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1. Introduction

Consider the following mth degree homogeneous polynomial of » variables f(x) as

fx) = Z Aiyigwiyg Xiy Xiy * " Xy (L.1)
{122, rim €N
where x = (x1, x2,- -+, X,) € R". When m is even, f(x) is called positive definite if

f(x) >0, foranyxeR", x#0.

The homogeneous polynomial f(x) in (1.1) can be expressed as the tensor product of a symmetric
tensor A with m-order, n-dimension and x™ defined by

FO A" = Y @i, XX e X, (1.2)

i1,02,....imEN
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where
A = (Cl,‘liz...,'m), Aijiniyy, € C(R), ij = 1,2, e LN, ] = 1,2, e, m,

C(R) presents complex (real) number fields. The symmetric tensor A is called positive definite if f(x)
in (1.2) is positive definite [1]. Moreover, a tensor I = (6;,;,..;,) is called the unit tensor [2], where

6 _ 1’ lfl]:"':lm,
ipipipm —

0, otherwise.

The positive definiteness of tensor has received much attention of researchers’ in recent decade
[3-5]. Based on the Sturm theorem, the positive definiteness of a multivariate polynomial form can
be checked for n < 3 [6]. For n > 3 and m > 4, it is difficult to determine the positive definiteness
of f(x) in (2). Ni et al. [1] provided an eigenvalue method for identifying positive definiteness of
a multivariate form. However, all the eigenvalues of the tensor are needed in this method, thus the
method is not practical when tensor order or dimension is large.

Recently, based on the criteria of H-tensors, Li et al. [7] provided a practical method for identifying
the positive definiteness of an even-order symmetric tensor. H-tensor is a special kind of tensors
and an even order symmetric H-tensor with positive diagonal entries is positive definite. Due to
this, we may identify the positive definiteness of a tensor via identifying H-tensor. For the latter,
with the help of generalized diagonally dominant tensor, various criteria for H-tensors and M-tensors
is established [8-16], which only depends on the elements of the tensors and is more effective to
determine whether a given tensor is an H-tensor (M-tensor) or not. For example, the following result
is given in [16]:

Theorem 1. Let A = (a,,..;,) be a complex tensor with m-order, n-dimension. If

Aj(A)
J .
|aii....| > Z |aii2~--im| + Z max —laiiz---imla Yie Ny UN,,

Jeliiso i) ]
9.3 seees imsN’"*l\Né”‘1 i2i3---i,,,€N%"_1 JJ

Oiiy..im =0

then A is an H-tensor.

In this paper, we continue to present new criterions based on H-tensors for identifying positive
definiteness of homogeneous polynomial forms. The obtained results extend the corresponding
conclusions [16—-18]. The validity of our proposed methods are theoretically guaranteed and the
numerical experiments show their effciency.

2. Preliminaries

In this section, some notation, definitions and lemmas are given.
Let S be a nonempty subset of N = {1,2,--- ,n} and let N\S be the complement of S in N. Given
an m-order n-dimension complex tensor A = (a;,..;, ), we denote

Ai(A) = Z |aiiy...i,,| = Z |iiy...iy, | — |@ii...il;

Sy i =
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Ny = Ni(A) ={ieN:0 <|aj...| = Ai(A)};
Ny = Ny(A)={i e N:0 <|aji...| < Ai(A};
N3y = N3(A)={i € N :|aj..l > Ai(A)};

6n—1 — Nm—l \(Ngn—l UNgn—l)’

g = max A (A) - |aii~~-i|_
i€N> A; (A) ’
P(A) = ¢ Z |aii2---im| + Z |aii2---im| + § |aiiy...i, | | » Vi € N3;
i2eeeri NG i2,enerim NG i nimeNG !
Siiy i =0
q 2 |aii2-~-im| + X |al-,-2...l-m
ip-i €N ip-ip €N
! = max .
) Pi(A)
ieN3 P,' (ﬂ) - Z max T |aii2-~-im|

il delizisin) 19711
§fi2...im =0

In this paper, we always assume that neither Ny or N, is empty. Otherwise, we assume that A
satisfies: a;;..; # 0, Ai(A) = 0,Vi € N.
we may define the following structured tensors extended from matrices.

Definition 1. [10] Let A = (a; i) be an m-order n-dimension complex tensor. A is called an
H-tensor if there is a positive vector x = (x1, X2, -+ ,X,)| € R" such that

-1 .
Ia,-,:..ilx;” > Z |aii2--~im|xi2 e X Vi € N.

i5eeim€N

Siiy iim =0

Definition 2. [2] An m-order n-dimension complex tensor A = (a,;,.;,) is called reducible if there
exists a nonempty proper index subset I C N such that

Aijiniyy = 0, Vll € I, Viz, sy lm ¢ 1.
Otherwise, we say A is irreducible.

Example 1. Consider the 4-order 4-dimension tensor ‘A given

A111 = A2 = (3333 = Aagas = Qiaas = A333 = 2,

and zero elsewhere. Then a i, = 0 for all iy € {1,4} and for all i,13,i4 € {2,3}. From Definition 2,
we have that A is reducible.

Definition 3. [12] Let A = (a;,;,..i,) be an m-order n-dimension complex tensor, for i, j € N(i # j), if
there exist indices ki, ko, - - - , k, with

E lag,iyi,| #0, s=0,1,...,r,
inmimeN

Okgiy i =OKs 1 €12l }

where ky = i, k.1 = J, we call that there is a nonzero elements chain from i to j.
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It is shown that for any HH-tensor, there exists at least one strictly diagonally dominant row [7].
Further, we have the following conclusion.

Lemma 1. [10] If A is a strictly diagonally dominant tensor, then A is an H-tensor.

Lemma 2. [7] Let A = (a;,..;,) be a complex tensor with m-order, n-dimension. If there exists a
positive diagonal matrix X such that AX™" is an H-tensor, then A is an H-tensor.

Lemma 3. [7] Let A = (a;,...,) be a complex tensor with m-order, n-dimension. If A is irreducible,
|Cli...i| > A,(ﬂ), Vi e N,

and strictly inequality holds for at least one i, then A is an H-tensor.
Lemma 4. [12] Let A = (a;,..;,) be a complex tensor with m-order, n-dimension. If

o (i) il = Ai(A), VieN,
o (ii) N3 ={i € N : |ajj...| > A(A)} # 0,
e (iii) For any i ¢ Ns, there exists a nonzero elements chain from i to j such that j € Ns,

then A is an H-tensor.
3. Criteria for identifying 7{-tensors

In this section, we give some new criteria for H-tensors.

Theorem 2. Let A = (a,,..;,) be a complex tensor with m-order, n-dimension. If for i € N,,

Ai(A)
ajjil > ———— iy | + i
i Ai(A) — |aj...l 1 Z i Z |ty |

1.21.3"'imeN(')n_l ,‘2,‘3A.,,-mEN/2n—]
Siiy-weip =0
tP{(A)
* Z i -max . |aii2~~-im| s (3.1)
JEli2,i3, im]} |ajj---j|

ipiz-imeNT!

and fori € Ny, |a;;..;| # > laiiyi,|, then Ais an H-tensor.

ipi3~imeNi~!
6ii2"‘im =0

Proof. From the definition of ¢, we know that 0 < g < 1,¢g > %(\ﬁ € N,), so for any i € N3,

P(A) = g Z iy i + Z |aiiy-.i,|

02,000 im EN(I)”_I 12,5000 im ENm_]

+ Z |aiiy...i,| | = gA(A) < glai...il,

i eenim ENS”’I

Siiy i =0
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that is

s P (3.2)
|ai...i

By the definition of P;(:A), we have

P(A)—q X |ai.,l
q 2 |y, | + 2 |aii,...i, | :

i2...i,,,€N§"_l
ipiz-imeNy™! ipiz-im€Ny™!

9, 0
= <1.
P; Pi(A =
P - 3% max e PA) - X max P
im

. 1m _omax |aiiy i, |
izi}.uimgN%"*l ]€{12J37'" 5 izi}...ime/\/g"*l ]€{12913»"' Jdm)
iy vy =0

iy i =

Siiy i =0

For any i € N3, from Inequality (3.2) and 0 < 7 < 1, we conclude that

tP; )
> (ﬂ) Vi € Ns.

) (3.3)
lai...l
For any i € N,, by Inequality (3.1), it holds that

A; (A) = |aji...]

|ai...i TAA) > q E |aiiz~--im| + § |aii2'”im|
i ( ) . . m—1 . . m—1
12---1m€N0 12---1,,,€N2

(5,’;2“.,'," =0

+ Z max tPj (A)

Jelinaizeo i) |a.."_ |
i NI S LV

|a,~,~2...im|. (34)

By Inequality (3.3) and Inequality (3.4), there exists a sufficiently small positive number & such that

tPi(A) .
q > g, Vi e N3, 3.5
|ai...i
and
A; (A) = |aji...]
|aii...il W > 4 Z |aii2---im| + Z |aii2---im
' iy--imeN! iy-wimeNy!
6,’,’2u.,'m:O
tP; (A)
+ Z max |ai,'2...,' |
Jelinaizs sim) |a.. | "
,'2...1',”.51\/'3"*1 JJJ
+& Z |aii2-~-im|’ VieN,,
i2"'i111€Ngl_1
that 1s,
A; (A) — laji...
i2"'il11€Nl3n_l ' iz...imeN(')”_l iz--'imeN’zn_l
(5,’,’2.,A,‘m20
AIMS Mathematics
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tP;(A) .
- > max L a], VieNs (3.6)

116“2’13’...,1»1} |aJ]/|

iy im €N

By the definition of ¢, it holds that

C][ 2 |aii2--~im| + X |aii2---i,,,|

ip--im €N i imeNy! )
r2 P(A) N Vl € Nz,
Pi(A)- Y  max Tl | Qi i,
i2ip €N JElin, i3, sim}
(5,‘;2“.,'"1:0
that is
P;(A) )
q |aiiz---im + |aii2---im| +1 - max |Clii2-..im| <tP;(A), Yie N,.(3.7)
]6{12,13,---,1m} PR
; ; m—1 ; : m—1 . . m—1 aj]...]
12~~~1m€N0 12“~lm€N2 12---1,,1€N3

6ii2"'im =0

Let the matrix D = diag(d,,d,--- ,d,), and denote B = AD™! = (bi,iyi, ), Where

1

qmT, 1 i €Ny,
—_ A(ﬂ) |au lI m=1 ’
di=3 (“% )1 » L€,
tP;(A) .
(8+ ai. ,|) , LEN;.

For any i € Nj, by g > tP (ﬂ) (Vz € N3), we conclude that

AB) = g Z @iy,

i2 imENm 1

”2 0
1 1
Aiz (ﬂ) - |ai2i2"~i2| " Ai;r1 (ﬂ) - |aimim"'ir71| "t
+ ze;vm | |azzz “Im A, (A) ] o [ A;, (A)
i+l

1 1

tPi ! tP; (A !
+ Z |Cl”2 iy ﬂﬁ‘S] [L)'i'(‘;‘]

ine i E]vm 1 |ai2i2"'i2| |aimim"'il11|

< q Z |aii2---im|+ Z |aiiz---im|

i2 i €N i im €N

112 “im O
tPj (A)
+ Z |aii2-~im max _— + £
i in €Ny ettt |a,,...,|

< q Z |aiiz---im|+ Z |aiiz---im| +4q Z |aiiz---im|

i imeN! i imeNy ! ip-eiym N
6,’,‘2.“,',” =0
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= qlaii.il = |bji..il -
For Vi € N,, by Inequality (3.6), then

AB) = g ) e

iy l,,,eN"‘ 1

1 1
Azz (ﬂ) |a1212 12| ot Aim (ﬂ) - |aimim"'i:n "t
oY ( vk ] [ o )

ip- lmeNm 1

5112 -im =0

1

- ||(m+) [m+]

12...1”16]\]’{'—] | R Unlm*"lm

< q E |al-,~2...,-m|+ E |a,-l~2...,-m|
iy im €N inimeNy~!
Biig iy =0
tP;(A)
+ E |a,~l~2...,~m| max ——r-+¢
je
ig-rimeND! jetisisiinl |a;. |
= q E |aiiz---im + E |aiiz---im|
l.z"'l'mENSn71 i2""'mEN£n71
6,','2,“,',":0
tP;(A)
+ E el max —|(1,','2.A.,'m| + & E |a,~,~2...,~m|
Je€lin iz, i | |
et "1 e
< q E |Clii2.l.l’m|+ E |aii2~~-im|
ip-im €N ,2 imeNg!
112 i = =0

tPj (ﬂ)
+ Z max —|a,-,-2...,-m|
J€d

j€lin,iz, im} |a|
i2-~im€Ng"_1 JJ

A (A) —laji...
+ |aii~-~i|(A)T|)a|—q Z |a,-,-2...,-m|+ Z |al-,-2u.,-m|

iy--imeNI! iz-imeNy!

6ii24~im =0

tP;(A)
- e{1’1’13.X |a”2 lm|
2l T
ip-im €N 1 Qjje-j

Ai(A) — la;...l _
= |Cli[...[| - = | ii-~~i| .
Ai(A)
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Finally, for any i € N3, by Inequality (3.7), thus
AB) = g D |ail

i lmENm 1
1 1
—1 -1
N Z | Aiy (A) — |ai2i2-~~i2| " A, (A) - |aimim-~im| "
aiiz...im| ce
Ay, (A A, (A
= o (A W (A)
1 1
m—1 m—1
thz (A P;, (A)
+ Aii, .. ,m + £ —+8
in- 1,,1€Nm1 | 1212 lz| |ai,,1im~~'im|
6”2 “im =0
< q E |aii2~-~im|+ E |aii2--~im|
ip-eim €N ip-ipg €N
tP; (A)
+ E |ty » +e
12 lm€Nm 1 J 12 l3 lm |a].] .]|
6”2 im = =0
= dq E |aii2--~im|+ E |aii2--~im|
ip-eip €N ip-ipg €N
tP;(A)
+ E } —|a[,-2.“,~m| + & E |a,-,-2...,-m|
12 13 J
i zmele o |a// /| ip-imeNy 1
6112 lm_O 6,‘,‘24..,'}”:0
< tPi (ﬂ) + & E |al~,-2...l-m|
12 lmEN'{’ 1
112 im= =0

< 1P (A) + €laji.i| = il .

Therefore, we obtain that |b;..;| > A;(B)(Vi € N). From Lemma 1, 8 is an H-tensor. Further, by
Lemma 2, A is an H-tensor. O

Remark 1. From Theorem 2, we conclude that 0 < p < 1, 0 <t < 1, and for any i € N3,

tPi(A) - Ai(A)

|aii...| |aii...i

Thus, all conditions in Theorem 2 are weaker than that in Theorem 1. Example 2 illustrates the
superiority of Theorem 2.

Theorem 3. Let A = (a;,..;,) be a complex tensor with m-order, n-dimension. If A is irreducible, and
forallie N,,

Ai(A)
|aii...| > INC T q Z |aiiy...i,,| + Z |aiiy...i,|

ipiz--imeNp~! ipiz-imeNy !

6[[2m;m =0

AIMS Mathematics Volume 6, Issue 9, 10281-10295.
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tPi(A)
+ Z _ max |@iiy-i || 5
Jeliniz,

“sim} |ajj--~j|
1213---1,,IEN§"‘] ’

and at least one strict inequality in (3.8) holds, then A is an H-tensor.

(3.8)

Proof. Notice that A is irreducible, this implies that for any i € N3, P;,(A) > 0, t > 0 (Otherwise, A is

reducible).
For any i € N,, by Inequality (3.8), we obtain

Ai(A) — laii...il
|aii~-~i|W = q Z |aii2~-~im|+ Z |aii2-~~im|

biz-imeN! ipiz-~imeNy=!
5ii2~-im =0

tP (A
+ Z max Llaiiz...iml.

Jeliniz, sim} (A ... j
[2i3...im€Ngn4 m | JJ ]l

Let the matrix D = diag(d,,d>, - ,d,), denote B = AD"' = (b, ;,..; ), where

1 .
qm’ 1€ Nl,
1
d; = ( AA) ) , €Ny,
tP;(A) \ m-1 .
( lai...i| ) ’ I €N

For any i € Ny, by g > %(Vi € N3), we conclude that

Ai(B) = ¢ Z ity -,

ip-ipm €N
Siigeripg =0
L L
m- m—
N | Ay, (A) - |Cliziz..-i2| A, (A) - |a,~ml~m_,,,-m|
E aiiz---im| cee
A;, (A A (A
B2 imENY! i (A) in (A)
L 1
m— oy
tP;, (A) tP; (A)
+ Qijyi| | 7777 e —m -
i €N |aiziz--~iz| |aimim~~-im|
=9 : : |aii2'“im|+ E |aii2---im|
i i €N in-wimeNI!
Biig iy =0
E ‘ tP;(A)
+ max —|aii2~-~i
Jetia iz, sim) |a,, | m
ip-eipeN! Jj
< 4 Z |aii2"'i"l| + 2 : |aii2'"im| +q E , |aiiz---im|
1.2"'1.17161\/(’;171 l’2“'im€N£”71 iz.,,imeNénfl
(5,','2.“,',”:0

(3.9)
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= qlaii-il = |bji..il -
For any i € N,, by Inequality (3.9), it holds that
Ai(B) = ¢q Z |aii2-~-im|

ip-eip €N

1
Aiz (ﬂ) - |ai2i2"'i2| " Alm (ﬂ) - |aimim"'im| "
+ Zl\;m 1 |auz “im { /\i2 (ﬂ) ] o ( (ﬂ)

in-im€

Sji.

lm

=0

iy im

tP;, (A) w1 tP; (A) e
Dl (e

» ael) o]
12...lm€N€”*1 | R Unlm*"lm

< q Z |aii2---im|+ Z |aii2---i,,,|

ip-eip €N ipimeN1
(51','2‘“["1:0
tP; (A)
+ Z maX —|ai,~2...im|
by imeNy! Jelivisinday;..
|aii |M = bl
= ii-i = Wil -
Ai(A)

Next, for any i € N3, by Inequality (3.7), then
A®B =g D lail

il EN'" 1
1 1
Aiy (A) - |ai2i2-~~i2| "t A, (A) - |aimim-~im| "t
+ . Z;vm_l |aii2~~-im| ( Aiz (ﬂ) J R Al,m (ﬂ)
i+ I €NY

+ E |a,-,-2...,-m

1
=1
[tP,-z (&—’l))’" [ . (A))"

3

Siiy wipy =0
S q z Iall2lm| + Z |aii2'”im|
ip-eip €N ip-ip €N
tP;(A)
+ § }—| ii2~-~im|
iyimen1 it i |a// /|
6112 lm_O
tP; (ﬂ)
< tPi(A) = X |aii...i| = |bjj...q| -

|ai...i

Therefore, |b;;..;| = Ai(B) (Vi € N), and for all Vi € N,, at least one strict inequality in (10) holds,

that is, there exists an iy € N, such that |b;;,...,| > A (B).

AIMS Mathematics

Volume 6, Issue 9, 10281-10295.
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On the other hand, since A is irreducible and so is 8. Then, by Lemma 3, we have that B is an

H-tensor. By Lemma 2, A is also an H-tensor. O
Let
. Aif(A)
KA) = Si€N;:lajpil > ———|q Z |-y | + Z |aii,-..i,|
AN(A) —lagial | 7| A e
L213-~'lm€N0 1213-~-1meN2
5ii2~-im:0
ZPJ(\?()
+ Z .e{.maX. Vg [
insiare
ipigeeienyt T A

Theorem 4. Let A = (a,,..;,) be a complex tensor with m-order, n-dimension. For any i € N,

Ai(A)
|agi...|] > W q Z |aiiy...i,| + Z |Giiy...i, |

i2i3"'im€Ngl_l i2i3---imeN’2"_]

Oiipyweipy =0

lpj(ﬂ)
+ Z max |iiy-..i,, || »

Jetizizim) - |a@jj...j|

ipiz-ipm NI

and if for anyi € N\K(A) # 0, there exists a nonzero elements chain from i to j such that j € K(A) # 0,
then A is an H-tensor.

Proof. Let the matrix D = diag(d,,d,- - ,d,), and denote B = AD™! = (bi,iy-i, ), Where

17 .
g, ieN,
1
Ai(A)—aji...;| \m-1 .
di=4 (M=) e Ny,
1

(—”“f(“"”)m . i€N;.

|aji...il

A similar argument to that of Theorem 2, we can prove that |b;;..;| > A;(B)(Yi € N), and there exists
at least an i € N, such that |b;;..;| > A;(B).

On the other hand, if |b;;..;| = Ay(B), theni € N \ K(A), by the assumption, we know that there
exists a nonzero elements chain of A from i to j, such that j € K(A). Hence, there exists a nonzero
elements chain of 8 from i to j, such that j satisfying |b;;..;| > A;(B).

Based on above analysis, we get that B satisfies the conditions of Lemma 4, so 8B is an H-tensor.
By Lemma 2, A is an H-tensor. O

Example 2. Consider the 3-order 3-dimension tensor A = (a;j.) defined as follows:

A =[A(,:,),AR2,:,),AB, L, )],

12 1 0 1 10 1 0 O
All,.,)=]1 1 6 0 [,A2,;,)=]10 6 0 |,AG3,;,)=101 0
1 0 15 0 01 0 0 16

AIMS Mathematics Volume 6, Issue 9, 10281-10295.
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Obviously,
lain| =12, A(A) =24, lax| =6, Ay(A) =3, lazs| =16, Az(A) =2

so Ny = 0,N, = {1}, N5 = {2, 3}. By calculations, we have

24 -12 1
="y =377
PR = (1 +141) =2, P =20+1+D=1,
2 2 )
P A) 3 1 Py 1
aml 6 4 ol 167
o2t 4 50+D 20 4
Tod-ix1 5T 1-gx1 ¥ 5
When i = 1, we get
Ay (A) tP(A)
AA) — a2 ZGNZ |a1iyi] + %2;‘] la1iyis | +,m ” Jnax |‘;jjj| |a1,i,]
Bligiy =0
= 242_412 [%(3+O)+gx%x21 =3 <12 =lajyl,

so A satisfies the conditions of Theorem 2, then ‘A is an H-tensor. However,

Aj(A) 1 27
> aw|+ ). max 1] = 3+ 5 x21 = 5 > 12 = Jayl,
o Jelia.iz) |a | 2 2
1213€N2\N2 lzl3€N
O1iyin=0

so A does not satisfy the conditions of Theorem 1.
4. An application: the positive definiteness of homogeneous polynomial forms
Based on the criteria of H-tensors in Section 3, we present some criteria for identifying the positive

definiteness of an even-order real symmetric tensor. First, we recall the following lemma.

Lemma S. [7] Let A = (a,j,;,) be an even-order real symmetric tensor with m-order, n-dimension,
and ay.., > 0 for all k € N. If A is an H-tensor, then A is positive definite.

From Theorems 2 — 4 and Lemma 5, we obtain easily the following result.

Theorem S. Let A = (ajj,-i,) be an even-order real symmetric tensor with m-order, n-dimension, and
a;i..; > 0 foralli e N. If one of the following holds:

e (i) A satisfies all the conditions of Theorem 2,
e (ii) A satisfies all the conditions of Theorem 3,

AIMS Mathematics Volume 6, Issue 9, 10281-10295.
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o (iii) A satisfies all the conditions of Theorem 4,
then A is positive definite.

Example 3. Let
f(x) = Ax* = 16x] +20x5 + 30x5 + 33x; — 8x3x4 + 12x72x0003 — 12200504 — 24X X234

be a 4th-degree homogeneous polynomial. We can get the 4-order 4-dimension real symmetric tensor
A = (ai,ipii,), where

apn =16, axny» =20, asz =30, asuas = 33,

aig = aia = A = dqn = —2,

Ay = danz = a3 = a1312 = diz1 = aizg = 1,

az113 = G131 = G311 = 43112 = 43121 = Az = 1,

(2334 = (2343 = (2433 = A4233 = Q4323 = dg332 = — 1,
a334 = A3243 = 3324 = A3342 = A3423 = d3432 = — 1,
Q1234 = 1243 = 1324 = A1342 = Q1423 = Q1432 = — 1,
Ar134 = A2143 = A2314 = G341 = Qo413 = do431 = —1,
a3124 = A3142 = A3214 = 3241 = A3412 = 3421 = —1,
(4123 = A4132 = Q4213 = 4231 = 4312 = A3 = — 1,

and zero elsewhere. By calculations, we have
ayn =16 < 18 = Aj(A),

and
Agaas (@111 — A(A) + |aiaaa]) = =66 < 0 = Ay(A)|aia4l.

Then A is not strictly diagonally dominate as defined in [17] or quasidoubly strictly diagonally
dominant as defined in [18]. Hence, we cannot use Theorem 3 in [17] and Theorem 4 in [18] to
identify the positive definiteness of A. However, it can be verified that ‘A satisfies all the conditions of
Theorem 2.

Ai(A) =18, Ay(A) =12, A3(A) =15, Ay(A) =11,

so Ny =0,N, = {1}, N5 = {2, 3,4}. By calculations, we have

18-16 1
18 9

qi=1 = =dq,

1 4 1 5 1 11
PAM =50 +0+3)= 2, PAA)=5O+0+6) =3, P =5(6+2+3)= .,

P A) 5 1 PA_ 3 1 PA_ 51

lasml 20 157 asssl 30 187 lagwl 33 27
sO+0) 15 5O+ 15

ti:3_5 1 — T~
$-isx6 19

li2= 77—V = = 1
- x3 1
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10294

56+2) 10 15
E TR S A T
9~ 15 X3

Wheni = 1, we get

A(A) tP i(A)
: q Z a1z, + Z |1y, | + Z max J—lali2i3i4|
3

Al(ﬂ) - |611111| i2i3i4€N3 izi3i4eN§ i2i314€N3 Jeliadad |ajjjj|
Oliniziy =0
18 1 15 1 258
= —(12+0)+ =X —X%x6|=—<16= .
18——16[9( ARTRT: ] 17 @]

Therefore, from Theorem S, we have that ‘A is positive definite, that is, f(x) is positive definite.
S. Conclusions

In this paper, we given some inequalities to identify whether a tensor is an H-tensor, which was
also used to identify the positive definiteness of an even degree homogeneous polynomial f(x) = Ax™.
These inequalities were expressed in terms of the elements of A, so they can be checked easily.
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