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1. Introduction

Hyers [1] made a response to the question of Ulam in the context of Banach spaces in relation to
additive mappings and was a considerable step towards further solutions in this area. Note the concept
of stability is a major property in the qualitative theory of differential equations. Over the last few
years, results have been presented on numerous types of differential equations.The approach proposed
by Hyers [1] which provides the additive function is named a direct technique. This technique is a
significant and helpful tool used to investigate the stability of different functional equations. In recent
years, a number of research monographs and articles have been studied on diverse applications and
generalizations of the HUS, like k-additive mappings, differential equations, Navier—Stokes equations,
ODEs, and PDEs (see [2—4]). Also in recent years, the stability of different (integral and differential,
others functional) equations and other subjects (such as C*-ternary algebras, groups, flows and Banach
algebras) have been investigated.Fixed—point methods are useful when examining stability and fixed
point theory proposes vital tools for solving problems arising in different fields of functional analysis,
like equilibrium problems, differential equations, and dynamical systems.

Assume Banach algebras 2 and 2. Suppose (2, A) is a probability measure space and suppose
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(2,B9) and (2", B o) are Borel measurable spaces. Then amap f : 2’ x 2 — 2" is a operator
if {p : f(p,a) € v} € Aforeachain 2 and v € By,. Assume U = (Uy,...,U,,) and Q =
(Qy,...,Q,),m e N. Then we have

0<0Q0—=90U,<Q, 1=1,---,m;
and also
0->0==70U,—-0, 1=1,---,m.

Definition 1.1 ( [5]). Let V # O isasetand d : V> — [0, +00]",m € N, is a given mapping. If the
following conditions are satisfied, then we say d is a generalized metric on V:
(1) For each (g,g’) € VXV, we get

dig.g)=(,---,0) = g=g";
—————

(2) For each (g,g’) € VXV, we get

d(g',8) =d(g,8) = g=g";
(3) Foreach g, g’,¢"” € V, we get

d(g.8") +dg".g') z d(g. 9)

Theorem 1.2 ( [5]). Assume the following assumptions:
(1)d : V?> = [0, +00]", m € N, and (V,d) is a complete generalized metric space.
(2) L .V — Vs a strictly contractive mapping with Lipschitz constant Z < 1.
Then for each g € V, either

m

——
d(gng’ $n+1g) = (+OO, R +OO)
for each n € N U {0} or there is a ny € N such that

S
(1) d(L"g, L™'g) < (+00,- -+, +00), Yn > ny;
(2) The sequence { L"g} converges to a fixed point (g')" of Z;

—_—
(3) (g')* is the unique fixed point of £ in the set C = {g' € V | d(L™g,g") < (+00, -+ ,+00)};
(4)d(g',(¢)") = 2zd(g', Lg) for each ¢’ € (.
We use fixed-point way to study the multi-stability of antiderivations associated with the following
inequality:

diag| |f1<A,e+5+g> CfAet )~ filh e+ —¢)+ filAe - g>>||,...,
N e+l+¢) - fullhe+¢)— fu(A,e+{—¢)+ fu(A, e — §))H ] (1.1)
< diag| ||0n(fi(A -2+ 9) = fithz+9) = iA=L =9+ fithz =9

en(ﬂ(A,s— {+¢)=filhe+¢) = fulAie =L =¢) + fu(A, & - Q)H ]m

foreach e, {,¢ € 2, A € 2" with |0y],...,16,] < 1.
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2. Proposing new control functions and the concept of multi stability

For this section we refer the reader [6,7]. Assume R(v) denotes the real part of v if v € C. Also, let
(1) Z* be the set of the positive integers;

(2) Z~ be the negative integer numbers;

(3) R_ be the negative real numbers;

(4) R, be the positive real numbers.

We begin by defining various functions which will be needed later. The gamma function is given by

I'Xx) = f e 'YX lgy, RX)>0, XeC.
0

Euler’s functional equation is given by
'X+1)=Xrx), RX)>0, XeC.
Theorem 2.1 ( [6]). If X € N U {0}, then
rx+1 =

Theorem 2.2 ( [6]). I'(0.5) = 7%

The Pochhammer symbol is

. _IC+p 1 J=0
©, = H(C T {C(C+1)"'(C+J—1)J€NU{0}

where ( € C and J,1 €N,
Note that

rC+p=CC+1)---(C+,;-1rC

where j € N U {0}.
The Gauss hypergeometric series [7] is given by

©(X) = ,F (e, B; T: X) 2.1)
B a(a + 1)BB + 1)X2
= 1+ TX TT+0) 2
O (@,(B), X"
n=0 (T)n n!’

where @,B, T, X € C,n e NU {0}, and | X| < 1.
Consider the Gauss differential equation

d*w dw
2 _
X-X )_dX2 +(T-(@e+B+ I)X)d — aBw =0, (2.2)
where @,B, X € C, T € C\(Z~ U {0}), and |X]| < 1. The hypergeometric series is a solution of (2.2).
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Theorem 2.3 ( [6]). Let a,B, T,X € Cand |X| < 1. Then

Fi(a,B;T;X) = _rm Y81 - v)"B 11 - XY)™ay,
ST T TEINT -B) Jo ’

where R(T) > R(B) > 0.
Theorem 2.4. If R(T) > 0,|X| < 1, and | arg(—X)| < 7, then

2Fi(a,B;T; X) = (—X)YdY,

nm 1 fﬂ'“’ [(a + Y)[(B + Y)[(-Y)
T(@)(B) 27i J_, L(T+Y)

We now present the Clausen hypergeometric series [7] and its properties:

ePX) = F(@);(T);X) (2.3)
= pIFq(a,"”9ap;Tla"'aTq;X)

R )
= (@) (@) X"
(T (T n! ’

where p,n,q e NU {0} and ,,, X, T, € C.
Now, (2.3) is a solution of the following differential equation

(M@, o)) = (No. a0 = 0,
where

(Mg.n. Tw)0

_ (X%) ﬁ ((X%)w(X) A (T, - l)a)(X)) - X%{( ﬁ ((X%( +(T, - 1))w)(X)),

n=1 n=1

and

(N(p, . cxn)a))(X) _ X ﬁ (Xd‘c‘l’g) ; ozna)(X)) _Xx ﬁ ((Xdi ; a/n)w)(X)
n=1

n=1
and a,, X, T, €C, p,n,g e NU{0}, and |X| < 1,
Theorem 2.5 ( [6]). Suppose a, € C\(Z~ U {0}):

(1) The series converges only for X =0, if p > g+ 1.
(2) The series converges absolutely for X € C, if p < q.
(3) The series converges absolutely for |X| < 1 and diverges for |X| = 1 and for |X| > 1 it converges

absolutely for ‘R( o Te= 20 ak) >0,ifp=qg+1.
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Assume the following notation [7]:

== -ibk+iaj, 24)

q P
M P 25
k=1 j=1

and

X::—ij+20k+p;q, (2.6)

p q
j=1 k=1

where k;, % € C, k,j €N, p,g € NU{0}, and by,a; € R,.
The Wright generalized hypergeometric series is given by
G = W) 2.7)
= Wl i X)
= PWQ(EQZZ;:Z X )
oo { ?:1 [(x; + ajs)} X

= { [, T(9 + bks)} s!

where j, s,k e N, X €C, E> —1,«;,9. €C, p,g e NU{0}, and by,a; € R,.
Theorem 2.6 ( [6]). Suppose X € C, Oy,k; € C, j, s,k €N, by,a; € Ry, then

(1) (2.7) is absolutely convergent for each value of |X| = o and of |X| < o, and R(y) > 0.5, if
Z2+1=0.
(2) (2.7) is absolutely convergent for X € C, if 2+ 1 > 0.

Now, the Wright function is given by

- 1 Xt
00 1= K.b.X) = W1 X) = Y s T 2.8)
k=0 '

where X, 9 € C, and b € R.

Theorem 2.7 ( [6]). Now (2.8) for b € C (b € Z~ U{0}if 9 = 0) and & > —1 is an entire function of

type 6 = (1 + DI, and finite order p = ﬁ-

Theorem 2.8 ( [6]). Now (2.8) is an entire function of X for each b € C and 9 > —1.
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The Wright generalized Bessel function (Bessel-Maitland function) is given by

N 1 (=X)
e I'(k+1+ak) k!

90?()() = J(Ka a7 X) = = OWI((K.:I’[)); _X)a

where k, X € C, and a € R.

Theorem 2.9 ( [6]). Suppose X € C, j,s,k € N, a;,b, € Ry, and k;, 0 € C. Then (2.7) is an entire
function of X.

Theorem 2.10 ( [6]). Suppose b € R and ¥ € C.

(1) (2.8) is absolutely convergent for all |X| < 1 and of |X| = 1, and R(y) > 0.5, ifb+ 1 = 0.
(2) (2.8) is absolutely convergent for X € C, if b+ 1 > 0.

Theorem 2.11 ( [6]). Suppose b > —1, 9 € C. Then (2.8) is an entire function of X.
Theorem 2.12 ( [6]). Suppose X € C, j,k,s €N, «;, 9 € C,and a;,b, € R,. Then

[1°_, T(k;)
W (K1, 1), (kp, 1) _ j=1 J Kty K
14 q( ] v X) = — ( 1 P )

(01,1, ,(9,,1)° )4 D=4\ 9y, 9,
a4 k=1 I_‘(ﬁk) a4

where 2+ 1 > 0.
The shifted Wright generalized hypergeometric series [6] is given by
e (X)
= ,By(X)

_ (k1,a1501,b1),+ 7(Kp»ap;19p’hp). X
PO\ @y uers0dy)s (®pscpidpady)

(Kpsapi9p.bp)ip .
qu((i cpipdp)i ,X)
ptpsYpsipllg

k=0 { Z:l b(ky + cuk; ’19\,, + dnk)} K

oo Ty (T + T+ ) TTL, T+ B+ (60 + ) g

= ., F((ﬁm + k) + (B + am)k) e, (r@ + e, (@, + dnk)) ko

where m,n € N, k € N U {0}, «,,, ﬂm,'K\n,En,X eC, p,q e NU{0}, and a,,, b, c, d,, € R,
We have the following special cases:
0By = €,
Bo(X) = o X)

= b(k + ak; 9 + bk)—
e k!
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B i [(x + ak)T () + bk) X*
B T[(b + b)k + (I + x)] k!

k=0
= (i x)
B0 = oBi((ni X)
. 1 "
e b(k + ak; ¥ + bk) k!

[ee)

~ ZF[(b+b)k+(ﬁ+K)]£"
B (& + bk)[(k + ak) k!

k=0
_ (9+k,b+b)
- 1W2((K,b),(19,b) ’ )’

1Bi(X) = 1&({22&22)()

(o)

B Z b(K+ak;ﬂ+bk)£k
— p(® + ck; 9 + dk) k!

_ Z L(k + ak)T (9 + BT + 9) + (c + d)k] X*
(b + b)k + (k + DT + dT (K + ck) k!

_ (k,b),(9,b),(K+D,c+d)
3TN @) @bib) )

where k € N U {0}, K, @, K> s X € C, and dy, by iy dy € R,
Now, we define the Wright generalized hypergeometric series (see [6]) as follows

n { 5.):1 F(Kj + CljS)} X

ML T+ b} ™

¢P(X) = [,W,1"(X) =

where X, k;, % € C, s, j,k,q,p € N, and a;, by € R,.

Let
diag[pla et apn]an = p2
P
0O ... 0 p,

nxn
Note that p := diag[py, - ,pul < 0 := diagloy, -+ ,0,] if p; < 0; foreach 1 <i < n.
We denote B[ X] as

diag|¢P(X), -+, P (X)

nxn

A HUR-stability with control functions 23[X], is called multi-stability.
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3. Investigating multi-stability and super-multi-stability problem associated to (1.1)

We now propose the notion of antiderivations in Banach algebras and introduce the super-multi-
stability of antiderivations in algebras Banach, associated to (1.1).

Throughout this section, let 2 be a complex Banach algebra and that 6;,---,6, € C\{0} with
1611, ..., 16,1 < 1.

3.1. Multi stability of the (6, - - , 0,)-functional inequality (1.1)
In this subsection, we study the multi stability of the additive (6, - - - , 6,)-functional inequality (1.1).

Lemma 3.1. Suppose f; : 2" x 2 —- 2 ({ = 1,...,n € N) are mappings satisfying f:(A,0) = 0
and (1.1) for each &,{,¢ € 2, and A € 2’. Then the mappings f; : 2'x 2 - 2, (i=1,...,neN)
are additive (the usual definition is at the end of the proof).

Proof. Assume that f; : 2" x 2 —» 2 (i =1,...,n € N) satisfies (1.1).
Replacing { by = in (1.1), we get

A e=0+¢) = filhe+¢) = filA,e =L =) + filA,e = ¢)

',...,

diag

‘fn(A,g—{+g)—fn(A,g+g)—fn(A,8—§—§)+fn(A,8—S')H ]

ﬁdiag[ “91(]‘1(A,3+§+g)—f1(A,s+g)—fl(A,s+§—g)+f1(A,s—g))
G e+ L+ 9= e+ 6~ fin e+ -+ fine-o) | G.1)
foreach g,{,¢ € 2, and A € 2’. According to (1.1) and (3.1) we have
diag| (A2 +¢46) = fithe )= filhe+ L= 9+ itz =g
A+ L 46 = N e+ - N+ L=+ fihe-)| |
ﬁdiag[ ef(ﬁ(A,s+§+g)—f1(A,s+g)—ﬁ(A,s+g—g)+ﬁ(A,s—g))

(1A e+ L+ 6) = filhe+6) = filh o+ =)+ filhz - g))H |
and so

fiN,e+l+¢)— filNe+¢)— filA,e+(—¢)+ filA,e—¢)=0, i=1,...,n (3.2)

foreache, l,¢ € 2, Ae 2, sincelf;|<1(i=1,...,n).
Letting ¢ = €in (3.2),

[N, 2e+ ) — filA,2e) — fi(A, ) =0, i=1,...,n

foreache, € 2, A € 2. Thus f; (i = 1,...,n) are additive. O
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Throughout the paper, let ¢;, : (2)¥ — [0,00), 1 <i < n, 1 < j; < n,and n € N. Notice that
M := diag[e;j,,...,¢j,] 1s a matrix valued control function such that ¢; (¢;,) represents the element
at the 1"(n™) row and 1"(n™) column of the matrix M and ¢;, demonstrates the j;th given control
function.

Theorem 3.2. Let (¢j,,...,¢;,) : (Z2X2x2)" = [0,00)" (1 < ji,..., jn < n), be functions such that
there exists an (T1,...,9,) < (1,..., 1) with
N—

n

i (ELs (E LS ]
dlag[ (10,11(2,2, 2)"""10]n(2’ 292)
. T T
< diag| ;606 @46 | (33)

forall e,l,¢ € 2. Suppose f; - 2" X 2 — 2 (i=1,...,n) are mappings satisfying f;(A,0) = 0 and

diag[ '

Flhe+l+6) — filhet ) filhe+C—¢)+ filA e g)H

+ |91| 90]1 (89 _{’S‘),-- .y
———

1<ji1<n

fn<A,e+§+g>—fn<A,s+g>—mA,e+§—g>+fn<A,e—g>'|

+|0n| on,l (89 _gag)
———

1<j,<n

< diag[ H91(f1(1\,8—§+ §) = A e+¢) = filhe =L =)+ filA, e~ Q)”

+ @i (8’§’§)a-~~,
~——

1<ji<n

Gn(fn(A,s— {+6) = fulh e +¢) — fulA,e =L —¢) + fulA, e - g))H

v g, ©45) ] (3.4)
—_——

1<j,<n

foreache,(,¢c € 2and A € 2'. Then there exist unique additive mappings f! : 2'x2 — 2 such that

dlag “.fl (A’ 8) - fll(Aa 8) PRI f;l(Aa 8) - .fn,(Aa 8) ]
nxn
) T g & T g ¢
<diag| —— ¢, (Z,82),....—2— o, (Z,e= ,
= lag[ 20 -7 L (2"9’2)’ 21 =7, L (2’8’2) ]X (3:5)
1<jisn 1<j,<n

foreache e 2, and A € 2'.

Proof. Replacing { by —¢ in (3.4), we get
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diag| [[hA =2 +6) - ih s+ 9 - fithe -2 -9+ fithe -5

+|01| SD‘].I (87§’ §)9"'9
——

1<j1<n

fn<A,s—§+g>—fn<A,s+g>—mA,a—4—g>+fn<A,s—g>H

+ |6n| @i, (89 §7 g)
———

1<jn<n

A s +C+¢)— filhe+6) — ilAs+L—¢) + filA,s - g))H

+ ‘10]1 (8’ _§’C)9~- .y
~——

1<ji<n

O oA+ L46) = fulhe+6) = fulAss+ ¢ =)+ fulAys - g))”

< diag[

+ ()0],, (87_4’5‘) s
——

1<jn<n
(3.6)
foreach e,{,¢ € 2, and A € 2’. According to (3.4) and (3.6) we have
diag| |[fi(A.2+2+)= fithe+6) = filhe+ =)+ filhz=g)l....
A+ L46) = N e+ - fih e+ L=+ fihe =) |
nxn
<diag| ¢ @090 g1 @09 | (3.7)
N—— SN—— nxn
1<ji<n 1<j.<n
foreache, ,¢ € 2,and A € 2.
Letting e = ¢ = 7 and { = 0 in (3.7), we get
diag| A 200 - 20,0 [ cr 200 - 25000 |
nxn
) o o o o
=< dlag[ @i (5,0’,5),..., Di, (5,0’,5) ]nxn, (38)
1<ji<n 1<j,<n

foreacho € 2,and A € 2.
Lett = (hy,...,h,) and ' = (B, ..., h).
Now, consider the set

n

—_———
Vi=h: (2 x2)—> 2" (A0 =(0,...,0)}
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20153

and define the generalized metric on V by

d(h, 1) = inf{(,ul,...,u,,) €R:

diag[ (A, &) = (A, ) .. (A, 8) — (A, &) ]
< diag[ Hi @), (f,s, E),...,,un ®; (f,s, E) ],Ve € 2,A € Q'},
—_—\2 2 — 2 \2 2

1<ji<n 1<j,<n

where inf @) = (400, ..., +00).
————

Now (V,d) is corrfplete (also, see [8]).
Let £ = (%,...,%,). Now, we consider the linear mapping . : V — V s.t.

Zﬁi(A,e)::%i(A,;), i=1....n

foreache € 2,and A € 2'.
Leth,#" € V be given s.t. d(h,h') = (g1,...,&,). Then

diag[ (A €)= 7 (Al .., lFin(A, &) — (A, &) ]

. & & & 124
ﬁdlag &1 ‘,DJ] (5’87 z)’-"’gl’l onn (E’S’ E) ]’
—— S~
1< I<insn

foreach ¢ € 2, and A € 2’. Hence

dlag[ ”D%lhl(A’ 8) - Dglh; (A9 8)”5 B ||$1hn(Aa 8) - Z,h;(/\, 8)” ]

T e , e € J(n €
- diag| '2h1 (A,E)—2h1 (Az)' 2hn(A,2) 2hn(A,2) ]
T £ € ¢ g€ ¢
=< dlag 281 ©j (Z, 5, Z), .. ,28,, Lj, (Z, 5, Z)
) 1<ji<n 1<ju<n
T e € e €
= dlag 7-181 @i (5’8’ 5),...,7-,18" Cj (5’89 E) ]9
) 1<ji<n 1<ju<n

foreache € 2, and A € 2. Thus d(f,#’) = (¢4, ...,&,) implies that
~—_————

n

d( LN, e), LH (N, &) < (T1&€1, ..., Then).
Hence
d(Lhe), L0 () = (T1,...,T)dh, 1),

for each #i, " € V. According to (3.8), we get

AIMS Mathematics Volume 7, Issue 11, 20143-20163.



20154

. & &
dlag[ 'ﬁ(A,S)—2f1(A, 5) sonos |[fa(A 8) = 2fu(A, 5)
nxn
<d'_ (888) (sss)]
14 j I KR / DRI

=gl O \gp2y) L 2] |,
1<ji1sn 1<j,<n

cand B (505 % 0 (50)]
~ i =& = s T j ~ & = s

=dagl 5 #3535 2 L \3%3) ..

1<ji<n 1<jp<n

foreache e 2,A € 2, s0d(f, Zf) < (7%,... L

> 3/
According to Theorem 1.2 there exist mappings f/ : 2 — 2(i = 1,..., n) satisfying the following:

(1) f”is a fixed point of .Z, i.e.
F(A &) = 2f (A, g) (3.9)

for each € € 2, and A € 2’. The mapping f” is a unique fixed point of .Z in the set
k={heV:d(f h) < ool

This implies that f” is a unique mapping satisfying (3.9) s.t. there exist uy,...,u, € (0,00)
satisfying

diag[ /1A, &) = i Ol 1fu(A €) = f(A, &)l ]

<dig m ¢y (5.05) om0 (5.05)]
l=e = 0 ==,
= g 251 90]1 2, ’2 » Ny ‘;0],, 2 2
0<jign 0<j,<n
foreache € 2, and A € 2’.
(2) Since lim,,_,, d(Z"f, f') =0,
lim 2"f,-(A,§)=ﬂ(A,s), Vi=1,....n (3.10)

foreache € 2, and A € 2'.
3) d(f. ) = (72 - - -» = (S, L f), which implies

diag| [|FiA&) = FiA2).. . [fA2) - (A ©)
nxn
R e [
N4 =~ / _’g’_ ""’— / _’8,_ b
= Sa— )y P\ %3 20 -7, \2%3) |
1<ji<n 1<j,<n

for each e € 2, and A € 2’. According to (3.3) and (3.4) we have

diag[ Fhe+l+6) = fihe+e) - filh e+l —¢)+ fiAe—g)

g e ey

f,I(A,8+{+g)—f,{(A,s+§)—f,{(A,8+§—g)+fn’(A,s—§)” |
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= diag[ lim 2"

Aln S5 )= A (85
—f1( 8+§ g+f](A—)

)
8+{+g‘) (A,8+g)
Jonn )|

L a5

lim 2"

n—oo

o

(s+§g

< diag[ lim 2716,]

o
e—{ - 5‘) ( 8-5‘)”
_ ) A5
fl( o + fi[A, >
. e £ s e £ ¢
Fim 2| o, ( ) 0 ( —)
e S B N\ o g ) T i\ o
I<ji1<n o
tim 216,17, (A, “—5) - £ (A, 55)

S Ay

o £ 4 s e { ¢
+ lim 2\ i (2n o’ 2_) Q”i’ib(zn o 2_) ]

l<],,<n I<jusn

< diag[ O(filh,e =L +¢) = filhe+¢)— filh,e = -9+ f]

(A e—C+6) = fi(Ae+¢) - fl(Ae—L—c)+ [I(A e~ g))]' ]

foreach g,{,¢ € £, and A € 2. According to Lemma 3.1, the mapping f/ (i = 1,...,n) is additive.
O

3.2. Super-multi-stability of antiderivations in Banach algebras

Definition 3.3. Assume 2 is a complex Banach algebra. A C-linear mapping 4 : 2’ X 2 — 2 is
called an antiderivation if it satisfies

G(N, 9N, 0) =9 (NG (N, e)))+9 (N, e9(N,0)
foreache,l € Zand A € 2'.

Example 3.4. Suppose Q,, is the collection of all polynomials of degree m with complex coeflicients
and

Q = {gm € Oulg(A,0) = 0,m € N}.
Define 4 : 2"’ x Q — Q by
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and 4(A,0) = 0. Then ¢ is an antiderivation.
Example 3.5. Consider the collection of all continuous functions on R, represented by C(R).

Define 9 : 2’ x C(R) —» C(R) by

YN, g(e) = fo g(nydr

for each 7 € R. Then ¢ is an antiderivation.

Lemma 3.6. [9] Suppose 2 is complex Banach algebra and suppose f : 2’ x 2 — 2 is an additive
mapping s.t. f(A,Jg) = Jf(A, &) foreach 3 € T' :=={n € C: |nl = 1} and each € € 2. Then f is
C-linear.

Theorem 3.7. Suppose ¢, ..., ¢, : 2° — [0,00), (1 < ji,..., ja < n), are functions.

(i) If there exist (T1,...,7,) < (1,...,1) satisfying

ding g, (f { 5) o (f ¢ s) ]
J1 (\’cw"c:—s ’ 4 Jn @’3’3

RN R)
1<ji<n 1< j<n
) VE T
<diag] = ¢ 26,2020, i, 28,2029) |, 3.11)
1<j1<n 1<j,<n

andif f; - 2" X 2 — 2, (i =1,...,n), are mappings satisfying f:(A\,0) = 0 and

diag] [SAA &+ +6) = it 36+ ) = A 36 + £ =)+ iAo - g)”
+ |61| P (8’ _g’g) seees
SN——
1<ji<n
SlAae++6)— A (e +6)) = FulA I + L= ) + JulAse g)||
+ |9n| ‘Pjn (8’ _g’ g)
—_
1<j,<n
< diag] [0 E = +6) = FitA, 3o+ ) = AANe - L= )+ Ifi(Ae - g))H

+ 90j1 (8,5,5‘) LI
——

1<ji<n

0SS (Ae = C+6) = A I(E+ ) — fulhs3(e - £ — ) + 3fulAve - g))H

+ ¢, (4,9 | (3.12)
~——

1<jnsn

foreach 3 € T! and all &,{,¢ € 2,A € 2, then there exist unique C-linear mappings %, :
DIx2—->2 @(=1,...,n),s.t
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diag[ 'fl(A,s)—%(A,g) s, e) =g, 6 ]
. T £ £ ‘7‘,, & g
5dlag[ 21 —7,) (5’8’_5) o1 -7,) L (5’8’_5) ] (3.13)
1<ji<n 1<jn<n

foreache e 2,A € 2'.
(ii) In addition, if (T1,...,T,) < (3,....Y) and f,(i = 1,...,n), are continuous and satisfy
fi(A,2e) = 2fi(A, &) and

diag| |A(AAAQ = A KA = AN HAD) ...

FlB ) oA D) — Fi(As ol A )D) — FulAs efil A, g»H |

5diag[ 0 (6.0, s 0 (.08 |, (3.14)
1<ji<n 1< ju<n

foreach e, € 2, then f; : 2" X 2 — 2 are antiderivations.

Proof. By a similar method used in Theorem 3.2 the proof of (i) is straightforward. Now, we prove (i1).

(ii) Since % = f;,(i = 1,...,n), are continuous and C-linear, we conclude from (3.11) and (3.14) that
diag[ 1S1(A, £)91(A, ) — SN G1(A, 8)0) — G1(A, g4 (A D)

LA, ©)G(A, O = Gu(N, Gu(A, €)0) — Gu(A, e4,(A D) ]

e R (s

LS () [

R A A R R (i
_g(A 2m8/1m ( 2’"\5’")))]

F(n gl ) s 55555

‘fl( zmdmfl( 2mé:5m)))

lim 4™||3 (f( Zm@m)f (A zmim) f"(A f‘( 2m°m)2mé:5m)

~{n gt s )] |
Sdiag[ lim 22" ¢, ( N SR )

m— oo \ , 2m3m 2m3m ’ 2m3m ’
1<ji<n

= diag[ lim 4™

m—o0

- diag[ lim 4"

c ey
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. & &
llm 22m SD]n ~m i ) o~ ]
Mm—s00 2m\5m 2m\5m 2m\5m
1<ju<n

< diag n%gl;lo(zﬂ)m @i (8,4,8),...,rli£§0(277,)”’ @, (8,5,8)],

1<ji<n 1<j,<n
foreach J € T' and each &, € 2,A € 2'. Since 271, ,27,) < (1,---, 1), the C-linear mappings
——— ————

n n
¢, = 1,---,n), are antiderivations. Thus the mappings f; : &' X 2 — 2,( = 1,---,n), are
antiderivations. O

3.3. Super-multi-stability of continuous antiderivations in Banach algebras

In this subsection, we investigate the super-multi-stability of continuous antiderivations in Banach
algebras.
Theorem 3.8. Consider ¢, ,---, ¢; :2°—[0,0).
——

——
1<ji<n 1<jn<n

n

—_——
(i) If there exist (T1,--- ,T,) <(1,---,1) satisfying

ding g, (fés)... o (féi)]
BRI AR R AR

lsjlsn 1Sjnsn
. E T
<diag T 0n (262020, ¢, 28,2029 (3.15)
1<ji<n 1<jq,<n

andif f; - 2" x 2 — 2,(i=1,---,n), are mappings satisfying f:(A\,0) = 0 and

diag| H:sfl(A,ﬁ £46)— fith3E+ ) — Al Je+ ¢ — )+ Ifi(A,e - g)H

+|91| P (89_§’g) s Ty
———

1<ji<n

S e+ +6)— A e+ ) — oA (e + L — )+ IfulAse - g)]'

+10. ¢, (&, ¢)
N——

1<ju<n

< diag[Hel(Sﬁ(A,s— £46) = Fith 3+ ) = filA (6= =) + 3fi(Avs - g»”

+ Sojl (895’9‘) s T
——

1<ji<n

0L (A e = +6) = (A3 +6) = il A 36 = £ = §)) + 3folAve - g))H

+ ¢, (4,9 (3.16)
——

1<j,<n
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=1
for each 3 € C—T and each &,{,¢ € 2, A € 2, then there are unique C-linear mappings
G . 9%x2—->2@(=1,---,n),s.t

diag| (A &) = G(A D)+ 18,2 - (A o |
. T £ & T & £
ﬁ d [ N1 — j (_’ ’__)’ e b N1 — i (_’ ’__) o 3'17
28 -y L\t ) oy Lo s G-A7)
1<ji<n 1<jp<n
foreache e 2, A e 2.
1 : 1
(ii) Furthermore, if (T1,--+,7,) < (35, ,3) @j, » '+, @j are continuous functions and also
1<ji<n 1<jp<n

fi,(i=1,---,n), are continuous and satisfy f;(\,2e) = 2fi(A\, €) and

diag[ /1A, e fi(A, D) = il filA, €)0) = filh, e il D)l
s A O fu(A D) = fu(A, fa(A, €)0) = fu(As efu(A D)

ﬁdlagl: @i (8’{’8)"” > Dj, (8,5’8) ’

1Sj1§n lsj,,Sn
foreache,l € 2, A€ 2, then f; : 2' X 2 — 2 are continuous antiderivations.

Proof. Using the same reasoning as in the proof of Theorem 3.7, we obtain the desired result.

3.4. Application

Here, letn = 7.

Corollary 3.9. Suppose f;: Q' X 2 — 2 (i = 1,...,n) are mappings satisfying f:(A,0) = 0 and

diag| 'fl(A,8+§+§>—fl(A,s+§)—f1(A,s+§—§)+f1(A,s—§)
fn(A,8+{+g)—fn(A,8+§)—ﬁ1(A,8+§—§)+fn(A,8—§)H ]
< diag| 0,(fiA e =+ )= filh e+ ) - A e -2 =) +f1(A,s—§))H

+d =10 ¢ AN+ I+ 1S -
——

I<ji<n

O oA — L4 6) = fulhe+6) — fulAsg—C =)+ fu(Ave - g))H

+(1=16.D ¢S A+ 1271+ Nl
——

1<ju<n
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foreache,{,¢ € 2, and A € 2'. Then there are unique additive mappings f! : 2' x 2 — 2 s.t.

diag[ /1A, &) = i Ol .. L 1fu(A €) = f(A, &)l ]

nxn
<diag| ¢ (P & (lelP) |
S~——— S~

1<ji<n 1<j,<n

foreache e 2 and A € 2'.

Proof. The proof follows from Theorem 3.2 by letting

diag[ @i (£4.6)s..., @, (8,§,§)]

1<ji<n 1<ju<n
= diag| ¢ (14120 +1) o @D (170 120+ 1)
—— ——
IS,I.]SI’I 15‘/.n§1’l
for each £, ¢, ¢ € 2. Choosing (771,...,7,) = (3,...,%), we obtain the desired result. o

Corollary 3.10. Suppose f; : 2" x 2 - 2,(i = 1,...,n) are mappings satisfying f;(A,0) = 0 and

diag| ‘fl(A,s+§+g)—ﬁ(A,s+§)—ﬁ(A,s+{—§)+f1(A,s—g)
fn(A,8+{+§)—fn(A,8+§)—fn(A,8+§—§)+ﬁ1(A,s—§)H ]
<diag| oA A e -2+ 9 - A e+ 6 - fithe -2 - ) +f1(A,s—§))H

+(1=161D) &5 (el -,
~——

I<ji<n

B fu(Ave—C+6) = filAve+6) — fulhoe—L— )+ fulA,e - g))”

+(1-16,) ¢ (lsgsl)
S~

1<j,<n

foreach e,{,¢c € 2 and A € 2'. Then there are unique additive mappings f! : 2" x 2 — 2,(i =
1,...,n),s.t

diag[ LA ©) = FIA ... IfalAs &) — LA ]

2

<diag| & (lelf). ... &7 (i)
~—— ——

1<ji<n 1<ju<n

foreache e 2 and A € 2'.
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Proof. The proof follows from Theorem 3.2 by letting

diag| @5 @06 g @06) |i=ding] & detsih. . & dlesh |
S~—— S~ —— ——
1<ji<n 1<j,<n 1<ji<n 1<jn,<n

foreach e, {,¢ € 2 and A € 2’. Choosing (77,..., T7)=C0G ..., %), we obtain the desired result. O

Corollary 3.11. Let f; : 2’ X 2 —» 2,(i=1,..., n) be odd mappings satisfying

diag| | A& +2+9) = fithe+6) = ke + L) +f1(A,8—9)”
..... fn(A,s+§+g>—mA,e+g>—fn<A,s+§—g>+fn<A,s—g>H |
< diag| |91[f1<A,s—§+g>—ﬁ(A,s+g)—f1<A,s—§—g>+f1<A,s—g>]H

+(1=161) ¢ (lsdsl)
~——

1<ji<n

LA =L 46) = fuAe+6) = fulAue—C =)+ fulAvs - g)]”

.....

+ (1 =16, 903? (legslh |- (3.18)
1 N
<Jn<n

foreache,l,c € 2and A€ 2'. Then f(i=1,..., n) are additive.

Proof. Putting € = 01n (3.18), we get

diag [z 40 - A - A=)+ A, —g)” .....

Fo(ASE+6) = [u(A,6) — [u(A, L —¢) + fu(A, _9)H ]

< diag] '91(f1(A, L)~ filhe) — filAv—L — ) + Fi(A, —g))” .....

On(fu(As =0+ 6) = fu(A, ©) = fu(A, =0 = ¢) + fulA, —9))” ] (3.19)

foreach {,¢ € 2 and A € 2’. Replacing by —{ in (3.19), we have

diag] /1A ¢ + 9= i ©) ~ A ~£ =)+ fila, —9)“ .....

FA=E+6)= (A §) = A~ =)+ A =9 |
< diag| Hel LA +6) = i(A§) = Filh. £ = &)+ filA, —g)]H .....

BN L +6) = FulAss) = FulAC =€) + filA, —g>]|| | (3.20)
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foreach ¢,¢ € 2 and A € 2’. From (3.19) and (3.20), it follows that

fiN, L +9) = filA, o) = filA,{ =)+ filA,—¢) =0, i=1,...,n

foreach{,¢ € 2 and A € 2. Since f;,(i = 1,...,n), are odd mappings,

filc+D+fils=0-2fi(¢)=0, i=1,...,n
foreach {,¢ € 2 and A € 2’. Thus the mappings f;, (i = 1,...,n), are additive. O
Corollary 3.12. Suppose f; : 2" x 2 - 2,(i = 1,--- ,n), are mappings satisfying f;(A,0) = 0 and

9 b

diag| ”fl(A,s+{+g)—ﬁ(A,s+§)—f1(A,s+§—g)+f1(A,s—§)

ﬁ1(A,8+{+§)—fn(A,s+§)—ﬂ(A,8+§—§)+fn(A,8—s‘)H ]

< diag] 01A A 6=+ 9= itk +6) = ke - L= )+ filhe - g))”

s=10) @ (I + 24 6) oo
—_—
1<ji<n

(A = +6) = fiAve +6) = fulAss =L — ) + fulA, o - g))”

w1 =10 ¢ (It +¢+ ) |
—_
1<jq,<n

and
diag| | A — FilA LA — AAfi(A, §>>|| e

Flba ) (A D) — folAs il £)) — Ful A, (A, o)H |

<diag| o (12t + ) 6¥ (IRt 2)]
SN—— N—— nxn
1<ji<n 1<j,<n
foreache, l,¢c € 2,A € 2. If fi(\,2¢e) =2f(N\,e) foreache, (,c € 2,A € 2, and f,(i=1,--- ,n),

are continuous, then the mappings f; : 2’ x 2 — 2,(i = 1,--- ,n), are antiderivations.

Proof. The proof follows from Theorem 3.7 by letting

diag ¢ B0 g @49

1<ji<n 1<ju<n

s ® (|4 4 ® (|4, +4 , 4
=diag| o3 (It 24 el) s @ (et 4t ot |

SN—— N—— nxn

1Sj1§n lgjngn

—_——
. 8 . .
for each &,,¢ € 2. Choosing (771, ,T,) = (ﬁ’ e ﬁ)’ we obtain the desired result. O
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4. Conclusions

In this study, we investigated the concept of antiderivations in Banach algebras and study multi-
super-stability of antiderivations in Banach algebras, associated with functional inequalities.
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