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1. Introduction

Let [x] be the greatest integer not exceeding x. For any natural number &, an interesting question is
whether there exist s = s(k) and infinitely many primes py, - - - , ps, p such that

[uph + -+ A4, = p,

where A,,---, A, are real non-zero numbers and at least one of A;/4;(1 < i < j < &) is irrational.
Following the work of Danicic [1] for the linear case k = 1 with s=2, Li and Wang [2] made progress
for the quadratic case k = 2 with s = 3, and Li and Su [3] for the cubic case k = 3 with s = 5.

In 1988, Srinivasan [4] established one result being of form [4;p; + /lgpé] = p. Inspired by
Srinivasan’s conclusion, in this paper, we prove two more general and sharper results as follows.
Theorem 1.1. Suppose that A;, A,, A3 are positive real numbers, at least one of 4;/4;(1 <i < j<3)is
irrational, and positive integer k > 2, then there exist infinitely many primes py, p», ps, p such that

[A1p] + Aap; + 3p5] = p.
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Theorem 1.2. Suppose that Ay, - - - , A5 are positive real numbers, at least one of 4;/4;(1 <i < j<5)is
irrational, and positive integer k > 3, then there exist infinitely many primes p1, - - - , ps, p such that

[ipS + -+ apd + Asph] = p.

Here we only give the proof of Theorem 1.2, since Theorem 1.1 can be proved similarly. In
Section 2, we give the outline of the proof of Theorem 1.2. In Sections 3 and 4, we restrict our
attention to the neighbourhood of the origin and the intermediate region, respectively. In Section 5, we
consider the trivial region and complete the proof of Theorem 1.2.

Throughout the paper, we use standard notations in number theory. In particular, ¢ stands for a
sufficiently small positive number, € is an arbitrarily small positive number, v is positive real number,
and N is a sufficiently large real number.

2. Outline of the method
The basic method builds on the modification of the Hardy-Littlewood circle method first introduced

by Davenport and Heilbronn. Denote

sin mva

K,(a) = v( %,

o

for v > 0 and @ # 0. By continuity, we define K,(0) = v. Then we have

K,(a) < min(v,v'e|™), 2.1)

f ) e(ay)K,(a)da = max(0, 1 — v~ '[y)). (2.2)

Since at least one of the ratios 4;/4;(1 < i < j < 5) is irrational, we may assume that 4,/4; is
irrational, and for other cases, one may deal with them similarly. For A,/4, is irrational, there are
infinitely many pairs of integers g, a with

i/ —algl < q 7% (a,q)=1,qg>0,a+0.
We choose g to be large in terms of Ay, - - - , A5, and make the following definitions.
L=1logN, [N =¢, 7= N Q=" + LN, P=N®, T =T} =Tf = N,

Si(a) = Z e(pla)logp, i=1,---,4,
6N} <p<n3
(Nt <p<nt p<N

By (2.2),

+o0 S 1
JR) =: f 1—[Si(a)So(—a)e(—za)K%(a)da

=
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< If Z 1

144 p? +---+/14pi+/15p§ -p- % |<

— DI—

1 1 1 1
(6N)3 <py,-,p4<N 3 (6N) k <ps<Nk ,p<N

= L°N(N).

Thus it suffices to establish a positive lower bound for J(R). In order to estimate J(R), we split
(—oo,+o0)into three parts € = {a e R: || <7}, D={aeR:7<|a| <P}, c={ad e R :|a| > P},
traditionally named the neighbourhood of the origin, the intermediate region, and the trivial region.

Thus

JR) =J(©) + J(D) + J(0). (2.3)

In the following sections, we compute the integrals in the neighbourhood of the origin, the

intermediate region, and the trivial region, respectively.

3. The neighbourhood of the origin

In this section, we evaluate the contribution from the neighbourhood of the origin and give a

low bound.
Let p = B+ iy be the zeros of the Riemann zeta function and C be a positive constant. By Lemma 5

of [5], one has

N
So(@) = dy— > > O((1 + [aIN)N3 LE
o(@) fl e(ya)dy ne(na) + O((1 +[a|N) )

2
yI<T5>3 n<N

=: Ip(@) — Jo(@) + Bo(a),

1

N3

Si(a) = f | e(Ay a)dy — E E nle(An’a) + O((1 + |a|N)N%LC)
(6N)3 - Jg 3

WIST1B25 (5N)3 <n<N'3

= I(a)-Ji(a)+Bi(a),i=1,---,4,

1

N k
SS(“)ZI ey D le(snt @)+ O +1aIN)NELE)

1
(6N)k 2 1
yI<T2.625 (51\1)% <n<Nk

=: Is(a) — J5(a@) + Bs(a).

Lemma 3.1. We have

1

2
So(@) < N, Iy(e@) < min(N, o™, f [Io(@))*da < N,

1
2

1

2 T 1 3
f o(@)Pda < Nexp(-L?), f |Bo(@)Pda < N5+, f S o(@)lda < NL.

1 1

2 - 2

T

AIMS Mathematics Volume 7, Issue 1, 1147-1154.



1150

Proof. These can be deduced from Lemmas 6-8 of [5].
From Lemma 8 of [6], we can deduce the following Lemmas 3.2 and 3.3.
Lemma 3.2. Fori =1,---,4, we have

1

Sia@) < N3, I(a@) < Nimin(l,N'a™), | i(a)Pda < N3,
1

[NT]

% T T
f lJi(@)Pda < N3 exp(—L5), f Bi(@)Pda < N3 exp(~L5), f 1S ()|’ da < N75.

1
2

Lemma 3.3. We have
Ss(@) < N¥, Is(@) < N*min(l, N '|e|™),
% 2 % 2 2 1 1
IIs(a)*da < N1, |Js(@)PPda < Ni~'exp(=L3),

—1
2

IR

|Bs(@)Pdar < Ni~' exp(~L?), 1S s(@)*da < Ni™".
p

-

Lemma 3.4. We have

5 5
f | ]—[ S (@)S o(—a) — H I{@)h(-a)Ky(e)da < NitEeL T, (3.1)
¢ e i=1
Proof. Obviously,
5 5
Si@So(-a) - | | h@ly(-a)
i=1 i=1

5 5
= $1@ - h@) ] [S«@)So(-a) + Li(@)S2(@) = h@) | | S«@)So(-a)
i=2 i=3

4 5
oo [ [ 1S st@) - @)So(=a) + | | xS o(-a) - I(-a)).
i=1 i=1

By Lemmas 3.1-3.3, we have

5
f I(S1(a) — I1(@)) l_[ Si(@)S o(=a)|K 1 (@)da
¢ i=2

< N3*& ( f |Bi(a)|*de + f |J1(oz)|2doz)2 ( f |52(a)|2da)2

4,1
4l
< N3*:L7Y,

4
f || | @) 5(@) = Is@)S o=k (@)de
¢ =t
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zv%(fﬂina»%hx+\fﬁLhadea)z(waSa—aN%kﬁz

dpl.q
< N3": L7,

<

A

ffhmmam Io(-a)IK (@)da

< g(f |15(04)|2d04) (f |Bo(— a)lzda+f [Jo(= “)|2d“)

< N3 kL‘ .

The argument for other terms are similar, and the proof of Lemma 3.4 is concluded.

Lemma 3.5. We have
: 4,1
f | | | L(@)y(—)|Ki(@)da < NG9,
la>N-1+9 %4 2

and

+oo0 S
f l_[ Ii(a)lo(—a)e(—%a)l(é(a)da > N3+t

g
Proof. For « # 0, we have
L) <lal ™, i=1,- 4, L@ <l I-o) <™,

thus the left hand of (3.2)
< lo| 5 tda < NG~
la|>N-L+6
The proof of (3.3) is similar to (36) in [5], we omit the details.
Combining (3.1), (3.2) and (3.3), we get

J(€) > N¥*t,
4. The intermediate region

The goal of this section is to estimate the integral J(D).
Lemma 4.1. We have

+00

|Si(a/)|8K%(0/)da < N3*3¢ j=1,--- 4,

—00

—+00
f N 5(a)|2kK% (@)da < N2+

[ee)

+00
f ISO(—a)IzK% (@)da < NL.

(o)

(3.2)

(3.3)

(3.4)

4.1)

4.2)

4.3)
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Proof. By (2.1) and Hua’s inequality,

+00 +oo m+1
f 5@ Ky(@)da < ) f Ss(@)F Ky(@)da

© m=—co

1 m+1 L +00 m+1 . -
< Z f IS s(@)|* da + Z m2 f IS s(@)|* da < Ni¥~1+e,
m=0 M m=2 m

The proofs of (4.1) and (4.3) are similar.
Lemma 4.2. Suppose € > 0 is given. Let f(x) be a real valued polynomial in x of degree k > 2.
Suppose « is the leading coefficient of f and there are integers a, g such that |ga — a| < ¢! with
(a,q) = 1. Then we have

D (og ple(f(p)) < X"*(g7" + X7 +gx ™"

p<X

Proof. This is Theorem 1 of [7].
Lemma 4.3. For every real number a € D, let W(a) = min(|S ()|, |S 2(@)|), then

W(a) < N1+,

Proof. The proof is similar to Lemma 9 in [3]. In a € D, we know that at least one j, P < g; < Q, and
Lemma 4.3 can be established.
Using Holder’s inequality, we have

4

|S1(a/)|8K;(a)da) H (f+°° |S,~(a/)|8Ké(a/)afcv)8

i=2 e

( f ) |Ss(a)|2"1<;(a>da)2k ( f ) |So(—6¥)|2K;(a)dC¥)2

+ma®X|W(a/)|2k]3( f ) [ ( f m|Si(a)|8K1<a)da)8
s i=1,3,4 \W = ’

_(f“x’ |55(a/)|2kK;(a/)da/)2k (f“’o ISo(—cy)lzK%(a/)da/)2 )

Hence, by Lemmas 4.1 and 4.3, we have

oo|—

—+00

2

—00

JD) < meagilW(a)Izkl»‘( f

ool—
2

S z(a)ng;(Oz)da)

J(D) < NitEmaoee (4.4)
5. The trivial region and completion of the proof

In this section, we consider the contribution from the trivial region, and then establish Theorem 1.2.
Lemma 5.1. Let V(@) = ), e(af(x,- -, x,)), where f is any real function and the summation is over
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any finite set of values of x;,--- , x,,. Then, for any A > 4, we have

f V(@)K (@)da < % f‘” V(@)K (a)da.
laf>A oo

Proof. This is Lemma 2 of [8].
By Lemmas 5.1, 4.1 and Schwarz’s inequality,

5
f | |Si@So-a)lky(@da
¢ =l

+00 5
< }D [ |1;[S,-(a)so(—a)|l(;(a)da

(o)

4 +00 3 +00 2
< N‘6‘51£1§1H£( |S5(a)|n(f |S,-(a/)|8Ké(a)d0z) (f |So(01)|2K%(a/)da/

i=1 o] 00
< N%+ % —6(5+€.
Thus, we have
J(¢) < Niti-6ove, (5.1)

Combining (2.3), (3.4), (4.4) and (5.1), we get
JR) > N3*t,  N(N) > N3+,

i.e., under the conditions of Theorem 1.2,

1

1
mlp?+---+ﬂ4pi+ﬂsp§—p—5| <3 (5.2)

has infinitely many primes solutions py, - - - , ps, p.
By (5.2), we have

p<Api+-+ pl+Aspt < p+1,

and

[Aip; + -+ Ap) + Asps] = p.
This proves Theorem 1.2.
6. Conclusions
In this work, using the circle method, we have established two theorems that integer part of
nonlinear forms with prime variables represent primes infinitely. The results presented in this article

are new and improve the author’s earlier results.
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