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Abstract: In this paper, we introduce the notion of pseudo-semi-normed linear spaces, following the
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1. Introduction and preliminaries

In 1981, Katsaras [11] introduced the notion of fuzzy topological vector space by assuming that
the fuzzy topology of such a space contained all the constant fuzzy sets. Later, fuzzy semi-normed
spaces and fuzzy normed spaces were investigated by Katsaras [12]. In 1988, Morsi [15] provided a
different method for introducing fuzzy pseudo-metric topologies and fuzzy pseudo-normed topologies
on vector spaces, and showed them equivalent to Katsaras-type. Afterwards, Felbin [9], Cheng and
Mordeson [7], Bag and Samanta [2-5], proposed other concepts of fuzzy norms, respectively. Recently,
Nadaban and Dzitac [17] introduced a generated fuzzy norm, by replacing the “min” of condition (N4)
with a general form, and obtained some decomposition theorems for fuzzy norms into a family of
semi-norms. Moreover, motivated by the work of Alege and Romaguera [1], Nadaban, in 2016 [16],
proposed the notion of fuzzy pseudo-norm, and obtained a characterization of metrizable topological
linear spaces in terms of a fuzzy F-norm.

On the other hand, Das and Das [8] constructed a fuzzy topology in a fuzzy normed linear space,
which was proved to be fuzzy Hausdorff. Afterwards, many researchers devoted to providing some
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properties of these fuzzy topologies [10, 19, 20,23-25], and it became a hot topic in developing fuzzy
functional analysis and its applications.

In this paper, on one hand, following the notion of pseudo-norm defined by Schaefer and Wolff
[21], we introduce a concept of pseudo-semi-norm, by replacing the condition (N2) with (NWP2), i.e
N,y(x,1) = Oforall t > 0if x = 6, where 6 is a zero element. On the other hand, following the notion of
fuzzy pseudo-normed linear spaces defined by Nadaban, we further introduce a new concept of fuzzy
pseudo-semi-norm according to general -norm. Also we give some examples with respect to s, *p
and #;, respectively. Finally, we obtain (fuzzy) topologies induced by (fuzzy) pseudo-semi-normed
linear spaces, and prove that they are (fuzzy) Hausdorff.

Throughout this paper, X always denotes a non-empty set, the letters R, R*, C always denote the set
of real numbers, of positive real numbers and of complex numbers, respectively. From now, the scalar
field K means either the field R or C.

Definition 1.1. A pseudo-semi-norm on a linear space X is a real function || - || : X — R satisfying the
following conditions: Vx,y € X and for all 1 € K with |4| < 1,
(NPS1) [|xI| = 0;
(NPS2) ||x|| = 0if x = 8, where 0 is a zero element of X;
(NPS3) [|Ax]| < {x];
(NPS4) [lx + yll < llxl] + [Iyll.
If a pseudo-semi-norm also satisfies (NPS5): ||x]| = O implies x = 6, then it is a pseudo-norm [21].
A pseudo(-semi)-normed space is a pair (X, || - ||) such that || - || is a pseudo(-semi)-norm on X.
Particularly, if || - || satisfies (NPS1),(NPS2),(NPS4),(NPS5) and (NPS6): ||Ax]| = |A|||x|| for all x € X
and A € K, then it is a norm .
Apparently, the condition (NPS6) is weaker than (NPS3). Hence, each norm is a pseudo-norm.

Remark 1.2. It is obvious that each (pseudo-)norm is a pseudo(-semi)-norm, but we show that the
converse is not true as the following examples show:

Example 1.3. Let (X, ||-||) be a linear space, where X = R?. Define ||-|| : X — R by ||x]| = lk)cliclll + 2(1|12|ch|)
for all x = (x1, x;) € X. Then (X, || - ||) is a pseudo(-semi)-normed space.

It is trivial to verify the conditions (NPS1), (NPS2) and (NPS5). We will check the conditions
(NPS3) and (NPS4) as follows:
(NPS3) Let x = (x1,x) € X,4 € Kand |1] < 1. We have

||/1)C|| — Al + [ZE%] [Allx; | [Allx| |1 |2
I+HAx] © 2(1+Axa) — 1+l 20+ = T+l 2(1+x2))

= |Ixl

(NPS4) Let x = (x1, x2),y = (y1,y2) € X. We have

lx1+y1] |x2+y2| < 1 [+ [xa|+[y2]

llx +yll =

T+xp+y1] 2(1+xa+y2l) = T+|xq|+yl 2(1+[xz|+ly2D)
and
x|+ |2 |+y2l < _kal + [E%] + [y1l |y2]
Ty l+yil 200+ xal+Hy2l) = T+l 20+ - T+l - 2(1+y2)l

It follows that ||x + y|| < [lxI| + [|yll.
However, it is not a norm. Indeed, set xo = (1,0), 2o = 3. We have ||4xo|l = § and |o|llxoll = . So
ll40xoll # |Aolllxoll-
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Example 1.4. Let (X, || - ||) be a linear space, where X = R". Define || - || : X — R by ||x]| = |x,| for all
x = (x1,X2,...,%,) € X. Then (X, || - ||) is a pseudo-semi-normed space, but it is not a pseudo-normed
space.

It is trivial to verify the conditions (NPS1) and (NPS2). We will check the conditions (NPS3) and
(NPS4) as follows:
(NPS3) Let x = (x1,x2,...,x,) € X,A € Kand |1] < 1. We have

l|Ax]] = [Ax,] = |Alxa] < || = ||l
(NPS4) Let x = (x1, x2,..., %),y = (V1,¥2,...,y2) € X. We have

llx + yIl = [xn + yul < Xal + lyal = [1x]] + [yl

However, since ||x|| = |x,| = 0 does not imply x = 6, it is not a pseudo-norm.
In addition to following sections, we will recall some basic concepts on triangular norms and fuzzy
normed linear spaces.

Definition 1.5. [14] A binary operation * : [0, 1] X [0, 1] — [0, 1] is called a continuous triangular
norm (briefly #-norm) if it satisfies the following conditions:

(T1) = is associative and commutative;

(T2) = is continuous;

(T3)a+1=aforallac]0,1];

(T4)a+b < c+dwhenevera < cand b <dforalla,b,c,d e [0,1].

The following are the three basic 7-norms: minimum, usual product and Lukasiewicz #-norm, which
are given by, respectively: a %) b = min{a, b}, a *p b = ab and a *;, b = max{0,a + b — 1}, for all
a,be[0,1].

Definition 1.6. [2] Let X be a linear space over K. A fuzzy set N of X X R is called a fuzzy norm on X
if it satisfies the following conditions: Vx,y € X and 4 € K,

(FN1) N(x,t) = 0 forall r € R witht < 0;

(FN2) N(x,t) = 1 for all € R* if and only if x = 6, where 0 is a zero element of X

(FN3) N(Ax, 1) = N(x, ﬁ) forallr e R, A # 0;

(FN4) N(x + y,t + s) 2 min{N(x, 1), N(y, s)} for all x,y € X, s, € R;

(FNS5) lim,_, o, N(x,1) = 1.

The pair (X, N) is called to be a fuzzy normed space linear space. Obviously, if N is a fuzzy norm, then
N(x, -) is non-decreasing for all x € X.

2. Fuzzy pseudo-semi-normed spaces

Definition 2.1. Let X be a linear space over K and * be a continuous 7-norm. A fuzzy set N,; of X xR
is called a fuzzy pseudo-semi-norm on X if it satisfies the following conditions: Yx,y € X and 4 € K
with [4] < 1,

(FNPS1) N,s(x,t) = O for all t € R with r < 0;

(FNPS2) N,s(x,t) = 1 for all t € R" if x = #, where 6 is a zero element of X;

(FNPS3) N,(Ax,1) > Npy(x,1) for all t € R;
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(FNPS4) N,s(x +y,t + 5) > Npo(x, 1) % Nps(y, s) forall x,y € X, s,t € R ;
(FNPSS) lim,_, ;o Nps(x, 1) = 1.
The triple (X, N, *) is called to be a fuzzy pseudo-semi-normed linear space.

If a fuzzy pseudo-semi-norm with aspect to *,, also satisfies (FNPS2*): N, (x,t) = 1 for all t € R*
implies x = 6, then it is a fuzzy pseudo-norm [16].

Remark 2.2. (1) It is easy to see that N,(—x, 1) = N, (x,1), Vx € X, € R,
(2) For all x € X, N,(x, ) is non-decreasing.
(3) Every fuzzy normed linear space is a fuzzy pseudo-(semi-)normed linear space with respect to #y;.

Indeed, let > s > 0. By (NPS4), we have N, (x,1) = N,i(x, s + (t — 5)) = Nps(x, ) * Ns(0,1 = 5) =
Nps(x, s) % 1 = Nps(x, s) for all x € X. Thus, Remark 2.2 (2) holds.

Furthermore, if (X, N, *) is a fuzzy normed linear space, we only check (FNPS3) in the following
cases:

Case 1: Suppose that 4 = 0. By (FNPS1), we have N, (Ax,t) = N,,(0,t) = 1 for all t € R*. Thus
Nps(Ax,1) > N,s(x,t) forall x € X,z € R.

Case 2: For all 4 € K with |4] < 1 and A4 # 0, by Remark 2.2 (2), we have N, (x, ﬁ) > Nps(x,1).
From (FN3), it implies that N, (Ax, 1) = N,(x, ﬁ). Hence, N, (Ax,1) > Np,(x,1).

Example 2.3. Let X be a linear space over K and || - || be a pseudo-semi-norm. Define a fuzzy set N,:
X xR — [0,1] by
L >0
Ny - { i 1> O
for all x € X. Then (X, N, *)) is a fuzzy pseudo-semi-normed space.
It is trivial to verify (FNPS1),(FNPS2) and (FNPS5).
We need to verify the conditions (FNPS3) and (FNPS4), respectively.
(FNPS3): We will distinguish in the following cases:
Case 1: Suppose that 7 < 0. It implies that N, (Ax, 1) = N,,(x,1) = 0.
Case 2: For all 4 € K with |4] < 1, by (NPS3), we have N, (dx,1) =
x e X.
(FNPS4): We will distinguish in following cases:
Case 1: Suppose that # < 0 or s < 0. It follows that N,(x, 1) = 0 or N,,,(x, s) = 0 for all x € X, then
Nps(x,1) %) Nps(y, ) = 0. Hence, N,o(x +y,t + 5) > Npo(x, 1) #p Npy(y, 5).
Case 2: For any x,y € X,t,s > 0, without loss of generality, suppose that s||x|| > 7||y|, namely,
Nps(x,1) < Npy(y, 5), that is Np,(x, 1) xy N,(y, 5) = Nps(x,1). By (NPS4), we have N, i(x + y,t + 5) =
+s +s 1+s 1+s 3

ol 2 ey Sinee sl 2 dlyl, it follows that Sy < iy = - Thus, we can
deduce that N,;(x +y,1 + 5) > N,(x, 1) 3 Nps(y, 5).

— = N,,(x, 1) for all

t
Al = el

Example 2.4. Let X = R? be a linear space over R and || - || be a pseudo-semi-norm. Define a fuzzy set
Ny X xR — [0, 1] by

1> 0;
Npy(x, 1) = { CHubbe)’ ;
0 t<0.

2

for all x = (x1, x2) € X. Then (X, N, *p) is a fuzzy pseudo-semi-normed space.
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It is trivial to verify (FNPS1),(FNPS2) and (FNPSS).

We need to verify the conditions (FNPS3) and (FNPS4), respectively.

(FNPS3): We will distinguish in the following cases:

Case 1: Suppose that # < 0. It implies that N, (Ax, 1) = N,,(x,1) = 0.

Case 2: For all 4 € K with || < 1, by (NPS3), we have N, (1x,1) =
Nps(x,1) for all x € X.

(FNPS4): In [4], the authors proved that N, (x +y,t + 5) > N,s(x, 1) %p N,s(y, s) for all x,y € R.

2 2 _
(HA DEHANxD) = @+ DE+Hx) —

Example 2.5. Let X be a linear space over K and || - || be a pseudo-semi-norm. Define a fuzzy set N,:
X xR — [0,1] by

Lo ixll <

0, |Ix|| >t

Nps(xa t) = {

for all x € X,r € R. Then (X, N, *) is a fuzzy pseudo-semi-normed space.

It is trivial to verify (FNPS1), (FNPS2) and (FNPS5).

We need to verify the conditions (FNPS3) and (FNPS4), respectively.

(FNPS3): We will distinguish in the following cases:

Case 1: Suppose that N,(x, 1) = 0. It is obvious that N,,,(Ax, ) > N,(x, 1).

Case 2: Suppose that N,(x, 1) = 1, thatis [|x]| < z. For all 4 € K with |4] < 1, by (NPS3), we have
lAx]] < |lx]| < ¢. Thus, N,s(Ax, ) = 1, namely, N, (Ax,t) = N,y (x,1).

(FNPS4): Since

=Ll = 20yl = s
Nps(x, ) + Nps(y, ) =1 =30, |Ixll > 2, llyll < s orllxll <z,lyll = s
Lol <o diyll < s.

it follows that
B {1, Ixll < 2,1yl < s;
max{0, Npy(x,1) + N,y(y,s) — 1} = i
0, otherwise.

namely, N,(x,t) *; N,s(y,s) =0 or 1.

We will distinguish in the following cases:

Case 1: Suppose that N,,(x, 1) *; N,(y, s) = 0. It is easy to show that N,(x +y,7+5) > N,(x,1) *,
Np(y, s) for all x,y € R.

Case 2: For all ||x]| < 7, |lyll < s, by (NPS4), we have [[x+yl| < [[x||+][yll < t+s, then N,,(x+y,t+5) =
1. Thus, Np(x +y,t + 5) = Npg(x, 1) 1 Npy(y, 5).

The following example shows that not every fuzzy pseudo-semi-normed linear space is a fuzzy
pseudo-normed linear space.

Example 2.6. Let X = R" be a linear space over R and || - || be a pseudo-semi-norm. Define a fuzzy set
Ny X xR — [0, 1] by

—L > 0;
N S(.x, t) = 1My o0 X4 ’
’ {0’ t <0.
for all x = (x1,x2,...,x,) € X. Then (X, N, %)) is a fuzzy pseudo-semi-normed space.

AIMS Mathematics Volume 7, Issue 1, 467-477.



472

It is trivial to verify (FNPS1), (FNPS2) and (FNPS5S).

We need to verify the conditions (FNPS3) and (FNPS4), respectively.
(FNPS3): We will distinguish in the following cases:

Case 1: Suppose that # < 0. We have N, (Ax, 1) = N,(x,1) = 0.

Case 2: For all > 0, by (NPS3), we have

Nps(/lx’ H= L = L = Nps(x’ D,

1My ro0 [l = My o0 nl
forall Yx € X and A € K with |1] < 1.
(FNPS4): We will distinguish in the following cases:
Case 1: Suppose that 1 < 0 or s < 0. It follows that N,(x,7) = 0 or N,(y,s) = 0, that is
Nps(x,1) %y Npg(y, ) = 0. Thus, N,s(x +y,t + 5) > Nps(x, 1) % Npy(y, s) for all x,y € R.
Case 2: For all x,y € R,s,t > 0, without loss of generality, suppose that s|x,| > t|y,|, namely,
Nps(x,1) < Npy(y, 5), thatis N,i(x, 1) 5y Nps(y, 5) = Nps(x, ). Then, we have

Npys(x +y,t+5) =

1+s +s
t+s+HIMy s oo [Xptynl T tHsHIMy s oo X [HIMy— 400 [yal ©

. . 1+s 1+s _ 1
Since s|x,| > t]y,|, it follows that prewTISTI < ot el = el Thus, we can deduce that N, (x +
Y, r+ S) = Nps(-x’ t) *M Nps(y’ S).

However, the statement is not true which lim,_,, |x,| = O implies x = 6. Thus it is not a fuzzy
pseudo-normed linear space with respect to *,,.

Furthermore, we will present some decomposition theorems for fuzzy pseudo-semi-norms, and
construct a fuzzy pseudo-semi-normed space from the family of fuzzy pseudo-semi-norms.

Theorem 2.7. Let (X,N,,*) be a fuzzy pseudo-semi-normed linear space. Define ||xllp =
At >0: Ny(x,t) = 1}, Vx € X. Then ||xl|o is a pseudo-semi-norm on X.

Proof. It is trivial to verify (NPS1) and (NPS2).

We need to verify the conditions (NPS3) and (NPS4).

(NPS3): First, we have {r > 0 : N (x,1) = 1} C {t > 0: N, (x,1) < 1}. Then, it implies that ||x[lp =
Mt >0: Np(x,1) = 1} > A{t > 0: Npo(x, 1) < 1}). By (FNPS3), we have N, (Ax,1) > N, (x, 1) for all
A € Kwith [4] < 1. It follows that {r > 0 : N,(Ax,1) = 1} = {t > 0: N,i(x,1) < 1}, that is, |[Ax[lp =
Mt >0: Ny(Ax, 1) =1} = A{t > 0: N,(x, 1) < 1}. Hence, [|x]lp > [|Ax]lp for all x € X, 1 € K with
|4 < 1.

(NPS4): From the definition of [|x[|o, it is easy to see N,s(x, [|x]lo + §) = 1 and N,(y, [lyllo + 5) =1
for all x,y € X, e > 0. By (FNPS4), we have

Nps(x +y, lIxllo + llyllo + &) = Nps(x, lIxllo + 5) # Nps( [¥llo +5) =1+ 1 = 1.

Thus N, (x + y, [Ixllo + [Iyllo + &) = 1, it follows that [|x + yllo < [|x]lo + [[yllo + &. By the arbitrariness of
&, we have [lx + yllo < IIxllo + Vllo- .

Theorem 2.8. Let (X,N,;,*) be a fuzzy pseudo-semi-normed linear space.  Define |xll, =
At >0:Ny(x,t) > 1 —a},Vx € X. Then the following statements hold.:

(1) {llxlle : @ € (0, 1)} is non-increasing with respect to a.

(2) {l|xlle : @ € (0, 1)} is a left-continuous function on a € (0, 1).

Furthermore, {||xll, : a € (0, 1)} is a continuous function on a € (0, 1) if N, is strictly increasing.

(3) {llxlle : @ € (0, 1)} is a pseudo-semi-norm family corresponding to the fuzzy pseudo-semi-norm
N5 on X.
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Proof. (1) Case 1: If x = 6, it is evident.
Case 2: Let x # 0, forall @, 8 € (0, 1), @ < 8, by Remark 2.2 (2), we have

{t>0:Ny(x,0)>1-a}C{t>0:Ny(x,0)>1-p},

that is A{t>0:Ny(x,0)>1-a} > A{t>0:Ny(x,1)>1-p}. Thus [|x|l, > [lxllz. Hence,
{llx|lo : @ € (0, 1)} is non-increasing.

(2) First, from Theorem 2.8 (1), it is clear that ||x||,— = ||x]|, forall 0 < £ < @,0 < @ < 1. Thus
limg_o+ ||x]le—e = |Ix|lo. Additionally, we claim that lim,_,o+ ||x]|o— < |||l for all @ € (0,1),x € X.
Otherwise, assume that lim,_,o+ ||x||o—e > ||x|lo. Then, there exists £y > O such that lim,_,o+ ||X||p—c > fo >
||x]lo. It implies that ||x|[,—. > fo > [|x]|, for all 0 < & < @. Since fy > ||x||, and ||x||,— > fo, by the
definition of [|x[|,, we have 1 — a < N, (x, %) and N,(x,%) < 1 — a + &. By the arbitrariness of a, we
have N(x, 1)) < 1 — a, which is a contradiction.

Furthermore, from Theorem 2.8 (2), we will prove that N, is right-continuous if N, is strictly
increasing, i.e. lim._ o+ [|X]|o+e = [|xl|o for all @ € (0, 1). It is easy to see that lim_o+ |[X]lo+e < [|X]las
then we only prove that lim,_,o+ ||x]|o+e > ||X]|,. Otherwise, suppose that lim,_o+ ||x||4+e < ||x||.. For all
Ix[lo+e < £ < ||x[lo, by the definition of ||x]|,, we have 1 —a — & < N, (x,1) < 1 — a. By the arbitrariness
of a, it follows that N, (x,?) = 1 — a. Since N,, is strictly increasing, thus, it is a contradiction.

(3) It is trivial to verify (NPS1), (NPS2) and (NPS3), then we only check (NPS4). Indeed, by
(FNPS4), we have

Il + 1Dl = A2 > 0: NpCr,5) > 1= ad+ /\{t>0: Npu(v,8) > 1 - a}
(145> 0: Npy(x,0) > 1 =, Ny, 5) > 1 - )

J\lE+ 5> 0 Npo(x, 1) 41 Nps(3,8) > 1 = @l

/\{t+s>O:Nps(x+y,t+s) >1-al

>

= [lx + ¥lla>

forall x,y € X, a € (0, 1). O
Following Theorem 3.8 [16], we have the following proposition:

Proposition 2.9. Let {||x|l, : @ € (0,1)} be a pseudo-semi-norm family linear space, which is
continuous and non-decreasing. Define
aeO,1):]|xll, <, t>0;
Ny, 1) = Vi e (0, 1) : [lxlo <1}
0, t<0or{ae(0,1):|xll, <t} =0.
Then (X, N, *) is a fuzzy pseudo-semi-normed linear space, where x is a continuous t-norm.

3. (Fuzzy) topology on fuzzy pseudo-semi-normed linear space

According to Bag and Samanta [2] investigated the connection which the fuzzy metric could be
induced by the fuzzy norm, Nadaban and Dzitac [17] obtained that P = {p,(x)}ae(.1) 1S an ascending
family of semi-norms. In addition, Das and Das [8] defined a fuzzy topology on the fuzzy normed
linear space. We will obtain the fuzzy pseudo-metric induced by the pseudo-semi-norm in following
section. Firstly, we will recall some notions and results related to fuzzy pseudo-metrics.
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Definition 3.1. [18] A triple (X, M,,, *) is called a fuzzy pseudo-metric space if X is an arbitrary
nonempty set, * is a continuous t-norm and M: X X X X [0,+c0) — [0, 1] is a map satisfying the
following conditions: Vx,y,z € X and ¢, s > 0,

(FPM1) M(x,y,0) = 0;

(FPM2) M(x, x,t) = 1 forall ¢t > 0O;

(FPM3) M(x,y,t) = M(y, x, 1);

(FPM4) M(x,z,t + s) > M(x,y,t) * M(y, z, 5);

(FPMS5) The function M(x,y, ) : [0, +00) — [0, 1] is left-continuous;

(FPM6) lim,_, ..o M(x,y,1) = 1.

The map M is called a fuzzy pseudo-metric.

Definition 3.2. Let (X, N,,, *) be a fuzzy pseudo-semi-normed linear space. For all x € X,0 < a <
I,t>0,aset B(x,r,t) ={y € X : N,(x —y,t) > 1 — a} is called an open ball.

Definition 3.3. [6,8] A fuzzy topology on a set X is a family 7 of fuzzy subsets of X satisfying the
following conditions:

(FT1) The fuzzy subsets 0, 1 are in 7~;

(FT2) 7 is closed under finite intersection of fuzzy subsets;

(FT3) 7 is closed under arbitrary union of fuzzy subsets.

The pair (X, 7) is called a fuzzy topological space.

Definition 3.4. [8] A fuzzy topological space (X, 7") is said to be fuzzy Hausdorff if for x,y € X and
x # y, there exist u,n € 7 with u(x) =n(y) = land unn = 0.

Theorem 3.5. Suppose (X, N, *) is a fuzzy pseudo-semi-normed linear space such that satisfies
(FNPS6) :(V)x € X, N(x,-) is left-continuous. Define a mapping M: X X X X [0, +00) — [0, 1] by
M(x,y,t) = N,(x —y,t) forall x,y € X and t > 0. Then (X, M, %) is a fuzzy pseudo-metric space.

Proof. It is trivial to prove that (X, M, *) satisfies (FPM1), (FPM2), (FPM5) and (FPM6). We verify
conditions (FPM3) and (FPM4) as follows:
(FPM3): By Remark 2.2 (1), we have M(x,y,1) = N,(x —y,1) = N, (y — x,1) = M(y, x,1).
(FPM4): By (FNPS4), we have M(x,z,t +5) = Np(x —z,t+5) = Ny(x —y+y—2z,t+5s) =
Nps(x —y,1) * Np(y — 2, 8) = M(x,y,1) * M(y, z, 5). O

Proposition 3.6. Let (X, N, *) be a fuzzy pseudo-semi-normed linear space. Define a family of subsets
of X by

Tn,, ={V c X :x€V ifand only if there exist 7 > 0,r € (0, 1) such that B(x, r,7) C V}.

Then the following statements hold:
(1) Tw,, is a topology on X.
(2) (X, Tn,,) is Hausdorff if = satisfies (T5): \/ 4e0,1ya@ * a = 1 and N satisfies (FENPS7): N,s(x,1) > 0
forall t > 0 implies x = 6.

Proof. (1) We will prove T, is a topology on X in the following steps:

Step 1: Itis clear that 0, X € Ty, .

Step 2: Let Vi, V, € Ty, For any x € Vi NV, by the definition of Ty, , there exist7; > 0,r; € (0, 1),
such that B(x, r;, t;) C V;, where i = 1,2. Taking r = min{r; : i = 1,2}, = max{t; : i = 1,2}, it follows
that 1 —» > 1—r;and B(x,r,t) C V,,i = 1,2. Thus, B(x,r,t) C V; N V,.
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Step 3: Let V), € Ty,, vy € I', where I is an index set. For any x € (J,rV,, we have x € V)
for some yy € I'. Since V,,, € TN,y by the definition of TN,y there exist r > 0,7 € (0, 1), such that
B(x,r,t) C Vy, C U,er V,- Hence, Uyer Vy € Ty,

(2) Let x,y € X, x # y. Then there exists #y > 0, such that N,,(x — y,1)) < 1. Otherwise, suppose
that N,s(x — y,%) = 1 for all # > 0. By (FNSP7), we have x —y = 6, namely x = y, which is a
contradiction. Set r = N(x — y,1y). By (T5), there is ry € (0, 1), such that ry * ry > r. Thus, we
have B(x, 1 — rg, %) N B(y, 1 — ro, %) = (. Otherwise, suppose that B(x, 1 — ry, %) N B(y, 1 — ro, %) + 0.
Then there exists z € B(x, 1 — ry,5) N B(y, 1 — ro, 5), thatis, z € B(x,1 - ry, 3) and z € B(y, 1 - r, ),
which implies that N,(x — z,5) > ry and N,(y — z,5) > ro. By (FNPS4), we have N, (x - y,1) >
Np(x = 2,5) * Np(y = 2, £) > g * ry > r, which is a contradiction. O

Proposition 3.7. Let (X, N, *) be a fuzzy pseudo-semi-normed linear space. Define a family of subsets
of X by Tlf,m = {u € I* : Vx esuppu and r € (0, 1) there exist &€ > 0, such that x + B, N7 C u}, where
the fuzzy real numberr: R — I is given as follows: For all s € R, r(s) = 1 when s < r, andr(s) = 0
when s > r. Then the following statements hold:

(1) 7T, fsz is a fuzzy topology on X.

(2) (X, T,;“,m) is fuzzy Hausdorff if N, satisfies (FENPS7*): Vx # 6, there is t, > 0, such that N,,(x,t,) =
0.

Proof. (1) We will prove 7, A*,m is a fuzzy topology on X in the following steps:

Step 1: Itis clear that 0,1 € 7, ;m.

Step 2: Let uy,u; € 7'*]”, and (u; N wo)(x) > r > 0. It follows that y;(x) > r > 0 and pr(x) > r > 0.
By the definition of 7’]*\,,”, there exist g; > 0,i = 1,2, such that x + B, N7 C py and x + B,, N7 C
Ho. Taking & = min{g, &}. It follows that N, (x,&) < N,y(x,&1) and N,(x,&) < N,(x,&). Thus,
X+B.Nrcx+ B, Nrand x + B. N7 C x + B,, Nr. which implies that x + B, N7 C yy N y. Thus,
MO €Ty .

Step 3: Let u,, € 7, 13,”’ y € I', and (U, er 4y)(x) > r > 0, where I is an index set. Then there exist
Yo € I, such that p(x) > r > 0. Thus, there is some & > 0, such that x + B,) N7 C U,r u4,. Hence,
Uyer Hy € 7'13”-

(2) Let x,y € X, x # y. By (FNPS7"), there exists #, > 0, such that N,;(x —y, ) = 0. Set 0 < & < 1,
we claim that (x + B:) N (y + Bs) = 0. Otherwise, suppose that (x + Bs) N (y + Bs) # 0. There exists
z € X such that (x+ B:) N (y + Bs)(2) > 0. Then, (x + B¢)(z) > 0 and (y + B:)(z) > 0. By (FNSP4) and
Remark 2.2 (1), we have

1 1
Nps(x = y,10) 2 Npy(x = 2, 50) 5 Npo(z -y, 5°>
I to
= ps(-x_z9 E)*Nps(y_za 5)
£ £
2 Nps(x - % E) * Nps(y - % E)
>0x0=0,
which is a contradiction. O
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4. Conclusions

In this paper, firstly, we introduce the notion of pseudo-semi-norm. Moreover, we take definition
of a fuzzy pseudo-norm on a linear space in its general form, and present some examples of fuzzy
pseudo-semi-normed spaces. In Section 3, we construct (fuzzy) topologies which were induced by
(fuzzy) pseudo-semi-norms, and show that these spaces are Hausdoff.
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