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Abstract: In this paper, we introduce the concept of j-hyperfilters, for all positive integers 1 < j < n
and n > 2, on (ordered) n-ary semihypergroups and establish the relationships between j-hyperfilters
and completely prime j-hyperideals of (ordered) n-ary semihypergroups. Moreover, we investigate the
properties of the relation NV, which is generated by the same principal hyperfilters, on (ordered) n-ary
semihypergroups. As we have known from [21] that the relation N is the least semilattice congruence
on semihypergroups, we illustrate by counterexample that the similar result is not necessarily true on n-
ary semihypergroups where n > 3. However, we provide a sufficient condition that makes the previous
conclusion true on n-ary semihypergroups and ordered n-ary semihypergroups where n > 3. Finally,
we study the decomposition of prime hyperideals and completely prime hyperideals by means of their
N-classes. As an application of the results, a related problem posed by Tang and Davvaz in [31] is
solved.
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1. Introduction

The investigation of partially ordered algebraic systems was initiated by Conrad [16, 17].
Particularly, an ordered semigroup (also called a partially ordered semigroup or a po-semigroup) is a
well-known example of the partially ordered algebraic systems, which is a semigroup together with a
compatible partial order. The notion of ideals and filters on ordered semigroups play a significant role
in studying the structure of ordered semigroups, especially the decompositions of ordered semigroups
see [2,23,34], and there are many applications in various branches of mathematics and computer
science. Many mathematicians have studied different aspects of ideals and filters on ordered
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semigroups. For examples, see [2,22-25,34].

The theory of algebraic hyperstructures have been originated by Marty [28] in 1934 when he
studied hypergroups, which are considered as a generalization of groups, by using hyperoperations.
Later on, several kinds of hyperstructures were studied by many mathematicians, for instance,
see [4-7,19,20,26]. In 2011, Davvaz and Heidari [18] applied the notion of ordered semigroups to
hyperstructures and presented a new class of hyperstructures called ordered semihypergroups. Such
hyperstructure can be considered as an extension and a generalization of ordered semigroups. The
relationships between ordered semihypergroups and ordered semigroups were described by Davvaz
et al. [11]. Some properties of hyperideals on ordered semihypergroups were investigated by
Changphas and Davvaz [3]. Next, Tang et al. [32] introduced the concept of a (right, left) hyperfilter
on ordered semihypergroups and discussed their related properties. Omidi and Davvaz [29]
generalized the concept of the relation N on ordered semigroups into ordered semihypergroups and
proved some remarkable results. Note that, in an ordered semihypergroup S, the relation N on § is
defined by N :={(x,y) € S X § : N(x) = N(y)} where N(x) is the hyperfilter generated by the element
x of §. Kehayopulu [21] proved that the relation N is the least semilattice congruence on
semihypergroups. Meanwhile, Kehayopulu illustrate by counterexample that N is not the least
semilattice congruence on ordered semihypergroups in general. The author introduced the concept of
complete semilattice congruence on ordered semihypergroups and proved that N is the smallest
complete semilattice congruence. Recently, Tang and Davvaz [31] studied the relation N and Green’s
relations, especially the relations £, R and J, on ordered semihypergroups. They showed that every
(respectively, right, left) hyperideal can be decomposable into its (R-, L-)J -classes and posed a
problem: ““ Can every prime hyperideal be decomposable into its N-classes?”

On the other hand, the investigation of algebraic hyperstructures have been widely expanded. In
2006, Davvaz and Vougiouklis [14] applied the notion of hypergroups to n-ary algebras and presented
the notion of n-ary hypergroups for n > 2. Leoreanu-Fotea and Davvaz [27] studied some binary
relations on n-ary hypergroups. Anvariyeh and Momeni [1] investigated the interesting properties of
n-ary relations on n-ary hypergroups. In 2009, Davvaz et al. [13] introduced a new class of
hyperstructure called n-ary semihypergroups. This new class can be considered as a natural extension
of semigroups, semihypergroups, ternary semigroups, ternary semihypergroups and n-ary semigroups.
The interesting results of n-ary semigroups and n-ary semihypergroups, the readers can be referred
to [8,12,13,15,30]. Recently, Daengsaen and Leeratanavalee [9] applied the theory of n-ary algebras
to ordered semihypergroups and introduced the notion of ordered n-ary semihypergroups for n > 2.
Such new notion is a natural generalization of ordered semigroups, ordered semihypergroups, ordered
ternary semigroups and ordered ternary semihypergroups. Also, they characterized several kinds of
regularities of ordered n-ary semihypergroups. In this paper, we attempt to study the notion of
hyperfilters on ordered n-ary semihypergroups. In particular, we introduce the concept of
J-hyperfilters, for all positive integers 1 < j < n and n > 2, of ordered n-ary semihypergroups and use
such concept to construct the relation N for studying the properties of semilattice congruence on
ordered n-ary semihypergroups where n > 2.

The present paper is organized as follows. In Section 2, we recall some basic notions and elementary
results of algebraic hyperstructures. In Section 3, we introduce the concept of j-hyperfilters, which is
a generalization of left and right hyperfilters of ordered semihypergroups and discuss the connection
between j-hyperfilters and completely prime j-hyperideals on ordered n-ary semihypergroups where
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n > 2. In Section 4, we investigate some properties of the relation N on n-ary semihypergroups.
We illustrate by counterexample that N does not necessarily to be the least semilattice congruence on
n-ary semihypergroup, where n > 3, in general. At the meantime, we provide a sufficient condition
that makes the previous result true. In Section 5, we introduce the concept of a complete *-semilattice
(strongly) regular relation on ordered n-ary semihypergroups, where n > 3, and prove that N is the
smallest complete *-semilattice strongly regular relation. In the last section, we give an example to
show that a prime hyperideal of ordered n-ary semihypergroups cannot be decomposable into its N-
classes in general. However, we provide some special condition for prime hyperideals that lead to be
decomposable into its NV-classes. As an application of our results, the related problem posed by Tang
and Davvaz is solved.

2. Preliminaries

In this section, we recall some elementary results of algebraic hyperstructures. For more detail, we
refer to [8,9, 12—-14].

Let S be a nonempty set and let $*(S) denote the set of all nonempty subsets of S. A mapping
f i Sx---xS — PS) is called an n-ary hyperoperation. A structure (S, f) is called an n-ary

S appears n > 2 times
hypergroupoid [14]. Throughout this paper, we use the symbol a’j‘. to denote a sequence of elements

aj,aj.,...,a; of §. For the case k < j, a’;. is the empty symbol. Then f(ai, as, ...,a,) = f(a}) and

i 1.k
f(al’ sy aj’ bj+17 sy bk’ Chk+1s ee» Cn) = f(a{9 bj+1’ CZ+1)'

Incase a; = ... = a; = aand ¢4 = ... = ¢, = ¢, we write the second expression in the form
f(d, b’]‘. Y "% For the symbols of a sequence of subsets of S, we denote analogously. For Xi, ..., X, €
P*(S), we define

FXD = FXpy s Xy) 1= U (f@):ajex;j=1...n}.

If X; = {a;}, then we write f({a}, X7) as f(a;, X}) and analogously in other cases. In case X; = ... =
X;=Yand X,y = ... = X, = Z, we write f(X}) as f(Y/,Z"/). The hyperoperation f is associative [13]
if

ff@),ayyhy = flal ™, £ ™, ars"h

hold for all ;"' € § and for all 1 < j < n. In this case, the n-ary hypergroupoid (S, f) is called an
n-ary semihypergroup (also called an n-ary hypersemigroup) [13].

An ordered n-ary semihypergroup (S, f, <) (also called a partially ordered n-ary semihypergroup
or a po-n-ary semihypergroup) [9] is an n-ary semihypergroup (S, f) and a partially ordered set (S, <)
such that a partial order < is compatible with f. Indeed, for any a,b € §,

a < b implies f(c{_l,a, ) 2 f(c{_l,b, i
forall ¢} € § and for all 1 < j < n. Note that, for any X, Y € £*(S), X < Y means for every x € X there

exists y € Y such that x < y. If H is an n-ary subsemihypergroup of an ordered n-ary semihypergroup
(S, f,<),1.e f(H") C H, then (H, f, <) is an ordered n-ary semihypergroup.
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Definition 2.1. [9] Let (S, f, <) be an ordered n-ary semihypergroup. For any positive integer 1 <
j<nandn > 2, anonempty subset I of S is called a j-hyperideal of S if it satisfies the following two
conditions:

(I1) I is a j-hyperideal of an n-ary semihypergroup (S, f), i.e., f(a{_l,b, a?H) C lforallb €I and
a{_l,a’;ur1 es.

(I2) If be l and c € S such that c < b then c € 1.

If  is a j-hyperideal, for all 1 < j < n, then I is said to be a hyperideal.

Here, 1-hyperideal (n-hyperideal) is called a right hyperideal (left hyperideal), respectively.
Throughout this paper, we let S stand for an ordered n-ary semihypergroup (S, f,<). By applying
Lemma 4 in [8], the following lemma is obtained.

Lemma 2.2. [8] For any positive integer 1 < j < n, let {I; : k € [J} be a collection of j-hyperideals
(hyperideals) of S. Then | Ii is a j-hyperideal (hyperideal) of S and (" I is also a j-hyperideal
ke

ke
(hyperideal) of S if () Ik # 0.
ke

A nonempty subset P of S is called prime [31] if, for every a| € S, f(a}) C P implies a; € P for
some 1 < k < n. Equivalently, if af ¢ P then f(a}) € P.

P is called completely prime [32] if, for every a] € S, f(a}) N P # 0 implies a; € P for some
1 <k < n. Equivalently, if a} ¢ P then f(a]) NP = 0.

A (j-)hyperideal I of S is called a prime ( j-)hyperideal (completely prime ( j-)hyperideal) of S if
I is a prime (completely prime) subset of S. Clearly, every completely prime (j-)hyperideal of S is a
prime (j-)hyperideal of S.

Example 2.3. Let Z be the set of all integers. Define f : Z" — $*(Z) by
f(x)il) = {y €EZ : y < min{x17 "-,xn}}

for all x| € Z. Then (Z, f, <) is an ordered n-ary semihypergroup where < is a usual partial order on Z.
Let N be the set of all natural numbers. Then (N, f, <) is an ordered n-ary subsemihypergroup of Z.

Example 2.4. Let S = {w, x,y,z}. Define f : §" — P*(S) by f(x}) = ((...(x; 0 x3) 0 ...) o x,), for all
x| € §, where o is defined by the following table.

(@) w X y Z
w{xzt {xz} {z {2}
x| {xz {xp {z} g
y | {a {zt Ot (g
z | {z} {2t {zgt {z}

By applying Example 2 in [31], (S, f) is an n-ary semihypergroup. Define a partial order < on § as
follows:

<= {w, w), (x,2), (v, 1), (2, %), (2, ¥), (2, D)}

Such relation can be presented by the following diagram.
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Then (S, f, <) is an ordered n-ary semihypergroup. It is easy to verify that the sets A; = {x,z}, A, =
{v,z}, A3 = {w, x,z} and A4 = {x,y, z} are all proper 2-hyperideals of S. Then we obtain the results as
follows:

(1) Ay and A4 are not prime since there exists w € S \ A; such that f(w") C A, forall k = 1,4. It
follows that A, A4 are also not completely prime.

(2) A, 1s prime since f(x]) € A, for all x] € S \ A,. But, it is not completely prime since there exists
w e S \ A such that f(w") N A, # 0.

(3) Az is completely prime since f(x}) N A3 = 0 for all x| € § \ As. It follows that A3 is prime.

3. Hyperfilters on ordered n-ary semihypergroups

In this section, we introduce the concept of j-hyperfilters on ordered n-ary semihypergroups, which
generalizes the notion of right and left hyperfilters on ordered semihypergroups [32], and investigate
their related properties.

Definition 3.1. Let (S, f, <) be an ordered n-ary semihypergroup. For any positive integer 1 < j < n
and n > 2, an n-ary subsemihypergroup K of S is said to be a j-hyperfilter of S if it satisfies the
following two conditions:

(F1) K is a j-hyperfilter of an n-ary semihypergroup (S, f), i.e., for all a| € S, f(a}) N K # 0 implies
aj; € K.

(F2) Ifforanya € K and b € S such thata < b then b € K.

If K is a j-hyperfilter, for all 1 < j < n, then K is called a hyperfilter.

Here, 1-hyperfilter (n-hyperfilter) is said to be a right hyperfilter (left hyperfilter, respectively). For
any a € S and 1 < j < n, we denote by N/(a)(N(a)) the j-hyperfilter (hyperfilter) of S generated by
a and called the principal j-hyperfilter (hyperfilter) generated by a. A j-hyperfilter (hyperfilter) K of
S is said to be proper if K # §S. Clearly, Definition 3.1 coincides with Definition 3.1 given in [32] if
n=2.

Example 3.2. Let S = {w, x,y,z}. Define f : §" — P*(S) by f(x]) = ((...(x; 0 x2) 0 ...) 0 x,,), for all
x] € §, where o is defined by the following table

ol w X y

N < xS
=
=
£
=
&
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and a partial order < is defined as follows:

<= {(w,w),(w, x), (x,x), ¥, y), (¥, 2), (2, 2)}.

Such relation can be presented by the following diagram.

X <

w y

By applying Example 3.3 in [33], (S, f, <) is an ordered n-ary semihypergroup. Clearly, the sets {w, x}
and S are all 1-hyperfilters of §.

Proposition 3.3. Let (S, f, <) be an ordered n-ary semihypergroup withn > 2. For any 1 < j < n, let
Ky, K; be two j-hypetfilters of S. Then K| N K, is a j-hyperfilter of S if Ky N K, # 0.

Proof. Let @] € Ky N K,. Then af € K; for all i = 1,2. Since K; is an n-ary subsemihypergroup,
we obtain f(a}) € K; N K,. Thus K; N K, is an n-ary semihypergroup of §. Next, let b7 € S and
c € f(O)) N (K; N Ky). Then c € f(b)) N K; forall i = 1,2. Since K; is a j-hyperfilter of S, we have
bje K;foralli =1,2. Sob; € K; N K,. Finally, leta € K; N K, such thata < b € §. Since K; is a
J-hyperfilter, we obtain b € K; for all i = 1,2. So b € K; N K;. Therefore K; N K, is a j-hyperfilter
of S. O

By Proposition 3.3, we obtain the following result.

Corollary 3.4. Let (S, f,<) be an ordered n-ary semihypergroup with n > 2 and K, K, be two
hyperfilters of S. K\ N K, is a hyperfilter of S if Ky N K, # 0.

Proposition 3.3 and Corollary 3.4 show that the intersection of finitely many
J-hyperfilters(hyperfilters) of S is always a j-hyperfilter(hyperfilter) if their intersection is nonempty.
In 2015, Tang et al. [32] showed that the union of two hyperfilters of an ordered semihypergroup H
(for a special case n = 2) is not necessarily a hyperfilter of H (see Example 3.5 in [32]). Using the
idea of Lemma 3.6 in [32], we obtain the results as follows.

Proposition 3.5. Let (S, f, <) be an ordered n-ary semihypergroup with n > 3. Forany 1 < j < n,
let Ky, K, be two j-hyperfilters of S. Then K| U K, is a j-hyperfilter of S if and only if K; C K, or
K, C K.

Proof. Now, let j be a fixed positive integer with 1 < j < nand n > 3. Let K; U K, be a j-hyperfilter of
S. Assume that K; € K> and K> € K;. There are a,b € KUK, suchthata € K;,a ¢ K>,b ¢ K;and b €
K,. Since K| UK, is an n-ary subsemihypergroup, we have f(a/~!, b"/*!) C K, UK,. If f(a’!, b" ")
K, # 0 then, since K| is a j-hyperfilter of S, we obtain b € K. It is impossible. So f(a’~!,b" /1) N
K, = 0. This implies that f(a’~!,b"/*!) C K,. Since K, is an n-ary subsemihypergroup, we obtain
fb77 Y, f(a/!, b7, b7y C K,. Then

FB, @ B (b)) ifl<j< g

B f@ T, B = . . . .
f f f(bj—l,an—J’f(a2]—n—l’b2n—21+l)) lfg < ] <.
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Since K, is a j-hyperfilter, we obtain a € K,. It is impossible. Thus K; C K, or K, € K;. Conversely,
if K; € K; or K; C K, then K; U K; is a j-hyperfilter of S. ]

Corollary 3.6. Let (S, f,<) be an ordered n-ary semihypergroup with n > 2 and K, K, be two
hyperfilters of S. Then K| U K, is a hyperfilter of S if and only if K, C K, or K, C K.

Theorem 3.7. Let (S, f, <) be an ordered n-ary semihypergroup with n > 2 and K € P*(S). For any
1 < j < n, the following assertions are equivalent.

(i) K is a j-hyperfilter of S.
(i) S\ K =0o0rS \ K is a completely prime j-hyperideal of S.

Proof. (i) = (ii) Let K be a j-hyperfilter of S. Suppose that § \ K # 0. We show that § \ K is a
completely prime j-hyperideal of S. First of all, we show that K is a j-hyperideal of S. Leta e § \ K
and b{_],b;?H e S. If f(b{_l,a, b?H) N K # 0 then, since K is a j-hyperfilter, we get a € K. It is
impossible. So (b, a.b",,) N K = 0. It implies that f(b] ', a,b",,) € S \ K. Next, let x € § and
ye S \Ksuchthat x <y. If x ¢ § \ K then x € K. By Definition 3.1 (F2), we have y € K. It is
impossible. Hence x € § \ K. Thus S \ K is a j-hyperideal of §. Next, we show that S \ K is completely
prime. Let a] € S such that f(a]) N (S \ K) # 0. Assume thata; ¢ S \ K foralli = 1,...,n. Then
a; € Kforalli = 1,...,n. Since K is an n-ary subsemihypergroup, we obtain f(a}) C K. It implies
that f(a}) N (S \ K) = 0, which is impossible. Hence a; € § \ K for some i = 1,...,n. Thus § \ K'is a
completely prime j-hyperideal of S.

(i) = (1) If S \ K = 0 then K = S is a j-hyperfilter of S. Now, suppose that S \ K is a completely
prime j-hyperideal of §. We will show that K is a j-hyperfilter of S. First of all, leta| € K. If f(a}) £ K
then f(a]) N (S \ K) # 0. Since S \ K is completely prime, we obtain ¢; € § \ K for some i = 1, ..., n.
It is impossible. Thus f(a}) € K. Next, let b} € S and f(b])N K # 0. If b; ¢ K thenb; € § \ K. Since
S \ K is a j-hyperideal, we obtain f(b") C f(S/™',b;,S"7) C f(S77',(S \ K),S$"/) € S \ K. This is
impossible. So b; € K. Finally, let x € K andy € S suchthat x <y. If y ¢ Ktheny € § \ K. Since
S \ K is a j-hyperideal, by Definition 2.1 (I12), we get x € § \ K. It is impossible. So y € K. Therefore
K is a j-hyperfilter of S. O

Using the similar proof of the previous theorem, we obtain the result as follows.

Corollary 3.8. Let (S, f, <) be an ordered n-ary semihypergroup withn > 2 and K € P*(S). Then the
following assertions are equivalent.

(1) K is a hyperfilter of S.
(1)) S\ K =0o0rS \ K is a completely prime hyperideal of S .

Example 3.9. From the ordered n-ary semihypergroup (S, f, <) given in Example 3.2, we know that
the set {w, x} is a proper 1-hyperfilter of S. By Theorem 3.7, we have {y,z} = S \ {w, x} is a completely
prime 1-hyperideal of S. In fact, one can verify that a proper completely prime 1-hyperideal of S is
{y,z} since f(x]) N{y,z} = O forall x] € S \ {y,z}.

Lemma 3.10. Let (S, f, <) be an ordered n-ary semihypergroup with n > 2 and a,b € S. For any
1 < j < n, the following assertions hold:
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(i) If b € N’(a) then N’(b) C N’(a).
(ii) If a < b then N’(b) C N'(a).
(iii) Ifa < b then N’(a) \ N’(b) is a completely prime j-hyperideal of N’(a) where N’(a) \ N/(b) # 0.

Proof. (i) Let b € N/(a). Since N/(b) is the smallest j-hyperfilter of S containing b, we have N/(b) C
Ni(a).

(ii) Let a < b. Since N’(a) is a j-hyperfilter of S and a € N/(a), by Definition 3.1 (F2), we obtain
b € N’/(a). By (i), we have N’(b) C N'(a).

(iii) Let a < b. Then N/(b) C N’(a). By Theorem 3.7, we have N’(a) \ N/(b) = 0 or N/(a) \ N/(b)
is a completely prime j-hyperideal of N’(a). Thus N/(a) \ N’(b) is a completely prime j-hyperideal of
Ni(a) where N/(a) \ N/(b) # 0. o

Remark 3.11. Lemma 3.10 is still true if the principal j-hyperfilters N/(a) and N/(b) are replaced by
the principal hyperfilters N(a) and N(b), respectively. Moreover, the results on this section also hold
on n-ary semihypergroups (S, f).

4. Semilattice strongly regular relations on n-ary semihypergroups

In this section, we introduce the concept of semilattice (strongly) regular relations on n-ary
semihypergroups and investigate their related properties.

Let (S, f) be an n-ary semihypergroup with n > 2 and p be a relation on S. For any two elements
A, B € P*(S), we write

ApB if and only if for any a € A there exists b € B such that apb and for all b € B there exists
a’ € A such that a’pb’,

ApB if and only if apb for all a € A and b € B, see [10].

For any 1 < j < n, an equivalence relation p is called j-regular relation (strongly j-regular relation)
if, for every a,b, x] € S, ‘ .

apb = f(x], a, X", )pf(x) b, x,)

(apb = f(x]™, @, X}, DRF (6] b, X)),

Here, p is said to be a regular relation (strongly regular relation) if it is a j-regular relation (strongly
J-regular relation) for all 1 < j < n.

Lemma 4.1. Let (S, f) be an n-ary semihypergroup with n > 2. For any A}, B| € P*(S), the following
statements hold:

(1) If p is regular and AypBy, for all k =1, ..., n, then f(A7)pf(AY).
(i) If p is strongly regular and AypBy, for allk =1, ...,n, then f(A7)pf(A}).
Proof. The proof is straightforward. O

Definition 4.2. Let (S, f) be an n-ary semihypergroup with n > 2. A regular relation (strongly regular
relation) p on S is said to be a semilattice regular relation (semilattice strongly regular relation) if

xpf(x") and f(xDpf (XZZL;)
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(xpf(x") and f(x}pf (XZET;

forall x,x\ € S and for all « € S, where S, is the set of all permutations on {1,2, ..., n}.

Note that any semilattice strongly regular relation, semilattice equivalence relation [29] and
semilattice congruence [21] on semihypergroups (for case n = 2) are the same.

Example 4.3. Let S = {1,2,3,4,5}. Define f : S XS XS — P*(S) by f(x1,x2, x3) = (x1 © x2) 0 x3, for
all x, x,, x3 € S, where o is defined by the following table.

) 1 2 3 4 5
L(L2y (L2 {3p {3} {3}
2 {2} (1,2} {3} {3} {3}
3142y (1,2} 3 {3} {3}
4 {12} (L2} {3} {45 {4
50(L20 (1,2} {3} {4 {5)

By applying Example 3.2 in [32], (S, f) is a ternary semihypergroup (an 3-ary semihypergroup). Let

{(1,1),2,2),3,3),(4,4),(5,5),(1,2),(1,3),(2,1),(2,3),3,1),3,2)},
{(1,1),(2,2),(3,3),(4,4),(5,5),(1,2),(1,3),(2,1),(2,3), 3, 1), (3, 2),
4,5),(5,4)}.

(O8]

o2

It is easy to show that o, 0, are equivalence relations on S. Furthermore, one can verify that o, is a
semilattice strongly regular relation on S. On the other hand, o is not a semilattice strongly regular
relation on § because we have f(4,4,4) = {4,5} but (4,5) ¢ o, so o does not satisfy with the
condition 4 & f(4, 4, 4) in Definition 4.2.

For any K € #*(S), we write 6x = {(a,b) €S XS :a,be K ora,b ¢ K}. Clearly, g is an
equivalence relation on S'.

Theorem 4.4. Let (S, f) be an n-ary semihypergroup with n > 2 and K be a completely prime
hyperideal of S. Then 0k is a semilattice strongly regular relation on S.

Proof. Let K be a completely prime hyperideal of S.
(1) We show that 6k is a strongly regular relation. Firstly, let j be a fixed positive integer with

1 <j<n Letab,x] ' x € S such that adxb. To show that f(x]"',a, ", )3k f(x] ', b, x4, ), let

Jj+1
uef(x’ ! ,a, X, )andvef(x ,b ). Since adgb, we have a,b € K ora,b ¢ K.

/+1

Case 1.1: a,b € K. Since K is a j- hyperldeal we getu € f(x’ 'a, xi,)CKandve f(x’ Lb b,x},)) C
K. So l/léKV

Case 1.2: a,b ¢ K. Then we have 2 subcases to be considered as follows.

Case 1.2.1: There exists x; € K forsome i = 1,...,j—1,j+ 1,...,n. Since K is an i-hyperideal, we

obtainuef(x{ ,a, %3, CKandvef(x’ ' b, X l) CK. SouéKv
Case 1.2.2: x; ¢ Kfor allz =1,..,j-1,j+1,..,n Thenf(x ,d, x]+l)ﬁK (Dandf(x’ ! . b, x]H)mK
0. In fact, if f(x{_l,a, x;?H) N K # 0 then, since K is completely prime, we obtain x; € K for some

i =1,..,n (we write x; = a if i = j), which is a contradiction. Similarly, if f(x{ ,b, YNK #0

]+1
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then we also get a contradiction. Thus f(xj ,a ]+1) N K = ( and f(x’ ! ,b, xj+1) N K = (. Hence
ue f(x’ 'a, X.)CS\Kandve f(x’ ' b, X! 1) C S \ K. It follows that udxv. From Case 1.1 and

1.2, we conclude that f(xl .4, X X%, )0k f(x1 b, f x",,) and so Ok is a strongly j-regular relation. For
arbitrary positive integer j, we obtain Ok is a strongly regular relation.

(2) We show that 6k is semilattice. Let a,a} € § and @ € §,,. Firstly, we show that adx f(a@"). Let
u € f(a"). We consider two cases as follows.
Case 2.1: a € K. Since K is a hyperideal of S, we have u € f(a") C K. So adxu.
Case 2.2: a ¢ K. Then f(a") N K = 0. In fact, if f(a") N K # 0 then, since K is completely prime, we
have a € K. Itis 1mp0551ble So f(@)N K = 0. It follows u ¢ K. So adxu. From Cases 2.1 and 2.2,
we conclude that adg f(a"). Next, we show that f(a")dx f(ajg@) Let u € f(a}) and v € f(al}). We
consider two cases as follows.
Case 1: f(a}) N K # 0. Since K is completely prime, we obtain ¢; € K for some i = 1, ..., n. Since a is
bijective, there is i’ € {1, ...,n} such that @(i") = i. Since K is an i’-hyperideal and an i-hyperideal, we
obtain f(af) = f(@a(1)s s Ga(iys - o) € K and f(@}) = f(ay, ...r @ ... ay) € K. Thus u,v € K and
it follows that udxv.

Case 2: f(a}) N K = 0. Then f (agg'f;) N K = (. Indeed, if f (aZE'B) N K # 0 then, since K is completely

prime, we have aa(,-,) € K forsome i’ € {1,...,n}. We seti = a(i’). Since K is an i-hyperideal, we obtain
f@) = f(a, ....a, ...a,) € K. It is impossible. Thus f(a;) N K = 0. Hence u € f(a}) € S \ K and
v E f(aggrg) C § \ K and it follows that udxv. From Cases 1 and 2, we conclude that f(a})dx f(aa(”)

a( l)
and the proof is complete.

For any positive integer 1 < j < nandn > 2, let N; (N) denote the relation on an (ordered) n-ary
semihypergroup S which is defined by

N;={(@.b) €S xS : Ni(a) = N/(b)}

(N ={(@a,b)eS xS :N(a)=ND)}).

Clearly, N; and N are equivalence relations on §. For any a € S, we denote by (a)y, the Nj-class
containing a and the set S/N; := {(a) N; A ES } For the relation N, we define analogously.

Theorem 4.5. Let (S, f) be an n-ary semihypergroup with n > 2. Then the following statements hold:
(1) N is a semilattice strongly regular relation.
(i) N =N{okx : K€ CPI(S)},
where CPI(S) is the set of all completely prime hyperideals of S .
Proof. (1) First of all, we show that N is a strongly regular relation on S. Let a, b, x| e S such that
aNb. Then N(a) = N(b). For any fixed positive integer j with 1 < j < n, letu € f(xl ! x",,) and
= f(x’ ' b, X)) Since f(x’ ! a,x, ) N N(u) # 0 and N(u) is a hyperfilter, by Deﬁmtlon 3.1 (F1),
we obtain a, x1 l,x”. € N(u). By Lemma 3.10, we obtain N(a) € N(u). Since b € N(b) = N(a), we

j+1

get b € N(u) Since b, x{_l,x’]ﬁrl € N(u) and N(u) is an n-ary subsemihypergroup, we obtain

Vv € f(x’ ,b, x" ’ x%,,) € N(u). By Lemma 3.10, we have N(v) € N(u). Using the similar previous
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process, we also obtain that N(u) € N(v). So N(u) = N(v) and it follows that uNv. Hence

f(x{_], a, x;?H)Nf(x{_], b, x;?H). So N is a strongly regular relation on §. Next, we show that N is a

semilattice strongly regular relation on S. Let a,a] € S and @ € S,. To show that aN f(a"), let
u € f(a"). Then f(a") N N(u) # 0. By Definition 3.1 (F1), we obtain @ € N(u). By Lemma 3.10, we
get N(a) € N(u). Since N(a) is an n-ary subsemihypergroup and a € N(a), we obtain
u € f(a@a) € N(a). By Lemma 3.10, we have N(u) € N(a). So N(a) = N(u) and it implies that

aNf(a"). Finally, we show that f(@)Nf(al}). Let u € f(a}) and v € f(al)). Since
f(a}) N N(u) # 0, by Definition 3.1 (F1), we obtain a] € N(u). It follows that v € f(a}) € N(u) and so

N(v) € N(u). Conversely, since f(a%;) N N(v) # 0, by using the same process, we have N(u) € N(v).

So N(u) = N(v) and it follows that u/Nv. Hence f(a’l’)ﬁ f(a%;). Thus N is a semilattice strongly
regular relation on §'.

(ii) Firstly, we will show that N C {0k : K € CPI(S)}. Let (x,y) € N. Then N(x) = N(y).
Assume that (x,y) ¢ 0k for some K € CPI(S). Then there exist two cases:
Casel.l: xe Kandy ¢ K. Theny € S \ K € §S. Since S \ (S \ K) = K is completely prime,
by Corollary 3.8, we have S \ K is a hyperfilter of S. Since y € § \ K, by Lemma 3.10, we obtain
x € N(x) =N(y) €S \ K. Itis impossible.
Case 1.2: x ¢ K and y € K. Using the similar proof as in Case 1.1, we also get a contradiction. From
Cases 1.1 and 1.2, we conclude that (x, y) € dg for all K € CPI(S). Thus N C {0k : K € CPI(S)}.
Conversely, let (x,y) € 0k for all K € CPI(S). Assume that (x,y) ¢ N. Then there exist 2 cases, i.e.
x ¢ N(y)ory ¢ N(x). Indeed, if x € N(y) and y € N(x) then, by Lemma 3.10, we get N(x) € N(y) and
N(y) € N(x). Consequently, N(x) = N(y) and so (x,y) € N. This is a contradiction. Thus x ¢ N(y) or
y & N(x).
Case 2.1: x ¢ N(y). Then x € § \ N(y). Since N(y) is a hyperfilter and S \ N(y) # 0, by Corollary 3.8,
we have S \ N(y) is a completely prime hyperideal. Since x € S \ N(y) and y ¢ S \ N(y), it follows that
(x,y) & Os\n(y)- This is a contradiction.
Case 2.2: y ¢ N(x). Using the similar proof as in Case 2.1, we get a contradiction. Hence (x,y) € N.
Therefore (N {0x : K € CPI(S)} € N and the proof is complete. |

As we have known from [21] that the relation N is the smallest semilattice strongly regular relation
on semihypergroups. However, we illustrate by the following example that the similar result in n-ary
semihypergroups, for n > 3, is not necessary true.

Example 4.6. Let S = {1,-1,i,—i}. Then (S,-) is a commutative semigroup under the usual
multiplication - over complex numbers. Define f: S XS x§ — £*(S) by f(x,y,z) = {x-y-z}. Then
(S, f) is a ternary semihypergroup. Clearly, CPZ(S) = {S}. In fact, suppose that A is an arbitrary
hyperideal of S.
IfleAthenS = f(S,1,1) C f(S5,S,1) C A.
If-1e€AthenS = f(S,-1,-1) € f(S,S,-1) C A.
Ifie Athen S = f(S,—i,i) C f(S,S,i) C A.
If-ieAthenS = f(S,i,—i) € f(S,S,—-i) C A.
Consequently, S = A. By Theorem 4.5(i1), we have
N =65 ={(1,D,(1,-1),,0),d, -, (=1, 1),(-1,-1),(-1,0), (-1, -,
(6, 1), (G, =1), (0, 0), (i, =0), (=i, 1), (=i, = 1), (=4, ), (=i, =D)}.
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Next, let
p = {(1’ 1)7 (_17 _1)a (la l)’ (_i, _i)7 (1’ _1), (_19 1)7 (l’ _i)’ (_i’ l)}

It is not difficult to show that p is a strongly regular relation on §. Furthermore, we have
lp f(1,1,1)={1}, =1 p f(-1,-1,-1) = {-1},

ip f(i,i,i) ={-i}and —ip f(—i,—i,—i) = {i}.
Since (S,-) is commutative, we get f(x}) = f(ngz) and so f(x}) p f(xggg) for all @ € S;. By
Definition 4.2, we conclude that p is a semilattice strongly regular relation on § and p C N.
By the previous example, we observe that the relation N is not necessary the smallest semilattice
strongly regular relation on n-ary semihypergroups, for n > 3, in general. To provide a sufficient

condition that makes the above conclusion true, we need to introduce the following definition.

Definition 4.7. Let (S, f) be an n-ary semihypergroup with n > 3. A semilattice regular relation
(semilattice strongly regular relation) p on S is called a x-semilattice regular relation (*-semilattice
strongly regular relation) if for every x,y € §,

xp f(x,y""") implies x 5 f(x"', y)

(xp f(x,y""") implies x p f(x"~",y)).

Example 4.8. Consider a ternary semihypergroup (S, f) given in Example 4.6. Obviously,
—ip f(-i,—1,-1) = {=i}. Since f(-i,—i,—1) = {1} and (-i,1) ¢ p, we conclude that p is not a
x-semilattice strongly regular relation on S .

However, the relation N 1is always a =x-semilattice strongly regular relation on n-ary
semihypergroups where n > 3.

Proposition 4.9. Let (S, f) be an n-ary semihypergroup with n > 3. Then the following assertions hold:

(1) If K is a completely prime hyperideal of S, then 6k is a *-semilattice strongly regular relation on

S.
(i1) The relation N is a *-semilattice strongly regular relation on S .

Proof. From Theorems 4.4 and 4.5, we obtain that 6x and N are semilattice strongly regular relations
ons. _ —

(i) Let x,y € S be such that xdx f(x,y""). To show that xdx f(x""',y), let a € f(x"',y). We
consider two cases as follows:
Case 1: x ¢ K. Since xd f(x,y"!), by the definition of §g, we have f(x,y"") N K = 0. It follows that
fx,y"H N (S \ K) # 0. Since K is a completely prime hyperideal of S, by Corollary 3.8, we have
S \ K is a hyperfilter of §. By (F1) in Definition 3.1, we have x,y € § \ K. Since S \ K is an n-ary
subsemihypergroup of S, we obtain a € f (x*!,y) € § \ K. By the definition of dx, we have xdxa.
Thus x6x f(x"', y).
Case 2: x € K. Since K is a hyperideal of S, by (I1) in Definition 2.1, we obtain a € f(x"!,y) C K.

Consequently, xdga and so X0k f(x"~!,y). From Cases 1 and 2, we conclude that §x is a *-semilattice
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strongly regular relation on §.

_ (i) Let x,y € S with XN f(x,y"). Then N(x) = N(b) for all b € f(x,y""). To show that
xNf(x71y), let ¢ € f(x"',y). Since b € f(x,y""") N N(x), by (F1) in Definition 3.1 , we have
x,y € N(x). Since N(x) is an n-ary semihypergroup, we have ¢ € f(x""!,y) € N(x). By Lemma 3.10,
we get N(c) € N(x). Conversely, since f(x"!,y) N N(c) # 0, by (F1) in Definition 3.1 , we have
x € N(c). Sg N(x) € N(c). Consequently, N(x) = N(c) and it follows that xNc for all ¢ € f(x"!,y).

Therefore xN f(x"~', y) and the proof is complete. O

Theorem 4.10. Let (S, f) be an n-ary semihypergroup with n > 3. Let p be a *-semilattice strongly
regular relation on S. Then there exists a collection C of proper completely prime hyperideals of S

such that
P = m 51{.

Proof. Let x € §. Setting
Foi={yeS :xpf(x"y).

Since p is a x-semilattice strongly regular relation, we obtain xof(x"). So x € F,. Firstly, we show that
F is a hyperfilter of S.

(1) We show that F, is an n-ary subsemihypergroup of §. Let y| € F,. Then f(y]) C F,. Indeed,
let u € f(y}). We will show that u € F,, ie., xpf(x" ' u). Letv € f(x*',u). Since y; € F, for all
k=1,..,n, wehave xpf(x"!,y;) forall k = 1, ..., n. Since p is a *-semilattice strongly regular relation
on S, by associativity and Lemma 4.1, we obtain

f(f(xn_l’yl)’ ERE) f(xn_l’yn—l)’ f(xn_l’yn))
JFED, s FOM, FOD)
—_—

n— 1 times
P f(x,..x, fOD).
———

n — 1 times

xpf(x")

QD

Hence xpf(x"!, f())). Since v € f(x"'u) € f(x"', (1)), we have xpv. So xpf(x"', u) and it
implies that u € F,. Thus f(y]) C F,.

(2) We show that F, satisfies (F1) in Definition 3.1. Let y} € § such that f(yj) N F, # 0. Then
there exists v € f(y}) and v € F,. Then xpf(x"~!,v). First of all, we show that xpf(x""", f(})). Let
ae f(x”“,f(y’{)). Then a € f(x*!,d) for some d € fO). Since fODPfO)) and v,d € f(y)), we
have vpd. Since p is a strongly regular relation, we obtain f(x"~',v)pf(x""!,d). Since xpf(x"',v),
we obtain xpf(x"~",d). Since a € f(x"',d), we have xpa. Thus x5 f(x"!, f(})). Next, we show that
vk € Fyforall k =1,...,n. Forany 1 < k < n, we have

x p f(xXN D), since p is semilattice,
5 f(f(xn_layk)ayllc_l’yz+l)’
since p is semilattice and y;p f([y;]") foralli=1,...,k—1,k+1,...,n,
B LU0, AT coes Fret s F D15 s F [yl

since p is semilattice,
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P fCf FCaf P O T, s et 7D, i 17D, s a7,
f appears n + 1 terms

since xpf (X", FG})),

5 f(f(f(f(x’ [}’I]n_l), )7 [yk—l]n_l)a [yk+1]n_1)’ (223} [yn]n_l)a
f appears n — 1 terms

since xpf(x"),

pofCfUCSEE T e ™D e "D, s yal™™H,
f appears n terms

since p is semilattice,

P SO fT V) e FC T V).

f appears n — 1 terms

Since p is a strongly regular relation, we obtain

F ™ B FUG FO YT YDy e LYY, D™,

f appears n — 1 terms

since p is semilattice,

SUE 0. /DI

SO FLLFODIT), since xpf(x),

SAFET fE LFODI)

FUfG XD, £, LFGDITY), since p is semilattice,
SO0, L FONID, since f(x", fFOD) p x,
SO 0,3

X.

heYl

hel

i D D

Since p is a *-semilattice strongly regular relation on S, we have x5f(x"~!,y;). So y; € F, for all
k = 1,2,...,n. This follows that F, satisfies the condition (F1) in Definition 3.1. By (1) and (2), we
conclude that F, is a hyperfilter of S. By Corollary 3.8, we have S \ F, =0 or S \ F, is a completely
prime hyperideal of §. If S \ F, = § then, since F, C §, we have F, = (. It is impossible. Thus S \ F,
is a proper completely prime hyperideal of S. Define

C:={S\F,:xeS and S \ F, is a proper completely prime hyperideal of S}.

Next, we show that p = () ds\r,. Let (a,b) € p and x € §. We consider the following two cases.

xeS

Casel: a ¢ S\ F,. Then a € F,. We obtain xof(x""!,a). Since (a,b) € p, we obtain
fx" Y a)pf(x"1,b). Then xpf(x"',b) and so b € F,. It follows that b ¢ S \ F,. Thus (a, b) € ds\r,.

Case2:ae S\ F,.If b ¢S\ F, then, using the similar proof as in Case 1, we havea ¢ S \ F,, which
is a contradiction. So b € S \ F,. It follows that (a,b) € ds\r,. Thus p C (1 d5\r,. Conversely, let

xeS§
(a,b) € (N ds\r,. Then (a,b) € 6s\r,. Since a € F,, we have a ¢ S \ F,. Since (a,b) € ds\r,, we have
xeS

b¢S\F, Sob € F,. By the definition of F,, we have apf(a""', b). On the other hand, by using the
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similar process, we have bp f (0", a). Then

fla"",b)

f@ ', f"",a))

FB", f(a")), since p is semilattice,
f(", a), since apf(a"),

b.

a

DD D D D

It implies that (a, b) € p. Therefore () ds\r, € p and the proof is complete. O

xeS

Corollary 4.11. Let (S, f) be an n-ary semihypergroup with n > 3. Then the relation N is the least
x-semilattice strongly regular relation on S.

Proof. Let p be a =-semilattice strongly regular relation on S. By Theorem 4.10, there exists a
collection C of proper completely prime hyperideals of S such that p = () 6x. By Theorem 4.5, we

KeC
have N = [\ 0k. Since C C CPI(S), we obtain that

KeCPI(S)
N = ﬂ 5[( c ﬂ 6[( = p.

KeCPI(S) KeC

5. Complete =-semilattice strongly regular relations

As we have known from [21] that the relation N is not the smallest semilattice congruence on
ordered semihypergroups in general. The following example show that the result is also true in case of
the =-semilattice strongly regular relation on ordered n-ary semihypergroups with n > 3.

Example 5.1. Let S = {a,b,c,d}. Define f : § XS xX§ — P*(S) by f(x1,x2,x3) = (x1 0 x2) 0 x3, for
all xy, x,, x3 € S, where o is defined by the following table.

QLo Qo
B}
&
=
B}
&
B}
QL

By applying Example 1 in [31], (S, f) is a ternary semihypergroup. Define a partial order < on S by

<= {(Cl, a)’ (ba b)a (C’ a)a (C’ C)9 (d7 a)’ (d9 d)}
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Such relation can be presented by the following diagram.

¢ d *)

Then (S, f, <) is an ordered ternary semihypergroup. Moreover, we have N(b) = {b} and N(a) =
S = N(c) = N(d). It follows that

N ={(a,a),(a,c),(a,d),(b,b),(c,a),(cc),(cd),(da)dc)dd)}
It is not difficult to show that

p =1{(a,a),(a,d),(b,b),(c,c),(d,a),(d,d)}
is a *-semilattice strongly regular relation on S and p C N.

Next, we introduce the concept of complete *-semilattice (strongly) regular relations on ordered
n-ary semihypergroups, where n > 3, that generalizes Definition 4.1 in [21].

Definition 5.2. Let S be an ordered n-ary semihypergroup with n > 3. A x-semilattice regular relation
(x-semilattice strongly regular relation) p on S is said to be complete if for every x,y € S,

x <y implies xp f(x""',y)

(x <y implies xpf(xX"', y)).

Note that Theorem 4.4, Theorem 4.5 and Proposition 4.9 are also true for ordered n-ary
semihypergroups where n > 3.

Proposition 5.3. Let (S, f, <) be an ordered n-ary semihypergroup with n > 3. Then the relation N is
a complete =-semilattice strongly regular relation on S

Proof. Firstly, let x,y € S such that x < y. We show that xN f(x""!,y). Leta € f(x""!,y). Since x < y,
by Lemma 3.10, we have y € N(y) € N(x). Then x,y € N(x). Since N(x) is an n-ary

subsemihypergroup, we obtain a € f(x*"!,y) € N(x). Hence N(a) € N(x). Conversely, since
f(x"',y) N N(a) # 0, by (F1), we obtai_n x € N(a). By Lemma 3.10, we get N(x) € N(a). So

N(x) = N(a). It follows that xNa. Thus N F(x1,y). |

Theorem 5.4. Let (S, f, <) be an ordered n-ary semihypergroup with n > 3. Let p be a complete *-
semilattice strongly regular relation on S. Then there exists a collection C of proper completely prime
hyperideals of S such that

p= ﬂ Ok-

KeC
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Proof. Let x € S. Define
F,:= {y SN xﬁf(X”‘l,y)}.

From Theorem 4.10, it remains to show that the set F, satisfies (F2) in Definition 3.1. Let y € F, and
z € S such that y < z. Since y € F,, we have x5 f(x""!,y). Since y < z and p is a complete *-semilattice
strongly regular relation on S, we have ypf(y""!, z). Since p is a *-semilattice strongly regular relation
on S, we have yof(y"). Next, we consider

fxX™ ) = f(x"% x,2), since xp (X", ),
p SO F(y),2), since yo (),
pofE L G 2)
p O FFE ),y ), 2), since (7, y),
pofO (Y, 2)
= SO 0" 2), since yp (Y, 2),
pf Ly
0 X
Consequently, z € F, and the proof is complete. O

Corollary 5.5. Let (S, f, <) be an ordered n-ary semihypergroup with n > 3. Then N is the smallest
complete x-semilattice strongly regular relation on S.

Proof. The proof is similar to Corollary 4.11. m|

Example 5.6. Consider the ternary semihypergroup (S, f) given in Example 5.1. Define a partial order
<on S by
<:={(a,a),(a,b),(a,c),(b,D),(c,c),(d,b),(d,c),(d,d)}.

Such relation can be presented by the following diagram.

b

a d

By applying Example 1 in [31], (S, f,<) is an ordered ternary semihypergroup. There are 4
complete #-semilattice strongly regular relations as follows:

o1 = {(a,a),(a,d),(b,b),(c,0),(d,a),(d,d)},

oy = {(a,a),(a,D),(a,d), (b,a),(b,D),(b,d),(c,0),(d,a),(d,b),(d,d)},

o3 = {(a,a),(a,0),(a,d),(b,b),(c,a),(c,c),(c,d),(d, a),(d,c),(d,d)},

oy = {(a,a),(a,b),(a,c),(a,d),(b,a),(b,D),(b,c),(b,d),(c,a),(c,b),(c,c),
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(c,d),(d,a),(d,b),(d,c),(d,d)}.

Furthermore, we have N(b) = {b}, N(c) = {c} and N(a) = Nd) = S§S. It follows that
N = {(a,a),(a,d),(b,b),(c,c),(d,a),(d,d)} = o,. Obviously, N is the smallest complete
x-semilattice strongly regular relation on S .

6. Decomposition of (completely) prime hyperideals of ordered n-ary semihypergroups

In this section, we show that every completely prime hyperideal on an ordered n-ary
semihypergroups can be decomposable into its N-classes. But the result is not true in the case of
prime hyperideals, see Example 6.6. This leads to answer the open problem given in [31]. However,
we will provide a sufficient condition that makes the above conclusion true for case of prime
hyperideals. Note that Theorems 4.4 and 4.5 are also true for every ordered n-ary semihypergroup
withn > 2.

Theorem 6.1. Let (S, f, <) be an ordered n-ary semihypergroup with n > 2. Let K be a completely
prime hyperideal of S. Then

K:U{(a)N:aeK}.

Proof. Firstly, we show that | J{(a)y : a € K} C K. Let b € (a)y for some a € K. By Theorem 4.5,
we have (a,b) € N = ({04 : A € CPI(S)}. So (a,b) € 6¢. Since a € K, we get b € K. Thus
U{(@)y :a€ K} C K. As we have known that a € (a)y for all a € K, so K C J{(a)y : a € K}.
Therefore K = | J {(a)n : a € K}. |

To solve the problem raised by Tang and Davvaz in [31], we firstly prove the following lemmas.

Lemma 6.2. Let (S, f, <) be an ordered n-ary semihypergroup withn > 2. Let K be a nonempty subset
of S satisfying the following property:

(©) either f(x]) C Kor f(x]) €S \ K forall x] €§.

For any 1 < j < n, if a nonempty subset S \ K is a prime j-hyperideal of S then K is a j-hyperfilter
of S.

Proof. The proof is similar to the proof of the converse of Theorem 3.7 by applying the property (©).
O

Remark 6.3. For case n = 2, we obtain that the notion of prime hyperideal on S satisfying the
property (©) coincides with the notion of prime hyperideal on ordered semihypergroups introduced by
Kehayopulu (see Definition 2.5 in [21]).

The following results, Lemma 6.4 and Theorem 6.5, generalize Proposition 2.5 and Theorem 2.10
in [21].

Lemma 6.4. Let (S, f,<) be an ordered n-ary semihypergroup with n > 2. Then the following
statements hold:

(i) Forany K € P*(S) satisfying the property (®), K is a hyperfilter of S if and only if either S\K = ()
or S \ K is a prime hyperideal of S.
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(1)) N = N{0k : K € PH(S)} where PH(S) is the set of all prime hyperideals of S satisfying the
property (O).

Proof. As we have known that every completely prime hyperideal of S is always a prime hyperideal
of §. By Corollary 3.8 and Lemma 6.2, the proof of (i) is complete. The proof of (ii) is similar to the
proof of Theorem 4.5(i1) by applying (1). O

Using the similar proof of Theorem 6.1, by using Lemma 6.4(ii), we obtain the result as follows.

Theorem 6.5. Let (S, f <) be an ordered n-ary semihypergroup with n > 2. Let K be a prime
hyperideal of S satisfying the property (®). Then K = |J{(a)n : a € K}.

The following example shows that a prime hyperideal of S that does not satisfy the property (©)
cannot be decomposable into its N-classes.

Example 6.6. From the ordered n-ary semihypergroup (S, f, <) given in Example 2.4, we obtain that
the sets A, = {y, z} and A3 = {w, x, z} are prime 2-hyperideals of §. Furthermore, A,, A5 are also prime
hyperideals of S. Clearly, A3 satisfies the property (©) but A, does not satisfy the property (®) since
there exists w € S such that f(w") € A, and f(W") € S \ A,. On the other hand, we can verify that
Nw) = N(x) = N(z) = S and N(y) = {y}. Hence

N ={(w,w), (w, x), w,2), (x,w), (x, x), (x,2), 1, y), (2, w), (z, %), (z, 2)}.
Then W)y = {w, x,2} = (X)ny = (2)n and (y)n = {y}. Clearly,

Ay =0z} #S = n VU (@n

and
Az ={w,x,z} = W)y U (O)n U (2N

Remark 6.7. If we set n = 2 then the problem given in [31] is answered by Theorem 6.5 and
Example 6.6.

7. Conclusions

In this paper, we introduced the concept of j-hyperfilters of ordered n-ary semihypergroups, where
a positive integer 1 < j < n and n > 2, and discussed their related properties. Such notion can be
considered as a generalization of left and right hyperfilters of ordered semihypergroups. The
interesting properties of j-hyperfilters by means of completely prime j-hyperideals were established.
Furthermore, we defined and investigated the semilattice strongly regular relation NV on ordered n-ary
semihypergroups by the hyperfilters. In particular, we illustrated by counterexample that the relation
N is not necessary the least semilattice strongly regular relation on ordered n-ary semihypergroups
where n > 3. Meanwhile, we introduced the concept of complete *-semilattice strongly regular
relations on ordered n-ary semihypergroups, where n > 3, and proved that N is the smallest complete
x-semilattice strongly regular relation. Finally, we provided some necessary conditions to show that
every prime hyperideal can be decomposable into its N-classes. This result answers the related
problem posed by Tang and Davvaz in [31].
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