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1. Introduction and preliminaries

The importance of fixed point theory is due to its application in many fields, for example the
existence and uniqueness of a solution of system of equations or fractional differential equations,
integral equations. Also, it has many applications in economics, engineering and many more fields.
The very first proof of existence and uniqueness of a fixed point was given by Banach [1] which was
an inspiration to many researchers around the world to work in the field of fixed point theory
See [2-10]. Generalizing Banach result is the focus of researchers now a days [11-22]. Lately, Beg
et al. [23, 24] introduced the concept of S’S-metric spaces, which is a three dimension metric space.
However, given there defined triangle inequality, we do not see the point of the third component due
to the fact that there is no use for it in their inequality, so basically it is a two dimension space. In this
manuscript, we define J-metric spaces which are three dimension spaces where S /° -metric spaces is a
special case. Also, we present an application of our result to fractional differential equations along
with an application to system of linear equations. First, we remind the reader of the definition of
S /S -metric spaces.

Definition 1.1. [23] Consider a nonempty set Q and a function J : Q* — [0, c0). Let us define the set
S, Q,8) ={{6,} c Q: lim J(6,0,0,) = 0}

for all 6 € Q.
Definition 1.2. [23] Let Q be a nonempty set and , J : Q* — [0, c0) satisfy the following hypothesis:

(1) J(0,¢,v) =0 implies 6 = ¢ = v forany 6,&,v € Q;
(ii) There exists some b > 0 such that, for any (6,&,v) € Q* and {v,} € S(J,Q, v),

J(0,&,v) < blimsup(J(9,0,v,) + J(&,E&,v,))

n—oo

Then the pair (€, J) is called an S ’/S-metric space.
Moreover, if J also satisfies J(0,0,&) = J(&,&,0) for all 6,& € Q, then we call it a symmetric
S /S -metric space.

2. Main result

In this section, we introduce the notion of J—metric spaces, and prove fixed point theorems for self
mappings in this new space.

Definition 2.1. Consider a nonempty set Q and a function J : Q* — [0, c0). Let us define the set
SWULQ V) ={{v,} cQ: 1limJ(®,v,v,) =0}

forall v € Q
Definition 2.2. Let Q be a nonempty set and , J : Q* — [0, o) satisfy the following hypothesis:
(i) J(t,v,¢) =0 implies T = v = { for any 7,v,{ € Q;
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(ii) There exists some b > 0 such that, for any (r,v,¢) € Q* and {v,} € S(J,Q, v),

J(r,v,0) < blim sup (J(r,7,v,) + T, v,v,) + J(L. £, v).

n—oo

Then the pair (€2, J) is called a J-metric space. Moreover, if J(7,7,v) = J(v,v, 1) for all 7,v € Q, then
the pair (€, J) is called a symmetric J-metric space.

Remark 2.3. Note that, the following condition is not necessary true
J(x,y,Z) = J(y,va) = J(Zay’x) =

Now, we present some of the topological properties of J—metric spaces.

Definition 2.4. Let (€2, J) be an J-metric space. A sequence {7,} C € is said to be convergent to an
element 7 € Qif {r,} € S(J,Q, 7).

Proposition 2.5. In a J-metric space (€, J), if {1,,} converges to both T\ and 7, then 7| = 15.

Proof. Assume that {r,} converges to both 7; and 7,. Hence,

J(@1,11,70) < blimsup (J(11,71,7) + (11,71, T) + J (11,72, Ta)),

n—oo

blim sup (2J(r1, 71, 7) + J(12,72, 7)) = 0.

n—oo

Thus,
J(t1,711,12) =0=> 1 = 15.

O

Definition 2.6. Let (2, /) and (I', J) be two J-metric spaces and o : Q — I be a mapping. Then
o is called continuous at ay € Q if, for any € > 0, there exists & > 0 such that, for any 7 € Q,
Jr(oay, oay, ot) < € whenever Ji(ay, ap, T) < £.

Definition 2.7. (1) Let (Q,J) be a J-metric space. A sequence 7, C Q is said to be Cauchy if
limy, ;o0 J(Thy Tis T) = 0.
(2) A J-metric space is said to be complete if every Cauchy sequence in Q2 is convergent.
(3) In a J-metric space (€2, J) if o is continuous at g, € Q then for any sequence 7, € S(J,Q,ap)
implies {o7,} € S(J, Q, 0ay).

Remark 2.8. Note that S(J,€,0) in some cases can be empty. The following example presents a
nonempty set of S'(J, Q, 0).

Example 2.9. Let Q = R and, J : Q* — [0, o) defined by J(3,&,v) = |6 — &| + |£ — v| for all §,&,v € R.
1
Let v € R and the sequence (v,) such that v, = v + —.
n
1
It is easy to see that lim J(v,v + —,v + —) = 0. Therefore, for every v € R there exists a sequence
n—00 n n

1
v, = v+ — such that S(J,Q,v) # 0.
n

Next, we present two examples of J-metric spaces.
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Example 2.10. Let X = R and J(t,v,{) = |7| + |v| + 2|{| for all T, v, { € X.

We have J(r,v,{) = 0 imply that |7| + |v| + 2|{] = O which gives us || = |v| = |{| = O then the
first condition of the Definition 2.2 is satisfied. Also the symmetry of J is satisfied since we have
J(r,7T,v) = 2|t| + 2Jv| = J(v,v, 7). Now, let’s verfiy the triangle inequality. Let 7,v,{ € X and v, a
convergent sequence in X such that lim,_,, J(v,v,v,) = 0, we have

J(r,v,0) = Itl+vl+2[]
< 47|+ 4yl + 4|Z) + 12)v,
2207 + 2[val + 2] + 2lval + 2121 + 2[val)
2(J(r, 7, vy) + J(v, v, vy) + J(L, C,vy))
2lim sup (J(7,7,v,) + J(v,v,v,) + J(L, L, vn)).

n—oo

IA

Then, all the assumptions of Definition 2.2 are satisfied. Hence, J is a J-metric with b = 2.
Example 2.11. Let X = [0, 00) and J(1,v,{) = |t — v| + |t = (| for all T,v,{ € X. We have

e J(t,u,{) = 0imply that |7| = |v| = |{| = 0.
e Jnov)=t—1|l+|t—-vl=lv-1=JW,v,1).
e Let v, a convergent sequence in X such that lim,_,., J(v,v,v,) = 0, we have

JT,v,0) = [r—v+r-{]
< lt=vp+v,—vl+lt=v,+v,—{|
< =il +lv=wl + 1= vl + 1t = vl
= 2t —wl+v—vil+1d =l
< 2limsup (|t = v, + v = v, + [ = Vi)
< 2limsup (J(r,7,v,) + J(v,v,v,) + J((, ¢, 1,)).

Then, all the assumptions of Definition 2.2 are satisfied. Hence, J is a J-metric with b = 2.

Theorem 2.12. Let (Q, J) be a J-complete symmetric metric space and o :  — € be a continuous

mapping satisfying
J(ot,ov,00) <Y(J(t,v,0)) forall t,u,l € Q 2.1

where y : [0, +00) — [0, +00) is an increasing function such that, lim,_,., ¥"(¢t) = 0 for each fixed t > O.
Then o has a unique fixed point in Q.

Proof. Let 1y be an arbitrary element in Q. We define the sequence {7,},50 C Q as follows
T, =0T =019, n=172,.. 2.2)
We will prove that {7,,} is a Cauchy sequence in Q. Let n,m € N, using (2.1) we obtain

J(Tn’ Tns Tm) < l//(J(Tn—l» Tn-1, Tm—l))
w(J(Tn—Z’ Th-2, Tm—Z))

IA
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A

< lﬁn(‘](TOa 7o, Tm—n))~

We assume w.l.o.g that m = n + p for some constant p € N we get

J (@ Ty Tw) < W' (J (70, 70, Tp))- (2.3)
By taking the limit in (2.3) as n — oo we obtain

lim J(t,,7,, T,) = 0. 2.4)
n—oo
Therefore, {7,} is a Cauchy sequence in Q2 and due to its completeness, there exists 7 € € such that
Ty > Task — oco.
In addition, 7 = lim 7 = I}im Tie1 = ]}im o1, = o7. Thus, o has 7 as a fixed point.

k—o0

Let 7, and 7, be two fixed points of o
J(r1,71,12) = J(OT1,071,072) <Y (J(T1, T, T2)). (2.5)

Since, ¥"*(t) < t for any ¢t > 0, we obtain from (2.5), J(7y, 71, T2) < J(11,71,T2), then J(71,71,72) = 0
and 7, = 75, and o has a unique fixed point in Q . O

Theorem 2.13. Let (Q,J) be a J- complete symmetric metric space and o : Q — Q be a mapping
satisfying
J(ot,o0v,00) < AT, v, )J(t,v,0) VT1,u,{ €Q, (2.6)

where 1 € A = {1 : Q> — (0,1),A(f(r,v,0)) < A(t,v,0) and f : Q — Q a given mapping). Then o
has a unique fixed point.

Proof. Let 1 be an arbitrary element in Q2. We construct the sequence {7, as follows {7, = 0”"7¢}. Let’s
prove that {r,} is a Cauchy sequence. For all natural numbers n, m, we suppose w.l.o.g that n < m and
assume that these exists a constant p € N such that m = n + p. By using (2.6) we have

J(Tna Thny Tm) :J(O-Tn—l s O Th—1, O-Tm—l)
S/I(Tn—l’ Tn-1» Tm—l)J(Tn—l’ Thn-1» Tm—l)

S/ln(TO’ 7o, Tp)J(TO’ 7o, Tp)'

Taking the limit as n — oo and considering the property of A into view, we obtain that
lim J(t,,7,,7,) = 0, that is {r,} is a Cauchy sequence. Then, by completeness of €2, there exists

n,m—»co

u € Q such that
u=limrt, =limrT,_. 2.7)

n—oo

We claim that « is a fixed point of o~. From (2.7), we deduce that 7, € S (J, Q, u) and

lim J(u,u,7,) =0 (2.8)

and
lim J(u,u,7,-1) = 0. (2.9)

n—oo
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By using the triangle inequality and taking into account (2.8) we get:

J(ou,ou,u) <b lim sup [2J(ou, ou, t,) + J(u, u, 7,
=2b lim sup J(ou,ou,ot,_1)

<2blim sup A(u, u, t,—1)J (U, u, T,_1)

n—oo

<2bA(u,u, 7o) lim sup J(u, u, 7,-1). (2.10)

Using (2.9) and (2.10) we obtain that J(ou,ou,u) = 0, that is cu = u. Therefore u is a fixed point of
o.
Let, &1, &, € Q be two fixed points of o such that & # & thatis &) = & and 0é, = &

J(§l7§1"f2) = J(O-é‘:bo-é‘:l’o-fZ) < /l(é:l’é:lafZ)J(é:l’é‘lafZ) < J(§I’§l9§2)~

Then, J(&1, &1, &) = 0 which implies that &, = &,. i

Theorem 2.14. Let (Q, J) be a complete symmetric J-metric space and o : Q — € be a continuous
mapping such that:

J(ot,0v,00) < aJ(t,v,{) + B(r,01,07) + yJ(v, 0V, 0V) + uJ({,0(,0() 2.11)
forall T,v,v € Q where

O<a+p<l-y—u, (2.12)
O<a<l. (2.13)
Then, there exists a unique fixed point of o
Proof. Let 1y € Q be an arbitrary point of 2 and {7, = 0”7y} be a sequence in Q. From (2.11) we have
(T, Tust, Tus1) =J(OTyor, 0Ty, 0°T)

Sa*](Tn—l, Thns Tn) + ﬁJ(Tn—la Tns Tn) + ’yJ(Tn, Tn+ls Tn+l) + ,uJ(Tm Th+ls Tn+l)

S(a' + ﬁ)J(Tn—b Tns Tn) + (?’ + /l)‘](Tna Thn+ls Tn+1)~

Then
+
J(Tn’ 7-n+1’Tn+1) < &J(Tn—h‘rn, Tn)-
1—vy-
. a+p . .
Taking A = T+ then from (2.12) we have 0 < A < 1. By induction we get J(7,,, Tp+1, Tpt1) <

A"J(1o, 71, 71) which gives that
lim J(7,,, Tps1, Tue1) = O. (2.14)

n—oo

We denote J,, = J(7,,, Tps1, Tnr1)- For all n,m € N,n < m we assume w.l.o.g that there exists a fixed
p € N such that m = n + p. we have
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STy T Tnap) = J(OTpo1, OTy1, 0T p1)

J(Th, Tn, Tir)

< @J (Tt Tuts Tuep-1) + BI (Tt Tns Tn) + Y (Tu-1, Tus Tn)
+ W Tnip-15 Taips Tnap)
= aJ(Tpet, Tnets Tnip-1) + B+ Yot + dpipi
< alaJ (T2, Tn2s Tuip-2) + B+ Y u2 + Thhipal + (B+¥)u
+ wpip
= @I Tu2s Tuep2) + @B+ Vo + AT ppr + B+ )i
M psp
< @"J(T0.T0.T,)) + (B+7) Z T+ Z & Ty (2.15)

k=1 k=1

By taking the limit in (2.15) as n — oo and using (2.13) and (2.14), we obtain

lim J(t,, T, Tm) = 0.

n,m— o0

Then, {7,} is a Cauchy sequence in Q. By completeness, there exists u € Q such that 7, - uasn — oo
and
lim J(t,,7,,u) = lim J(t,, 7, u) =0. (2.16)

In addition, u = lim 7, = ]}im Tiel = ]}im o1, = ou. Therefore, o has u as a fixed point.
—00 —00

k—o0

Let &1, &, € Q be two fixed point of o, & # & thatis o7& = &, 0& = &.

J(1,61, &) =J(06,0¢1,06)
Sa‘](fl’ glafZ) + (ﬁ + Y)J(érl’ O-é‘:l’ O-é‘:l) + :u'](é‘:Z’ 0-62’ 0-62)
=aJ(§1,&1,6) + (B +y) (1,861,801 + (62,62, 82).

Then, (1 — @)J(&1,£&1,&) < 0. Using (2.13) we conclude that J(&1,&;,&) = O thatis & = &,. O
3. Applications

3.1. Fractional differential equation

There has been many applications of fixed point to fractional differential equations see [25]. In this
section, we discuss the existence of a solution to the following problem:

D) - D'x(t) = f(t,x(t)) = Fx(t)ift € I = (0, T]
P 0 = xm=r

where T > O and f : I X R — R is a continuous function, / = [0, 7] and D*x denotes a Riemann-
Liouville fractional derivative of x with A € (0, 1).
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Let C,_y(I,R) = {f € C((0,T],R) : t'* € C(I,R)}. We define the following weighted norm
* 1-2
A = I[I&aT)]U |x(2).

Theorem 3.1. Let A € (0,1), f € C( X R,R) increasing and 0 < a < 1. In addition, we assume the
following hypothesis:

I2a

(@) v1(0) = (@), v20)] < =5

Then the problem (P) has a unique solution.

—alv; — vyl

Proof. Problem (%) is equivalent to the problem Mx(t) = x(t) where

Mux(t) = rtt ! + I f (t — )" Fx(s)ds.

In fact, proving that the operator M has a fixed point is sufficient to say that problem ¥ has a unique
solution. Indeed, (A = C;_,(I,R), J) is a complete J—metric space if we consider

I, ,2) = max 1 (1x(0) = O + [x(0) = 2(0)]). ¥ € Croa(, R).

The mapping M is increasing since f is increasing.
Now, we must prove that M is a contraction map. Let x,y,z € C;_(J,R),0 < A < 1.

JMx, My, Mz) = 1[132;;](:‘—*(|Mx(t)—/\4y(r)| + IMx(?) —Mz(t)l)

1 [ .
< e max fo (t = sy (17, x(s) = £t y(s))

+ 1 x(5) =t 2(5))])ds.
Subsequently, by the hypothesis of the theorem we have

J(Mx, My, Mz) < mtrer[loax ' f (t—s)"" e )[alx(S) y(s)|

+ alx(s) — z(s)l]ds

1 T2 el
F(/l) ze[or] f(t T21- l[allx yI's

+allx - z|'s l]ds

: ST
< Fop a1~ atlle =l + v )Wfo("” s'71ds.

From the Riemann-Liouville fractional integral we have
ft(t— A1 -1 g F(/l)tu 1
0 rey
Therefore, we have
J(M.x, My’ MZ) < QJ(.X', ) Z)'

Therefore, o satisfies the conditions of Theorem 2.12 with ¥(¢) = at.
Thus, by Theorem 2.12, we deduce that M has a unique fixed point which leads us to conclude that
equation ((#)) has a unique solution as required. O
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3.2. Fredholm type integral equation
Let Q = C([0, 1], R) and consider the following Fredholm type integral equation

1
fv) = j; X6, &, f(v))ds for 6,& € [0, 1] 3.1

where y : [0, 1]> — R is a continuous function.

Let J : Q* — [0, o) defined by J(f, g, h) = |
(Q, J) is a complete J—metric space.

Sup,co,1;(f (1), &(0)) — h(?)
2

|. It is not diffuclt to see that

Theorem 3.2. If f, g, h € Q satisfy the following condition

(6, &, f(V) — x(6,&, h(M)| < A f(v) — h(v)| for some A € (0, 1),
then Eq (3.1) has a unique solution.

Proof. Let o : Q — Q defined by o f(v) = fol x5, ¢, f(v))ds then

|sup,e[0,1] (o f@).og(n) - ahm'

J(of,o8,0h) 5

2

1 1 1
sup ( [ xteeronds. [ xoeg0nds) - [ xe.ehnas]

t€[0,1] ~ JO 0 0

Assume w.l.0.g that x(6, &, f(v)) > x(5,&, g(v)), then we obtain

J(of,og8,0h)

1 1 1
3] f X(6.€ f)ds - f X(8,€ h)ds|
0 0

1
= %’ ﬁ [X(é’ f, f(V)) - X(é’ é:’ h(v))]dS’

IA

1 1
: fo (6. £ FO7) — x(6.£. hO)|dis

IA

1 1
3 f Af(v) — h(»)lds
0

IA

A
5|f(v> — h(v)|

IA

2| sup (0, 800 - 1)

2 te[0,1]

_ /1' SUD;e10,17 (f(V), g(v)) — h(y)‘
B 2

= AJ(f,g h).

Therefore, o satisfies the conditions of Theorem 2.12 with (¢) = At.
Thus, by Theorem 2.12, we deduce that o has a unique fixed point which leads us to conclude that
Eq (3.1) has a unique solution as desired. |
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3.3. Linear system of equations

Consider the set Q2 = R" where R is the set of real numbers and » a positive integer. Now, consider
the symmetric J—metric space (€2, J) defined by

J(6,¢&,v) = llnax l0; — &l +16; — vil

for all § = (51, ey ), & = (E1, s E0),V = (V1 ey Vi) € Q.

Theorem 3.3. Consider the following system

$1101 + 81202 + 81303 + 81,0, = 1y

§2101 + $2202 + 52303 + §2,0, = 12

Sp101 + 8,202 + 8,303 + 8,20, = I

n
ifg = {nax( Z lsij| + 1 + s,-,-l) < 1, then the above linear system has a unique solution.
<i<n
j=Lj#i

Proof. Consider the map o : Q — Q defined by 06 = (B + I,)0 — r where

S11 S12 S1n

$21 S22 Son
B = . ,

Sl Sn2 c Smn

0=10(01,00,,0,);& =(&1,6,-+ &) and v = (vi, v, -+ ,v,) € R", I, is the identity matrix for n X n
matrices and r = (ry,r,, -+ ,1,) € C". Let us prove that J(06, ¢, 0v) < 0J(6,&,v), Vo,&,v € R™.
We denote by
B=B+1,= b, i,j=1,...n,

with
= Siin ] £ 1
b= "I
L+ 55, )=
Hence,
n n
max > byl =max (D" syl + 11+ sil) = 6 < 1.
1<i<n & 1<i<n |
j=1 j=1,j#i

On the other hand, for alli = 1, ..., n, we have

(00 = () = ) bij(s; - &), (3.2)
j=1

(06) = (V)i = > biy(6; = v)). (3.3)
j=1

Therefore, using (3.2) and (3.3) we get

AIMS Mathematics Volume 7, Issue 10, 17802-17814.
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J(o6,06,0v) = 111;33 (1(06)i = (&)l + 1(06); — (ov)il)

< max ( Z] 1Bylo; — &1+ Z] 1Billa; =)
J= J=

1<i<

< max Z; || max (16x — &l + 16k — vil)
=
=0J(6,&,v) = DI, ¢E,v)),

where, ®(¢) = 6t, YVt > 0. Note that, all the hypotheses of Theorem 2.12 are satisfied. Thus, o has a
unique fixed point. Therefore, the above linear system has a unique solution as desired. O

4. Conclusions

In this manuscript, we introduced a new type of metric spaces called J—metric spaces, which is a
three dimension metric space, we proved the existence and uniqueness of a fixed point for self mapping
in such space under different types of metric spaces. Moreover, we presented an application of our
results to solving system of linear equations and a fractional differential equation using fixed point
theory approach.
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