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1. Introduction

A submanifold in a pseudo-Euclidean space E"*! is called to have proper mean curvature vector if
. -2 . . .
its mean curvature vector H satisfies a geometric equation

AH = AH (1.1)

for a constant A.

Equation (1.1) was first appeared in Chen’s paper [4] in 1988 where surfaces of E* satisfying
Eq (1.1) were classified. In [6], Chen proved that a submanifold in E**' satisfying Eq (1.1) is a
biharmonic submanifold or 1-type submanifold or null 2-type submanifold. In [10], Defever proved
that every hypersurface of E* satisfying Eq (1.1) has constant mean curvature. And recently, Fu [14]
also got the same conclusion for hypersurface of E"*! satisfying Eq (1.1) with three distinct principal
curvatures. Noting that when A = 0, Eq (1.1) becomes the classical bitharmonic submanifolds equation,
biharmonic submanifolds have received great attention in recent years, see [9, 12, 13]. Other results
about submanifolds satisfying Eq (1.1) have been obtained by Chen [7, 8], or see a survey in book [9].
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The study of submanifolds in E"*! satisfying Eq (1.1) was originated by Ferrdndez and Lucas [11],
and the complete classification of surfaces M} (r = 0,1) in E} was given. In [2] Arvanitoyeorgos,
Defever and Kaimakamis proved that if hypersurface M>(r = 0,1,2,3) of E? satisfying Eq (1.1)
has diagonalizable shape operator, then it has constant mean curvature. Also, Arvanitoyeorgos,
Kaimakamis and Magid [3] got the same conclusion for nondegenerate Lorentz hypersurface M f of
E satisfying Eq (1.1). Based on these results, Arvanitoyeorgos and Kaimakamis [1] in 2013 proposed
the following conjecture:

. . d i d i3]
“Any hypersurface of B! satisfying AH = AH has constant mean curvature.

In recent years, Liu and Yang in [18] proved that the conjecture holds for hypersurfaces with at most
two distinct principal curvatures in E"*!, and for the Lorentz hypersurfaces with at most three distinct
principal curvatures in E?*', see [17]. We mention here that, Liu and Yang in [16] gave the following
result.

Theorem 1.1. Let M" be a nondegenerate hypersurface in E™' (n > 4) satisfying AH = AH. If M"
has diagonalizable Weingarten operator with at most three distinct principal curvatures, then the mean
curvature of M is constant.

As the number of different principal curvatures increases, this problem becomes more and more
complicated. In this paper, we will deal with hypersurfaces with at most six distinct principal
curvatures. Meanwhile, we will be concerned with linear Weingarten hypersurfaces (satisfying
aR + bH = ¢, where R is the scalar curvature, H is the mean curvature and a, b, ¢ are constants such
that a® + b # 0), which is a natural generalization of hypersurfaces with constant mean curvature and
constant scalar curvature.

Precisely, we will consider linear Weingarten hypersurfaces of E'*! satisfying Eq (1.1) and with less
than seven distinct principal curvatures. Our result gives further support evidence to Arvanitoyeorgos
and Kaimakamis’s conjecture [1].

Theorem 1.2 (Main theorem). Let M" be a nondegenerate linear Weingarten hypersurface of E'*!
. . s d . . . . . . .

satisfying AH = AH with less than seven distinct principal curvatures. If M has diagonalizable shape

operator, then M!' must have constant mean curvature and constant scalar curvature.

Naturally, we could get a conclusion:

Corollary 1.3. Let M® be a nondegenerate linear Weingarten hypersurface in E! satisfying AH = AH.
If M® has diagonalizable shape operator, M® must have constant scalar curvature and constant mean
curvature.

Note that the linear Weingarten submanifolds include all submanifolds with constant scalar
curvature (for b = 0). Hence we get a conclusion:

Corollary 1.4. Let M" be a nondegenerate hypersurface in E'™! satisfying AH = AH with less than
seven distinct principal curvatures. If M has constant scalar curvature and diagonalizable shape
operator, then M!' must have constant mean curvature.

This paper is organized as follow. We give some important formulas for linear Weingarten
hypersurfaces satisfying Eq (1.1) in Section 2. Under the condition that the mean curvature H is
not constant, we give an important proposition concerning the principal curvature of linear Weingarten
hypersurfaces in E'*! in Section 3. The detail proof of main Theorem 1.2 is given in Section 4.
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2. A necessary result

Let x : M" — E™! be an isometric immersion. V and V are the Levi-Civita connections of M"
and E"*!. Let vector fields X and Y be tangent to M" and & be a unite normal vector of M" satisfying

(€,6) =& ==l

Recall the mean curvature vector H is given by H= H.;?, where H is the mean curvature satisfying
1

H=—-¢etrA (2.1)
n

for the shape operator A. For arbitrary vector fields X, Y, Z are tangent to M, the Gauss equation is
given by

R(X,Y)Z = (AY,Z)AX — (AX, Z)AY, (2.2)
where R(X, Y)Z is defined as
R(X,Y)Z = VxVyZ - VyVxZ — Vxy|Z. (2.3)
The Codazzi equation is given by
(VxA)Y = (VyA)X, (2.4)
where
(VxA)Y = Vx(AY) — A(VxY).
It is well known that R, H and the squared length of the second fundamental form B satisfy
R=n"H>-B. (2.5)

According to [5], we know M satisfies Eq (1.1) if and only if it satisfies equations

AH + eHtrA? = AH, (2.6)
A(VH) = —gsH(VH), 2.7)
where the Laplace operator A is defined by
Af == &ileei—Vee) f, (2.8)
i=1
for a local orthonormal frame {ey, e;, ..., e,} satisfying (e;, ¢;) = &; = £1.

Let Voe, = X, wfjek. According to Egs (2.2) and (2.3), by a direct calculations about <
R(e;, ej)er, e, > and < R(ej, ex)e;, e, >, we have
k k
a)ij(sja);?j — gwy) = a)jl.(s,-a)?i — ExWip)s 2.9)
w‘jk(aszk —&w}) = chj(gjw’;j — &iW).
In the following, we assume H is not constant and give a necessary proposition concerning the
principal curvatures of linear Weingarten hypersurface in E'*!, which is critical to prove Theorem 1.2.
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Proposition 2.1. Let M" be a nondegenerate linear Weigartem hypersurface in E'*! satisfying AH =
= . . . . . . . . .
AH with diagonalizable Weingarten operator and less than seven distinct principal curvatures. If H is

not constant, then all the principal curvatures of M” are functions with one variable.

Proof. According to the condition that H is not constant, we know that there exists at least one point p
satisfying grad H(py) # 0. And we will work on an neighborhood of py,. From Eq (2.7), it is to know
that VH is an eigenvector of A and —neH/2 is the corresponding principal curvature. Therefore, we

lete, = %. Under the assumption that the Weingarten operator of M’ is diagonalizable, there exits a
suitable orthonormal frame {ey, e;, ..., e,} satisfying

A =diag (A1, 2, , Ay), (2.10)
where A; are the principal curvatures and
A, = —neH/2. (2.11)

It follows from (2.1) that

n—1
A = =34, (2.12)
1

i=

We have assumed that the mean curvature of M is not constant, the Weingarten condition aR+bH = ¢
implies that a # 0, and from (2.11) we have

b 2b
R=-2H+5=228) 4+ ¢ (2.13)
a a na a

Furthermore, from (2.5) and (2.11), we have
n—1
R=n’H'-B=312-) 2. (2.14)
i=1

Equations (2.13) and (2.14) force that

n—1
X =32+, -, (2.15)
i=1
where ¢ = —2bg/na, c, = c/a. Since e, is parallel to VH, we have
e,(H)#0, e¢(H)=0. (2.16)

According to (2.11), Eq (2.16) is equivalent to
e,(4,)#0, e(1,)=0 2.17)
fori=1,2,---,n— 1. We note that 4, is a smooth function depending only on one variable .
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Substituting H = —2¢e4,,/n into Eq (2.6), from (2.8), (2.15) and (2.17), we get
n—1
epenen(d,) = e,,(/l,,)(z W) + a/ln(4/li + 1A, — ¢p) — AA,,. (2.18)
i=1

Since 4, = A,(t) and ¢,(1,) # 0, from (2.18) we have 2?2—11 &' is a function with the variable 7, we
denote it by f;(¢), that is

© L, Enenen(dy) — e,(AA2 i, — ) + A,
Z Eiwy; =

= = fi(1). 2.19
2 el Sfi(@®) (2.19)

It follows from (2.17) that [e;, e;](H) = 0, which forces to
W =W (2.20)

ij = Wi

fori,j=1,2,...,n—1and i # j. By simple calculations about V,,{e;,e;) = 0 and V,(e;,e;) = 0, we
have

Wy =0, &jw], +&w); =0, (2.21)

fori, jk=1,2,3,...,nand i # j # k. Putting X = ¢; and ¥ = ¢;, Codazzi equation (2.4) gives
eide; + Y k(1 = Wer = ef(Aei + Y Wkl = e
k=1 k=1

fori # j. So we get

ei(d;) = (4; - /lj)wj:i, (2.22)
i = ], = (A — )w), (2.23)

fori, jk=1,2,...,nandi # j # k.

In the case 4; = A, for j=1,--- ,n— 1, putting i = n into (2.22) we get e,(4,) = e,(1;) = 0, which
is contradict to (2.17), sowe get A; # A,, j=1,--- ,n— 1.

For j =n,i # nin (2.22) we have

ei(/ln) = (/ll - /ln)wzl'-
From (2.17) and A; # A, fori=1,--- ,n—1, we have . = 0, which together with the second equation
of (2.21) forces that ! =0,i=1,--- ,n.
For j =n, k,i # nin (2.23) we have
(A = Awy; = (A — )W,
which together with (2.20) yields wl’.’j =0fori,j=1,2,--- ,n—1andi# j.
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From Eq (2.3), we have

< R(el’w 6')€n, e >

n n
i k i ko
_sl e”(wln)+§ wm nk ei(wnn) E wnn tk E W)Wy, +§ winwkn]
k=1 k=1

=gie, (W) + &-(wm) .

From Eq (2.2), we have
< R(en, ei)en’ e >= _8n8i/1n/1i-

Hence Eqgs (2.24) and (2.25) force to
en(siwg) = 811(81'(1)?,')2 + /ln/lia

fori=1,2,--- ,n— 1. Summing both sides of Eq (2.26) and from (2.12) and (2.19), we have

n—1
D (@) = gnen(fi) + 36, £ fo(0).
i=1

Putting i = n into (2.22) and according to (2.21), we have
en(Ai) = £,81(Ai — )W

Similarly, taking sum of Eq (2.28) and from (2.12) and (2.19), we have

/llslwii = nfl 3eqe,(A,) = gl(l)-

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

Multiplying on both sides of Eq (2.26) by €;w}; and Summing for i = 1,2,--- ,n — 1, then from (2.27)

and (2.29) we obtain
Z(e wh) = snen<f2> Enlng1 2 f(0).

Differentiating (2.29) along e,, from (2.28) and (2.26), we have

n—1

en(gn) =2 2 EndiE)’ = > Enda(Ewf) + Z 0,4,
i=1

i=1
Furthermore, from (2.15) and (2.27) we have

n—1

Z/L(slw) = snen(g1)+/lnfz Endn(BAE + 1A, — c2)} = g2(0).

i=1

Multiplying on the Eq (2.26) by (g;w!)* and summing for i, we get

1 n—1 n—1 n—1
3 2 elel)) = 3 eewl)t + 3 Ay’
i=1 i=1

(2.30)

(2.31)
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According to (2.30) and (2.31), we obtain

n—1
1
D EW) = senen(fs) = endaga £ i), (2.32)
i=1
In the same way, we can get
n—1 1
D e = Jenen(f) — dugs £ f(0). (2.33)
i=1

Based on the discussions above, from (2.19), (2.27), (2.30), (2.32) and (2.33), we conclude that

n—1
DW= o), for k=1,--:5. (2.34)
i=1

Next, taking into account Eq (2.23) and the second Eq of (2.21) for distinct principal curvatures
Ai, 4j, A (0, j,k=1,2,---,n—1), we have

Siw;k(/lk -A) = s,-w,{i(/l,- - = skwf.‘j(/l = A, (2.35)
wfwh + Wyl + whw], = 0. (2.36)

It follows from (2.9) and (2.21) that
a);.k(s,-ska)zk - wy) = a)il.(s,-sja)ﬁ- - a)’}j) = wfj(sjskw?j — Wiy)- (2.37)
Since A; # A, it follows from (2.21), (2.22) that
w); = w}; = 0. (2.38)

Computing (R(e;, e;)e;, ;) by (2.3) and (2.2), we can get
ei(wji) + Z a)];-l-a){k - ej(a){l.) - Z wfiwj:k - Z(wfj — w';.l.)a)ii = —&gdid;, (2.39)
k=1 k=1 k=1

ford; # 4;,i,j=1,2,--- ,n—1.
From (2.21), (2.36) and (2.38), Eq (2.39) becomes

n—1
n. o n k k _
EnWw; — 28 E W W5 = —&igjAid; (2.40)
k=1.k1(i. j)

for A; # A;, where I(i, j) stands for the indexes satisfying A;; ;) = 4; or 4;.

Since A; # A,, j = 1,2,--+ ,n— 1, there are at most five distinct principal curvatures except 4,. And
we assume the principal curvatures are A, 4, 4., 44, 4, in sequence and the corresponding multiplicities
are ni, Ny, N3, Na, N5 (Zle n; = n — 1). Equations (2.35) and (2.37) imply that A; # A; is equivalent to
a)?i;ta);?j(i,j: 1,2,---,n—=1).

In the following, let g be the number of distinct principal curvatures.
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Firstly, g = 6. In this case, g,w
(2.34) could transfer into

R B R . . .
s EbWh,, o, E.), are different from each other. Five equations in

1 (g, + ma(epwiy) + ny(e. ) + ny(eai)t + ns(e,wl)* = fi (2.41)
for k = 1,2,---,5. Differentiating (2.41) with respect to ¢; for any i = 1,2,--- ,n — 1, and from
e(fr) =0fork=1,2,---,5, we can get a homogeneous equation system with five equations and five

unknowns e,-(sja)gfj) for j=a,b,c,d,eandk =1,2,---,5

k-1 k-1 k-1
1 (8,0 ei(Eawlly) + maesaly) eepwily) + ma(e ) ee

n \k—1 n n \k—1 n (242)
+ny(eqwly,) eil(gqwyy,) + ns(e.w,,)  ei(e.w,,) = 0.
Since ¢ ja);? ; are mutually different, it follows that the determinant
np nyp ns ny ns
n 7 n A 7
ni&qW,, I’l28ba)bb n3&.Ww,. I’l48da)dd Ns5E.W,,
n(gawl,)? m(epw},)* n3(ewi) ny(gqwl)’ ns(g.wl,)’| # 0,
ni(ewl)? m(ew),) mewl) ni(ew,)’ ns(e.wl,)’
ni(e.wi)t m(epw},)t m(ewl) na(ewt)t ns(e.wl,)*
which together with (2.42) forces that
fori,j=1,2,--- ,n— 1. Moreover, from
n—1
k k
eie,(&;w}) — epei(ew;) = e, e,](e;0;) = Z(w,-,, — w,e(e;w’),
k=1
we get
eien(gjwﬁj) =0,
fori,j=1,2,--- ,n— 1. From (2.26) we have
,ei(A)) = eieq(ew’)) — 2e,8,0 ei(e W) = 0, (2.43)

hence
ei(d j) =0,

fori, j=1,2,--- ,n— 1, which means that 4; is a function with only one variable ¢ for any i.
Secondly, we consider the case g < 5. In this case, except 4,, there are up to four distinct principal
curvatures. It is very similar discussion to above, the number of different g;w; fori = 1,--- ,nis up

to four. If four ones of g;w!: are different, we only consider Eq (2.41) for k = 1,--- ,4. A similar
discussion to g = 6 yields the conclusion of Proposition 2.1. If less than four ones of &;w!; are different,
the discussion is quite similar. We prove Proposition 2.1. O
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3. The proof of Theorem 1.2

In this part, we begin with the assumption that the mean curvature of M is not constant, then
we will deduce a contradiction. Our proof of Theorem 1.2 are divided into the following four cases
according to g.

Firstly, g = 6. In this case, we assume that the principal curvatures are A,, 4, 4., A4, 4, 4, and the
corresponding multiplicities are ny, ny, n3, ng, ns, 1 with Zf:  ni = n—1. According to Eqs (2.35)—(2.37),
we divide into the following three cases:

(i) Precisely three wfj are not zero for different i, j, k. We assume ¢, # 0, a)Zb # 0 and ¢, # 0.
From Eqgs (2.35) and (2.37), we have

n n no o __ L no__ o
EaWyy = EpWy),  EaWoq — EjW;;  EpWy, — E;W5;

A=, A=A -1

for j = c,d, e. It follows from Proposition 2.1 that A; and ; depend on a parameter ¢, so there are two
smooth functions a(f) and S(¢) satisfying

giw;; = ald; + B, (3.1

fori=1,2,---,n— 1. Differentiating Eq (3.1) along ¢, and using (2.26) and (2.28), we have

en(@) = £,{(A,(a” + 1) + ap), (3.2)
en(B) = euB(Aua + ). (3.3)
Differentiating Eq (2.12) along e, and using (2.28), we have
n—1
3en(An) = ) Entildy — ). (3.4)

i=1

Substituting (3.1) into (3.4) and from (2.12), (2.15) we have
3e,(A,) = E,{a(—=61% — 1A, + 3) + (n + 2)BA,). (3.5)
Substituting (3.1) into (2.18) and from (2.12) we get
enen(1,) = exle,(A)[=34,a + (n — B + e,(422 + c1 A, — ¢3) — A, ). (3.6)

Differentiating (3.5) along e, and using (3.2), (3.3), then comparing to (3.6), we eliminate e,e,(4,) as
follows

2(n — 4)Be,(1,) = —6(¢, + 28)/1,3! + (—c14, + ¢)(g, + 38)A, + 344, (3.7)
Furthermore, eliminating e,(4,) between (3.5) and (3.7), we get

2(n — HBla(=64% — ¢ A, + ¢2) + (n +2)B4,} =

3 (3.8)
3e,{-6(g,+2)A, + (—c1 A, + c2)(&, + 38)A, + 344,

AIMS Mathematics Volume 7, Issue 1, 39-53.



48

Similarly, differentiating Eq (3.7) along e, and from (3.5), (3.6), (3.7), we have
{72(s, + 28)A} — 18(e,, + 28)(=c1 A, + ) + aj}a — (@) + azA,)B = 0,
where a; = a;(g,, €, 4, n) are given by

ay = (—c1d, + c){(=c1d, + c2)(g, + 38) + 34},
a, = 36(g, +2¢) + 24(n — 4)e,
az = {2(n — e, + 18&}(—c1 A, + ) + 184.

Differentiating Eq (3.9) along e, and from (3.2), (3.3), (3.5), (3.7), we get

{288(s,, + 28)42 — 36(—ci A, + C2)(&, + 28)A,) - 2(n — s,

X {a(—=62 — ¢ 1A, + ¢3) + (n + 2)BA,}

+{72(g, + 28)A = 18(g, + 28)(=c1 A, + )2 + ar}enlen(@® + 1) + o)
—3Bar A% + a3){~6(s, + 28) 12 + (=c1 A, + c2)(&, + 38)A, + 314,.}

— (] + az,)e,BA,a + B) = 0.

For convenience, Eq (3.11) could be rewritten as

() + @2(A,)aB + q3(A)B + qa(A,) = 0,
where
q1(4,) = {288(¢e, + 28)/12 —36(—c1d, + c)(g, +28)A,}
X 2(n — 4)(=6.12 — ¢4, + ¢2)
+{72(e, +28)A} — 18(&, + 28)(—c1 A, + c2) A2 + a4,
q>(1,) = {288(g, + 28)/1,3, —36(—c1d, + c)(g, +28)A,} - 2(n — D)(n + 2)A,
+{72(g, + 28)A} — 18(e, + 28)(—c1 A, + )2 + ay}
— (@A) + az,) A,
q3(1,) = —(612/1,31 + azd,),
qs(1,) = {72(, + 26)A} — 18(e,, + 28)(=c1 A, + )2 + ag}A,

- 38,3ax A% + a3){=6(&, + 28) 1> + (=c1 A, + c2)(&, + 38)A, + 314,.).

In the same way, (3.8) and (3.9) could be rewritten as

P + pa(dn)aB + pa(d,) = 0,
hi(A)a + hy(4,)B =0,
where
p1(,) =2(n—H(n + 2)4,,
P2(d,) = 2(n = 4)(=61% — ¢14, + c2),
P3(A,) = =3&,=6(5, +28)L + (—c1 A, + c2)(&, + 38)4, + 314,
hi(A,) = 72(g, + 28) A, — 18(s, + 28)(—c1d, + ) A2 + ay,
hy(,) = —(azd;, + asy).

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
(3.15)

(3.16)
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Combining (3.12), (3.14) with (3.15) to eliminate «, we have

P\B*+ P, =0, (3.17)

018 + 0, = 0. (3.18)

Moreover, combining (3.17) with (3.18) to eliminate 52, we obtain

POy - P10y =0, (3.19)
where P;, Q; (i = 1,2) are given by

Py = g1 — hihoga + gz = 14, + -+,
Py=higs =y} +--,

Q1 = Iip — hihopsy = Iy, + -+,

Or = hips = Iyl +---,

where [;; = l;1(g,&,,n) (i = 1,2,3,4). Substituting P; and Q; into Eq (3.19), we could get

2
D LA =0, (3.20)
i=0

where L; = L;(&, g,, n) are constant, and the coefficient Ly, is given by

Ly = bl31 = lily
= 72%(&, + 28)*a3(2(n — 4)(n + 2)(&, + 2&)(72 + S4aze,)
+ 18¢,(e, + 2€)*[3456(n — 4) — 721}
—72%(&, + 26)* X T2a5(g, + 2€) X 18¢,(&, + 2€)% 520
{576(g, +2&)(n —4)(n + 2) + 72(g,, + 2¢) — a»}
—72%(&, + 26)* X T2ax(s, + 2€)
X 12(n — 4)(e, + 2&)(72 + 54¢€,a5)
+ 724, + 28)* X 18aze,(g, + 26).
Since € = %1, g, = 1, we consider L,, in the following
ec=1,¢,=1,in this case
a, = 108 + 24(n — 4),
and
Lo, =46656 % {4478976(n + 2)(n — 4)* + 60715008(n + 2)(n — 4)°
+80621568(n — 4)° — 209392128(n + 2)(n — 4)* + 712157184(n — 4)*
— 1763596800(n + 2)(n — 4) + 1531809792(n — 4) + 90699264}
=46656 x [4478976(n — 4)* — 209392128](n + 2)(n — 4)>
+ 46656 x [60715008(n — 4)* — 1763596800](n + 2)(n — 4)
+ 46656 x {80621568(n — 4)* + 712157184(n — 4)?
+1531809792(n — 4) + 90699264},

(3.22)
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So Ly, >0i1fn > 100, and L,, # 0if 1 < n < 100 with the tool of MATLAB.
ec=1,¢, =—1,in this case
a, = =36 —24(n—-4),

and

Ly, = 5184 x {746496(n + 2)(n — 4)* + 6635520(n + 2)(n — 4)°
+ 12317184(n — 4)* — 8087040(n + 2)(n — 4)% + 34805376(n — 4)*
—22021632(n + 2)(n — 4) + 22254912(n — 4) + 3359232}.

In the same way with the first case, we also get L, # 0.
ecs=-1,g, =1, in this case

a, =36+ 24(n—4),
and

Ly, = 5184 x {—1492992(n + 2)(n — 4)* — 6801408(n + 2)(n — 4)°
+62705664(n — 4)* + 75893377(n + 2)(n — 4)* + 186625000(n — 4)*
+21648384(n + 2)(n — 4) + 138848256(n — 4)}.

In the same way with the first case, we also get L, # 0.
ec=-1,g, = -1, in this case
a, = —108 — 24(n — 4),

and

Ly, = 46659 x {—4478976(n + 2)(n — 4)* — 60715008(n + 2)(n — 4)
— 80621568(n — 4)* + 209392128(n + 2)(n — 4)> — 739031040(n — 4)?
—195507303(n + 2)(n — 4) — 1638645216(n — 4) — 272097792}.

In the same way with the first case, we also get L, # 0.

Therefore 4, is constant and so H = —2&4,,/n is a constant, this contradicts the assumption that the
mean curvature is not constant.

(i1) Precisely two ones of wj.‘j are not zero for different i, j, k. And we assume ¢, # 0, wa # 0 and
a)f.‘j = 0. In this case, it follows from (2.40) that

EiEn Wi, = —E,Aid,, (3.23)
fori=1,---,ny +ny + n3 + ny. Similarly, from Eqs (2.37) and (2.35), we have
gw = ald; + B, (3.24)

where a and 8 are smooth functions satisfying (3.2) and (3.3). From (3.23) and (3.24), we get
g, W, = —Eed,. (3.25)
According to (3.25), (3.24) and (3.23), we get

B, =0. (3.26)
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This forces that «!, and A, are entirely determined by « and 8. Substituting (3.24)—(3.26) into (3.4),
and differentiating it along e,, from (2.26), (2.28), (3.2), (3.3) we know 4, is a constant by similar
discussion as case (i), which is also a contradiction.

(ii1) Precisely one of wf.‘j (i, J, k are different) is not zero. We assume ¢, # 0 and wf.‘j = 0 for all
other different triplets i, j, k. In this case, according to (2.40), we have

giEn Wiy = —€;Aid, (3.27)

i=1,---,m+ny+nyand j =n3 +1,--- ,n— 1. It is very similar to Case (ii), we know that 4, is
constant, which gives also a contradiction.

Secondly, considering g = 5, in this case we assume the principal curvatures are A, Ay, A, Ay
= 4., 4, and the corresponding multiplicities are ni, n,, n3, ny + ns, 1 (Zf:1 n; = n—1). According to
Eqgs (2.35)—(2.37), we only consider the case of existing one, and two ones of a)f.‘j are not zero. A
similar discussion to g = 6 gives the conclusion.

Thirdly, g = 4, in this case, we assume the principal curvatures are A,, Ay, A. = A3 = 4., 4, and
the corresponding multiplicities are ny, ny, ns3 + ng + ns, 1 (Zf:1 n; = n—1). According to Eqs (2.35)—
(2.37), we only consider the case of existing one a)f.‘j are not zero. A similar discussion can gives the
conclusion.

At last, g < 4. We could refer to the proof of Liu and Yang [16] with adding additional condition
aR + bH = c.

In conclusion, we have proved that mean curvature H is constant, and so the scalar curvature is
constant as well because of the linear Weingarten condition aR + bH = ¢. We complete the proof of
Theorem 1.2. ]

Interestingly, hypersurfaces satisfying AH = AH have constant mean curvature and constant scalar
curvature under some geometric assumptions. At the end of this paper, we supply two examples of

such hypersurfaces satisfying AH = H .
Example 3.1. A hypersurface M" = R X H!”'_ (c) in E™! for ¢ < 0. It is easy to check that the
hypersurface M" has two distinct principal curvature

A=...=1,=0, Ay =...=2, = V—c.

The mean curvatue H and the scalar curvature R of this hypersurface M" are constants.
Example 3.2. ([15]) A hypersurface M" in E}*! is given by

f(t9 S, X1, Uy .oy un—Z)
s n-2 n—2
= E(t2 + Z u?) + ¢+ aius + axs + azu; + ay Z u;,
=1 i=4

ui(s+2ay), st, u(s+2a), uz(s+2as),
us(s +2aq), us(s+2as), ... U_o(s+2ay),
n-2 s n-2
a]u%+a2u§+a3u§+a42ui2+ E(IZ+ZM§)+¢—S ,
i=4 =1
where ¢ = ¢(s) is a smooth function such that 2¢' -1>0,s,t,u,uy,...,u,0 € R,2a; + s >0 and g;
are all distinct constants for i = 1,2, 3,4. In Remark 3 of [15], the author showed that M" has constant
mean curvature, and thus has constant scalar curvature by the linear Weingarten assumption.
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