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Abstract: This paper considers the inverse problem of determining an unknown source which depends
only one spatial variable on modified Helmholtz equation. This problem is well known to be severely
ill-posed, the solution (if it exists) does not depend continuously on the data. Landweber iterative
regularization method is used to solve this inverse source problem. The Holder type error estimates are
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effectiveness of the proposed method.
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1. Introduction

In recent years, the Helmholtz equation usually appears in a lot of branches of science and
engineering. It is used for describing electromagnetic field, wave propagation, vibration of a structure,
scattering and so on [1,2]. The modified Helmholtz equation or the Yukawa equation which is
refered to [3] appears in implicit marching schemes for Debye-Hiickel theory, in the heat equation
and in the linearization of the Poisson-Boltzmann equation. For the inverse problem of the modified
Helmholtz equation, there are much different numerical methods to solve the Cauchy problems of the
modified Helmholtz equation, such as the method of fundamental solutions(MFS) [4], Tikhonov type
regulation [5], the iteration regularization method [6], Quasi-boundary regularization [7,8], Quasi-
reversibility and truncation methods [9—-11], and so on. For reconstructing the unknown source of
the modified Helmholtz equation, in [12], the authors used the simplified Tikhonov regularization
method to reconstruct an unknown source which depended only on one variable. In [13], the authors
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used the quasi-reversibility regularization method to reconstruct the unknown source in an unbound
domain. However, in [12,13], the choice of regularization parameters is given by the a priori rule. A
priori choice of the regularization parameter relies on the a priori bound E of the unknown solution.
Meanwhile, the a priori bound E cannot be known exactly in reality, it will lead to the bad regularized
solution by using a wrong constant E.

In this paper, two choices of the regularization parameter is given, i.e., the priori choice and the
posterior choice. In addition, we compare the effectiveness between the the posterior choice rule and
the priori choice rule. To the authors’ knowledge, there were few papers to identify the unknown
source on the modified Helmholtz equation by posteriori regularization parameter choice rules on half
unbounded domain.

In this work, we consider the following inverse problem: to find a pair of functions (u(x, y), f(x))
which satisfy

Au(x,y) — Ku(x,y) = f(x), —00<x<00,0<y< +oo0,

u(x,0) =0, —00 < X < 00, (L1

u(x,y) ly—o bounded, —00 < x < 00,

M(X, 1) = g(x)’ —00 < X < 00,
where f(x) is the unknown source, the constant k is the large wave number, u(x, 1) = g(x) is given
function in L*(R). We use u(x,1) = g(x) to get f(x). However, in practice, data is affected by
measurement errors meaning that we have to consider a function g°(x) which is merely in L*(R) satisfies

g’ — &lliz@) <6, (1.2)

where || - || denotes L*(R) norm and ¢ > 0 is a noise level.

This paper is organized as follows. In Section 2, we present the Landweber iterative regularization
method. The convergence estimates under an a priori and an a posteriori choice rules will be given in
Section 3. In Section 4, numerical examples are given to show the effectiveness of our method. We
will have a brief conclusion in Section 5.

2. Landweber iterative regularization method

Before giving the main results of this paper, we first give some useful lemmas.

Lemma 2.1. For 0 <i <1 andn > 1, there holds

1
| — iy < ,
( l)l_n+1
1-(1 -9
¥5n 2.1)

[
Proof. Denote ¢(i) = (1 —i)"i and ¢(i) = 1 — (1 — )" — ni,
then
¢' (i) = —n(1 =" i+ (1 =D,

O (i) =n(l =iy —n.
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Setting ¢’(i) = 0, we have

1
T
Note ¢(0) = ¢(1) = 0, ¢(i) has an unique maximal value at i = ﬁ Therefore,

1
N (i) <
P(i) = ( l)l_l’l+1
Because of ¢’(i) < 0 and ¢(0) = 0, we can get ¢(i) < 0.

Lemma2.2. For0<i<1,0<a <1andn > 1, we can obtain:
A-D""<m+1)°,

) G

la

Proof. Due to (2.1), we can obtain

A =-0% <[ -0 <+ 17,

1—('1—1) S[l_(l,_l) 1 <ne
I l
Lemma 2.3. Fort > 1, there holds:
! <2
l—e Vi
and
1 1-eV 1
—< <-.
2t t t
Using the Fourier transform, we obtain the solution of problem (1.1) as follows:
~ e+
fig) = ——— =7

Then . . 2k
- iex & YK e
f(x) Nor ¢ l_e—\/ﬁg@ &

Due to (2.4), we define operator A f—> ¢ and obtain

—~—— 1 — e V§2+k2 —
Ao =-—pm1©.
The operator A is a linear self adjoint compact operator, so A = A*. Due to (2.6), we know
B
A=A"= —F1——
52 + k2

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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When & — oo, (€2 +k*)/(1 — e” ‘/szkz) in (2.4) or (2.5) can be seen as an amplification factor of g(&).
Thus the exact data function g(¢) must decay rapidly. However, g(x) can be measured with error. When
we use the data function g(x) with error to reconstruct the unknown source f(x), this error can destroy
the solution. So we will use the regularization method to deal with the ill-posed problem. Assume a

priori bound of the unknown source f(x) as follows:

lfOl, <E, p>0, (2.8)
where E > 0 is a constant and || f(-)[|,, is defined as follows:
FOll, = ¢ f (K + &Y | f&) P de)*. (2.9)

Theorem 2.1. If||f()ll, < E, p >0, then

2 P
IOl < CLEP=[Ig()l[72,

where C; = 27,
Proof. Using the Holder inequality, we obtain

£+

IFOIP = ILFOIP = ( g(&)d¢

\/_

(8¢ ))"*2( PEE)d
f 3 e \/— 3 3

§2+k2

([ @ e

f @O X

2
f (Foy = £

\/_
\/_

)”df) IO

M= ([ @eor®)ag”

rae)”( [ (@erae”

< sup (———— )“2 f (FOPE + yde) g0l

£€R 1 -
< 2f’+2EP+2IIg(-)IIW-

So we obtain

IFOIl < CLEP[lg()l[7=,

where C, := 272. We finish the proof of the Theorem 2.1.

We can get the regularization solution of (1.1) by using Landweber iterative method. The

Landweber iterative method is as follows: the equation Af f =
- aA*A) f + aA for some a > 0. Then iterate this equation, i.e.,

¢ can be written in the form f

P& 1= 0, "9 = (I — aA"A) " 19E) + aA @ (€), m = 1,2,3,- -+, (2.10)
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where m is iterative step number, and it is selected as regularization parameter. a is relaxation factor,

which satisfies 0 < a < ﬁ. Since A is self adjoint operator, we obtain

m—1
FroE) =a ) (- akAg &). @.11)
k=0

Using (2.7), we get

_ 1 = (1= aA?)"
&) = Ry (&) = %?@. (2.12)

Then

1 (™ . 1-(-aA2)"
i = —= [ e = e 2.13)

Before giving the error estimation between the regularization solution and the exact solution, we
give the uniqueness of problem (1.1), i.e., through using u(x, 1) = g(x), we can uniquely determine a
pair (u(x, ), f(x)).

Theorem 2.2. Let u;(x,y) € C**((—00, +00) X (0, 1]), fi(x) € L*(R)(i = 1,2). If (ui(x,y), fi(x))(i=1,2)
satisfy (1.1), then (uy(x, y), fi(x)) = (u2(x,y), f(x)).

Proof. Put ii(x,y) = ui(x,y) — us(x,y), f = fi(x) — f2(x), then #i(x, y) satisfy
Ad(x,y) — K2(x,y) = f(x), —00 <x<00,0<y< +00,
i(x,0)=0, —00 < X < 00, (2.14)

i(x,1) =0, —00 < X < 00,

Using (2.4) or (2.5), we know f(x) = 0. Then using (2.14), we know &t = 0. Thus the uniqueness is
proved.

3. Error estimate under two parameters choice

In this section, we will give two error estimates with a priori parameter choice rule and posterior
parameter choice rule, respectively.
3.1. The error estimate with a priori parameter choice

Theorem 3.1. Let f(x) given by (2.5) be the exact solution of problem (1.1). Let f™°(x) given by
(2.13) be the regularization Landweber iterative approximation solution. Choosing the regularization
parameter m = [r], where

E 4
r= (), (3.1)
then we have an error estimate:
2 p
™) = FOI < CLE 877, (3.2)

where [r] denotes the largest integer less than or equal to r, and C, = a + (4717)% is positive constant
depending on a, p.
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Proof. By the triangle inequality and Parseval formula, we know
LF™E) = FOI =176 = FO
<™ = "ON+ G = FO.
We firstly give an estimate for the first term. From condition (1.2) and (2.12), we have

- —aZP)m 1-(1-aA®)"_

1F™ ) = I —|| ) - = ¢ 8@l

1 - aA?)”
—||%(%f) O

< sup B(é)’6”,
£eR

where B(§) := %ﬁp)m.
By using Bernolli inequality, we get

1 - (1 —aA2)"
# S wlam’
A
i.e.,
B(¢) < vam.
So

170 = f Ol < Vams.

Now we estimate the second term. By using (2.6), (2.8) and (2.9), we have

. . 1— ;P m
176 = FOIP = 1 %g(&) TFOIR

1 - aA?)"
e e
A —_—
= (1 = aA2Y" (K + E) 75 (12 + D FOIP

< sup D(¢)*E?,
£eR

where D(¢) := (1 — a(-1= §2+,iz+k YY"k + E2)75.

Using Lemma 2.2 and (2.3), we have

a p
D <(]l-—"___ym 2 2 -3
© < (= g )" + €07
Let & + k% =t
F(r)=(1- et
(0=(1-75)
Let ¢, satisfy F’(#y) = 0, and we easily obtain
4
w= (")
P

(3.3)

(3.4)

(3.5)

(3.6)

(3.7
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Thus
Flto) = (1= =2 p)’"(““’Z; Dyt < (—a(nji 7
ie.,
F(r < (%p)i(m +1)75. (3.8)
Thus we obtain 4, )
D(¢) < (7)1(141 +1)74. (3.9
Hence N N 4, L
/") = fOI < (7)4(m+ 1)"4E. (3.10)
Combining (3.5) and (2.12), we choose m = [r], and get
IF70¢) = FOll < CET= 67, (3.11)

where C, = va + (47”)%.
We complete the proof of Theorem 3.1.

3.2. The error estimate with a posteriori parameter choice

We consider the a posteriori parameter choice in the Morozov’s discrepancy, and construct
regularization solution sequences f™°(x) by Landweber iterative regularization method. Assume 7 > 1
is given a fixed constant. Stop the algorithm at the first occurrence of m = m(6) € Ny with

A0 =Bl < 76, (3.12)

where |[g°|| > 76 is constant.

Lemma 4.1. Let p(m) = IIA?\’”"S(-) — (||, then we have the following conclusions:
(a) p(m) is a continuous function;

(b) lim,, o+ p(m) = [[g°ll;

(c) lim,, o p(m) =0;

(d) p(m) is a strictly decreasing function, for any m € (0, +o0).

The proof is very obvious and we omit it here.

Lemma 4.2. For fixed T > 1, combining Landweber’s iteration method with stopping rule (3.12), we
can obtain the regularization parameter m = m(6,g°) € Ny satisfies:

2p+2). E

m < (S ) (3.13)

Proof. From (2.12), we have the following representation:

1 =(1=aA>)"_
R,Z = %g@, (3.14)

and
IAR,.g — gl* = IAR,g — gl = (1 — (1 — aA®Y")g(&) — g&)IP
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= [I(=(1 — aA®)")g(&)I
= (1 - aA)"d(&).

From |1 - a.zpl < 1, we conclude that IIA\Rm_l -1 < 1.
It is easily to see that m is the minimum value and satisfies

IAR,g° — 2l = IAf™ - || < 76.
Hence

IAR,, g~ 2l > AR, g’ = 2l = (AR, = DE -2
> 76 — |AR,-1 — 1115
> (t—1)6.
On the other hand, using (2.8), we obtain

IAR,,_18(&) — 8Ol = I(1 = (1 — aA%" g(&) - &)l
= || = (1 — aA®)" ')l
= lI(1 — aA>)" A& + k)2 FE)E + D) |

< sup|(1 — aA?Y" A& + k*)%|E.
£eR

Let .
T(&) = (1 - aA®)" A + K¢,

N
(=10 <T()E.

Using (2.3), we have
1 »
T < (1= \2ym—1 —7—1.
6 =( a(Zt)) 1
Let |
GO = (1 = al(— 2 m—lt—g—l,
(0 =( a(2t) ) 2

suppose ¢, satisfy G'(z.) = 0, we easily get

_@lmtp=2),
b= 4(p +2) >
SO
—(1— 4dp+2) g a@dm+p-2) po
C=-gp-2 Taprn
< APty
ma
Then 2(p+2) 1+2
TE) <( )+

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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Combining (3.16) with (3.21), we obtain

2(p+2) E 4
m < (— ™™

The proof of Lemma is completed.

Theorem 4.3. Let f(x) given by (2.5) be the exact solution of problem (1.1). Let f™°(x) given by (2.13)
be the regularization Landweber iterative approximation solution. The regularization parameter is
chosen with stopping rule (3.12), then we have the following error estimate:

1F"6) = FOU < (Cix + D + Co)EP 677, (3.22)

where C3 = (2(p + 2))($)ﬁ is a constant.

Proof. Using triangle inequality and Parseval equality, we obtain
L") = FOI =17 = FO
<IF™0 = POl + IO = FOL
Applying (3.5) and Lemma 4.2, we get
17" () = FOll < Vams < C4EP2672, (3.23)

where Cy = (2(p + 2))3 ()72,
For the second part of the right side, we get

LA () = FON = =1 = aA>Y™g(&)l|
= I(=(1 — aA®)™)@E&) — 2O + I(—(1 — aA>"F @O
Combining (1.2) and (3.12), we have

IAGF™() = FOI < (7 + 16 (3.24)
Using Theorem 2.1 and (2.9), we have

17C) = Ol = ( f (—(1 = aA??" FHEE + KD)P)dE)?

< ( f (PEE +ID))dE):

<E.
So _ _ i
Lf"¢) = fOI < Ci(r + D)2 Er25772, (3.25)
Hence . _ i
™) = FOI < (Ci(r + 1)77 + C3)Er2 6772, (3.26)

The theorem is proved.
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4. Numerical implementation and numerical examples

In this section, the numerical results are presented, which verify the validity of the theoretical results
of this method.
Example 1. It is easy to see that the function

(1 - e V)sinkx, y >0,
u(x,y) = “4.1)
0, y <0,
and the function
f(x) = —2k* sin kx 4.2)
are satisfied with the problem (1.1) with exact data
g(x) = (1 — e V%) sin kx. (4.3)

Suppose that the sequence g(x;)'=} represents samples from the function g(x) on an equidistant grid,
and 7 is even, then we use the rand function given in Matlab to generate the noisy data,

(g‘s) = g + & rand(size(g)), “4.4)
where
g=(g(x)),...,8x)", x; = (i— Dax -5, 4.5)
AX = 10 ,i=1,...,n. 4.6)
n—1

The function “ rand(-)” generates arrays of random numbers whose elements are normally distributed
with mean 0, variance o> = 1, and standard deviation o = 1. “ Rand(size(g))” returns an array of
random entries that is the same size as g. The total noise level 6 can be measured in the sense of Root
Mean Square Error(RMSE) according to

1 < i
5=lg" =gl = > (&~ gD). (4.7)
i=1

The numerical calculation is described as follows:
Step 1: Take the Fast Fourier Transform (FFT) for the vector 2°.
Step 2: Compute the vectors

§?+k2 1 —e V& N y
{_? 1/é_»?_Jr—kz[l -(1- a(w) )"18 (fj)}j:_%_l, (4.8)

where &; = 2nj.

Step 3: Take the inverse FFT for the vector (2.12), and obtain (2.13).

When we use the FFT algorithm, the vector g°(x) must be a periodic function. But the vector
2°(x) € L*(R) is only measurable, it is not a periodic function. Thus we need to modify the algorithm.
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The detail of the modify algorithm can be found in [14]. In the other hand, f(x) is unknown, the
exact priori bound is not obtained. Thus in our computation, we only give the compute result under
the posteriori regularization parameter according to (3.12). In the following numerical experiment, we
take 7 = 1.1, n = 100, and the relative error is given as follows:

m,o _
rerr(f) := u, 4.9)

/12

where || - ||, 1s defined by (4.4).

Next we will give two examples to show the effectiveness of this regularization method. In two
examples, we first give the unknown source function f(x) and solve the direct problem and obtain
u(x,y). Then use u(x,1) = g(x) and obtain g°(x). Last, we solve the inverse problem to obtain the
regularization solution f™°(x), and compare the exact solution the regularization solution for different
noisy level and k.

Example 2. Consider a piecewise smooth unknown source:

0, 0<-10<-5,
) x+5, 5<x<0, (4.10)
X) = .
-x+5, 0<x<5,
0, 5<x<10.
Example 3. Consider the following discontinuous unknown source
) 1, -5<x<0, @11
X) = .
-1, 0<x<5,
1, <x<10.

Figure 1 shows the comparison of the exact solution f(x) and the Landweber regularization solution
f™9(x) in Example 1 for the relative error levels £ = 0.001,0.0001,0.00001 with various values k =
2,4,6. Figure 2 shows the comparison of the exact solution f(x) and the Landweber regularization
solution f™°(x) in Example 2 for the relative error levels £ = 0.001,0.0001,0.00001 with various
values k = 2,4,6. Figure 3 shows the comparison of the exact solution f(x) and the Landweber
regularization solution f™°(x) in Example 3 for the relative error levels £ = 0.001,0.0001,0.00001
with various values k = 2,4, 6. From Figures 1-3, we can see the smaller € and k, the better the fitting
effect. Moreover, we can see the numerical effectiveness of Example 1 is better than that of Example 2
and 3, because Example 2 and 3 first needs to solve the direct problem to obtain the data g(x).
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Figure 1. The comparison of the numerical effects between the exact solution and its
computed approximations for € = 0.01,0.001, 0.0001 with example 1. (a) k = 2. (b) k = 4.
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Figure 2. The Comparison of the numerical effects between the exact solution and its
computed approximations for £ = 0.01,0.001,0.0001 with example 2. (a) k = 2. (b) k = 4.
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(@)
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Figure 3. The comparison of the numerical effects between the exact solution and its
computed approximations for £ = 0.01,0.001,0.0001 with example 3. (a) k = 2. (b) k = 4.
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5. Conclusions

In this paper, we use the Landweber regularization method to reconstruct the unknown source for
the modified Helmholtz equation. The error estimates between the exact solution and the regularization
solution are obtained under the priori regularization parameter choice and the posteriori regularization
parameter choice. Meanwhile, different kind numerical examples are used to verify the efficiency and
accuracy of this method.
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