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1. Introduction

Hyers [1] made a response to the question of Ulam in the context of Banach spaces in relation to
additive mappings and was a considerable step towards further solutions in this area. Note the concept
of stability is a major property in the qualitative theory of differential equations. Over the last few
years, results have been presented on numerous types of differential equations.The approach proposed
by Hyers [1] which provides the additive function is named a direct technique. This technique is a
significant and helpful tool used to investigate the stability of different functional equations. In recent
years, a number of research monographs and articles have been studied on diverse applications and
generalizations of the HUS, like k-additive mappings, differential equations, Navier–Stokes equations,
ODEs, and PDEs (see [2–4]). Also in recent years, the stability of different (integral and differential,
others functional) equations and other subjects (such as C∗-ternary algebras, groups, flows and Banach
algebras) have been investigated.Fixed–point methods are useful when examining stability and fixed
point theory proposes vital tools for solving problems arising in different fields of functional analysis,
like equilibrium problems, differential equations, and dynamical systems.

Assume Banach algebras Q and Q′′. Suppose (Q′,∆) is a probability measure space and suppose
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(Q,BQ) and (Q′′,BQ′′) are Borel measurable spaces. Then a map f : Q′ ×Q → Q′′ is a operator
if {℘ : f (℘, α) ∈ ν} ∈ ∆ for each α in Q and ν ∈ BQ′′ . Assume f = (f1, . . . ,fm) and Ω =

(Ω1, . . . ,Ωm),m ∈ N. Then we have

f � Ω⇐⇒ fı ≤ Ωı, ı = 1, · · · ,m;

and also
f→ 0⇐⇒ fı → 0, ı = 1, · · · ,m.

Definition 1.1 ( [5]). Let ∇ , ∅ is a set and d : ∇2 → [0,+∞]m,m ∈ N, is a given mapping. If the
following conditions are satisfied, then we say d is a generalized metric on ∇:

(1) For each (g, g′) ∈ ∇ × ∇, we get

d(g, g′) = (0, · · · , 0)︸     ︷︷     ︸
m

⇐⇒ g = g′;

(2) For each (g, g′) ∈ ∇ × ∇, we get

d(g′, g) = d(g, g′)⇐⇒ g = g′;

(3) For each g, g′, g′′ ∈ ∇, we get

d(g, g′′) + d(g′′, g′) � d(g′, g).

Theorem 1.2 ( [5]). Assume the following assumptions:
(1) d : ∇2 → [0,+∞]m,m ∈ N, and (∇, d) is a complete generalized metric space.
(2) L : ∇ → ∇ is a strictly contractive mapping with Lipschitz constantZ < 1.
Then for each g ∈ ∇, either

d(L ng,L n+1g) =

m︷            ︸︸            ︷
(+∞, · · · ,+∞)

for each n ∈ N ∪ {0} or there is a n0 ∈ N such that

(1) d(L ng,L n+1g) �
m︷            ︸︸            ︷

(+∞, · · · ,+∞), ∀n ≥ n0;
(2) The sequence {L ng} converges to a fixed point (g′)∗ of L ;

(3) (g′)∗ is the unique fixed point of L in the set { = {g′ ∈ ∇ | d(L n0g, g′) �
m︷            ︸︸            ︷

(+∞, · · · ,+∞)};
(4) d(g′, (g′)∗) � 1

1−Zd(g′,L g′) for each g′ ∈ {.

We use fixed-point way to study the multi-stability of antiderivations associated with the following
inequality:

diag
[ ∥∥∥∥∥ f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς))

∥∥∥∥∥, . . . ,∥∥∥∥∥ fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς))
∥∥∥∥∥ ]

n×n
(1.1)

� diag
[ ∥∥∥∥∥θ1

(
f1(Λ, ε − ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε − ζ − ς) + f1(Λ, ε − ς)

)∥∥∥∥∥, . . . ,∥∥∥∥∥θn

(
fn(Λ, ε − ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε − ζ − ς) + fn(Λ, ε − ς)

)∥∥∥∥∥ ]
n×n

for each ε, ζ, ς ∈ Q, Λ ∈ Q′ with |θ1|, . . . , |θn| < 1.
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2. Proposing new control functions and the concept of multi stability

For this section we refer the reader [6,7]. Assume<(ν) denotes the real part of ν if ν ∈ C. Also, let
(1) Z+ be the set of the positive integers;
(2) Z− be the negative integer numbers;
(3) R− be the negative real numbers;
(4) R+ be the positive real numbers.
We begin by defining various functions which will be needed later. The gamma function is given by

Γ(X) =

∫ ∞

0
e−YYX−1dY, <(X) > 0, X ∈ C.

Euler’s functional equation is given by

Γ(X + 1) = XΓ(X), <(X) > 0, X ∈ C.

Theorem 2.1 ( [6]). If X ∈ N ∪ {0}, then

Γ(X + 1) = X!.

Theorem 2.2 ( [6]). Γ(0.5) = π0.5.

The Pochhammer symbol is

({)  =

∏
ı=1

({ + ı − 1) =
Γ({ + )

Γ({)
=

{
1  = 0

{({ + 1) · · · ({ +  − 1)  ∈ N ∪ {0}

where { ∈ C and , ı ∈ N.

Note that

Γ({ + ) = {({ + 1) · · · ({ +  − 1)Γ({)

where  ∈ N ∪ {0}.
The Gauss hypergeometric series [7] is given by

ϕs1 (X) := 2F1(α,B; T; X) (2.1)

= 1 +
αB
T

X +
α(α + 1)B(B + 1)

T(T + 1)
X2

2
+ · · ·

=

∞∑
n=0

(α)n(B)n

(T)n

Xn

n!
,

where α,B,T, X ∈ C, n ∈ N ∪ {0}, and |X| < 1.
Consider the Gauss differential equation

(X − X2)
d2ω

dX2 + (T − (α + B + 1)X)
dω
dX
− αBω = 0, (2.2)

where α,B, X ∈ C, T ∈ C\(Z− ∪ {0}), and |X| < 1. The hypergeometric series is a solution of (2.2).
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Theorem 2.3 ( [6]). Let α,B,T, X ∈ C and |X| < 1. Then

2F1(α,B; T; X) =
Γ(T)

Γ(B)Γ(T − B)

∫ 1

0
YB−1(1 − Y)T−B−1(1 − XY)−αdY,

where<(T) > <(B) > 0.

Theorem 2.4. If<(T) > 0, |X| < 1, and | arg(−X)| < π, then

2F1(α,B; T; X) =
Γ(T)

Γ(α)Γ(B)
1

2πi

∫ +i∞

−i∞

Γ(α + Y)Γ(B + Y)Γ(−Y)
Γ(T + Y)

(−X)YdY,

We now present the Clausen hypergeometric series [7] and its properties:

ϕs2 (X) := pFq((α); (T); X) (2.3)
= pFq(α, · · · , αp; T1, · · · ,Tq; X)

= pFq

(
α1,··· ,αp

T1,··· ,Tq
; X

)
=

∞∑
k=0

(α1)k · · · (αp)k

(T1)k · · · (Tq)k

Xn

n!
,

where p, n, q ∈ N ∪ {0} and αn, X,Tn ∈ C.

Now, (2.3) is a solution of the following differential equation(
M(q, η,Tn)ω

)
(X) −

(
N(p, η, αn)ω

)
(X) = 0,

where (
M(q, η,Tn)ω

)
(X)

=

(
X

d
dX

) q∏
n=1

((
X

d
dX

)
ω(X) + (Tn − 1)ω(X)

)
= X

d
dX

( q∏
n=1

((
X

d
dX

+ (Tn − 1)
)
ω
)
(X)

)
,

and (
N(p, η, αn)ω

)
(X) = X

p∏
n=1

(
X

dω(X)
dX

+ αnω(X)
)

= X
p∏

n=1

((
X

d
dX

+ αn

)
ω
)
(X)

and αn, X,Tn ∈ C, p, n, q ∈ N ∪ {0}, and |X| < 1,

Theorem 2.5 ( [6]). Suppose αn ∈ C\(Z− ∪ {0}):

(1) The series converges only for X = 0, if p > q + 1.
(2) The series converges absolutely for X ∈ C, if p < q.
(3) The series converges absolutely for |X| < 1 and diverges for |X| = 1 and for |X| > 1 it converges

absolutely for<
(∑q

k=1 Tk −
∑p

k=1 αk

)
> 0, if p = q + 1.
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Assume the following notation [7]:

Ξ := −
q∑

k=1

bk +

p∑
j=1

a j, (2.4)

σ := −
q∏

k=1

|bk|
−bk +

p∏
j=1

|a j|
−a j , (2.5)

and

χ := −
p∑

j=1

κ j +

q∑
k=1

ϑk +
p − q

2
, (2.6)

where κ j, ϑk ∈ C, k, j ∈ N, p, q ∈ N ∪ {0}, and bk, a j ∈ R+.
The Wright generalized hypergeometric series is given by

ϕs3 (X) := pWq(X) (2.7)

= pWq

(
(κ1,a1),··· ,(κp,ap)
(ϑ1,b1),··· ,(ϑq,bq); X

)
= pWq

(
(κp,ap)1,p

(ϑq,bq)1,q
; X

)

=

∞∑
s=0

{∏p
j=1 Γ(κ j + a js)

}
{∏q

k=1 Γ(ϑk + bks)
} Xs

s!
,

where j, s, k ∈ N, X ∈ C, Ξ > −1, κ j, ϑk ∈ C, p, q ∈ N ∪ {0}, and bk, a j ∈ R+.

Theorem 2.6 ( [6]). Suppose X ∈ C, ϑk, κ j ∈ C, j, s, k ∈ N, bk, a j ∈ R+, then

(1) (2.7) is absolutely convergent for each value of |X| = σ and of |X| < σ, and <(χ) > 0.5, if
Ξ + 1 = 0.

(2) (2.7) is absolutely convergent for X ∈ C, if Ξ + 1 > 0.

Now, the Wright function is given by

ϕs4 (X) := K(ϑ, b, X) = 0W1

(
−

(b,ϑ); X
)

=

∞∑
k=0

1
Γ(ϑ + bk)

Xk

k!
, (2.8)

where X, ϑ ∈ C, and b ∈ R.

Theorem 2.7 ( [6]). Now (2.8) for b ∈ C (b ∈ Z− ∪ {0} if ϑ = 0) and ϑ > −1 is an entire function of
type δ = (1 + ϑ)|ϑ|−

ϑ
1+ϑ , and finite order p = 1

1+ϑ
.

Theorem 2.8 ( [6]). Now (2.8) is an entire function of X for each b ∈ C and ϑ > −1.
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The Wright generalized Bessel function (Bessel-Maitland function) is given by

ϕs5 (X) := J(κ, a, X) =

∞∑
k=0

1
Γ(κ + 1 + ak)

(−X)k

k!
= 0W1

(
−

(κ+1,b);−X
)
,

where κ, X ∈ C, and a ∈ R.

Theorem 2.9 ( [6]). Suppose X ∈ C, j, s, k ∈ N, a j, bk ∈ R+, and κ j, ϑk ∈ C. Then (2.7) is an entire
function of X.

Theorem 2.10 ( [6]). Suppose b ∈ R and ϑ ∈ C.

(1) (2.8) is absolutely convergent for all |X| < 1 and of |X| = 1, and<(χ) > 0.5, if b + 1 = 0.
(2) (2.8) is absolutely convergent for X ∈ C, if b + 1 > 0.

Theorem 2.11 ( [6]). Suppose b > −1, ϑ ∈ C. Then (2.8) is an entire function of X.

Theorem 2.12 ( [6]). Suppose X ∈ C, j, k, s ∈ N, κ j, ϑk ∈ C, and a j, bk ∈ R+. Then

pWq

(
(κ1,1),··· ,(κp,1)
(ϑ1,1),··· ,(ϑq,1); X

)
=

∏p
j=1 Γ(κ j)∏p

k=1 Γ(ϑk)
pFq

(
κ1,··· ,κp

ϑ1,··· ,ϑq
; X

)
,

where Ξ + 1 ≥ 0.

The shifted Wright generalized hypergeometric series [6] is given by

ϕs6 (X)
:= pBq(X)

= pBq

(
(κ1,a1;ϑ1,b1),··· ,(κp,ap;ϑp,bp)

(̂κ1,c1;ϑ̂1,d1),··· ,(̂κp,cp;ϑ̂p,dp)
; X

)
= pBq

(
(κp,ap;ϑp,bp)1,p

(̂κp,cp;ϑ̂p,dp)1,q
; X

)

=

∞∑
k=0

{∏p
m=1 b(κm + amk;ϑm + bmk)

}
{∏q

n=1 b(̂κn + cnk; ϑ̂n + dnk)
} Xk

k!

=

∞∑
k=0

∏p
m=1

(
Γ(κm + amk)Γ(ϑm + bmk)

)∏q
n=1 Γ

(
(̂κn + ϑ̂n) + (cn + dn)k

)
∏p

m=1 Γ

(
(ϑm + κm) + (bm + am)k

)∏q
n=1

(
Γ(̂κn + cnk)Γ(ϑ̂n + dnk)

) Xk

k!
,

where m, n ∈ N, k ∈ N ∪ {0}, κm, ϑm, κ̂n, ϑ̂n, X ∈ C, p, q ∈ N ∪ {0}, and am, bm, cn, dn ∈ R+.

We have the following special cases:

0B0 = eX,

1B0(X) = 1B0

(
(κ,a;ϑ,b)
− ; X

)
=

∞∑
k=0

b(κ + ak;ϑ + bk)
Xk

k!
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=

∞∑
k=0

Γ(κ + ak)Γ(ϑ + bk)
Γ[(b + b)k + (ϑ + κ)]

Xk

k!

= 2W1

(
(κ,b),(ϑ,b)
(ϑ+κ,b+b); X

)
,

0B1(X) = 0B1

(
−

(κ,a;ϑ,b); X
)

=

∞∑
k=0

1
b(κ + ak;ϑ + bk)

Xk

k!

=

∞∑
k=0

Γ[(b + b)k + (ϑ + κ)]
Γ(ϑ + bk)Γ(κ + ak)

Xk

k!

= 1W2

(
(ϑ+κ,b+b)
(κ,b),(ϑ,b) ; X

)
,

1B1(X) = 1B1

(
(̂κ,c;ϑ̂,d)
(κ,a;ϑ,b); X

)
=

∞∑
k=0

b(κ + ak;ϑ + bk)

b(̂κ + ck; ϑ̂ + dk)

Xk

k!

=

∞∑
k=0

Γ(κ + ak)Γ(ϑ + bk)Γ[(̂κ + ϑ̂) + (c + d)k]

Γ[(b + b)k + (κ + ϑ)]Γ(ϑ̂ + dk)Γ(̂κ + ck)

Xk

k!

= 3W3

(
(κ,b),(ϑ,b),(̂κ+ϑ̂,c+d)
(̂κ,c),(ϑ̂,d),(ϑ+κ,b+b)

; X
)
,

where k ∈ N ∪ {0}, κm, ϑm, κ̂n, ϑ̂n, X ∈ C, and am, bm, cn, dn ∈ R+.

Now, we define the Wright generalized hypergeometric series (see [6]) as follows

ϕs7 (X) := [pWq]n(X) =

n∑
s=0

{∏p
j=1 Γ(κ j + a js)

}
{∏q

k=1 Γ(ϑk + bks)
} Xs

s!
,

where X, κ j, ϑk ∈ C, s, j, k, q, p ∈ N, and a j, bk ∈ R+.

Let

diag[ρ1, · · · , ρn]n×n =


ρ1 0 . . . 0

0 ρ2
. . .

...
...

. . .
. . . 0

0 . . . 0 ρn


n×n

.

Note that ρ := diag[ρ1, · · · , ρn] � % := diag[%1, · · · , %n] if ρi ≤ %i for each 1 ≤ i ≤ n.
We denoteW[X] as

diag
[
ϕs1 (X), · · · , ϕsn (X)

]
n×n
.

A HUR-stability with control functionsW[X], is called multi-stability.
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3. Investigating multi-stability and super-multi-stability problem associated to (1.1)

We now propose the notion of antiderivations in Banach algebras and introduce the super-multi-
stability of antiderivations in algebras Banach, associated to (1.1).

Throughout this section, let Q be a complex Banach algebra and that θ1, · · · , θn ∈ C\{0} with
|θ1|, . . . , |θn| < 1.

3.1. Multi stability of the (θ1, · · · , θn)-functional inequality (1.1)

In this subsection, we study the multi stability of the additive (θ1, · · · , θn)-functional inequality (1.1).

Lemma 3.1. Suppose fi : Q′ × Q → Q (i = 1, . . . , n ∈ N) are mappings satisfying fi(Λ, 0) = 0
and (1.1) for each ε, ζ, ς ∈ Q, and Λ ∈ Q′. Then the mappings fi : Q′ ×Q → Q, (i = 1, . . . , n ∈ N)
are additive (the usual definition is at the end of the proof).

Proof. Assume that fi : Q′ ×Q → Q (i = 1, . . . , n ∈ N) satisfies (1.1).
Replacing ζ by −ζ in (1.1), we get

diag
[ ∥∥∥∥∥ f1(Λ, ε − ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε − ζ − ς) + f1(Λ, ε − ς)

∥∥∥∥∥, . . . ,∥∥∥∥∥ fn(Λ, ε − ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε − ζ − ς) + fn(Λ, ε − ς)
∥∥∥∥∥ ]

� diag
[ ∥∥∥∥∥θ1

(
f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς)

)∥∥∥∥∥, . . . ,∥∥∥∥∥θn

(
fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς)

)∥∥∥∥∥ ]
(3.1)

for each ε, ζ, ς ∈ Q, and Λ ∈ Q′. According to (1.1) and (3.1) we have

diag
[ ∥∥∥∥∥ f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς)

∥∥∥∥∥, . . . ,∥∥∥∥∥ fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς)
∥∥∥∥∥ ]

� diag
[ ∥∥∥∥∥θ2

1

(
f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς)

)∥∥∥∥∥, . . . ,∥∥∥∥∥θ2
n

(
fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς)

)∥∥∥∥∥ ]
and so

fi(Λ, ε + ζ + ς) − fi(Λ, ε + ς) − fi(Λ, ε + ζ − ς) + fi(Λ, ε − ς) = 0, i = 1, . . . , n (3.2)

for each ε, ζ, ς ∈ Q, Λ ∈ Q′, since |θi| < 1 (i = 1, . . . , n).
Letting ς = ε in (3.2),

fi(Λ, 2ε + ζ) − fi(Λ, 2ε) − fi(Λ, ζ) = 0, i = 1, . . . , n

for each ε, ζ ∈ Q, Λ ∈ Q′. Thus fi (i = 1, . . . , n) are additive. �
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Throughout the paper, let ϕ ji : (Q)3i → [0,∞)i, 1 ≤ i ≤ n, 1 ≤ ji ≤ n, and n ∈ N. Notice that
M := diag[ϕ j1 , . . . , ϕ jn] is a matrix valued control function such that ϕ j1(ϕ jn) represents the element
at the 1th(nth) row and 1th(nth) column of the matrix M and ϕ ji demonstrates the jith given control
function.

Theorem 3.2. Let (ϕ j1 , . . . , ϕ jn) : (Q ×Q ×Q)n → [0,∞)n (1 ≤ j1, . . . , jn ≤ n), be functions such that
there exists an (T1, . . . ,Tn) < (1, . . . , 1)︸     ︷︷     ︸

n

with

diag
[
ϕ j1(

ε

2
,
ζ

2
,
ς

2
), . . . , ϕ jn(

ε

2
,
ζ

2
,
ς

2
)

]
� diag

[
T1

2
ϕ j1(ε, ζ, ς), . . . ,

Tn

2
ϕ jn(ε, ζ, ς)

]
, (3.3)

for all ε, ζ, ς ∈ Q. Suppose fi : Q′ ×Q → Q (i = 1, . . . , n) are mappings satisfying fi(Λ, 0) = 0 and

diag
[ ∥∥∥∥∥ f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς)

∥∥∥∥∥
+ |θ1| ϕ j1︸︷︷︸

1≤ j1≤n

(ε,−ζ, ς), . . . ,

∥∥∥∥∥ fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς)
∥∥∥∥∥

+ |θn| ϕ jn︸︷︷︸
1≤ jn≤n

(ε,−ζ, ς)
]

� diag
[ ∥∥∥∥∥θ1

(
f1(Λ, ε − ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε − ζ − ς) + f1(Λ, ε − ς)

)∥∥∥∥∥
+ ϕ j1︸︷︷︸

1≤ j1≤n

(ε, ζ, ς), . . . ,

∥∥∥∥∥θn

(
fn(Λ, ε − ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε − ζ − ς) + fn(Λ, ε − ς)

)∥∥∥∥∥
+ ϕ jn︸︷︷︸

1≤ jn≤n

(ε, ζ, ς)
]
, (3.4)

for each ε, ζ, ς ∈ Q and Λ ∈ Q′. Then there exist unique additive mappings f ′i : Q′×Q → Q such that

diag
[ ∥∥∥∥∥ f1(Λ, ε) − f ′1(Λ, ε)

∥∥∥∥∥, . . . , ∥∥∥∥∥ fn(Λ, ε) − f ′n(Λ, ε)
∥∥∥∥∥ ]

n×n

� diag
[

T1

2(1 − T1)
ϕ j1︸︷︷︸

1≤ j1≤n

(
ε

2
, ε,

ε

2

)
, . . . ,

Tn

2(1 − Tn)
ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

2
, ε,

ε

2

) ]
n×n
, (3.5)

for each ε ∈ Q, and Λ ∈ Q′.

Proof. Replacing ζ by −ζ in (3.4), we get
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diag
[ ∥∥∥∥∥ f1(Λ, ε − ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε − ζ − ς) + f1(Λ, ε − ς)

∥∥∥∥∥
+ |θ1| ϕ j1︸︷︷︸

1≤ j1≤n

(ε, ζ, ς), . . . ,

∥∥∥∥∥ fn(Λ, ε − ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε − ζ − ς) + fn(Λ, ε − ς)
∥∥∥∥∥

+ |θn| ϕ jn︸︷︷︸
1≤ jn≤n

(ε, ζ, ς)
]

� diag
[ ∥∥∥∥∥θ1( f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς))

∥∥∥∥∥
+ ϕ j1︸︷︷︸

1≤ j1≤n

(ε,−ζ, ς), . . . ,

∥∥∥∥∥θn( fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς))
∥∥∥∥∥

+ ϕ jn︸︷︷︸
1≤ jn≤n

(ε,−ζ, ς)
]
,

(3.6)

for each ε, ζ, ς ∈ Q, and Λ ∈ Q′. According to (3.4) and (3.6) we have

diag
[ ∥∥∥∥∥ f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς)

∥∥∥∥∥, . . . ,∥∥∥∥∥ fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς)
∥∥∥∥∥ ]

n×n

� diag
[

ϕ j1︸︷︷︸
1≤ j1≤n

(ε, ζ, ς), . . . , ϕ jn︸︷︷︸
1≤ jn≤n

(ε, ζ, ς)
]

n×n
, (3.7)

for each ε, ζ, ς ∈ Q, and Λ ∈ Q′.
Letting ε = ς = σ

2 and ζ = σ in (3.7), we get

diag
[ ∥∥∥∥∥ f1(Λ, 2σ) − 2 f1(Λ, σ)

∥∥∥∥∥, . . . , ∥∥∥∥∥ fn(Λ, 2σ) − 2 fn(Λ, σ)
∥∥∥∥∥ ]

n×n

� diag
[

ϕ j1︸︷︷︸
1≤ j1≤n

(
σ

2
, σ,

σ

2

)
, . . . , ϕ jn︸︷︷︸

1≤ jn≤n

(
σ

2
, σ,

σ

2

) ]
n×n
, (3.8)

for each σ ∈ Q, and Λ ∈ Q′.
Let } = (}1, . . . , }n) and }′ = (}′1, . . . , }

′
n).

Now, consider the set

∇ := {} : (Q′ ×Q)n → Qn : }(Λ, 0) =

n︷     ︸︸     ︷
(0, . . . , 0)}
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and define the generalized metric on ∇ by

d(~, ~′) = inf
{
(µ1, . . . , µn) ∈ Rn

+ :

diag
[
‖~1(Λ, ε) − ~′1(Λ, ε)‖, . . . ‖~n(Λ, ε) − ~′n(Λ, ε)‖

]
� diag

[
µ1 ϕ j1︸︷︷︸

1≤ j1≤n

(
ε

2
, ε,

ε

2

)
, . . . , µn ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

2
, ε,

ε

2

) ]
,∀ε ∈ Q,Λ ∈ Q′

}
,

where inf ∅ = (+∞, . . . ,+∞)︸           ︷︷           ︸
n

.

Now (∇, d) is complete (also, see [8]).
Let L := (L1, . . . ,Ln). Now, we consider the linear mapping L : ∇ → ∇ s.t.

Li}i(Λ, ε) := 2}i

(
Λ,

ε

2

)
, i = 1, . . . , n

for each ε ∈ Q, and Λ ∈ Q′.
Let }, }′ ∈ ∇ be given s.t. d(}, }′) = (ε1, . . . , εn). Then

diag
[
‖}1(Λ, ε) − }′1(Λ, ε)‖, . . . , ‖}n(Λ, ε) − }′n(Λ, ε)‖

]
� diag

[
ε1 ϕ j1︸︷︷︸

1≤ j1≤n

(
ε
2 , ε,

ε
2

)
, . . . , εn ϕ jn︸︷︷︸

1≤ jn≤n

(
ε
2 , ε,

ε
2

) ]
,

for each ε ∈ Q, and Λ ∈ Q′. Hence

diag
[
‖L1}1(Λ, ε) −L1}

′
1(Λ, ε)‖, . . . , ‖Ln}n(Λ, ε) −Ln}

′
n(Λ, ε)‖

]
= diag

[ ∥∥∥∥∥2}1

(
Λ,

ε

2

)
− 2}′1

(
Λ,

ε

2

)∥∥∥∥∥ , . . . , ∥∥∥∥∥2}n

(
Λ,

ε

2

)
− 2}′n

(
Λ,

ε

2

)∥∥∥∥∥ ]
� diag

[
2ε1 ϕ j1︸︷︷︸

1≤ j1≤n

(
ε

4
,
ε

2
,
ε

4

)
, . . . , 2εn ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

4
,
ε

2
,
ε

4

) ]
� diag

[
T1ε1 ϕ j1︸︷︷︸

1≤ j1≤n

(
ε

2
, ε,

ε

2

)
, . . . ,Tnεn ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

2
, ε,

ε

2

) ]
,

for each ε ∈ Q, and Λ ∈ Q′. Thus d(}, }′) = (ε1, . . . , εn)︸       ︷︷       ︸
n

implies that

d(L }(Λ, ε),L }′(Λ, ε)) � (T1ε1, . . . ,Tnεn).

Hence

d(L }(ε),L }′(ε)) � (T1, . . . ,Tn)d(}, }′),

for each }, }′ ∈ ∇. According to (3.8), we get
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diag
[ ∥∥∥∥∥ f1(Λ, ε) − 2 f1(Λ,

ε

2
)
∥∥∥∥∥ , . . . , ∥∥∥∥∥ fn(Λ, ε) − 2 fn(Λ,

ε

2
)
∥∥∥∥∥ ]

n×n

� diag
[

ϕ j1︸︷︷︸
1≤ j1≤n

(
ε

4
,
ε

2
,
ε

4

)
, . . . , ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

4
,
ε

2
,
ε

4

) ]
n×n

� diag
[
T1

2
ϕ j1︸︷︷︸

1≤ j1≤n

(
ε

2
, ε,

ε

2

)
, . . . ,

Tn

2
ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

2
, ε,

ε

2

) ]
n×n
,

for each ε ∈ Q,Λ ∈ Q′, so d( f ,L f ) � (T1
2 , . . . ,

Tn
2 ).

According to Theorem 1.2 there exist mappings f ′i : Q → Q(i = 1, . . . , n) satisfying the following:

(1) f ′ is a fixed point of L , i.e.

f ′(Λ, ε) = 2 f ′
(
Λ,

ε

2

)
, (3.9)

for each ε ∈ Q, and Λ ∈ Q′. The mapping f ′ is a unique fixed point of L in the set

k = {} ∈ ∇ : d( f , }) < ∞}.

This implies that f ′ is a unique mapping satisfying (3.9) s.t. there exist µ1, . . . , µn ∈ (0,∞)
satisfying

diag
[
‖ f1(Λ, ε) − f ′1(Λ, ε)‖, . . . , ‖ fn(Λ, ε) − f ′n(Λ, ε)‖

]
� diag

[
µ1 ϕ j1︸︷︷︸

0≤ j1≤n

(
ε

2
, ε,

ε

2

)
, . . . , µn ϕ jn︸︷︷︸

0≤ jn≤n

(
ε

2
, ε,

ε

2

) ]
,

for each ε ∈ Q, and Λ ∈ Q′.
(2) Since limn→∞ d(L n f , f ′) = 0,

lim
n→∞

2n fi

(
Λ,

ε

2n

)
= f ′i (Λ, ε), ∀i = 1, . . . , n (3.10)

for each ε ∈ Q, and Λ ∈ Q′.
(3) d( f , f ′) � ( 1

1−T1
, . . . , 1

1−Tn
)d( f ,L f ), which implies

diag
[ ∥∥∥∥∥ f1(Λ, ε) − f ′1(Λ, ε)

∥∥∥∥∥, . . . , ∥∥∥∥∥ fn(Λ, ε) − f ′n(Λ, ε)
∥∥∥∥∥ ]

n×n

� diag
[

T1

2(1 − T1)
ϕ j1︸︷︷︸

1≤ j1≤n

(
ε

2
, ε,

ε

2

)
, . . . ,

Tn

2(1 − Tn)
ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

2
, ε,

ε

2

) ]
n×n
,

for each ε ∈ Q, and Λ ∈ Q′. According to (3.3) and (3.4) we have

diag
[ ∥∥∥∥∥ f ′1(Λ, ε + ζ + ς) − f ′1(Λ, ε + ς) − f ′1(Λ, ε + ζ − ς) + f ′1(Λ, ε − ς)

∥∥∥∥∥ , . . . ,∥∥∥∥∥ f ′n(Λ, ε + ζ + ς) − f ′n(Λ, ε + ς) − f ′n(Λ, ε + ζ − ς) + f ′n(Λ, ε − ς)
∥∥∥∥∥ ]
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= diag
[

lim
n→∞

2n
∥∥∥∥∥ f1

(
Λ,

ε + ζ + ς

2n

)
− f1

(
Λ,

ε + ς

2n

)
− f1

(
Λ,

ε + ζ − ς

2n

)
+ f1

(
Λ,

ε − ς

2n

) ∥∥∥∥∥ , . . . ,

lim
n→∞

2n
∥∥∥∥∥ fn

(
Λ,

ε + ζ + ς

2n

)
− fn

(
Λ,

ε + ς

2n

)
− fn

(
Λ,

ε + ζ − ς

2n

)
+ fn

(
Λ,

ε − ς

2n

) ∥∥∥∥∥ ]
� diag

[
lim
n→∞

2n|θ1|

∥∥∥∥∥ f1

(
Λ,

ε − ζ + ς

2n

)
− f1

(
Λ,

ε + ς

2n

)
− f1

(
Λ,

ε − ζ − ς

2n

)
+ f1

(
Λ,

ε − ς

2n

) ∥∥∥∥∥
+ lim

n→∞
2n

 ϕ j1︸︷︷︸
1≤ j1≤n

(
ε

2n ,
ζ

2n ,
ς

2n

)
− θ1 ϕ j1︸︷︷︸

1≤ j1≤n

(
ε

2n ,
−ζ

2n ,
ς

2n

) , . . . ,

lim
n→∞

2n|θn|

∥∥∥∥∥ fn

(
Λ,

ε − ζ + ς

2n

)
− fn

(
Λ,

ε + ς

2n

)
− fn

(
Λ,

ε − ζ − ς

2n

)
+ fn

(
Λ,

ε − ς

2n

) ∥∥∥∥∥
+ lim

n→∞
2n

 ϕ jn︸︷︷︸
1≤ jn≤n

(
ε

2n ,
ζ

2n ,
ς

2n

)
− θn ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

2n ,
−ζ

2n ,
ς

2n

)
]

� diag
[ ∥∥∥∥∥θn( f ′1(Λ, ε − ζ + ς) − f ′1(Λ, ε + ς) − f ′1(Λ, ε − ζ − ς) + f ′1(Λ, ε − ς))

∥∥∥∥∥, . . . ,∥∥∥∥∥θn( f ′n(Λ, ε − ζ + ς) − f ′n(Λ, ε + ς) − f ′n(Λ, ε − ζ − ς) + f ′n(Λ, ε − ς))
∥∥∥∥∥ ]

for each ε, ζ, ς ∈ Q, and Λ ∈ Q′. According to Lemma 3.1, the mapping f ′i (i = 1, . . . , n) is additive.
�

3.2. Super-multi-stability of antiderivations in Banach algebras

Definition 3.3. Assume Q is a complex Banach algebra. A C-linear mapping G : Q′ ×Q → Q is
called an antiderivation if it satisfies

G (Λ, ε)G (Λ, ζ) = G (Λ,G (Λ, ε)ζ) + G (Λ, εG (Λ, ζ))

for each ε, ζ ∈ Q and Λ ∈ Q′.

Example 3.4. Suppose Qm is the collection of all polynomials of degree m with complex coefficients
and

Q = {qm ∈ Qm|q(Λ, 0) = 0,m ∈ N}.

Define G : Q′ × Q→ Q by

G (Λ,
n∑

k=1

bkχ
k) =

n∑
k=1

bk

k
χk
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and G (Λ, 0) = 0. Then G is an antiderivation.

Example 3.5. Consider the collection of all continuous functions on R, represented by C(R).
Define G : Q′ × C(R)→ C(R) by

G (Λ, g(ε)) =

∫ ε

0
g(τ)dτ

for each τ ∈ R. Then G is an antiderivation.

Lemma 3.6. [9] Suppose Q is complex Banach algebra and suppose f : Q′ ×Q → Q is an additive
mapping s.t. f (Λ,Jε) = J f (Λ, ε) for each J ∈ T1 := {η ∈ C : |η| = 1} and each ε ∈ Q. Then f is
C-linear.

Theorem 3.7. Suppose ϕ j1 , . . . , ϕ jn : Q3 → [0,∞), (1 ≤ j1, . . . , jn ≤ n), are functions.

(i) If there exist (T1, . . . ,Tn) < (1, . . . , 1) satisfying

diag
[

ϕ j1︸︷︷︸
1≤ j1≤n

(
ε

J
,
ζ

J
,
ς

J

)
, . . . , ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

J
,
ζ

J
,
ς

J

) ]
� diag

[
T1

2
ϕ j1︸︷︷︸

1≤ j1≤n

(2ε, 2ζ, 2ς), . . . ,
Tn

2
ϕ jn︸︷︷︸

1≤ jn≤n

(2ε, 2ζ, 2ς)
]
, (3.11)

and if fi : Q′ ×Q → Q, (i = 1, . . . , n), are mappings satisfying fi(Λ, 0) = 0 and

diag
[ ∥∥∥∥∥J f1(Λ, ε + ζ + ς) − f1(Λ,J(ε + ς)) − f1(Λ,J(ε + ζ − ς)) + J f1(Λ, ε − ς)

∥∥∥∥∥
+ |θ1| ϕ j1︸︷︷︸

1≤ j1≤n

(ε,−ζ, ς) , . . . ,

∥∥∥∥∥J fn(Λ, ε + ζ + ς) − fn(Λ,J(ε + ς)) − fn(Λ,J(ε + ζ − ς)) + J fn(Λ, ε − ς)
∥∥∥∥∥

+ |θn| ϕ jn︸︷︷︸
1≤ jn≤n

(ε,−ζ, ς)
]

� diag
[ ∥∥∥∥∥θ1(J f1(Λ, ε − ζ + ς) − f1(Λ,J(ε + ς)) − f1(Λ,J(ε − ζ − ς)) + J f1(Λ, ε − ς))

∥∥∥∥∥
+ ϕ j1︸︷︷︸

1≤ j1≤n

(ε, ζ, ς) , . . . ,

∥∥∥∥∥θn(J fn(Λ, ε − ζ + ς) − fn(Λ,J(ε + ς)) − fn(Λ,J(ε − ζ − ς)) + J fn(Λ, ε − ς))
∥∥∥∥∥

+ ϕ jn︸︷︷︸
1≤ jn≤n

(ε, ζ, ς)
]
, (3.12)

for each J ∈ T1 and all ε, ζ, ς ∈ Q,Λ ∈ Q′, then there exist unique C-linear mappings Gi :
Q′ ×Q → Q, (i = 1, . . . , n), s.t.

AIMS Mathematics Volume 7, Issue 11, 20143–20163.



20157

diag
[ ∥∥∥∥∥ f1(Λ, ε) − G1(Λ, ε)

∥∥∥∥∥ , . . . , ∥∥∥∥∥ fn(Λ, ε) − Gn(Λ, ε)
∥∥∥∥∥ ]

� diag
[

T1

2(1 − T1)
ϕ j1︸︷︷︸

1≤ j1≤n

(
ε

2
, ε,−

ε

2

)
, . . . ,

Tn

2(1 − Tn)
ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

2
, ε,−

ε

2

) ]
, (3.13)

for each ε ∈ Q,Λ ∈ Q′.
(ii) In addition, if (T1, . . . ,Tn) < (1

2 , . . . ,
1
2 ) and fi, (i = 1, . . . , n), are continuous and satisfy

fi(Λ, 2ε) = 2 fi(Λ, ε) and

diag
[ ∥∥∥∥∥ f1(Λ, ε) f1(Λ, ζ) − f1(Λ, f1(Λ, ε)ζ) − f1(Λ, ε f1(Λ, ζ))

∥∥∥∥∥ , . . . ,∥∥∥∥∥ fn(Λ, ε) fn(Λ, ζ) − fn(Λ, fn(Λ, ε)ζ) − fn(Λ, ε fn(Λ, ζ))
∥∥∥∥∥ ]

� diag
[

ϕ j1︸︷︷︸
1≤ j1≤n

(ε, ζ, ε), . . . , ϕ jn︸︷︷︸
1≤ jn≤n

(ε, ζ, ε)
]
, (3.14)

for each ε, ζ ∈ Q, then fi : Q′ ×Q → Q are antiderivations.

Proof. By a similar method used in Theorem 3.2 the proof of (i) is straightforward. Now, we prove (ii).

(ii) Since Gi = fi, (i = 1, . . . , n), are continuous and C-linear, we conclude from (3.11) and (3.14) that

diag
[
‖G1(Λ, ε)G1(Λ, ζ) − G1(Λ,G1(Λ, ε)ζ) − G1(Λ, εG1(Λ, ζ))‖

, . . . , ‖Gn(Λ, ε)Gn(Λ, ζ) − Gn(Λ,Gn(Λ, ε)ζ) − Gn(Λ, εGn(Λ, ζ))‖
]

= diag
[

lim
m→∞

4m
∥∥∥∥∥Jm

(
f1

(
Λ,

ε

2mJm

)
f1

(
Λ,

ζ

2mJm

)
− G1

(
Λ, f1

(
Λ,

ε

2mJm

)
ζ

2mJm

)
− G1

(
Λ,

ε

2mJm f1

(
Λ,

ζ

2mJm

)))∥∥∥∥∥ , . . . ,
lim

m→∞
4m

∥∥∥∥∥Jm
(

fn

(
Λ,

ε

2mJm

)
fn

(
Λ,

ζ

2mJm

)
− Gn

(
Λ, fn

(
Λ,

ε

2mJm

)
ζ

2mJm

)
− Gn

(
Λ,

ε

2mλm fn

(
Λ,

ζ

2mJm

)))∥∥∥∥∥ ]
= diag

[
lim

m→∞
4m

∥∥∥∥∥Jm
(

f1

(
Λ,

ε

2mJm

)
f1

(
Λ,

ζ

2mJm

)
− f1

(
Λ, f1

(
Λ,

ε

2mJm

)
ζ

2mJm

)
− f1

(
Λ,

ε

2mJm f1

(
Λ,

ζ

2mJm

)))∥∥∥∥∥, . . . ,
lim

m→∞
4m

∥∥∥∥∥Jm
(

fn

(
Λ,

ε

2mJm

)
fn

(
Λ,

ζ

2mJm

)
− fn

(
Λ, f1

(
Λ,

ε

2mJm

)
ζ

2mJm

)
− fn

(
Λ,

ε

2mJm fn

(
Λ,

ζ

2mJm

)))∥∥∥∥∥ ]
� diag

[
lim

m→∞
22m ϕ j1︸︷︷︸

1≤ j1≤n

(
ε

2mJm ,
ζ

2mJm ,
ε

2mJm

)
, . . . ,
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lim
m→∞

22m ϕ jn︸︷︷︸
1≤ jn≤n

(
ε

2mJm ,
ζ

2mJm ,
ε

2mJm

) ]
� diag

[
lim

m→∞
(2T1)m ϕ j1︸︷︷︸

1≤ j1≤n

(ε, ζ, ε), . . . , lim
m→∞

(2Tn)m ϕ jn︸︷︷︸
1≤ jn≤n

(ε, ζ, ε)
]
,

for each J ∈ T1 and each ε, ζ ∈ Q,Λ ∈ Q′. Since (2T1, · · · , 2Tn)︸             ︷︷             ︸
n

< (1, · · · , 1)︸     ︷︷     ︸
n

, the C-linear mappings

Gi, (i = 1, · · · , n), are antiderivations. Thus the mappings fi : Q′ × Q → Q, (i = 1, · · · , n), are
antiderivations. �

3.3. Super-multi-stability of continuous antiderivations in Banach algebras

In this subsection, we investigate the super-multi-stability of continuous antiderivations in Banach
algebras.

Theorem 3.8. Consider ϕ j1︸︷︷︸
1≤ j1≤n

, · · · , ϕ jn︸︷︷︸
1≤ jn≤n

: Q3 → [0,∞).

(i) If there exist (T1, · · · ,Tn) ≺
n︷     ︸︸     ︷

(1, · · · , 1) satisfying

diag
[

ϕ j1︸︷︷︸
1≤ j1≤n

(
ε

J
,
ζ

J
,
ς

J

)
, · · · , ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

J
,
ζ

J
,
ς

J

) ]
� diag

[
T1

2
ϕ j1︸︷︷︸

1≤ j1≤n

(2ε, 2ζ, 2ς), · · · ,
Tn

2
ϕ jn︸︷︷︸

1≤ jn≤n

(2ε, 2ζ, 2ς)
]

(3.15)

and if fi : Q′ ×Q → Q, (i = 1, · · · , n), are mappings satisfying fi(Λ, 0) = 0 and

diag
[ ∥∥∥∥∥J f1(Λ, ε + ζ + ς) − f1(Λ,J(ε + ς)) − f1(Λ,J(ε + ζ − ς)) + J f1(Λ, ε − ς)

∥∥∥∥∥
+ |θ1| ϕ j1︸︷︷︸

1≤ j1≤n

(ε,−ζ, ς) , · · · ,

∥∥∥∥∥J fn(Λ, ε + ζ + ς) − fn(Λ,J(ε + ς)) − fn(Λ,J(ε + ζ − ς)) + J fn(Λ, ε − ς)
∥∥∥∥∥

+ |θn| ϕ jn︸︷︷︸
1≤ jn≤n

(ε,−ζ, ς)
]

� diag
[∥∥∥∥∥θ1(J f1(Λ, ε − ζ + ς) − f1(Λ,J(ε + ς)) − f1(Λ,J(ε − ζ − ς)) + J f1(Λ, ε − ς))

∥∥∥∥∥
+ ϕ j1︸︷︷︸

1≤ j1≤n

(ε, ζ, ς) , · · · ,

∥∥∥∥∥θn(J fn(Λ, ε − ζ + ς) − fn(Λ,J(ε + ς)) − fn(Λ,J(ε − ζ − ς)) + J fn(Λ, ε − ς))
∥∥∥∥∥

+ ϕ jn︸︷︷︸
1≤ jn≤n

(ε, ζ, ς)
]
, (3.16)
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for each J ∈ C − T
1

and each ε, ζ, ς ∈ Q, Λ ∈ Q′, then there are unique C-linear mappings
Gi : Q′ ×Q → Q, (i = 1, · · · , n), s.t.

diag
[
‖ f1(Λ, ε) − G1(Λ, ε)‖, · · · , ‖ fn(Λ, ε) − Gn(Λ, ε)‖

]
� diag

[
T1

2(1 − T1)
ϕ j1︸︷︷︸

1≤ j1≤n

(
ε

2
, ε,−

ε

2

)
, · · · ,

Tn

2(1 − Tn)
ϕ jn︸︷︷︸

1≤ jn≤n

(
ε

2
, ε,−

ε

2

) ]
, (3.17)

for each ε ∈ Q, Λ ∈ Q′.

(ii) Furthermore, if (T1, · · · ,Tn) ≺

n︷       ︸︸       ︷
(
1
2
, · · · ,

1
2

), ϕ j1︸︷︷︸
1≤ j1≤n

, · · · , ϕ jn︸︷︷︸
1≤ jn≤n

are continuous functions and also

fi, (i = 1, · · · , n), are continuous and satisfy fi(Λ, 2ε) = 2 fi(Λ, ε) and

diag
[
‖ f1(Λ, ε) f1(Λ, ζ) − f1(Λ, f1(Λ, ε)ζ) − f1(Λ, ε f1(Λ, ζ))‖

, · · · , ‖ fn(Λ, ε) fn(Λ, ζ) − fn(Λ, fn(Λ, ε)ζ) − fn(Λ, ε fn(Λ, ζ))‖
]

� diag
[

ϕ j1︸︷︷︸
1≤ j1≤n

(ε, ζ, ε), · · · , ϕ jn︸︷︷︸
1≤ jn≤n

(ε, ζ, ε)
]
,

for each ε, ζ ∈ Q, Λ ∈ Q′, then fi : Q′ ×Q → Q are continuous antiderivations.

Proof. Using the same reasoning as in the proof of Theorem 3.7, we obtain the desired result.
�

3.4. Application

Here, let n = 7.

Corollary 3.9. Suppose fi : Q′ ×Q → Q (i = 1, . . . , n) are mappings satisfying fi(Λ, 0) = 0 and

diag
[ ∥∥∥∥∥ f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς)

∥∥∥∥∥ , . . . ,∥∥∥∥∥ fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς)
∥∥∥∥∥ ]

� diag
[ ∥∥∥∥∥θ1( f1(Λ, ε − ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε − ζ − ς) + f1(Λ, ε − ς))

∥∥∥∥∥
+ (1 − |θ1|) ϕsj1︸︷︷︸

1≤ j1≤n

(‖ε2‖ + ‖ζ2‖ + ‖ς2‖) , . . . ,

∥∥∥∥∥θn( fn(Λ, ε − ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε − ζ − ς) + fn(Λ, ε − ς))
∥∥∥∥∥

+ (1 − |θn|) ϕsjn︸︷︷︸
1≤ jn≤n

(‖ε2‖ + ‖ζ2‖ + ‖ς2‖)
]
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for each ε, ζ, ς ∈ Q, and Λ ∈ Q′. Then there are unique additive mappings f ′i : Q′ ×Q → Q s.t.

diag
[
‖ f1(Λ, ε) − f ′1(Λ, ε)‖, . . . , ‖ fn(Λ, ε) − f ′n(Λ, ε)‖

]
n×n

� diag
[

ϕsj1︸︷︷︸
1≤ j1≤n

(‖ε‖2), . . . , ϕsjn︸︷︷︸
1≤ jn≤n

(‖ε‖2)
]
,

for each ε ∈ Q and Λ ∈ Q′.

Proof. The proof follows from Theorem 3.2 by letting

diag
[
ϕ j1︸︷︷︸

1≤ j1≤n

(ε, ζ, ς), . . . , ϕ jn︸︷︷︸
1≤ jn≤n

(ε, ζ, ς)
]

:= diag
[
ϕsj1︸︷︷︸

1≤ j1≤n

(
‖ε2‖ + ‖ζ2‖ + ‖ς2‖

)
, . . . , ϕsjn︸︷︷︸

1≤ jn≤n

(
‖ε2‖ + ‖ζ2‖ + ‖ς2‖

)]
,

for each ε, ζ, ς ∈ Q. Choosing (T1, . . . ,Tn) = ( 4
7 , . . . ,

4
7 ), we obtain the desired result. �

Corollary 3.10. Suppose fi : Q′ ×Q → Q, (i = 1, . . . , n) are mappings satisfying fi(Λ, 0) = 0 and

diag
[ ∥∥∥∥∥ f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς)

∥∥∥∥∥ , . . . ,∥∥∥∥∥ fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς)
∥∥∥∥∥ ]

� diag
[ ∥∥∥∥∥θ1( f1(Λ, ε − ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε − ζ − ς) + f1(Λ, ε − ς))

∥∥∥∥∥
+ (1 − |θ1|) ϕsj1︸︷︷︸

1≤ j1≤n

(‖εζς‖) , . . . ,

∥∥∥∥∥θn( fn(Λ, ε − ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε − ζ − ς) + fn(Λ, ε − ς))
∥∥∥∥∥

+ (1 − |θn|) ϕsjn︸︷︷︸
1≤ jn≤n

(‖εζς‖)
]

for each ε, ζ, ς ∈ Q and Λ ∈ Q′. Then there are unique additive mappings f ′i : Q′ ×Q → Q, (i =

1, . . . , n), s.t.

diag
[
‖ f1(Λ, ε) − f ′1(Λ, ε)‖, . . . , ‖ fn(Λ, ε) − f ′n(Λ, ε)‖

]
� diag

[
ϕsj1︸︷︷︸

1≤ j1≤n

(‖ε‖3), . . . , ϕsjn︸︷︷︸
1≤ jn≤n

(‖ε‖3)
]
,

for each ε ∈ Q and Λ ∈ Q′.
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Proof. The proof follows from Theorem 3.2 by letting

diag
[

ϕ j1︸︷︷︸
1≤ j1≤n

(ε, ζ, ς), . . . , ϕ jn︸︷︷︸
1≤ jn≤n

(ε, ζ, ς)
]

:= diag
[

ϕsj1︸︷︷︸
1≤ j1≤n

(‖εζς‖), . . . , ϕsjn︸︷︷︸
1≤ jn≤n

(‖εζς‖)
]
,

for each ε, ζ, ς ∈ Q and Λ ∈ Q′. Choosing (T1, . . . ,Tn) = ( 8
9 , . . . ,

8
9 ), we obtain the desired result. �

Corollary 3.11. Let fi : Q′ ×Q → Q, (i = 1, . . . , n) be odd mappings satisfying

diag
[ ∥∥∥∥∥ f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς)

∥∥∥∥∥
, . . . ,

∥∥∥∥∥ fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς)
∥∥∥∥∥ ]

� diag
[ ∥∥∥∥∥θ1[ f1(Λ, ε − ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε − ζ − ς) + f1(Λ, ε − ς)]

∥∥∥∥∥
+ (1 − |θ1|) ϕsj1︸︷︷︸

1≤ j1≤n

(‖εζς‖)

, . . . ,

∥∥∥∥∥θn[ fn(Λ, ε − ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε − ζ − ς) + fn(Λ, ε − ς)]
∥∥∥∥∥

+ (1 − |θn|) ϕsjn︸︷︷︸
1≤ jn≤n

(‖εζς‖)
]
, (3.18)

for each ε, ζ, ς ∈ Q and Λ ∈ Q′. Then fi(i = 1, . . . , n) are additive.

Proof. Putting ε = 0 in (3.18), we get

diag
[ ∥∥∥∥∥ f1(Λ, ζ + ς) − f1(Λ, ς) − f1(Λ, ζ − ς) + f1(Λ,−ς)

∥∥∥∥∥ , . . . ,∥∥∥∥∥ fn(Λ, ζ + ς) − fn(Λ, ς) − fn(Λ, ζ − ς) + fn(Λ,−ς)
∥∥∥∥∥ ]

� diag
[ ∥∥∥∥∥θ1( f1(Λ,−ζ + ς) − f1(Λ, ς) − f1(Λ,−ζ − ς) + f1(Λ,−ς))

∥∥∥∥∥ , . . . ,∥∥∥∥∥θn( fn(Λ,−ζ + ς) − fn(Λ, ς) − fn(Λ,−ζ − ς) + fn(Λ,−ς))
∥∥∥∥∥ ]
, (3.19)

for each ζ, ς ∈ Q and Λ ∈ Q′. Replacing ζ by −ζ in (3.19), we have

diag
[ ∥∥∥∥∥ f1(Λ,−ζ + ς) − f1(Λ, ς) − f1(Λ,−ζ − ς) + f1(Λ,−ς)

∥∥∥∥∥ , . . . ,∥∥∥∥∥ fn(Λ,−ζ + ς) − fn(Λ, ς) − fn(Λ,−ζ − ς) + fn(Λ,−ς)
∥∥∥∥∥ ]

� diag
[ ∥∥∥∥∥θ1[ f1(Λ, ζ + ς) − f1(Λ, ς) − f1(Λ, ζ − ς) + f1(Λ,−ς)]

∥∥∥∥∥ , . . . ,∥∥∥∥∥θn[ fn(Λ, ζ + ς) − fn(Λ, ς) − fn(Λ, ζ − ς) + fn(Λ,−ς)]
∥∥∥∥∥ ]
, (3.20)
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for each ζ, ς ∈ Q and Λ ∈ Q′. From (3.19) and (3.20), it follows that

fi(Λ, ζ + ς) − fi(Λ, ς) − fi(Λ, ζ − ς) + fi(Λ,−ς) = 0, i = 1, . . . , n

for each ζ, ς ∈ Q and Λ ∈ Q′. Since fi, (i = 1, . . . , n), are odd mappings,

fi(ς + ζ) + fi(ς − ζ) − 2 fi(ς) = 0, i = 1, . . . , n

for each ζ, ς ∈ Q and Λ ∈ Q′. Thus the mappings fi, (i = 1, . . . , n), are additive. �

Corollary 3.12. Suppose fi : Q′ ×Q → Q, (i = 1, · · · , n), are mappings satisfying fi(Λ, 0) = 0 and

diag
[ ∥∥∥∥∥ f1(Λ, ε + ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε + ζ − ς) + f1(Λ, ε − ς)

∥∥∥∥∥, · · · ,∥∥∥∥∥ fn(Λ, ε + ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε + ζ − ς) + fn(Λ, ε − ς)
∥∥∥∥∥ ]

� diag
[ ∥∥∥∥∥θ1( f1(Λ, ε − ζ + ς) − f1(Λ, ε + ς) − f1(Λ, ε − ζ − ς) + f1(Λ, ε − ς))

∥∥∥∥∥
+ (1 − |θ1|) ϕsj1︸︷︷︸

1≤ j1≤n

(
‖ε4 + ζ4 + ς4‖

)
, · · · ,

∥∥∥∥∥θn( fn(Λ, ε − ζ + ς) − fn(Λ, ε + ς) − fn(Λ, ε − ζ − ς) + fn(Λ, ε − ς))
∥∥∥∥∥

+ (1 − |θn|) ϕsjn︸︷︷︸
1≤ jn≤n

(
‖ε4 + ζ4 + ς4‖

) ]
and

diag
[ ∥∥∥∥∥ f1(Λ, ε) f1(Λ, ζ) − f1(Λ, f1(Λ, ε)ζ) − f1(Λ, ε f1(Λ, ζ))

∥∥∥∥∥ , · · · ,∥∥∥∥∥ fn(Λ, ε) fn(Λ, ζ) − fn(Λ, fn(Λ, ε)ζ) − fn(Λ, ε fn(Λ, ζ))
∥∥∥∥∥ ]

� diag
[

ϕsj1︸︷︷︸
1≤ j1≤n

(
‖2ε4 + ζ4‖

)
, · · · , ϕsjn︸︷︷︸

1≤ jn≤n

(
‖2ε4 + ζ4‖

)]
n×n
,

for each ε, ζ, ς ∈ Q,Λ ∈ Q′. If fi(Λ, 2ε) = 2 fi(Λ, ε) for each ε, ζ, ς ∈ Q,Λ ∈ Q′, and fi, (i = 1, · · · , n),
are continuous, then the mappings fi : Q′ ×Q → Q, (i = 1, · · · , n), are antiderivations.

Proof. The proof follows from Theorem 3.7 by letting

diag
[

ϕ j1︸︷︷︸
1≤ j1≤n

(ε, ζ, ς), · · · , ϕ jn︸︷︷︸
1≤ jn≤n

(ε, ζ, ς)
]

:= diag
[

ϕsj1︸︷︷︸
1≤ j1≤n

(
‖ε4 + ζ4 + ς4‖

)
, · · · , ϕsjn︸︷︷︸

1≤ jn≤n

(
‖ε4 + ζ4 + ς4‖

) ]
n×n

for each ε, ζ, ς ∈ Q. Choosing (T1, · · · ,Tn) =

n︷          ︸︸          ︷
(

8
17
, · · · ,

8
17

), we obtain the desired result. �
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4. Conclusions

In this study, we investigated the concept of antiderivations in Banach algebras and study multi-
super-stability of antiderivations in Banach algebras, associated with functional inequalities.
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