get the computer simulation results which are presented in Figure 2.
According to Figure 2, we can clearly see that a Hopf bifurcation arises around the positive equilibrium
point (1.0513, 1.3793). Figure 2 contains 4 subfigures. Subfigure 1 of Figure 2 implies that the state
variable u; will keep a periodic oscillatory level around the value 1.0513 when the time increases.
Subfigures 2 of Figure 2 implies that the state variable u, will keep a periodic oscillatory state near the
value 1.3793 when the time increases. Subfigures 3 of Figure 2 manifests the numerical relation of u
and u,. Subfigures 4 of Figure 2 displays the numerical relation of #-u;-u,. The correlation for u,
and o is listed in Table 1. Also, the bifurcation plots are presented to show that the bifurcation value
is approximately equal to 0.0332 (see Figures 3 and 4).
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Example 5.2 Consider the following fractional-order controlled financial crises contagions model
with delays:

dul¥ (1) ,
— 5 = 2 - m@Ouy(t = o) + 0luy (t — ) —u ()],

1067
a0 (52)
067 = ur(1)(—1.45 + u (t — o)uy(1)),

Apparently, system (5.2) owns the unique positive equilibrium point (1.0513,1.3793). Let 6 =
3. Making use of Matlab software, one gets oo = 0.9012 and oy = 0.0583. The conditions (Kj)-
(Kg) in Theorem 4.1 are satisfied. In order to check the stability of the positive equilibrium point
(1.0513,1.3793) and the onset of Hopf bifurcation of system (5.2), we choose two unequal delay
values. Let o0 = 0.045 < o = 0.0583, we get the computer simulation results that are presented in
Figure 5. According to Figure 1, one can distinctly see that the equilibrium point (1.0513,1.3793)
keeps locally asymptotically stable situation. Figure 5 includes 4 subfigures. Subfigure 1 of Figure 1
shows that the state variable u; — 1.0513 when the time increases. Subfigure 2 of Figure 5 implies
that the state variable u, — 1.3793 when the time increases. Subfigure 3 of Figure 5 manifests the
numerical relation of u; and u,. Subfigure 4 of Figure 5 display the numerical relation of 7-u,-u,. Let
o =0.075 > oy = 0.0583, we obtain the computer simulation results which are presented in Figure 6.
According to Figure 6, we can clearly see that a Hopf bifurcation arises around the positive equilibrium
point (1.0513,1.3793). Figure 2 contains 4 subfigures. Subfigure 1 of Figure 6 implies that the state
variable u; will keep a periodic oscillatory level around the value 1.0513 when the time increases.
Subfigures 2 of Figure 6 implies that the state variable u, will keep a periodic oscillatory state near the
value 1.3793 when the time increases. Subfigures 3 of Figure 6 manifests the numerical relation of u,
and u,. Subfigures 4 of Figure 6 displays the numerical relation of 7-u,-u,. The correlation for u, gy
and o is listed in Table 2. Also, the bifurcation plots are presented to show that the bifurcation value
is approximately equal to 0.0583 (see Figures 7 and 8).
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Figure 1. The computer simulation results of system (5.1) when o = 0.025 < oy = 0.0332.

Figure 2. The computer simulation results of system (5.1) when o = 0.045 > oy = 0.0332.
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Figure 3. Bifurcation plot of system (5.1): o versus u;.
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Figure 4. Bifurcation plot of system (5.1): o versus u,.
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Figure 5. The computer simulation results of system (5.2) when o = 0.045 < oy = 0.0583.
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Figure 6. The computer simulation results of system (5.2) when o = 0.075 > oy = 0.0583.
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Figure 7. Bifurcation plot of system (5.2): o versus u;.
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Table 1. The correlation of y,y, and o7 in system (5.1).

H Y0 0o
0.18 0.9713 0.2109
0.23 0.8107 0.2655
0.36 0.7861 0.2872
0.48 0.6723 0.0301
0.67 0.5091 0.0332
0.76 0.4728 0.0457
0.81 0.4011 0.0504
0.89 0.3856 0.0609
0.94 0.2781 0.00821

Table 2. The correlation of u, 0y and o7 in system (5.2).

H Qo 0o
0.25 1.5209 0.0278
0.38 1.4155 0.0357
0.43 1.2376 0.0433
0.55 0.9904 0.0502
0.67 0.9012 0.0583
0.73 0.8155 0.0624
0.82 0.7466 0.0743
0.90 0.6123 0.0829
0.96 0.5842 0.0925

Remark 5.1 From the computer numerical simulation results of Example 5.1 and Example 5.2,
we know that the stability region of system (5.1) is [0,0¢ = 0.0332) and the Hopf bifurcation value
is 0.0332, the stability region of system (5.2) is [0,00 = 0.0583) and the Hopf bifurcation value is
0.0583. Thus the stability region of system (5.1) is enlarged and the time of the onset Hopf bifurcation
is postponed by designing a suitable delayed feedback controller.

6. Conclusions

Fractional-order differential system has displayed underlying application prospect in the economic
sphere. Based on the previous publications, we propose a new fractional-order delayed financial crises
contagions model. By virtue of the stability theory and bifurcation knowledge of fractional-order
differential equation, we derive a novel delay-independent stability and bifurcation condition to remain
the stability and generate Hopf bifurcation for the involved fractional-order delayed financial crises
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contagions model. Through designing an appropriate delayed feedback controller, we can successfully
control the stability region and the time of onset of Hopf bifurcation for the involved fractional-order
delayed financial crises model. The investigated fruits are helpful for us to grasp the inherent law of
economic operation and then serve mankind effectively. Also, the research approach can be applied to
control the dynamical peculiarity of numerous other dynamical models in lots of disciplines.

Acknowledgments

This work is supported by National Natural Science Foundation of China (No.61673008,
No0.62062018), Project of High-level Innovative Talents of Guizhou Province ([2016]5651), Key
Project of Hunan Education Department (17A181), University Science and Technology Top Talents
Project of Guizhou Province (KY[2018]047), Foundation of Science and Technology of Guizhou
Province ([2019]1051), Guizhou University of Finance and Economics(2018XZD01). The authors
would like to thank the referees and the editor for helpful suggestions incorporated into this paper.

Conflict of interest

The authors declare that they have no conflict of interest.

References

1. K. Chen, Y. R. Ying, A nonlinear dynamic model of the financial crises contagions, Intel. Infor.
Manag., 3 (2011), 17-21. doi:10.4236/iim.2011.31002.

2. H.J. Yu, G. L. Cai, Y. X. Li, Dynamic analysis and control of a new hyperchaotic finance system,
Nonlinear Dyn., 67 (2012), 2171-2181. do0i:10.1007/s11071-011-0137-9.

3. L. Cao, A four-dimensional hyperchaotic finance system and its cpntrol problems, J. Control Sci.
Eng., 2018 (2018), Article ID 4976380, 12 pages. doi:10.1155/2018/4976380.

4. X.F. Liao, C. D.Li, S. B. Zhou, Hopf bifurcation and chaos in macroeconomic models with policy
lag, Chaos Soliton. Fract., 15 (2005), 91-108. doi:10.1016/j.chaos.2004.09.075.

5. L. Fanti, P. Manfredi, Chaotic business cycles and fiscal policy: An IS-LM model with distributed
tax collection lags, Chaos Soliton. Fract., 32 (2007), 736-744. doi:10.1016/j.chaos.2005.11.024.

6. R. M. Goodwin, The nonlinear accelerator and the persistence of business cycles, Econometrica,
19 (1951), 1-17. doi:10.1007/978-1-349-05504-3-6.

7. A.C.L. Chian, E. L. Rempel, C. Rogers, Complex economic dynamics: Chaotic saddle, crisis and
intermittency, Chaos, Soliton. Fract., 29 (2006), 1194-1218. doi:10.1016/j.chaos.2005.08.218.

8. Q. Gao, J. H. Ma, Chaos and Hopf bifurcation of a finance system, Nonlinear Dyn., 58 (2009),
209-216. doi:10.1007/s11071-009-9472-5.

9. Z.C.Jiang, Y. F. Guo, T. Q. Zhang, Double delayed feedback control of a nonlinear finance system,
Discrete Dyn. Nat. Soc., 2019 (20199), Article ID 7254121, 17 pages. doi: 10.1155/2019/7254121.

10. W. C. Chen, Dynamics and control of a financial system with time-delayed feedbacks, Chaos
Soliton. Fract., 37 (2008), 1198-1207. doi:10.1016/j.chaos.2006.10.016.

AIMS Mathematics Volume 7, Issue 2, 2102-2122.



2122

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

@ AIMS Press

W. K. Son, Y. J. Park, Delayed feedback on the dynamical model of a financial system, Chaos
Soliton. Fract., 44 (2011), 208-217. doi:10.1016/j.chaos.2011.01.010.

L. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999.

C. D. Huang, J. D. Cao, M. Xiao, A. Alsaedi, T. Hayat, Bifurcations in a delayed
fractional complex-valued neural network, Appl. Math. Comput., 292 (2017), 210-227.
doi:10.1016/j.amc.2016.07.029.

D. Matignon, Stability results for fractional differential equations with applications to control
processing, Computational engineering in systems and application multi-conference, IMACS. In:
IEEE-SMC Proceedings, Lille, 2; 1996. p.963-968. France; July 1996.

W. H. Deng, C. P. Li, J. H. Lii, Stability analysis of linear fractional differential system with multi-
ple time delays, Nonlinear Dyn., 48 (2007), 409-416. doi1:10.1007/s11071-006-9094-0.

P. Yu, G. R. Chen, Hopf bifurcation control using nonlinear feedback with polynomial functions,
Int. J. Bifur. Chaos, 14 (2004), 1683—-1704. doi:10.1142/S0218127404010291.

L. G. Yuan, Q. G. Yang, C. B. Zeng, Chaos detection and parameter identification in fractional-
order chaotic systems with delay, Nonlinear Dyn., 73 (2013), 439-448. doi:10.1007/s11071-013-
0799-6.

L. G. Yuan, Q. G. Yang, Parameter identification and synchronization of fractional-
order chaotic systems, Commun. Nonlinear Sci. Numer. Simul., 17 (2012), 305-316.
doi:10.1016/j.cnsns.2011.04.005.

C. J. Xu, Z. X. Liu, M. X. Liao, P. L. Li, Q. M. Xiao, S. Yuan, Fractional-order bidirectional
associate memory (BAM) neural networks with multiple delays: The case of Hopf bifurcation,
Math. Comput. Simul., 182 (2021), 471-494. doi:10.1016/j.matcom.2020.11.023.

C.J. Xu, M. X. Liao, P. L. Li, Y. Guo, Z. X. Liu, Bifurcation properties for fractional order delayed
BAM neural networks, Cogn. Comput., 13 (2021), 322-356. doi:10.1007/s12559-020-09782-w.

C.J. Xu, Z. X. Liu, L. Y. Yao, C. Aouiti, Further exploration on bifurcation of fractional-order six-
neuron bi-directional associative memory neural networks with multi-delays, Appl. Math. Comput. ,
410 (2021), 126458. doi:10.1016/j.amc.2021.126458.

C. J. Xu, C. Aouiti, Z. X. Liu, A further study on bifurcation for fractional or-
der BAM neural networks with multiple delays, Neurocomputing, 417 (2020), 501-515.
doi:10.1016/j.neucom.2020.08.047.

W. W. Zhang, J. D. Cao, A. Alsaedi, F. E. S. Alsaadi, Synchronization of time delayed fractional
order chaotic financial system, Discrete Dyn. Nat. Soc., 2017 (2017), Article ID 1230396, 5 pages.
doi:10.1155/2017/1230396.

©2022 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 2, 2102-2122.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Requisite knowledge
	Bifurcation of financial crises model (1.3)
	Bifurcation control for the financial crises model (1.3)
	Numerical examples
	Conclusions

