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independent of p.
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1. Introduction and main results

In this paper, we focus on the following equation

{u(“)(x) + 2h(x)u’” (x) + (B*(x) + b (x)u” (x) = Af(x,u(x)), x¢€[0,1], (L.1)

w(0) = u'(0) = u’(1) = u”" (1) — pg(u(l)) = 0,

where 4 > 0, u € R, f : [0,1] xR — R, g : R — R is a continuous function, and 4 € C'[0, 1] is
nonnegative. The problem (1.1) with 4 = 0 describes the static equilibrium of an elastic beam which
is fixed at the left end of x = 0 and is attached to a bearing device at the right end of x = 1, where the
corresponding force of the bearing device is given by function g, the nonlinear term f is a continuous
load which is attached to elastic beam. Moreover, there are many fourth order differential equations
which is similar to problem (1.1) in engineering, material mechanics and so on. In recent years, with
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the development of science and technology, more and more scholars are devoted to the study on the
existence and multiplicity of solutions for these fourth order ordinary differential equations. It is well
known that different boundary conditions will lead to different physical meanings of these equations.
For example, the boundary conditions that #(0) = 0,u’(0) = 0, u(1) = 0 and «’(1) = 0 describe the
static equilibrium of an elastic beam fixed at both ends, see [1] and references therein. In [2], the
boundary conditions that #(0) = au’(0) — Bu”’(0) = yu(l) + ou”’(1) = u’’(1) = 0 describe that one end
of the elastic beam is fixed and the other is sliding when @ = 6 = 1 and 8 = y = 0. In [3], the boundary
conditions that u(0) = 0, u”(0) = g(u’(0)), u(1) = 0, and u”’(1) = h(u’(1)) describe that both ends of the
elastic beam are attached to fixed torsional represented by two nonlinear functions.

For the boundary value problems like problem (1.1), the existence and multiplicity of solutions
have been investigated extensively by some methods, for example, fixed point theory and variational
method. In particular, in [4], Cabada et al. investigated the problem

u(x) = f(x,u(x)), xe€l[0,1], (12)
u(0) = ' (0) = u”(1) = u”(1) = 0, ’

where the function f : [0, 1] X R — R is continuous, f(x,R,) c R, for all x € [0, 1]. They studied the
existence, localization and multiplicity of positive solutions by using the critical point theorems in
conical shells, Krasnosel’skii’s compression-expansion theorem, and unilateral Harnack type
inequalities. In [5], Bonanno and Tersian investigated the following problem
uP(x) = Af(x,u(x)),  x€l0,1], (13)
u(0) = w'(0) = u”(1) = u" (1) - ugu(1)) = 0, '

where A > 0, u > 0, £ : [0,1] x R = R is a L!-Carathéodory function, g : R — R is a continuous
function. By using the variational methods, they established the existence result of solutions for
problem (1.3). We refer readers to [6—10] for more related results of problem (1.3) with ¢ > 0 or
u < 0, respectively. The problem with perturbed nonlinear term is also an interesting topic. In [11],
Heidarkhani and Gharehgazlouei investigated the problem
uW(x) = Af (e, u(x)) + k(u(x),  x €[0,1], (1.4)
u(0) = u'(0) = u”(1) = w”(1) — pg(u(1)) = 0, .

where 4 > 0, u > 0, f : [0,1] X R — R is a L'-Carathéodory function, g : R — R is a nonnegative
continuous function, and k : R — R is a Lipschitz continuous function with a Lipschitz constant
L>0,1i.e.,

k(&1) — k(&) < LIE — &, VEL,E ER,

and k(0) = 0. They investigated the existence of solution for problem (1.4) by using variational
methods. More results about fourth-order boundary value problems with perturbations can be seen
in [12-16] and references therein. Moreover, the multi-point boundary value and integral boundary
value problems of fourth order ordinary differential equations have also been studied extensively. We
refer readers to [17-21] and references therein.
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In this paper, our work is mainly motivated by [22,23]. In [23], Costa and Wang considered a class
of elliptic problems with a parameter

{—Au:/lf(u), in Q, 0s)

ux)=0, on 0Q,

where 4 > 0, Q is a bounded smooth domain in R¥(N > 3) and f € C'(R,R) has superlinear growth
only in neighborhood of u = 0. They investigated the existence of both signed and sign-changing
solutions for problem (1.5) by using truncation function and minimax method and obtained the
existence result when A is large enough. Subsequently, the method was used widely (for example,
see [24-28]). However, the concrete values of lower bound of A were not given in these references.
Recently, in [22], by using the idea in [23], the three authors in this paper, Kang, Liu and Zhang,
considered a fractional order Kirchhoff-type system with a parameter

Aw):D7¢,(0Dfu(t)) + V()d,(u())] = AVF(t,u(t)), ae.t€[0,T], (1.6)
u(0) = u(T) = 0, '

where
p-1

T
A(u(r) =la+b f (oD u@®I” + VOlu®IP)dt|
0

a,b, > 0,p>1land 1/p < a < 1, u(®) = (u(t),-+- ,uy(®))* € RN forae. t € [0,T] and N is a
given positive integer, (-)" denote the transpose of a vector,V(¢) € C([0, T], R) with I’I[lOiITl] V(@) > 0, ¢D7
t€l0,

and ,D7 are the left and right Riemann-Liouville fractional derivatives, respectively, ¢,(s) := |s]P~2s,
F : [0,T] x RN — R and VF(t, x) is the gradient of F with respect to x = (x1,--- ,xy) € RY, that
is, VF(t,x) = (gTFI’ N 5‘371;) They investigated the existence of solutions for problem (1.6) by using
mountain pass theorem when the nonlinear term satisfied the superquadric condition only near the
origin. They obtained problem (1.6) has at least one nontrivial solution if 4 > 4, where A, is given in
detail.

Based on the idea in [22,23], in this paper, we investigate the existence of nontrivial weak solutions
of problem (1.1) when the nonlinear term f(x, u) with respect to u satisfies the super-quadratic growth
condition only near the origin. We obtain a specific lower bound of the parameter 4 when p > 0 and
u < 0 respectively, and analyze the relationships between A and u. Moreover, we also investigate
the concentration phenomenon of solutions when g — 0. Although the idea origins from [22, 23],
there are still three differences: (1) the model (1.1) is obviously different from (1.5) and (1.6). In
particular, (1.5) and (1.6) have only one parameter A, while problem (1.1) has two parameters A and
u. Hence, it is necessary to discuss the relationship between these two parameters; (2) we study the
concentration phenomenon of solutions when the parameter 4 — 0; (3) the boundary value condition
of (1.1) is not Dirichlet boundary condition. In particular, when u # 0, (1) = ug(u(1)) # 0. In
the following theorems, we assume that g satisfies the locally subquadratic condition when p > 0 and
locally superquadric condition when u < 0 with respect to u near the origin. Finally, comparing with
those results for the fourth order differential equations like (1.2) and (1.3), we only suppose f and g
satisfy the local conditions near the origin, and consider more general model (1.1) since it is easy to
see that (1.1) reduces to (1.2) and (1.3) if & = 0. Here, we refer to some related references for the case
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h # 0, (see [29-33]) which focus on the existence and multiplicity of solutions for the second order
Hamiltonian system with damped term by variational methods. Moreover, as a comparison, we also
refer to a recent reference [34] in which the Klein-Gordon-Maxwell systems was investigated and the
nonlinear term was assumed to satisfy super-quadratic conditions near co.
Next, we make some assumptions for F, and then state our main results.
(Hy) there exists a constant 6 > O such that F(x,u) is continuously differentiable in u € R with |u| < 6
for a.e. x € [0, 1], measurable in x for every u € R with |u| < 6, and there are a € C(R*,R*) and
b e L'([0, 1];R") such that
|E(x, wl, | f Ce, w)] < alul)b(x),

for all u € R with |u| < 6 and a.e. x € [0, 1], where F(x,u) = fou f(x, s)ds;
(H;) there exist constants q; > 2, q> € (2,q1), My > 0 and M, > 0 such that

Miul" < F(x,u) < M|u|®,

Jorallu € Rwith |u| < 6 and a.e. x € [0, 1];
(H3) there exists a constant 8 > 2 such that

0 <BF(x,u) < f(x,u)u,

Jorallu € Rwith |u| < 6 and a.e. x € [0, 1].
Theorem 1.1. Suppose that (H,) — (H3) hold and G satisfies
(Hy) there exist constants 1 < p, < p; <2 and Ny, N, > 0 such that

Nilul”' < G(u) < Nolul”,

for all u € R with |u| < 6 and a.e. x € [0, 1], where G(u) = fou g(s)ds;
(Hs) there exists a constant y € (0, 2) such that

0 < glwu < yG(u),

forallu € Rwith |u| < 6 and a.e. x € [0, 1].
If A> A, = max{A],AJ, A} and O < pu < ., then problem (1.1) has at least a nontrivial solution
u, . Moreover,

20 1
||Mﬂ,y||%1 < m(c*/l 12 + Cu ),

i fluglly = 0= 1im fluglle,
A—+00 A—+00

. . 5
Veo lim [Juylle < lim [l lly < 5 Veth,
Mo

KoMy

A—+o0 A—+00
ZGC* e
Ho 13 1 o
Veto lim flupulloo < Tm flitglle < e

A—- A4 A—> A4

where

1

1 2 X
||u||H:( | eH(x)Iu”(x)Izdx) = [ s
0 0
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A = max 2% |I6KIE, + 2uN(SK(DIP! + [K(DIP)
1 MaeHlis ™ 270 My o] ’
A =1,
-2
At = 86C. ¢
3T (0= 2)et6? —86C, |
24
1 M Hy 712
g:{ e ﬂ)me)l, .
2(Metog)in  (eHoMygy)n= ) \lIkill
Coo = N (e )+ F iy, 08
N = maX{Nl’NZ}a
2 Ol goc, |7
4. = max ) max e lody || 86C. : (1.9)
Maeth||5k||%7>" 2eto My ||okl3 (6 = 2)eHos?
(@ — 2)e0s?
“T T 80C., (1.10)

0= min{anﬁ}»
Kk is any given element in E and satisfies ||k|| < 1,k = 0k,

Hy = min H(x), H = max H(x).
xe[0,1] x€[0,1]

Remark 1.1. Itis easy to see that A] — +oo if 4 — p,, and then 4 — +oo. Hence },LIP ll2£4,4]lc0 can be

A—+00

simply written as lim ||z, |-
Ko

Theorem 1.2. Suppose that (H,) — (H3) hold and G satisfies
(Hy) there exist constants ay > g, as € (q2, 1), 11 > 0 and 1, > 0 such that

mlul™ < G(u) < nalul™,

forallu € Rwith lu| < 6 and a.e. x € [0, 1];
(H7) there exists a constant & > 2 such that

0 <&G(u) < g(u)u,

forallu € R with |u| < 6 and a.e.x € [0, 1].
If A > A2 = max{A],A;,A;,A}} and u < O, then system (1.1) has at least a nontrivial solution
u, . Moreover,

2p o1
2 < L _DpAaz 1.11
liaglfy < SZ5 DA, (1.11)
Alirﬂo leayllz = 0= Alirflm 122,110 (1.12)
2 D* _%
Vero Tim flugylleo < Tim luglly < | F—=A ™7, (1.13)
10~ ’ 40~ ’ p— 2

A—=Ax A Ax
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where
AT = max 2" | Bume™ 59113,
1 Moellspl2 | Mae  2Myellog|l [
A, =1,
8 D* q1—-2
A;: p—
(o — 2)8%eto
aHy
_ e 2
4 — W’
H 291
D. = 1 Myt (||¢1||H)qlz i
ety (etopygyie )\gilk )
A - ma 20" 6o, 2% [ _sec. |7 s
= X , , 1, ’ .
Moet |5 272 2eo M, [16g113 " Mae” | (6 - 2)eths?

¢ is any given element in E and satisfies ||@|| < 1, ¢ = 09,

P = min{e’ as, é‘:}

In Theorem 1.1 and Theorem 1.2, we investigate problem (1.1) with ¢ > 0 and u < 0, respectively.
It is natural to ask what happens when u — 0. Next, in Theorem 1.3, we show the concentration
phenomenon of {u,,} as u — 0, which means that u,, — u; as 4 — 0 for some u, € E (E defined
by (2.1)) and u, is a nontrivial solution of the following equation

{u(“)(x) + 2h(x)u”" (x) + (B (x) + K (xX)u” (x) = Af(x,u(x)), x€[0,1], (1.16)

u0)=u'(0)=u"(1)=u"(1) =0.

Theorem 1.3. Suppose that (H,) — (H3) hold and assume that (Hy) — (Hs) hold if u > 0 and (Hg) —
(H7) hold if p < 0. If {ua,} is a family of nontrivial solutions of problem (1.1), which are given
in Theorem 1.1 and Theorem 1.2, then problem (1.16) has at least a nontrivial solution u, for all
A > A" = max{Ay,, A1, Aoy, A3, AL}, and for any given A > A%, uy, — uy, as p — 0. Moreover,

1 1 1
loeally < KA, lally, < = KoAT02,

lim [luallz = 0 = lim ||uy]lo,
A—00 A—o0

where My is any given positive constant,

Ao 2" 1o + 2MoN (oK + 1ok) -
" 6k My 2M|[6k][{ Ho : :
Aoy = maxd — 26 Isgl? s
2= ’ i .
e Sl 2 M, 2M 11164
Aa =1, (1.19)
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goc, \"7 8oD, !’
A3 = max {(m) , (m) , (120)

20 20
—=_C.,—=D,
-2 "6-2 }

K, = max{ (1.21)

We organize this paper as follows. In section 2, we present the working space, some conclusions
for the working space and a variant of mountain pass theorem. In section 3, we complete the proofs of
Theorem 1.1, Theorem 1.2 and Theorem 1.3.

2. Preliminaries
Consider the space

E = {u € H*0, )|u(0) = «’(0) = 0}, (2.1

where
H?*([0,1]) = {u : [0, 1] — RJu and «’ are absolutely continuous, u”” € L*([0, 1])}

is the Sobolev space. E is a Hilbert space with inner product
1
(u,vy := f Oy (x)' (x)dx,
0

and norm 1

1 2
lullg := ( f eH”)Iu”(X)IZdX) ,
0

which is equivalent to the usual norm

1 3
lloal| := (f(; |u"(x)|2dx) ,

1 2
llullo <= (f (Ol + | (x)* + Iu”(x)lz)dX) :
0

Lemma 2.1. ([11]) The embedding

and

E < C'([0,1]),

is compact and
lulloo < llaell, I lloo < Il

forallu € E.
Remark 2.1. It is easy to obtain from Lemma 2.1 that

llulleo < Jull < Nl Med'lloo < Mluall <

1 1
Vet Vefo

llulle,

where Hy = min H(s).
5€[0,1]
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Lemma 2.2. The embedding
E < L*(0,1),

is compact and

1 1 1 1
[lue]| < Neellrs e |l < —=Ilull <
242 2 V2eth V2 V2eHo

1 5 \?
forallu € E, where ||ull, = fo lu(x)|~dx

Proof. The compactness of the embedding is easily proved by Lemma 2.1. Next, we prove the
embedding inequalities. By Holder’s inequality, we have

1
f lu(x)[*dx
0
1 X 2
f'f u'(s)ds‘ dx
f(f |’ (s)lds) dx
f (f | (s)lzds)dx
1 X
ffxlu'(s)lzdsdx
0 0
1 1
= f ds f xlu’ (5)Pdx
1O | s
= f (1 = )’ (s)Ids
f(l—s)'f W (T)dT' ds
< f (s —s°) f [’ ()P drds
< f (s—s3)ds( f |l/l”(T)|2dT)

= —||u||

1
|M6=L[WWWx

Ol X 2
f‘f u"(s)a’s) dx

0o 'Jo

1 X 2

f(f |u"(s)|ds) dx

o \Jo
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IA

1 X
f x( f Iu”(s)lzds)dx
0 0
1 1
f xdx( f |u”(s)|2ds)
0 0

1
= llull?.

2

IA

By Lemma 2.2, it is easy to obtain the following inequalities which is of independent interest.
Lemma 2.3. Forallu € E,

2V2
V13

Let X be a Banach space. y € C'(X,R) and ¢ € R. A sequence {u,} C X is called (PS). sequence
(named after Palais and Smale) if the sequence {u,} satisfies

llullo < leel| < lzello.-

xuy) = ¢, x'(u,) = 0.

Lemma 2.4. (Mountain Pass Theorem [35]) Let X be a Banach space, y € C/(X,R), w € X and r > 0
be such that ||w|| > r and

b= ||ir”1:f x(W) > x(0) > y(w).

Then there exists a (PS). sequence with

= inf 1),
¢:=inf Irgg}ﬁx(g( )

and
[':={geC(0,1],X) : g(0) =0, g(1) = w}.

3. Proofs

3.1. Proof of Theorem 1.1

For each A4 > 0, u € R, we define the functional J,, : E — R as

1 1
Ja(u) = §||u||§1 - f e"OF (x, u)dx + pe"VG(u(1)).
0

It is easy to see that the assumption (H,) — (Hs) can not ensure that J, , is well defined on E. So we
follow the method in [23]. Define m(s) € C'(R, [0, 1]) as an even cut-off function satisfying sm’(s) < 0
and

m(s):{L it |s] <6/2, A
1> 6
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Define F : [0,1] xR - R,G : R — Ras

F(x,u) = m(u)F(x, u) + (1 = m(lul)) Malul®,
G(u) = m(u)G(u) + (1 = m(u))Ny|ul”.

By (H,) and the definition of F, it is easy to obtain that F satisfies (H,) F(x,u) is continuously
differentiable in u € R for a.e. x € [0, 1], measurable in x for every u € R, and there exista € C(R*,R")
and b € L'([0, 1]; R*) such that

|F(x, u)| < aoh(x) + Malul®,

|G, )| < (1 + mg)agh(x) + Magalul®™" + moMa|ul®,

forallu € R and a.e. x € [0,1], ap = max,eos a(s) and my = max s s lm’(s)| , where F(x,u) =
J(;u f(x, 8)ds (see [22]).
Lemma 3.1. ( [22]) Assume that (H,) and (H3) hold. Then
(Hy)
0 < F(x,u) < Mylu|, forallu€R;
(H3)
0 < 0F(x,u) < f(x,uwu, forall u € R/{0},

where 6 = min{q,, 8}.
Lemma 3.2. ( [36]) Assume that (H4) and (Hs) hold. Then
(Hy)

Nilul’' < G(u) < max{Ny, No}(ul"* + |u|"*), forall u € R;
(Hs)
gwu < (G(u), for all u € R/{0},

where ¢ = max{p,,y} and g(u) = G’ (u).
Next, we define the variational functional corresponding to F and G as

_ 1 ! _ _
J, ) = §||u||§, -2 f eI F(x, uydx + pe™G(u(1)), (3.2)
0

for all u € E . It follows from Lemma 3.1 and Lemma 3.2 that J w€C '(E,R) and

1

1
(J_i#(u), V) = f MOy (e’ (x)dx — /lf e f(x, uyvdx + ue™gw(1)v(1), (3.3)
0 0

for all u,v € E. Hence, for all u € E, we can get
- 1 p—
(S ), uy = lull2, — A f e F(x, wudx + pe™Pgu(1))u(l).
0
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Lemma 3.3. If u is a critical point of Jy,, then u is a weak solution of the following equation

u®(x) + 2" (x) + (h*(x) + K ()’ (x) = Af(x, u(x)), x€[0,1], 3.4)
u(0) = u'(0) = u”(1) = u”(1) — ug(u(1)) = 0. '
Proof. If u is a critical point of J 1u> We have
1 1
f Oy (X (x)dx — A f e Fx, u(x)w(x)dx + pe™gu(1))v(1) = 0, (3.5)
0 0

for all v € H*([0, 1]). An integration by parts gives
1
f Oy ()W’ (x)dx
0
1
= f Y (x)dv' (x)
0
1
= " (v (x) |y - f ("™ (x) + "D (x)h(x)) dv(x)
0
= " (' (x) [ — (" Vu () + " (0)h()) () |}
1
+ f (€ u(x) + 26" Ou (x)h(x) + " Ou (R (x) + " Ou (N (1)) v(x)dx.  (3.6)
0

Define
Hé([O, 1D ={u:[0,1] = Rlu(0) = u(1) = u’(0) = u/(1) = 0}.

Then for any v € H*[0, 1] N H3[0, 11, (3.5) and (3.6) implies that

1
f eH™ [u(4)(x) + 21" (Oh(x) + u” ()R (x) + u” (K (x) — Af(x, u(x))] v(x)dx = 0,
0

and then by the arbitrary of v, we have
u®(x) + 20" (X)h(x) + u”’ ()R (x) + u” (O (x) = Af(x, u(x)). (3.7)

Next, we prove that u satisfies the boundary condition of (3.4). For any v € E, integrating (3.7) by
parts, and by (3.5) and (3.6), we can obtain

1
f e (u<4>(x) + 2" (0)h(x) + u” ()R (x) + u” ()N (x) — Af (x, u(x))) v(x)dx
0

+u” (De"" ™ [v'(1) = h(Dy(D] + [ug (D) = u”" (D] e"u(1) = 0.
Then (3.7) and the arbitrary of v imply that the boundary conditions #”(1) = 0 and
u" (1) — ug(u(1)) = 0. Therefore, u is a weak solution for problem (3.4).

Lemma 3.4. If (H) — (Hs) hold. For all A > A} and 1 > 0, J,, satisfies the following conditions:
(i) there exist two positive constants d, and v, such that J, Mlagu > d,, where B, denote a ball with
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center 0 and radius r;
(ii) there is w € E/B,, such that J, ,(w) < 0.
Proof. By Lemma 2.1 and 2.2, Lemma 3.1 and 3.2, we have

_ 1 ! _ _
T = Sl =4 f "V F(x, uydx + pe" VG (u(1))
0

\%

1 1 _
Sl - 2 f O F ()
0

1

1
Sl = 26 [t
2 :

\%

\%

1 ~ 1
Sl = A M f uPdx
0

| H 200
= —lully — 2™ Mo|lullZ ™ lull;

2
1 AM,e™
> llly — =l
ez
1
2Hy '\ 42
where H; = m[oa)lc] H(x). For any given A > 0, we choose v, = (j;lzezﬁl ) . Then for all ||u||gz = v,, we
x€[0,
have
_ 1 AM,eh
T, ) > dy = =v2 - 8;250 v > 0. (3.8)
Since k € E with
x|l < 1, 3.9)
and .
A* = max 2es" 16&117; + 2uN(Sx(DP + [6k(1)])
1 Maet |5k 2eMo M |6k '
Then for all A > AT, we have
lloklle = va.

By (3.9), we have ||0«]| < 6. By (H>), (H,) and the definitions of F and G, for all |u| < %, we have

F(x,u) = F(x,u) > Miul”, Gu) = G(u) < Noju|”* < max{N;, No}(lul’* + |ul"?). (3.10)
We also have

F(x,u) m(|uD)FCx, u) + (1 — m(lu])) Mo|ul
m(lu)Mlul” + (1 = m(jul)) M |ul”

Mijul™, (3.1

vV
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and
Gu) = m(u)G@) + (1 — m(lul))N;|ul”
< G(u) + Ny|ul”!
< Noful” + Nylul”
< max{Ny, No}(Jul” + [ul™), (3.12)

for all g < |u| < 6. Hence by Holder inequality, for all A > A}, we can obtain

_ 1 ! _ _
Jau(6k) = §||5K||%, -1 f " F(x, 56)dx + ue G (5k(1))
0
1 1
< §||5K||${ — e M, f 1619 dx + e N(|6k(1)|P* + |6k(1)[P?)
0
1
< §||5K||%, — e M, ||6k][3" + pe™ O N((Sk(DI" + [5k(1)[7?)
< 0,
where N = max{N;, N,}. Let w = d«. Then the proof is completed. O

Let x = Jy,. Then for any given 4 > A} and > 0, Lemma 2.4 and Lemma 3.4 imply that J,, has
a (PS).,, sequence {u,} := {u, 1,}, that is, there exists a sequence {u,} satisfying

o) = o Ty (uy) = 0, asn — oo, (3.13)
where

Cap = Lrel;fggﬁ Jau(8(0), I':={g € C([0, 1], X) : g(0) = 0, g(1) = w}. (3.14)
Lemma 3.5. Suppose that (H,)—(Hs) hold. Then for any given 1 > A and pu > 0, the (PS).,,, sequence
{u,} has a convergent subsequence in E, that is, there exists a u,, € E such that |lu, — uy ||z — O.
Proof. The proof is similar to the argument in [37]. Note that { < 6, by Lemma 3.1, Lemma 3.2
and (3.13), there exists a positive constant M > 0 such that

M + lunlln

\%

, 1,
]/l,,u(un) - 5(]/1’#(1/[”), un)
1 2 ! H(x) = H() A~ 1 2
= Sl - 2 f e"IF (x, u)dx + pe™ G luy (1) = lully
0
1 ~ u
+/lf aeH(x)f(x, un)dx—geH(l)g(Mn(l))Mn(l)
0
= (5 bl = [ R~ &
= |5~ 5 lualli i e X, Uy Ofx,unun X
1 _
—pe [ég(un(l))ml) - G(unu))]
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I 1 - -
> ( )Ilunllf{—,ueH(l) gG(un(l))—G(un(l))

270
1 1
> (5 - 5) el (3.15)

So the (PS).,, sequence {u,} is bounded in E. Then by Lemma 2.1, there exists a subsequence,
denoted by {u,}, for some u := u,, € E, such that

u, —u in E, u, — u in CY([0,1]). (3.16)

By (3.3), we have

1 1
(T ),y — 1y = f e uyl (uy — u")dx — A f "™ Fx, un)(u, — w)dx
0

0
+pe Vg, (1), (1) = u(1)). (3.17)

So we get
() = T, (w), uy — w0y

1 1
= f ey (u) — u"ydx - A f e Fx, )ty — wydx + pe Dy (1)) (1) = u(1))
0 0

1 1
- [ f e "Ou" (uy — u")dx — 4 f e f(x, u)(uy, — u)dox + pe™ D g(u(1))(u, (1) = u(1))
0

0
1 1
- f O —u)dx - A f O (x,u,) — F(x, 0)) (U, — u)dx
0 0

+ue ™ (g, (1) — gu(1)) (1) = u(1))

W%

1
et — ullZ; — ﬂf e f(x, uy) — Fx, w)llu, — uldx
0

—pe™ ™V |3, (1)) = gu(1)) |, (1) = u(1)] . (3.18)

By (H,)’, the boundedness of {u,} in E, and h(x) € C'([0, 1]), we have ¢™|f(x,u,) — f(x,u)| is
bounded in [0, 1]. Moreover, by u, — u in C'([0, 1]) and the boundedness of e”™|g(u,(1)) — g(u(1))|
on [0, 1], we have

! fo | TN flx, ) = Fx, e, — uldx — 0, pe™ P 1g(u,(1)) = gu()) lun(1) = u(D)] = 0, (3.19)
and it is easy to see from (3.13) and (3.16) that
(J_j#(un) - ]_;’”(u), u, —uy —> 0, as n— oo, (3.20)
Therefore, by (3.18)—(3.20), we get

lu, — ull2, = 0, as n— co.
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By the continuity of J, 1> We obtain that J au(Uay,) = cau, Where ¢y, 1s defined by (3.14). Then (3.8)
implies that c,, > d, > 0. Hence, u,, is a nontrivial critical point of J, , in E for any given 1 > A}.

Next, we will show that u, , precisely is the nontrivial weak solution of problem (1.1) for any given
A > A%. In order to get this, we need to make an estimate for the critical level c,,. We introduce the
functional }:1,,1 : E — R as follows

— 1 1
L () = §||u||%, — oM, L | dx + ue™N(ulPt + |ul??).
Lemma 3.6. Suppose (H,) — (Hs) hold. Then for all A > max{A{, AJ} and u > 0, we have

__1_
Cayu <C A a2+ C**,Ll,

where C, and C,. are defined by (1.7) and (1.8), respectively.
Proof. Define f; : [0,00) > R,i=1,2,3, by

Si(s) = Zllklly = Am =ikl

£(s) = ue" NP iy [P+ 5P|k P),

1 2
H LS 2
fi(s) = —de "Mls‘“f el dx -+ 75 =l
0

where k; = 0k and « is defined in (3.9). Then fi(s) + f£2(s) + f3(s) = E"u(SKl). Let

H, -1 -+ 2
f3(8) = = Myl |If ™ + A0 |kl s = 0.

1

€L 2 PTE)
: An kil
Thus for each given 4 > 0, we have s = | — = . Then
Ao Mgy llkil

LN

291

1 e M, (231178 -
nsli)xﬁ(s) = ( — - “](HK i 1 a2,
= 2(Myefog))n2  (efoM,q,)n™? Hlg,

Obviously, f1(0) = 0 and

2 L 2
£ = lkillys = A7 Ikl s.

Soif A > A =1, fi(s) is decreasing on s € [0, 1] and then fi(s) < O for all s € [0, 1]. Moreover,
for all u > 0, we can get
max f5(s) < pe™ N(|lki[I2! + [Ik2lI22).

5€[0.1]
By (3.9), we have

lIskilleo < |0kl < 6, (3.21)
for all s € [0, 1]. So for all 4 > AY, by (3.10)—(3.12), we have

c1y < max Jy,(sk;) < max L(sk;) < max fi(s) + max f(s) + max f(s
A S MAX 1,u(8K1) max A(8Kk1) se[O,l]fl() se[O,l]f2() na f(s)
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291

1 Meto a1
< max f>(s) + max f3(s) = [ — - i - ](”K]”H) A e
el =0 2(Myetog)i= (et Mygyyn= )\ IKilly

H
+pe N(lIkillgs + 1kalles)

1 M, e*o Nwmf

29}

az Hopry Hopy
) Aw4+me@vnm@+52nM$)

< — - -
2(Myefogy)a2  (efoMgy)n— llk1ll2

— C A7 4 ot

Proof of Theorem 1.1.  Note that u,, is a critical point of J 1 With critical value c,,. Since
(J_’(u,w), uy,) = 0, similar to the argument in (3.15) and by Lemma 3.6, we have

20 - 26 26 i
iy < mh#(m,ﬂ) = 55 < m(c*/l 12 4+ C, ). (3.22)
Note that i € (0, u.), where u. is defined by (1.10). If

86C a2
A> AL = - ,
370 = 2)et05? — 80C,.u

then by Remark 2.1 and (3.22), we have

) (3.23)

g ulleo <

NS

1
<
\/eTollu/l,u“H =
So forall 4 > Aj and all x € [0, 1],

26O < Mitaylles < 5

and then
F(x,u(x)) = F(x,u(x)), Gu(1)) = Gu(1)).

Furthermore, for all v € E, we have

J_/l,y(u/l,y) = J/l,,u(u/l,,u) =Ciu > 0’ <J_,/Llu(u/l,,u)»v> = <J,/Lﬂ(u/l,y)a V> =0.

Thus, u,, is precisely the nontrivial weak solution of problem (1.1) when A > A% := max{A], A7, AJ}.
Next, we discuss the connection between y, A and A/ (i = 1,2, 3).
(ap) If 4 — 0", we have

2e"" Sil2
AT — Ay = max ¢ —> HH i (s
Mae™||ok||~= 20 M6k,
A; — A21 = 1,
goc, |7
AT Ay =|—— ,
37 [(9—2)6H062]

which shows that if 4 — 0%, then A% — A, where A, is defined by (1.9). Hence, if i is small enough,
the range of A can be extended to (A, o).
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(ap) If 4 — u, we have

N { 2% 46C,. |l + (6 — 2)5%™ N(15k(1)|Pt + |5K|P2)}
| — max ,

Maerhjow[ B6C...e" MiIowly
A — 1,

A7 — +oo,

and then 4 — +o00, which means that if u is close to y., problem (1.1) has a nontrivial weak solution
when A is sufficiently large.
Finally, by (a;), (a»), (3.22) and (3.23), it is easy to obtain that

}gg lapllz = 0= }gor} [122.4,1lloo

A—+00 A—+00

26C, ‘

T 20q1-2)
/l g1

0_2 * 2

i 1 :
e lim Jluglleo < Him fluylle <

A— Ak A—Ax

) . 0
Veflo Tim [luyyllo < lim [Jug,lly < 5 Vello,
Lo Hop

A—+00 A—+00

3.2. Proof of Theorem 1.2
By (3.1), we define G:R > Ras

G(u) = m(uG(u) + (1 = m(ul))malul®.

Similar to Lemma 3.1, we have the following conclusion.
Lemma 3.7. Assume (Hg) — (H7) hold. Then
(Hs)

0< (=?(u) < mlul™, forallu e R,
(H7)
0< Qé(u) < g(wu, forall u € R/{0},

where o = min{a,, &}, gu) = G (). .
Next, we define the variational functional corresponding to F and G as

- 1 ! _ =
hAw=§W%—ﬁj‘ﬂmﬂ%meufmaMDx
0
for all u € E. By Lemma 3.1 and Lemma 3.7, we have J,,, € C'(E, R) and
- l 1 p—
(Jo ), vy = f O () (x)dx — A f 9 F(x, uyvdx + peVgu(1)v(l),
0 0
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for all u,v € E. Hence

1
<J=;#(u), uy = |lull — A fo e F(x, wyudx + peVgu(1))u(1),

forallu € E.

Lemma 3.8. If (H,) — (H3), (Hs) and (H7) hold. If A > max{A], A} and u < 0O, then Ja, satisfies the
following conditions: .

(i) there exist two positive constants d, , and p,, such that J Mlagpw > dyy;

(ii) there is w € E/B/,/L# such that Jz/w(w) < 0.
Proof. By Lemma 2.1 and 2.2, Remark 2.1 and Lemma 3.7, we have

- 1 ! _ -
J,w) = 5||u||§, -2 f "OFE (x, uydx + pe"VG(u(1))
0

1 1
> §||M||%1—/1€H1M2 f uldx + pe" Vo lu(1))*?
0
1o 2 (" 2 1
H - H
> Sl — e YA f |ulPdx + eV ||ul|
0
1., AMye uef™™n,
> EIIMIIH— Ml + ——llull}; -
e 2 ez

1
928y 12Hy

©Hy 2ty a2
Note that > A; = £, If we take ||ully = p, = (Ze—Z) , then ||u||ly < 1. Thus for

Mye' Aeft My —8uef Dy,
allu € B, ,, we have

. 1 AM, et ue My
T 2 Sl = =Nl + =l
8e ™2 e 2
1 e My — 8ueMn,
= d,l,,u = Ep/zl,,u - 2ty p‘/]’f# > 0. (324)
e 2
We choose ¢ € E such that
llgllo < 1. (3.25)
Note that ;
_ 2e" 8un,ef ™ ||5¢||%1
A] = max 5+ -, e
Maei|iogllz;~ Maet—2M,e™llogll,

For all 1 > A7, we have

oDl = pay-
By (3.25), we have ||6¢|l. < 6. By (H,), (H,) and the definition of F and G, for all |u] < %, we have

F(x,u) = F(x,u) > M|ul", (z;(u) =Gu) = n|ul. (3.26)
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We also have
F(x,u) = m(u)F(x,u) + (1 — m(jul) Ma|ul®

m(luDM|ul™ + (1 = m(|ul)) M |ul"
Mi|ul”, (3.27)

\%

and

G(u) m(luDG ) + (1 = m(lul))malul*
> m(luDmlul™ + (1 = m(lul))m lul

= mlu, (3.28)

for all g < |u| < 6. Hence, by Holder inequality, for any 4 > A}, we have

1 _
l||<5<15||12L1 -4 f " F(x, 6¢)dx + pe"VG(S¢(1))
0

ey 5

IA

1 1
L1601, = AM; e f 6019 dx
0

2

1
< 5||5¢||%1 — AM;e™|15¢)12
< 0.

Let w = 6¢. Then the proof is completed. _
Let xy = Ju,. Then for any given 4 > max{Aj, A}, Lemma 2.4 and Lemma 3.8 imply that J,, has
a (PS).,, sequence {u,} := {u, ,,}, that is, there exists a sequence {u,} satisfying

Toutty) = cayn T, (u) > 0, asn — oo, (3.29)
where

Cap = igE}fg&ﬁ Jau(8(1), I':={g € C([0, 1], X) : g(0) = 0,8(1) = w}. (3.30)
Lemma 3.9. Suppose that (H,) — (H3), (Hg) and (H7) hold. Then for any given A > max{A[, A}} and
u < 0, the (PS).,, sequence {u,} has a convergent subsequence in E, that is, there exists a u,, € E
such that ||u, — uyllg — 0.
Proof. Note that p = min{6, o}. By Lemma 3.1, Lemma 3.7 and (3.29), there exists a positive constant
M > 0 such that

M + |l

v

= 1 :/
J/l,,u(un) - _<J,Lﬂ(un)’ un>
P

! 2 : H(x) 7 H() A 1 2

= EllunllH -4 | e"VF(x,u)dx + pe™ 'G(un(1)) - ;”un”H
0
: H(x)l 7 H pay=

+A4 | e =f(x, u)u,dx — = g(u,(1)u, (1)

0 P P
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1 1 ! _ 1.
(_ - _) ”un”%] - /lf eH(X) [F(X, un) - _f(x9 un)un] dx
2 p 0 p

—,ueH(l) [%é(un(l))u(l) - é(un(l))]

11 : - 0
> (_ - _) ”un”%] - /lf eH(x) [F(x9 un) - _F(x9 un)] dx
2 p 0 p

— et [gé(un(n) - é(un(m]

11y, .
A 331
( p)llu Il (3.31)

\%

2

So the (PS).,, sequence {u,} is bounded in E, when n — oo. The rest proof is similar to the argument
in Lemma 3.5. B .

By the continuity of J. 14> We obtain that J Au(U,) = ¢y Where ¢y, is defined by (3.30). Then
(3.24) implies that ¢, > d,,, > 0. Hence u,, is a nontrivial critical point of J,, in E for any given
A > max{A], A} }.

Next, we will show that u, , precisely is the nontrivial weak solution of problem (1.1) for any given
A > A”. In order to get this, we need to make an estimate for the critical level c,,. We introduce the
functional I, : E — R as follows

_ 1 1 -
D,(u) = §||u||§, — AM,e™ f [l dx + ue™Gu(1)).
0

Lemma 3.10. Suppose (H,) — (H3), (Hg) and (H7) hold. Then for all A > max{A], A, A}} and u <0,
we have 1
Cau < D*/l_qu,

where D, is defined by (1.14).
Proof. Define k; : [0,00) - R,i=1,2,3, by
2

P T
ki(s) =lldilly = = A7 il = -

ka(s) = ue" MG (spi(1)),

1 2
ks(s) = —AM, et s f 61| dx + A7 |14
0

Sl
2 b
where ¢ = 0¢ and ¢ is defined in (3.25). Then k;(s) + ky(s) + k3(s) = I_M(sgbl). Let

1
Ki(s) = =AM qullgi[[2 s~ + A7t || |75 = 0.

1

1 2 q1-2
. Aa ||¢l||H
Thus for each given 4 > 0, we have s = . Then

Aeto My qi |7,

| Mie™ Y[l \ i
maxka(S)=[ — - — )( IH) Aoz,
5s>0 2(M1€HOQ1)P (eHoMlql)m ||¢1||q1
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Obviously, f1(0) = 0 and
’ 2 L 2
Ki(s) = ligillgs — A9 lg1llgs.
Soif A > Aj =1, ki(s) is decreasing on s € [0, 1] and then k;(s) < 0 . Moreover, obviously,

max kp(s) < 0.
5€[0.1]

By (3.25), we have
lIs¢1lleo < [10¢lle < 6 (3.32)
for all s € [0, 1]. Then for all 4 > max{A}, A5, A,}, by (3.26)—(3.27), we have

Cry < max Jo,(sé;) < max I(sé;) < max k;(s) + max k»(s) + max ks(s
A s€[0,1] ’1’”( ¢1) s€[0,1] )( ¢1) s€[0,1] 1() s€[0,1] 2() 520 3()

241
Ho -2
Smaxk3(s):[ 1 _ Mie _ )(||¢1||H)‘“ s
=0 2 Methg)iz  (etoMygyiz ) \Igilly,

2q1
Hy -
s( L Me® )(n«zsluH)w Jas
2AM,efog)ya  (eHoMg)n2 )\ gl
= DA,

Proof of Theorem 1.2.  Note that u,, is a critical point of J 1 With critical value c,,. Since
(J'(u a)> U,y = 0, similar to the argument in (3.31) and by Lemma 3.10, we have

2p 2p 2p

= _L
Hmﬂ@s;jzhAmpzp_zq#s;taDdqﬂ. (3.33)
Since )
o 8pD,< q1—
A [m] ’

by Remark 2.1 and (3.33), we have

1 1)
4 plleo < EHW,,JHH < R (3.34)

So for all A > A7, we have

NS>

|4 (0] < llugpllo < 5, forall x € [0, 1],

and then i
F(x,u(x)) = F(x,u(x)), G(u(1)) = G(u(1)).

Furthermore, for all v € E, we have
Jz/l,ﬂ(u/l,y) = J/l,,u(uxl,,u) =Ciu > 0, <J::1,Iu(u/1,/.¢)’ V> = <J:1,ﬂ(u/l,y)a V) =0.
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Thus, u,, 1is precisely the nontrivial weak solution of problem (1.1) when
A> A" = max{A], A}, A], AL}
Next, we discuss the connection between u, A and A; (i = 1,2,3,4). If u — 07, we can get

26" 166113,
Maet||6gl2-2" 2M, eto|5g12" [

A} = Ay = max{

AE = A2] = 1,
SpD* q1-2
A=Ay i=|————— ,
== |
2e"
A, =Ny = ——,
4 4 MzeHl

which shows that if g — 07, then A* — A.. Hence, if |u| is small enough, the range of A can be
extended to (A, o), where A, is defined by (1.15).

Finally, by (3.33) and (3.34), it is easy to see that (1.11)—(1.13) hold.
3.3. Proof of Theorem 1.3

Let {u, := u,,} C E be the critical points of J Ay, (f @, > 0) and fmn (if u, < 0) with respect to
Cay,- Then we have

, 1 ! _ _
J/l,/ln(un) = Ellun”z - /lf eH(X)F(-x7 un)dx +:uneH(l)G(un(1)) = Coup» lfﬂn > O’
0

— 1 1 _ —
J/l,/l,,(un) = E”un”z - /lf eH(X)F(-x7 un)dx +:uneH(l)G(un(1)) = Coup» lfﬂn < O’
0

and

(S, W), vy = 0, if p, > 0, (3.35)
(T (), vy = 0, if 1, <0, (3.36)

for all v € E. Define the functional J, : E — R as
r Lo l H(x) 7
Ja(u) = 5”””1{ -A eV (x, u)dx.
0

Obviously, Jy,, (u,) — Ja(u,) as g, — 0* and JN,Lﬂn(u,,) — Jy(u,) as u, — 0. Moreover, it is easy
to see that the critical point of J, is a weak solution of the following elastic beam equation

{u(“)(x) + 2h(0u”" (x) + (h*(x) + W' (x)u”(x) = Af(x,u(x)), x€[0,1], (3.37)

u0) =u'0)=u"(1)=u""(1) =0.

Next, we prove that {u,} is a bounded (PS) sequence of J,. Since u, — 0, there exists a positive
constant Ny such that —-M, < u, < M, for all n > Ny. Note that A is decreasing to Ay as u, — 07
and g; > 2. Then Lemma 3.6 implies that

Cap, < Cu (Max{AT, A5) 72 + Coupty < C, (max{Arr, Ay }) 72 + Cou Mo, (3.38)
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for all n > Ny and all 4 > max{Ay,, Ay} > max{A], AT}, where Ay, is defined by (1.17). Moreover,
since A] is increasing to Ay as p, — 07, we have

2Hg

2e™ —8Mome’ D 1I59lI7,
My|[5gl| 2t Maeft T 2My|logll3' et [

AN} > Ay, = max{

for all n > Ny. Then Lemma 3.10 implies that
Cay, < C*(max{A[,Ag})_ql%2 < C*(max{A_MO,Ag})_ql%, (3.39)

for all n > Ny and all 4 > max{As, Ay} > max{A],A;,A;}. (3.38) and (3.39) imply that c,,, is
bounded for all n > Ny and all 4 > max{A,, Az1, A2z, Ay }. Then it follows from (3.22) and (3.33) that
there exists a positive constant K, such that ||u,||y < K, for all n > N,. Thus we have

luplln < Ky == max{Ko, [, - -, llung-1[la}, (3.40)

for all n and all 4 > max{Ay, Ay, A, A;}. By (3.40), (H2)" and Remark 2.1, it is easy to see that
J(u,) is bounded.
If u,, > 0, then by (3.35), for any given v € E, we have

(T (), v

1 1
f e dx - /lf e £(x, uy)vdx
0 0

1 1
= f U dx — A f e F(x, uy)vdx + 11, Vg (u,(H)v(1) = e Vg (u,(1))v(1)
0 0

(T W), V) = P, (1))0(1)
~ a8t (1D)(1). (3.41)

Since u, — 0% as n — oo, the continuity of g, Remark 2.1, (3.40) and (3.41) imply that

J(u,) > 0asn — oo. (3.42)
Similarly, if u,, < 0, we also have

E(un) — 0asn — oo, (3.43)

Hence, {u,} is a bounded (PS) sequence of J;. By make a standard procedure for J; (see [37]),
we can obtain a convergent subsequence, still denoted by {u,}, such that u, — u, for some u, € E.
Consequently, by (3.42), we have J)(u;) = 0 and J,(u,) — Ja(u,) := ¢, as n — oo, which shows that
u, is a critical point of J,(«). Moreover, it follows from (3.8) and (3.24) that

C) = j,l(lxt/l) = lim J_,l(l/tn) = lim jﬂ,un(”n) = lim Cau, > d,1 > 0, lf/.ln > 0, (344)
and
¢, = Ty(uy) = lim Jy(u,) = lim Jy, (u,) = lim ¢y, > lim dy,
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li ! e@ " My A pmpef™® e% w2
= 11mi . - —_ —
oo 2 e Mad = Bpyippe™h 8o e Mye' A — 8, mpefM
1 e@ ‘[227_2 MzeHl/l 6% qz%z
"2 [MzeHl/l) B ( 8e"" )[MzeHl/l) >0, itu, <0, (3.45)

which implies that u, is a nontrivial. It follows from Lemma 3.6 and Lemma 3.10 that

__1 . R
Cyr = 111'1'1+ Cau, <C. A 02, Cy = 111’13 Cau, <D A u2, (346)
Hn =0

/J)lH
Then similar to the argument in (3.22) and (3.33) with ¢ = 0, we can obtain that

26 26

2 < <
||M/1||H_ 9_201_ )

max {C*/l_qllz, D*/l_fls?} .
Hence, we have
lall?y < K57, asp— 0. (3.47)

Then when 4 > A" = max{Ay,, Aai, A2z, A3, A}, where Aj is defined by (1.20) and K, is defined
by (1.21), Remark 2.1 implies that

1 1 a6
2 2 =
lleealls, < eTOHMAHH < o KA a2 < T (3.48)

Hence, F(x,u,) = F(x,uy). Thus u, is a nontrival solution of Eq (1.16) if
A > A" = max{Ay,, Az, Ao, Az, ALY,
and by (3.47) and (3.48), it is easy to see that
lim flslly = 0 = 1im [l
The proof is completed.

4. Conclusions

Some sufficient conditions about existence of a nontrivial solution for Eq (1.1) are obtained. (1.1)
is a generalization of (1.2) and (1.3) which can be used to describe the static equilibrium of an elastic
beam. The nonlinear terms F and G are assumed to satisfy (H1)—(H7) which are some growth
conditions only near the origin. The concrete lower bounds of the parameter A are given for the cases
# > 0and u < 0, respectively. Finally, in Theorem 1.3, the concentration phenomenon of {u,,} is
revealed as u — 0.
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