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1. Introduction

Convex functions and mathematical inequalities play vital role in the advancement of several fields
of pure and applied sciences. Various inequalities for convex and related functions have been studied
in recent decades, also their variants in fractional calculus are analyzed, see [1-5].

The employment of fractional integral operators for establishing the generalized versions of
classical inequalities become a fashion in the study of mathematical inequalities. In this regard the most
celebrated inequality called Hadamard inequality has been studied extensively for fractional integral
operators. The presence of Mittag-Lefller function in fractional integral operators produces interesting
fractional integral inequalities.

The purpose of this paper is to present new Hadamard type inequalities for k-fractional integrals of
strongly A-convex functions.

Let f € [¢, ¢] then the Riemann-Liouville fractional integrals J§, f and J¢_f of order & with &€ > 0,
0 < ¢ < @ are defined by [6]:

1 'V
(510 = g5 | =0 ra 0> ¢), (1)
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and
1
()1 0)= 75 f (t vy~ (o) dr v<p). (1.2)

respectively, where I'(g) = fow e~'1?71dt is the Gamma function and (Jg +) fv) = (Jg_) fv=f©).
In [7], Jarad et al. defined the new fractional integral operator as follows:

5o 1 f =9y -@-¢r\""  f@

$10) = 55 ) ( . ) =gt (1.3)
and

| - = (-0 f@)

HOE = f ( - ) = t)l—adt' (1.4)

Note that, by taking ¢ = 0 and € — 0, the new conformable fractional integral operator coincides
with the generalized fractional integrals [8], by taking ¢ = 0 and & = 1, the (1.3) becomes Riemann-
Liouville fractional operator (1.1). Furthermore, by taking ¢ = 0 and &€ = 1, the (1.4) reduces to the
Riemann-Liouville.

The generalized k-fractional conformable integrals [9] are defined as follows:

s 1 f =gy — -\ F)

Vot = 55 . ( . ) et (1.5)
and

5 ) = f - —(-0\\""

Ve = e | ( . ) P (1.6)

If k > 0, then the k-Gamma function I'; is defined as [10]:

1 m £-1
[e) = lim TR MO (1.7)
m—eo  (&)pi

If Re (¢ > 0), then k-Gamma function in integral form is defined as

Ii(e) = f T exp ¥ g7 do
0

with el'y(e) = Ty (e + k).
Let f: I° C R — R be a convex function. Then

P+ 1 Y f(@)+ f(p)
f( > )S(p_(pj(;f(t)dtsT.

holds V ¢, ¢ € I° with ¢ # ¢ and is known as Hermite-Hadamard inequality. The above inequality is
reversed, if f is a concave function on /°, see [11-15].
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In [16], the following generalization of Hermite-Hadamard inequality for strongly h-convex
function is established:

Let f : I° € R — R is Lebesgue integrable and strongly A-convex function with modulus ¢ > 0. If
h: (0,1)> (0, c0) be a given function. Then

1 u+v c 5 1 v 1 c i
21 (%) [f( 2 )*E(V‘“)]Sv_—ufuf(x)dxs(f(u)+f(v))f0 h(dt = <(v = )

holdsVu,vel°,u<v.

Some further interesting extensions and refinements of the Hermite-Hadamard inequalities for
strongly h-convex mappings have been widely studied in the literature, see [17]. The other well
known inequality is Jensen inequality and different variants of Jensen-Mercer inequalities are present
in literature, see [18-21].

In this paper we find further versions of generalized Hadamard type fractional integral inequality
for k-fractional integrals. For this purpose we utilize the definition of 4-convex function.

2. Definitions

Next, we recall some basic definitions which will be used in the present article:
The gamma function is denoted by I'(.) and is defined as follows:

I'(7) :f e ldr, >0,
0

The beta function is denoted by £ and is defined as follows:

1
Bx.y) = f £ = 1,
0

where x, y, g are positive real numbers.

The Li[a, b] is a class of all real-valued functions integrable in [a, b].

Further, we give definitions of convex and related functions which are useful to understand the
inequalities established in this work.

Definition 2.1. [23] A function f : [a,b] — R is said to be convex if

fix+ A =-0y) <tf(x)+ (A -0f(y), Yx,y € [a,b],1 € [0, 1]. (2.1)
holds. If the inequality in (2.1) is reversed, then f is called concave function.

Definition 2.2. [24,25] Let I C (0, o) be an interval and p € R\ {0}. Then a function f : I — R is
said to be p-convex, if

f((ta” + (1 - t)b”)l%) <tf(a)+ (1 -0fD). (2.2)
holds for a,b € I and t € [0,1]. If the inequality in (2.2) is reversed, then f is called p-concave

function.
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Definition 2.3. [23] Let I, J be intervals in R, (0,1) C Jand h : J — R be a non-negative function
and h # 0. A function f : I — R is said to be an h-convex, if

fx+ 1 =0)y) < (D) f(x) + h(1 =D f (). (2.3)

holds for x,y € I and t € (0,1). If the inequality in (2.3) is reversed, then f is called h-concave
function.

Definition 2.4. [26] Let h : J 2 (0,1) — R be a positive function. Let I C (0, ) be an interval and
p € R\ {0}. A function f : I — R is said to be (p,h)-convex, if
(" + (1 = 0b?)7) < WD) f(@) + h(1 = 1) f(b). 2.4)

holds for a,b € I and t € [0, 1). If the inequality in (2.4) is reversed, then f is called (p,h)-concave
Sfunction.

Definition 2.5. A function h : I° C R — R is called superadditive function if
h(u +v) > h(u) + h(v). (2.5)

Yuvel.

Definition 2.6. [27] Leth : J 2 (0,1) — R be a positive function and I C (0, o) be an interval. A
function f : I° € R — R is said to be strongly convex function with modulus c, u,v € I° and t € [0, 1] if
the following inequality holds

Flu+ 1 =tw) <tf@) +1—tf) —ct(1 — )(u — v)* (2.6)

Definition 2.7. [16] Let h : J 2 (0,1) — R be a positive function and I C (0, o) be an interval. A
function f : I° € R — R is said to be strongly convex function with modulus c, u,v € I° and t € [0, 1] if
the following inequality holds

fu+A—-tw)<h@® fwy+hd -1 fv)—ct(l —t)(u - V)2 2.7
3. Main results

3.1. Jensen-Mercer type inequality

Our main purpose of this section is to prove the Jensen-Mercer inequality for strongly s-convex
function.To present Jensen-Mercer inequality first we will prove the following lemma:

LetO <u; <u < ... < u, be real numbers and let 7;(1 < j < n) be positive weights associated with
these uj and });_, u; = 1. let h : I° — R be a non negative function defined over an interval /° C R such
that (0,1) € I°.

Lemma 3.1. Let f : I° — R be a strongly h-convex function with modulus ¢ > 0, then
£+t = 10) < M (F) + Fu) = Fuy) = 2t(1 = Dy — ). 3.1)

foranyu; € I°,(1 < j<n)and forallt e (0,1), where M’ = sup{h(t) : t € (0, 1)}.
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Proof. Write v; = u; +u, —u;. Then u; +u, = u; +v; so that the pairs u;, u, and u;, v; posses the same
mid point. Since that is the case, there exist a ¢ such that

uj=tu; + (1 —0Hu, and v; = (1 —t)u; + tu,.
where 0 <7 <1 and 1 < j < n. Then, applying strongly h-convexity of f

fo) =£(A = Duy + tuy)
<h(1 = O f(uy) + h(®) f(u,) = ct(1 = D(uy — u,)*
=h(1 = 1) f(uy) + h(O) f () + h(@®) fur) + h(1 = ) f(u,)
= (h(t) fuy) + h(1 = 1) f(u,) — ct(1 = )y — u)*) = 2ct(1 = )(uy — )’
=(h(t) + h(1 = D)(f(ur) + f(up)) = (h(e) f(uy) + h(1 = O f ()
—ct(1 = Oy — u,)?) = 2¢t(1 = O (uy — up)?
<(h(t) + h(1 = D)(f(ur) + fua)) = f(tuy + (1 = Hu,) = 2et(1 = )(uy — u,)
<DM(f(ur) + f(un)) = fuy) = 2ct(1 = D)y — u,)?
<M (f(uy) + fua)) = f(uy) = 2ct(1 = Oy — uy)’.

where M = sup{h(t) : t € (0, 1)} and since v; = u; + u, — u;, then
F(w+ =) < M(Fau) + fun)) = flug) = 2e6(10 = Dy = u,)’.
This completes the proof. O

Remark 3.2. 1. Taking M’ = sup {h(t) : t € (0,1)} = I and ¢ = 0 in Lemma 3.1, we get Lemma 1.3

of [20].
2. Taking ¢ = 0 in Lemma 3.1, we get Lemma 3.1 of [18].
3. Taking M’ = sup {h(t) : t € (0, 1)} = 1 in Lemma 3.1, we get Lemma 2.2 of [19].

Theorem 3.3. Let f : I° C R — R be a strongly h-convex function with modulus ¢ > 0 and 0 < u; <
Uy < ... < uy, be real numbers in I°. If tj(1 < j < n) be positive numbers such that 3}_t; = 1 and
u=73"_tju;. Then

n
f[m +u, — Z tjuj]
J=1

< M (fQun) + f)) = Y h(t)fu) - c (z DRl = Dy = w)? + > - w7, (3.2)

=1 =1 Jj=1
where M = sup{h(t) : t € (0, 1)}.

Proof. Since }7_;1; =1 we have

f[ul + u, — thuj] = f[z tj (u1 +u, — u])] < Zh(tj)f(ul + Uy — uj) —thj(uj — ).
=1 =1

Jj=1 J=1
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By using Lemma 3.1, we have

~4W+W‘§)WJ Zﬁuyw+w—%ym§pmfw)
j=1

j=1

< D HEHIM () + ) = fuy) = 2et(l = 0w — )] = ¢ Y 10— @)
=1

J=1

< M (f) + f)) = D b fu) = cf2 D i = 0w —w)* + > 1u; = @)’
J=1 j=1 =1

This completes the proof. O

Remark 3.4. [. Taking ¢ = 0 in Theorem 3.3,we get Theorem 3.2 of [18].
2. Taking h(t) = t and M = sup {h(t) : t € (0, 1)} = 1 in Theorem 3.3, we get Theorem 2.2 of [19].
3. Taking ¢ =0, h(t) = t and M = sup {h(t) : t € (0,1)} = I in Theorem 3.3, we get Theorem 1.2
of [20]).

3.2. Hermite-Jensen-Mercer type inequalities

Theorem 3.5. Assume f : I° € R — R be a strongly h-convex function with modulus ¢ > 0 and ¢, ¢ € I°
with ¢ < @. If h is a super-additive function and take &,6 > 0. Then

u+v 1\ 2%xexI (0 + k) (5 .-
2 )942y_6j_§7—ﬁﬂm¢wyﬂ¢+¢ 04 sy [@ 4=

iz e

h@)z Lf(¢) + f()] - ()MMﬂm+ﬂW]

ol ol ) oo

holds ¥ u,v € [¢, ], where M' = sup {h(t) : t € (0, 1)}.

f@+w—

Proof. Since f is strongly h-convex function then we write

f(¢ o ul‘;vl) f(¢+90_u1;'¢+¢_vl)

1 1
_h(5)<f<¢+so—ul)+f<¢+<p—v1>>—c<z><<¢+<,o—u1>—<¢+w—vl>)2-

V up, vy € [¢a (10]
If we take u; = —u + —v and v; = %u + év. Then for u,v € [¢, ¢] and t € [0, 1], we have
up + v
f@+¢— > )
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e e el I e

£\ 2-1
Multiplying (3.4) by (#)k (1 — )*! and integrating the resulting inequality with respect to ¢
over [0,1] and then combining the obtained inequality with the definition of integral operator gives

1 e\ 2-1
f(¢+so—u;v)f0 #) (1= 1 dt
L= (1-pe)i! 1 2-
L e e 2)
+f ¢+go—(?u+%v))}—c(%)(l—t)z(u—v)z]dt

vy o1
1 ¢+(p—% 1 — (%)8 k (¢ + ¢ u+V) e—1
=h(3 f(t)
P+o—v € 5

[
-1

><( 2 dr)+f¢+“"‘“ 1- (5 (lz—(¢+90—"7+v))€_]
1 V—Uu
V- u prp-tp & 3
1 & %_1
dtz)} ( )(u—v)2 f (ﬂ) (1= 0°*dr
0 E

)

(f (l‘2)

1 2 \*
h(z)(_) {"W% o SO+ 0 =0

+ KLU0 Ty ) (P + 0= v)} - c(%) (iﬁ(‘—S 2, 1)) (u— vy

f (ﬂ) (—ptdr= L 3.5)
0 2 &

By simple calculations, we have

Note that

banlIS7)
>

1\ 2%kerI1 (0 + k
f(¢+¢—”§v)sh(2)ﬁ{zjfw o @+ 0 =)+ Ty ) O+ 0 =)

2

which completes the proof of first inequality of (3.3).
For second part of inequality (3.3) take the definition of strongly h-convex function and by similar
discussion, we get

f(¢+so—(; ;tv))sM[f(wf(so)]—( (5 )f<u>+h(2 )f(v))—c(;(zg’))w—v)z
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and

f(¢ ty —( us %v)) < M@+ f - (n (2 )f(u) +h(3) 1) - c((zz_ t) ;)w W2
Adding the above two inequalities give
f(¢+go—(§u+ZT_IV))+f(¢+<p—(2T_tu+év))
/ t 2—t 2-—t t 2—t\t
<2M [f) + f@)] - [(h (5) +h (T)) Fau + (h (T) +h (5)) f(v)] Y ((T) 5) (- v>.
By using super-additivity of function, we have
t 2t 2t t
levem(Gue S50 e ofpre- ()

, 2f — 12
<M @) + f@)] — h(DLF ) + F0)] - 2c( o )(u - (3.7)

r\e-1 . . L . .
Multiplying (3.7) by (#)k (1 —£)*~! and then integrating the resulting inequality with respect
to ¢ over [0,1], we obtain

L= (1 —pe)E! 2 2
S ammfloren (e 50 esrfoven (Bhue 3o

: 2% - 12 L= (1-pF\i!
< {om [f(¢)+f(so)]—h(l)[f(u)+f(v)]—26( t 4t)(u—v>2}[ fo (%) g —t)g_ldt].

By computing the above integrals, we have

2\
(V_) (KOO FO+ 0 =0 4 RTUOTS vy [0+ =)

1 1 1 1 o 2
< 77 M@+ Fol = HOLf + f00) - Ec(% - 8—23(%, = 1)) (=)
that is,
TS +K) (5
ﬁ {2J(¢+<p uty )+f(¢ + (" I/t) +k (¢+<p * )—f(¢ + (" V)}
1 o 2
<2M[f($) + f(©)] = h(DIf@w) + fF()] - 50(1 - —,3(— -+ 1)) (u—v). (3.8)

Multiplying both sides of (3.8) by & (%) and then subtract c(i) (%ﬁ (%, % + 1)) (u — v)? leads to the
conclusion that

1\ 2°ker (S + k) (5 .. .
h(z)ﬁ{ij(¢+¢—+)+f(¢+‘p I/t)‘l'k (¢+¢_L) f(¢+‘,0_V)}_C( )(—ﬁ(_ - 1))(M_V)2
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1 , 1
h (5) M f(@)+ f@]l—h (5) h(DLf(u) + f(v)]
R £t I
Combining (3.6) and (3.9) lead to (3.3). |

Remark 3.6. 1. Taking h(t) =t, M = sup {h(t) : t € (0,1)} = I and ¢ = 0 in Theorem 3.5, we get
Theorem 2.1 of [28].
2. Taking h(t) =1t M = supth(@):te0,D}=1,c=0,k=1,u=¢, andv = ¢ in Theorem 3.5, we
get Theorem 2.1 of [29].
3. Taking 1) =t, M =sup (h(t) :t€(0,1)}=1,c=0,e=k=1, u=¢andv = ¢ in Theorem 3.5,
we get Theorem 2 of [30].

Theorem 3.7. Let f : I° € R — R be a strongly h-convex function with modulus ¢ > 0 and ¢, ¢ € I°
with f < ¢. If h is a super-additive function and take ,6 > 0. Then

u+v 1 : 1 et (6 + k) (5 . c
flo+e-5 )Sh(E)ZM [f(¢)+f(¢)]—h(§)h(1)(v_—u){1 SO) T2 )

bl e ol
SRR e

gh(%)m [F@)+ F@) - hhf () - [ h(l)(1+4i(ﬁ(% §+1)
et oo Bl
(-l A

A - et o] o

and

L0+ k
- h(z)g(VL;_i){i (8¢+"D RACRE ) +2 Jf¢+¢—u)‘f(¢+¢_v)}

5( (52 5 1 )
(1+4k(ﬁ(% ;+1)—ﬁ(%,g+l)))(u—\/)

1
h(l)( ( )ZM [f(¢)+f(90)]—h(1)h( )[f(u)+f(V)])

Al ) o o
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1\6( (B 1 B 2 2
+2h(§)%(ﬁ(z,;+1)—ﬁ(z,g+1))(v—u)
5( (62 51 )

holds ¥ u,v € [¢, @], where M = sup {h(¢) : t € (0, 1)}.

Proof. Employing Jensen-Mercer inequality (3.3), we have

1 , 1
f@re= T < (—) 2M @)+ ()] - h (E)h(l)[ﬂul) + fon)
—c(%h(%)( —~ —,8(§ 2, 1))(u1 -+ - (—ﬁ(é 2, 1))(u1 —vl)z). (3.12)
Yu,v € [¢,]

By changing variables u; = tu + (1 —f)v and vi = (1 — tH)u + tv for all u,v € [¢,¢] and ¢ € [0, 1] in
(3.12), we get

u+v

1 , 1
flo+e-22) < h(—)zM L£(e) + fl@)] - h(—)h(l) [FGau+ (1= 09) + (1= D+ )]

-C(%h(%)( ——ﬁ(é 2, 1))(1 2P —uf + 1(—ﬁ(§ 24 1))0 —2t>2<v—u>2). (3.13)

ey 2-1
Multiplying (3.13) by (@)k (1 — 1)*7! and integrating the obtained inequality with respect to ¢
over [0,1] gives

1 £ %_1
f(¢+so—u;v)f0 (#) (1=0dr
1 £ %_1
Sf (#) (1 -0t x
0
—h(%)h(l)[f(tu+ (I-0v)+ f((1 =DHu + W)])

-l ot oo

(AP 1 (Te(S + k
v) < h(—)2M Lf(®) + f(¢)] —h(—)h(l)w{éﬁ FO) 42 T2 fw)
2 (v — u)°k

-2l 2l e
S e
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this completes the proof of first inequality of (3.10).
Now for second part of inequality (3.10) take the definition of strongly h-convex function, we have

utvy (tu+A-0v+(l-Du+itv
f( 2 )‘f( 2 )

( ) (fGu+ A =t)w)+ f((A=Du+1tv)) - c( )((tu + (1=t = (A =dDu+tv)*. (3.15)

e\ 21
Multiplying (3.15) by (@)k (1 — £)*! and then integrating the resulting inequality with respect
to t over [0,1], we obtain

vy (1= (1-pp)E! _
f(” )f (—) (1 -0 'dt
2 0 E
Hi-a-pe\E
< | () a-» f(tu+(1—t)v)+f((1—t)u+tv)}—c (1 =202 (v — u)?
0

By some calculations, we get

755 = 0(5) S o 4 2 ).

Aot e
(0 +k
_f(u;v) = ‘h(z)%;){”?f( )+ 5 fw)
+ c(%)(l + 4% (,B(% % + l) —,3(% % + 1))) (v — u)z. (3.16)

Multiplying (3.16) by A(1), we have

u+v 1 EiT(S + k) e e
—h(l)f( ) (5) h(l)(k—)‘S {6-] SO+ Jv—f(u)}

V—Uu)
+c(i)h(1)(1 +4% (,8(%,§+ 1) —ﬁ(%,é+ 1))) (v — u)?.

)ZM’ [f(¢) + f(p)] to both sides of (3.17), we get

(3.17)

Adding 7}

M+V)

(3] 2 L@+ s - naan

2
1 (0 k
Zh(z)ZM [£(8) + f(@)] - ( )h(l)s KO R o pv) 4 72 fw)

+ c(%)h(l)(l + 4% (/3(%, —+ 1) —,B(%, é + 1))) v —u).
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Adding _%y49(y-g(gg+1»@+Ag@mg§+1y4ﬂ%g+1»yv - w4

%(%ﬁ(%,% + 1))(1 +42 (,8(%, 2y 1) —ﬁ(g, 1+ 1))) (v - u)z] to both sides of above inequality,
we have

1 , 1 0+ k
hﬁszIfw>+ﬂ@n—h(—yw>5—4—13{vsfwy%15fwﬁ
2 2 (v—u

ol Bl ot o
Sl 2 A o

1 , u+v 1 0 o 2 o1
Sh(E)ZM [f(¢)+f((,0)]—h(l)f( > )_C[Zh(l)(l-ul% (ﬁ(%,;+l)—ﬁ(% ;+1)))(V—u)
1. (1 o (6 2 0 o 2 o1 )
0 AR R ) [
1{6 (6 2 of (o0 2 o1 5

Combining (3.14) and (3.18) yields (3.10).
Next, we prove inequality (3.11) by using strong h-convexity of f, we have
U +vl)_f(¢+90—u1 +¢+¢—V1)
2 ) 2

( ) f(¢+¢—u1)+f(¢+90—V1)}—C( )((¢+90—u1)+(¢+90—vl)) (3.19)

)8

f@+¢—

for all uy, vy € [¢, ¢].
Foru; =tu+ (1 —f)vand vi = (1 — H)u + tv. Then (3.19) leads to the conclusion that

f@+v—5%l) ()f@+v—0u+0—%W»+f®+v—«1—ﬂu+wnbw( %1—%)@ VY.

(3.20)

d

oI
Multiplying (3.20) by (%)k (1 — £)*! and then integrating the resulting inequality with respect
to ¢ over [0,1], we have

1 e\i-! _ _ e\i-!
f(¢+(p—u;v)f (1_(1_t)) (l—t)g_ldtSf (u) ( _t)s—l
0 & 0 &

x(h(%){f(mw (tu+ (1 =) + f(p+ ¢ — <<1—f)”+”))}‘c( )(1_2” - ))dt’

By computing the above integrals, we get

u+v Skrk(5+k)
2 )Sh(z) (v—u) {

flo+e- T S @+ @ =)+ T FG+ =),
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5( (52 5 1 )
—c(1+4%(ﬁ(%,;+1)—ﬁ(;,;+1)))(u—v). (321)

Employing strong h-convexity of f gives

f@+o—u)y+ 1 -(@+¢—v))
ShOf@+e—w+h(1-f@+@—v)—ct(1 =D (¢ +¢—u)— (¢ +¢—1),

and

fA=-D@+¢-u)+1(¢+¢—V)
<Sh(1=Df(¢+@—w) + h(Df(p+@—v)—c(l =Dt (p+9—u) = (B +p—1)).

Adding above two inequalities and employing supper-additivity of function, we have

fdp+eo-w+1-0@+e—-v)+f((1-0@+¢@—u)+Hd+¢-v)
< fl@+@—uw) (@) +h(1 = 1) + f(¢+ ¢ —v) (h(1 — 1) + h(D)) = 2ct(1 — (v — u)?
<h(D)(f(p+¢@—u)+ flc+¢@—v)—2ct(l — (v — u).

Now employing the Jensen-Mercer inequality, we get

fp+o-—uwy+(A-@p+e-v)+f({(1-DP+¢—u)+td+¢—v))
< h(1) (2M' [f(®) + f(@)] = h(D[f () + f(V)] = 2ct(1 — t)(u - V)Z) —2ct(1-(v-uy.  (3.22)

Multiplying (3.22) by (@)k (1 —1)*~! and integrate the resulting inequality with respect to t over
[0,1], we have

[
g1

H1-(1-p¢
[T amotireepmns - se-v
+f (A =D +¢—w)+1(p+p—v))di
< (h(l) (2M'L£(9) + f(@)] = hDLF@w) + F0)] = 2¢t(1 = D)(u = v))

g
91

1 &
—2ct(1—t)(v—u)2)f (#) (1 - dr.
0

Adding —c (1 + 4% (,8 (% % + 1) -B (%, é + 1))) (u—v)? to both sides of above inequality and combining
the result with (3.21) yields (3.11). O

Remark 3.8. 1. Taking h(t)=t, c=0and M = sup {h(t) : t € (0,1)} = I in Theorem 3.7 , we get
Theorem 2.3 of [28] .

2. Takinge=6=k=1,c=0,h(t) =tand M =sup {h(t) : t € (0,1)} = I in Theorem 3.7, we get
Theorem 2.1 of [31].
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Lemma 3.9. [28] Let £,6 > 0,¢ < ¢ and f : [¢,¢] — R be a differentiable mapping such that
f € L, ¢l. Then the inequality

yed-IT O +k) (5,0 .

ﬁ {2J(¢+“’ e SO Q= Ty i) [+ = V)} - f(¢ te-— )
Lt ) ]

_ o _4M)8 fo (1 (i 2 ) {f' (¢+<,0— (%u+ %v)) —f (¢+¢_ (%u N %V))}dt.

(3.23)

holds for all u,v € [¢, ¢].

Theorem 3.10. Let f : I° € R — R ba a differentiable function on I°, ¢, € I° with ¢ < ¢ and
f € L, ¢l. If|f | is a strongly h-convex function with modulus ¢ > 0 on [¢, ¢] and take €, > 0. Then

215 (6 +K) (5
(v—k—u)gk (e @+ =) 41 iy SO+ 0 =)} = £ (040 -

2
~ st 5 1
e (o s @l lr @l e(3+ 12)) - (e (257 17 ol 1.5)
| 0 1 0 T , 0 1
Sl )l S el (o)
, t , 2t 1 ) 1 ) 3
_(|f (u)|,82(h,§)+|f QY (h > ))_C4gi+1 (B(§+1’2)_ﬁ(k+l —))(u—v)Z}]’ (3.24)

21 (1= =pF\E (21 t
holds ¥ u,v E (¢, @], where Bl(h —) = fo( )h( 7 )dl, ﬁz(h,—) =

u+v)

2 & 2

1= (1=1e\¢ (1 ,
I (Q) h(5)dr and M = sup th 0 : 1€ ©, D),

e 2
Proof. Employing Lemma 3.9, inequality (3.2) and definition of strong h-convexity of |f’| yield the
desired result. O

Remark 3.11.  [. Taking h(t) =t, M =sup {h(t) : t € (0, 1)} = I and ¢ = 0 in Theorem 3.10, we get
Theorem 2.10 of [28].
2. Taking h(t)=t, M =supth(t) : t€ (0,1} =1,¢c=0,k=1,u=¢andv = ¢ in Theorem 3.10, we
get Theorem 3.1 of [29].
3. Tukinge =k=1h(®)=t, M =sup{h(t):t€ 0, 1)} =1,c=0, u=¢andv = ¢ in Theorem
3.10, we get Theorem 5 of [32] in the case of g = 1.

Theorem 3.12. Let f : I° C R — R be a differentiable function on I°, ¢,¢ € I° with ¢ < ¢ and
f € Llg,@l. If|f'| is a strongly h-convex function with modulus ¢ > 0 on [¢, ¢] for ¢ > 1 and take
g, 0> 0. Then

26871 g (S + k) "
(v—k—u)'sk{2 (o S (P + @ —u) +J (Gre “*V)f(¢+‘p_v)}_f(¢+"0_

u+v)
2
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<o [{(;ﬂﬁ(g Ll é))l {M’ (1 @)+ I @] (8;+1 (g ‘. é))‘
(o voms 5ol o)
{(s(g —))H’{ u [ir @17 o] (8(3 4 1))

(froms 125 oms ))-egislg +1:8) s(z+1-or])

(3.25)

2 -
holds ¥ u,v € [¢, ¢, where 5, ( ) ,82( ) and M are same as in Theorem 3.10.

Proof. Employing Lemma 3.9, inequality (3.2), power-mean inequality and definition of strongly /-
convex function of |f'| yield the desired result. O

Remark 3.13. Taking h(t) = t, M =sup (h(t) : t € (0,1)} = I and ¢ = 0 in Theorem 3.12, we get
Theorem 2.12 of [28].

Theorem 3.14. Let f : I° C R — R be a differentiable function on I°, ¢, € I° with ¢ < ¢ and
f e Lip,¢l. IfIf|? is a strongly h-convex function with modulus ¢ > 0 on [¢,¢] for p,q > 1 with
L+ L =1 and take €, > 0. Then

p q

2t g (6 + k) .
v-wet (1 (6 W (e / / t
< (ezpﬂﬂ(zp +1.5) {(M i +I ]~ (irwl'e ,T) o cfn)

Q=

1 . , / 2-
—cgw—v)z) +(M I (¢)|q+|f(<p)|q]—(|f(u)|qu( 2)+lr (v)lqcl( > ))—c (u—v))
(3.26)

}

2—t 1. (22—t t 1. (t ,
holds ¥ u,v € [¢,¢], where C, (h, T) = fo h(—)dt, CZ(h’E) = fo h(i)dt and M =

2
sup{h(t) : t € (0, 1)}

Proof. From applying Lemma 3.9, inequality 3.2, Holder integral inequalities and definition of strongly
h-convex function simultaneously give the desired result. O

Remark 3.15. Taking h(t) =t, M = sup (h(t) : t € (0,1)} = 1 and ¢ = 0 in Theorem 3.14, we get
Theorem 2.14 of [28].

Theorem 3.16. Assume f : I° C R — R be a differentiable function on I°, ¢, ¢ € I° with ¢ < ¢ and
f e Lip,¢l. If|f|? is a strongly h-convex function with modulus ¢ > 0 on [¢, ¢ for p,q > 1 with
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é—landtake85>0 Then

"cl'—‘

2 g G+) fy o s

s%{( (|f<¢>|" If()l)(ﬁ L )) o1 (25 I ol 2 5) o
Lo (6 1 5 3 5 BE+1.9)
ce B3 na )83 1 2w )+ (o (e L) (B2

, 2-4\, . I I ‘

oty er) e o)

(3.27)

2 -
holds ¥ u,v € ¢, ¢], where 3, ( ) B> ( ) and M are same as in Theorem 3.10.

Proof. Using Lemma 3.9, inequahty (3.2), Holder integral inequalities and definition of strongly h-
convex function, we obtain our desired result. O

Remark 3.17. Taking h(t) =t, M = sup (h(t) : t € (0,1)} = 1 and ¢ = 0 in Theorem 3.16, we get
Theorem 2.16 of [28].

3.3. New inequalities in the sense of improved Holder inequality

Theorem 3.18. Let f : I° C R — R be a differentiable function on I°, ¢,¢ € I° with ¢ < ¢ and
f e Lip,¢l. IfIf|? is a strongly h-convex function with modulus ¢ > 0 on [¢, ¢ for p,q > 1 with

% é—landtak686>0 Then

260548 + k) P .
ﬁ{i (orprzy S+ 0 =W TG, u+»v)f(¢+¢—v)} ‘f(¢+so— 2 )
_v—wet[((BG§+ D) oM ([f @ +|f @)

- 4 8%+1 2

1

(ﬁ1 ((1 — 0)h, —) If | + 5 ((1 ~ 0)h, )If m|* )— %(u—v)z)q

Lep+ )= p+ ) (M ([f @] +|f @ 2
+(ﬁ(8 P+ D-BC.ip+ >]( ( |2 ) (ﬁ(h—)|f<u>|"+ﬁ4(rh )If(v)l)

)‘1’} . {[ﬁ@, Ip+ 1>J; (M’ (IF @ +1F @l

8%p+1 2

8%p+1

—c—(u-v)

48

(,32 ((1—r>h )If w|" + B ((1 ~ 0)h, —) I )| )—%(u—v)z)q

. (B(é, 2p+1)—B2,2p+ 1>]" (M (IF @[ +1f @)
2

8%p+1
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( (o 3) 17 @+ (rh —) I (v)l") e~ v)z)q}], (3.28)

holds for all wv € [¢, o], where[g’l((l—t)h —) fo(l—t)h( )dt ﬁz((l—t)h,f):fol(l—
t)h( )dt ,6’3(th —) [ ( )dt, ﬁ4(th ) fozh( )dtandM—sup{h(t) r e (0, 1))

Proof. Using Lemma 3.9, inequality (3.2), Holder-Iscan integral inequality given in Theorem 1.4 of
[33] and definition of strongly A-convex function of |f |9 yield the desired result. O

Remark 3.19. Taking h(t) =t, c = 0and M = sup{h(t) : t € (0,1)} = I in Theorem 3.18, we get
Theorem 3.1 of [28].

Theorem 3.20. Let f : I° C R — R be a differentiable function on I°, ¢, € I° with ¢ < ¢ and

f e Llg,@l. IfIf | is a strongly h-convex function with modulus ¢ on [¢, @], where p,q > I with
L+ L =1 and take &,6 > 0. Then

p (1

286+ B) [y, Wty
e e o 0 04 Ty sy @+ 0 -0 = f (040 = )

el [((BRE 1))
L ot o) -
Ek k
1 (6 2\ (s '
£ @+ g2 (1= m )If(v)l) o (ﬁ(fl,;)—ﬁ(kﬂ —))(u—v))
Lo+ ) -BE2+1) B L+ 1) -BEL+1)
+(ﬁ8 : ngg : ) ( (f @+ |f(s0)|)( 82f€ : )
4 2
(3(zh—)|f(u)|"+ﬁ4(m )|f(v)|) %(ﬁ(g+1,;)—,8(§+1,§)—,8(g+1,;)
+1
+,8( +1—))(u—v))} {[ ) ( (IF @) + |f<>|)(5—1))
, 1 o) 2 1) 4
( 2 (= om 2) 1 @l + ((1 - 0h, T) Foff )—c ppese (ﬁ(% * 1,—) _,3(% + 1,;))
P (B —BR L 1)) D) -pR i1
x(u—v)z) +(ﬁ8 Lt )5+1ﬁ A )) ( (|f(¢)|q +]f (@ )|)( )5+1ﬁ( - ))
Ek Ek
§ 4
ez12)
—/3(%+1,3) ﬁ(i 1_)+,3( ‘1 —))(u—v) )}] (3.29)

( (o 3) 17 o+ (th —) r ol )—c
(1 -0\ (2-1
holds for all u,yv € [¢,¢], where [ ((1 - Dh, —) fo (1 - )( - ) h( )dt,

2
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o =1 =0\t 1 ==\t (2-1¢
ﬁz((l—z)h,i):fo(l—t)(T) h(i)dt, ﬁg(th ) I ( ) h( - )dt,
Ba (th, t) I (1 —d _t)s)k h(%)dt and M = sup {h (1) : t € (0, 1)}

Proof. Employing Lemma 3.9, inequality (3.2), improved power-mean integral inequality given in
Theorem 1.5 of [33] and definition of strong h-convexity of |f |7 yield the required result. O

Remark 3.21. Taking h(t) =t, ¢ = 0 and M = sup {h(t) : t € (0,1)} = I in Theorem 3.20, we get
Theorem 3.2 of [28].

4. Conclusions

The convex functions play an important role in applied mathematics as well as in optimization
theory. In past years, researchers paid a huge attention to establish properties of different variants of
convex functions. In this paper, we studied #-convex functions in the setting of k-fractional integrals.
We established various important versions of Hermite-Hadamard type inequalities for 4-convex. Our
results generalize and extend many existing results in literature.
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