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Abstract: A labeling of a graph is an assignment that carries some sets of graph elements into numbers
(usually the non negative integers). The total k-labeling is an assignment f, from the edge set to the set
{1,2,...,k.} and assignment f, from the vertex set to the set {0, 2, 4, ..., 2k, }, where k = maxik,,2k,}. An
edge irregular reflexive k-labeling of the graph G is the total k-labeling, if distinct edges have distinct
weights, where the edge weight is defined as the sum of label of that edge and the labels of the end
vertices. The minimum & for which the graph G has an edge irregular reflexive k-labeling is called the
reflexive edge strength of the graph G, denoted by res(G). In this paper we study the edge reflexive
irregular k-labeling for some cases of circulant graphs and determine the exact value of the reflexive
edge strength for several classes of circulant graphs.
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1. Introduction

Let G be a connected, simple, and undirected graph with a vertex set V(G) and edge set E(G). In
graph theory, graph labeling is a topic that is interesting to study. Graph labelings were introduced
for first time by Sedlacek in 1963 [32], the various methods for labeling of the edges of graph have
been studied by stewart in [33], and then formulated by Kotig and Rosa in [27]. In 1988, Chartrand et
al. [20] defined irregular labeling for a graph G. Informally, the irregular labeling defined as follows.
Let G(V, E) be a graph, the mapping f : E — {1,2,3, ..., k} is called irregular k-labeling of G, if every
different vertices u and v have distinct weights, that is:
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The irregularity strength of G, denoted by s(G), is known as the minimum positive natural number k
which G has an irregular k-labeling. Therefore, there are many researchers who give certain results of
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the irregular labeling (see [1,7,9, 18,21,22,26,27,32,33,36]). The natural extension of irregularity
strength of a graph G, Baca, Jendrol, Miller, and Ryan [11] introduced the other types of irregular
labeling based on the total labeling, namely the vertex irregular total k-labeling and edge irregular total
k-labeling. Some results on the vertex irregular total k-labeling and edge irregular total k-labeling can
be found in [2-5,8,10,12,13,16,23,28,30]. In [11] Baca et al. defined the concept of edge irregular
total k-labeling as a labeling of vertices and edges of G, f : VIJE — {1,2,...,k} such that for any
different edges xy, X'y have distinct weights i.e. wr(xy) # wt(x'y) where wt(xy) = f(x) + f(xy) + f(¥).
The minimum k for which G has an edge irregular total k-labeling is namely the total edge irregularity
strength of G, denoted by fes(G). Furthermore, Ryan et al. [31] generalized the concept of edge
irregular total k-labeling of a graph to be an edge irregular reflexive k-labeling.

For a graph G the total k-labeling defined the map f, : E(G) — {1,2,3,...,k.} and f, : V(G) —
{0,2,4,...,2k,}, where k = maxik,,2k,}. The total k-labeling is called an edge irregular reflexive k-
labeling , if for every two distinct edges xy and x'y of G, wt(xy) # wt(x'y'), where wt(xy) = f,(x) +
fo(xy) + f,(y). The minimum value of k for which such labeling exists is known as the reflexive edge
strength of graph G and is denoted by res(G). Over the last years, res(G) has been investigated for
different family of graphs (see [6,14,35,38]). The notion of reflexive edge strength was defined in [35].
The following lemma estimate the lower bound of the reflexive edge strength of graph G.

Lemma 1.1. ( [35]) For every graph G,

[E9, |E(G)| # 2,3 (mod 6),

res(G) = { [@] +1, |E(G)| = 2,3 (mod 6) .

Also, Baca et al. [14] suggested the following conjecture:
Conjecture 1.1. ( [14]) Let G be a simple graph with maximum degree A = A(G). Then:

A+2, |EG)
2 L 3

1+7r)

res(G) = max{|
where r = 1 for |[E(G)| = 2,3 (mod 6), and zero otherwise.
2. Circulant graphs

The circulant graphs are another important family of graphs that can be used to construct local area
networks see [17]. Suppose 1 < 51 < 5, < ... <5, < 5, Where nand s, j = 1,2, 3, ..., m are positive
numbers. The circulant graph C,(sy, $2, ..., $;y) is the graph on vertex set V = {xy, X1, ..., X,_1} and edge
set £ = {xiXiry; 1 =0,1,2,..,n—1and j = 1,2,..,m} where i + s; is taken modulo n see [15].
It is clear to see that C,(sy, 52, ..., i) 18 @ r-regular, where r = 2m — 1 if s5,, = 5 with n(2m — 1)/2
edges on other hand r = 2m with mn edges if 5, < 7. The circulant graphs have a large number of
applications and uses in telecommunication network VLSI design, parallel and distributed computing.
The properties of circulant graphs; such as bipartitness, planarity, Hamiltonicity and colourability have
been studied in [19,24,25,29,34,37]. In this paper we investigate the existence of the reflexive edge

irregularity strength for some classes of circulant graphs.
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3. Main results

In this section, we discuss the edge irregular reflexive k-labeling for some classes of circulant

graphs.

Theorem 1. Let C,(1,2), be a circulant graph on n > 4 vertices. Then

4,

res(C,(1,2)) = >

Proof. Let C,(1,2) be a circulant graph with vertex set V(C,(1,2)) = {x; :

[,

[27+1,

n=4,
n=>5,6,

n=0,2(mod3)andn > 8,
n=1(mod3)andn>17.

1 < i < n} and edge set

E(C,(1,2)) = {xixiyj: 1 £i<n, 1< j <2}, where indices are taken modulo 7. First note that C,(1, 2)
isomorphic to the wheel W3 and so from [22] Ryan proved that res(W3) = 4, so res(C,(1,2)) = 4. By
the same arguments that used in [22], we can find that res(Cs(1,2)) > 5 and res(Ce(1,2)) > 5. The
corresponding labelings for C,(1,2),n = 4,5,6,7,8,9, are shown in Figure 1.

Figure 1. The reflexive edge irregular k-labeling of C,,(1,2),n = 4,5,6,7,8,9.

For n > 10 and based on Lemma 1.1, we show the following lower bound for the circulant C,,(1, 2)
cres(Cy(1,2)) = k = [%"] ifn=0,2 (mod 3) and res(C,(1,2)) > k = [%] + 1if n =1 (mod 3). Then,
to convince our proof we define a total labeling of C,(1,2) such as:

fx) =
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1<i<|3],
[31+1<i<[3],
21+ 1 <i<[2]+]2],
Fl+15]+1<i<n
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i I<i<|[3]-1,
2n-2[%]-
-215] -2, =131
2n-213]-151-
—4[5]+1, 15]+1<i<[5]-1,
2n—2|_§]—
N 251+ 15D +1, i=13]
f(X,XH_]) - o — L%J _2L§J_
—41E)+ 3+, L5l+1<i<|§]+13]-1,
2n—2[%]-
—2(l5]+L£D) -2, i=131+15]
131 -151-
—415) +1, 3]+ 15]+1<i<n-1,
2121 -2151-2, i=n.
121 -1+1, I1<i<|3]-2
2n =213 - 151~
21k 4, 151-1<i<[}],
2n-|31-215]-
—45] -1+, 3] +1<i<|5]-2and
151-151=22,
2n —k2L§J - 151
ooyo ) 2D A3+ 151-1<i<|3],
f(-xlxt+2) 2]’1 _ L%J _ L%J_
—4l51+ 2+, 151+ 1<i<|5]+[5]-2,
2n =351 - 151~
2051+ LED +4, 51+ 151 -1<i<|3]+ (5],
i— 4], [3]+[5]+1<i<n-2and
5] — 5] > 3, where n is even,
2131 -2151-
—2L§J+ia n-1<i<n.

Evidently, the vertices of C,(1, 2) labeled with even numbers. Now we will compute the weights of
edges under the labeling f:
The edge set of C,(1,2) can be split into the eight mutually disjoint subsets, Ay, 1 < £ < 8 as follows:
Forl < j<2.

o A; = {xixiy; : 1 <i<|%]— j}the set of all edges which has end vertices labeled with 0.
o Ay = {xixiy;: 5] —j+1=<1i<|3]} the setof all edges which has end vertices labeled with 0 and
2151
{XL§J+1XL’§1J+2}, if L%J - L%J =2
e A; =
{xixiej 51+ 1 << 5] = )}, if|53]-151=3
the set of all edges which has end vertices labeled with 2|_§J.

AIMS Mathematics Volume 6, Issue 9, 9342-9365.
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o Ay ={xixiyj : |51 +1—j <i< 5]} the setof all edges which has end vertices labeled with 2|_§J
and 2|£].
o As = {xixi; 1 |31+ 1 <i <[]+ 5] - j} the set of all edges which has end vertices labeled with
21%].
° A62: {xixip; - [51+ 51— j+ 1 <i<|5]+13]} the setof all edges which has end vertices labeled
with 2[£] and 2| £].
{X—1%,}, ifnisevenand 5] —[5] = 2.
e A=
{xixip; 53]+ 151 +1<i<n-j}, otherwise.
the set of all edges which has end vertices labeled with 2|_§J.
e Ag = {xixisj : n— j+ 1 < i < nj the set of all edges which has end vertices labeled with 0 and

21%).
Hence, the edge weights under the labeling f are the following:

1. The weights of the edges of the set A;, admit the successive integers from the set
A =1{1,2,...2(5] - 3}.

2. The weights of the edges of the set A,, admit the successive integers from the set A, = {2n —

2[51-2,2n-2|5] - 1,2n - 2[5}

The weight of the edge of the set A3, admit the integer {2n — 23] + 1,...,2n - 2| 3] — 3},

4. The weights of the edges of the set A;, admit the successive integers from the set Ay = {2n —
2051+ 1,2n = 2[5] + 2,2n - 2| 5] + 3}

5. The weights of the edges of the set A5, admit the successive integers from the set As = {2n —
2151 +4,...,2n}

6. The weights of the edges of the set Ag, admit the successive integers from the set A = {2n —
2151 -2,2n=-215] - 1,2n = 2[5}

7. The weights of the edges of the set A7, admit the successive integers from the set A; = {2|5] +
1,...2n-2[5] -3}

8. The weights of the edges of the set Ag, admit the successive integers from the set Ag = {2[3] -
2.214] - 1,2(2])

»

This mean that for n > 10, the edge weights are from the set W = {1, 2, 3, ..., 2n}. Thus, we can easily
see that all integers in W are distinct. O

Theorem 2. Let C,(1,2,3), be a circulant graph on n > 6 vertices. Then

n, n is even,
res(Cy(1,2,3)) = { n+1, nis odd.
Proof. According to the fact that the circulant C,,(1, 2, 3) has 3n edges if n > 7, then using the Lemma
1.1, we obtain the lower bound for the circulant C,(1, 2, 3) as following: res(C,(1,2,3)) > n for n is
even and res(C,(1,2,3)) > n + 1 for n is odd. To prove the equality, it suffices to prove the existence
of an optimal total labeling of C,(1, 2, 3) such as:
The corresponding labelings for C,(1,2,3),n = 6,7, 8,9, 10, are shown in Figure 2. Suppose k = n for
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Figure 2. The reflexive edge irregular k-labeling of C,,(1,2,3),n = 6,7,8,9, 10.

niseven and k = n + 1 for n is odd. Hence, for n > 11 we have the following labelings:

0 1<i<l|t],

fOiy =9 ™ Lgf+ 1<is< L§J2+ L5,
214 Gl+l5l+i<isn

Case 1. If [ ] — [5] = 2.
Firstly, for n is even, it is only realizable when n = 12, then the Figure 3, shows labelings of vertices
and edges along with their weights.

Secondly, for n is odd.
i, l<i<|[%]-1
3150 - 2150 +2, =13l
3151 -415) +6, i=151+1,
3l k=21t s, i=[2]+2,
JOaGe) =0 g1n] ok 41944, 1 +3<i<2t]+ 1,
32 —k-2[%]+11, | =214]+2,
2] 415 -2+, 2131 +3<i<22]+4,
312]-21£] -5, i=n.

AIMS Mathematics Volume 6, Issue 9, 9342-9365.
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Figure 3. A reflexive irregular 12-labeling of C;,(1, 2, 3) and its edge weights.

f(xixin) =

f(xixiy3) =

Case 2. If 5] - [5] =3
Forl <i<|[]

S(xixir) =

AIMS Mathematics

131 - 1+14,

2L§J - 2L§J +4 +1,
212 —k—2[5]+
+15 + 1,

3151 -2k + 18 +14,
131 —k- 2L§J+

+11 + 14,

315] —4L§J +3,
31%] —2L§J - 10+,

205 -3 +i,
20220k +7 +i,
35)—k+9,

212] -k —-2[5]+
+17 + 1,

412] -2k + 16+,
12] - k—2L5]+
+14 + 1,

121 - 2151 -5+,

I,

3n - 32—
2k -7,
3n-3|2]-

3n - 32—
k—25] -1,

5] - 4k -4+,

1

i

]

WIS
—

2

-2
i<,

I A

L
1

wi= A
IN

2] +1<i<|i]+2,
1] +3<i<2/2],

2151+ 1 <i<2[5]+2,

i=2[3]+3,

205]+4<i<n
l<i<|3]-3and|5]>4,
Z-2<i<[4]-1,
i=151,

2]+ 1<i<|2]+2,
2] +3<i<2[2]-1,

208 <i<2(2]+2,
28 +3<i<n,

1<i<|?]-1,
i=51

2]+ 1<i<[2]-1,
i=12].

Volume 6, Issue 9, 9342-9365.
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For|[3]+1<i<n

3n - 34—

—[2] -2k +6+1i, LBl+1<i<[3]+15]-1,
3n-3%]-

fCaxin) = —k=25] =5, i=151+15],

2151 -151-

—415]+1, 2]+ 5]+ 1 <i<2[%],
312 -215] -5, i=n.

12— 1+, 1<i<|5]-2,
3n-313]-15]-

214~ 5+i, 151-1<i<l3l,
3n-215]-2[5]-

_4L§J—5+i, [31+1<i<|3]-2,
3n-313]-15]-

—k=2(k+ 144, 31-1<i<l3l,

3n =215 - 15]-

2k +5+1i, 5]+ 1<i<[5]+15]-2,
3n—413]-15]-

—k—215] -3+, F1+ 1531 -1 <i<[3]+[5]
12]—4L5]+1, 31+ 5] +1<i<205]-1,
3151 -2151-

_2L§J—4+i, 215]<i<n

f(xixipn) =

212] -3+, 1<i<|2]-3,

3n-313]-15]-

2141 -2+1, 131-2<i<|3],

3n—151-3151-

—415] -7+, [§]+1<i<|5]-3and
151 -151=4,

3n =331 -151-

k=215 + 4+, 131-2<i<I3l],

3n—5]1-151-

2k +3+1, Bl+1<i<[5]+[5]-3,

3n-413]1-151-

—k—=2[%]+i, LBl+ 151 -2<i<[5]+15),

2151 -213)-

—4l5 -1+, 2]+ 2] +1<i<2(%]-2,

n+351-4l51-

_2L§J—2+i, 215]-1<i<n.

S(Xixip3) =

Obviously f is k-labeling and the vertices are labeled with even numbers. For the edge weights of
Xixirjy 1 <i<n,1 < j<3inCy(1,2,3) under the labeling f we have:

AIMS Mathematics Volume 6, Issue 9, 9342-9365.
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In Case 1, the edge set of C,(1, 2, 3) can be split into the nine mutually disjoint subsets, A;,,1 <€ <9
as follows:

1.

W

9.

Ay ={xixi; 0 1 <i<|3]—J,1 < j < 3} the set of all edges which has end vertices labeled with
0.

Ay ={xx 51— j+ 1 <i<[5].1 < j <2} the set of all edges which has end vertices labeled

with 0 and 2| %] + 2.

LAz = {xL%z +1X]2 +2} the set of only one edge which has end vertices labeled with 2L§J + 2,
Ay = {xxy 151 +3 - <i < [5]1+2,1 < j <2} the set of all edges which has end vertices

labeled with 2|_§J + 2 and 2|_'§‘J.

cAs = {xixiyy 0 [51+3 <@ < 2[5],1 < j < 2} the set of all edges which has end vertices labeled

with 2[£].

cAg = {xixiy; 2 2151 +3 - j <i < 2[5]+ 2,1 < j < 3} the set of all edges which has end vertices

labeled with 2| %] and 2% .

A7 = {xxy 2151 +3 < i <2051+ 5 - ), 1 < j < 2} the set of all edges which has end vertices

labeled with 2 .

cAg = {xxiy; 2151+ 6 - j <i<2]3]+5,1 < j < 3} the set of all edges which has end vertices

labeled with 0 and 2| £].
Ag = {x|2)x2 )43} the set of only edge which has end vertices labeled with 0 and 2|_§J.

Thus, we obtain the edge weights as follows:

1.

(98]

9.

The weights of the edges of the set A;, admit the successive integers from the set
A =1{1,2,...,3[5]-6}.

. The weights of the edges of the set A,, admit the successive integers from the set Ay = {3[3] +

4,..,3[2] +8)

. The weight of the edge of the set A3, admits the integer {3|_§J + 10},
. The weights of the edges of the set A4, admit the successive integers from the set Ay = {3L§J +

17,...,2[ 2] + 21

. The weights of the edges of the set As, admit the successive integers from the set As = {3[3] +

22,..,6[5]+ 15}

. The weights of the edges of the set Ag, admit the successive integers from the set Ag = {3[5] +

11,...,3[5] + 16}

. The weights of the edges of the set A;, admit the successive three integers from the set A; =

(BL2]+1,312] +2,2]2] +3)

. The weights of the edges of the set Ag, admit the successive integers from the set Ag = {3|3] —

5...312])
The weight of the edge of the set Ay, admit the integer {3|3] + 9}.

In Case 2, the set of edges can be divided into eight mutually disjoint subsets as in the proof of Theorem
1.1. Therefore, the edge weights under the labeling f are the following:

1.

2.

The weights of the edges of the set A;, admit the successive integers from the set
A =1{1,2,...,3[3] - 6}.

The weights of the edges of the set A,, admit the successive integers from the set A, = {3n —
3151-5,...3n =331}

AIMS Mathematics Volume 6, Issue 9, 9342-9365.
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3. The weights of the edges of the set A3, admit the successive integers from the set {3n — 3[5] +
l,...,3n-3[5] -6},

4. The weights of the edges of the set A4, admit the successive integers from the set Ay = {3n —
3151+ 1,...,3n = 3[5] + 6}

5. The weights of the edges of the set As, admit the successive integers from the set As = {3n —
3151+7,...,3n}

6. The weights of the edges of the set Ag, admit the successive integers from the set A = {3n —
3151-5,...,3n =315}

7. The weights of the edges of the set A7, admit the successive integers from the set A; = {3|_§J +
l,..,3n=35] - 6}

8. The weights of the edges of the set Ag, admit the successive integers from the set Ag = {3|3] —
5,...351}

Moreover, for nis odd and | 7] — 5] = 2 the edge weights are from the set W = {1,2,3,...,6[5] + 15}
and for [ 7] — [5] = 3, the edge weights are from the set W = {1,2,3,...,3n}. It is not difficult to see
that all numbers in set W are different. O

Theorem 3. Let C,(1,2,3,4,5), be a circulant graph on n > 15 vertices. Then

[, n=0,1,2,5(mod 6),

res(Cy(1,2,3,4,5)) = { (241,  n=3,4(mod6).

Proof. The corresponding labelings for C,(1,2,3,4,5), n = 10,11, 12,13, 14, are shown in Figure 4.
From Lemma 1.1, we get the following lower bound for the circulant C,(1,2,3,4,5)
res(C,(1,2,3,4,5)) > k = [53—”] ifn=0,1,2,5 (mod 6) and res(C,(1,2,3,4,5)) > k = [%”] + 1 if
n = 3,4 (mod 6). Now, we will prove that:

[, n=0,1,2,5 (mod 6),
[27+1, n=3,4(mod6).

For this we construct the f-labeling on C,(1,2,3,4,5) as follows:
For n > 15 we have the following labelings:

res(C,(1,2,3,4,5)) < {

0, 1<i<|%],
] 21k + 4, [31+1<i<|3],
flx) = Z@J, L§J+1SisL§J+L§J,
215, LI+lsI+l<is<n.

Moreover, for the labeling of the edges x;x;,1, 1 <i < n we distinguish two cases.
Case 1. If | 5] - [5] < 4.
Firstly, for n is odd.

i I<i<|[3]-1,
L) - 214 - 13, i=15)
) AL G - LA+ D
J(xixi) = —43L§J+72+ i, wo 151+ 1<i<[5]-1,
SLa1+ S5 - 141+ 9)-
=208+ 4D+ 17, i=15]

AIMS Mathematics Volume 6, Issue 9, 9342-9365.
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Figure 4. The reflexive edge irregular k-labeling of C,(1,2,3,4,5),n =10,11,12,13, 14.

For ]+ 1<i<n.

OL2] — 5121 —4L£] +20+i, 2]+ 1<i<[2]+[2]-1,
5L§Jl:r (L%Jk— L2])*-
] s s, i=14]+ 1),
FORE) =0 3 DR 0y ay gy
—415] - 10+, 2]+ 2] +1<i<24]
51221k - 14, i=n.
N IR Y 1<i<|[t]-2,
fxixiaa) {5L§J—L§J—2L§J—ll+i, 12 -1<i<[Z].

For 3] +1<i<[3]
If15]-15]1=2

n k k .
f(xixiyo) = 4L§J - 2(L§J + LZJ) +28 +i.

AIMS Mathematics Volume 6, Issue 9, 9342-9365.
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If (2] - 2] = 3.

aa)+ B ey ny g3y

2
—4L5]+ 6+, 5l+1<i<[5]-2,
(ii+): 4 ny_jn 3 2
TR =0 a3 W)~ )47y
205+ 5D+ 19+, 2] -1<i<|4].
For ]+ 1<i<n.
OL2] —4[2] - 4[5+ 19+i, 21+ 1 <i<|3]+[%]-2,
413] - 15 + (151- 1507
o) 2RI gD + 18+ Z1+151-1<i<[3]+15],
f(xz-xz+2) 3|_§J + LjJ;LjJ(g _ L%J + LgJ)_
—4l5]1 - 10 +1, 2]+ 2] +1<i<2\%]-1,
512212251 - 13+, 2131 <i<n
S(xixiy3) = 2|_§J -3+, 1<i< Lg] - 3.
For 3] -2<i<|3]
Iz -151=2
o AE-20k 244, 2] -2<i<|2%]-1,
TCIBEE o T N e

If (2] - 2] > 3.

n n k .
S(xixips) = 5|_§J - |_§J - 2L4_1J -8 +1.

For | 3]+1<i<[3]
If 4]~ 2] =2,

n k k .
f(xixips) = 4L§J - 2(L5J + LZJ) +30 +1.

If[51-151=3
f(xixiy3) = 4[%] - 2(L§J + LSJ) +37 +1i.

IfL51-151=4

A2] - 4151 +22+1,

f(xi)Ci+3) = { 4|.§J _ 2(L§J + L%J) +44 + 1,

For 3]+ 5]+ 1 <i<2[7]+ 1
If15]-151=2

S(xixip3) = 3[%] - 2|_I§CJ — 14+

AIMS Mathematics Volume 6, Issue 9, 9342-9365.
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If (2] - 2] = 3.

3120+ SR - 1)+ 13-

Jf(xixiy3) = { —415] - 112 +1,
5151-215] - 2151 - 10+,

Fixing) = 3L§J —6+i,

For 3] -3 <i<|3]
If 12— 14 =2

B 4212151 +5+1,
f(XiXiza) = { 4@_] - 2|_%J + 12+,

If 2] - |2) = 3.

~ 4|_QJ_2|_KJ— 1+1,
S(xixiza) = { 5L§J - ZL%J + 18,

If1z1-131=4

2]+ 2] +1<i<2t]-2,
202)-1<i<n.

n
l<i<|=]-4.
_t_L3J

12]-3<i<|2]-2,
[2]-1<i<|t].

l5)-3<i<[t]-1,
i=12],

k
S(xixipa) = 4|_g] - ZLZJ + .

For | 3]+1<i<|3]

451 =251+ 15D +32 +4,
SCixia) = 451 =251+ 15D +40 + 4,
4512150+ 15D + 48 +4,

For 3] +1<i<[5]+[5]
k
F(Xixing) = 9L§J - 2L§J -4l 14+,

If 2] |2)=2.

NEOE Ot
e ={ 3 oS

If[2] - 2] > 3.

e e
faia) = 45] = 151+ (51 - 15D
k k )
—2(L§J+L§J)+25+z,

AIMS Mathematics

if12]-12]=2.
if 2] - 12] =3,
if 2] - 14] = 4.

[F1+1<i<I5l+15]-4

L3]+ 1531 -3<i<|3]+4],
i=151+15]

n n . n n
L§J+L§J—3S1SL§J+L§J-

Volume 6, Issue 9, 9342-9365.
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For 7]+ [5]+1<i<n.
If 12— 14]=2.

Flwan) =315 =215 = 11+

IF14) - 4] = 3.
NI T
f(xixi+4) = LgJ - Lg] - + 1.

If131-151=4

[ 3lE] -4k + 5+, 2]+ [2]+1<i<2|2]-3,
f(xix”“)‘{3L§J—2L§J—14+i, o2 -2<is<n
For1 <i <[]
If 2] - 12) =2
[ 5lE] =20k 143+, 1<i<2,
f(xl'x’”)‘{5L§J—2L§J+11+i, 3<i<|t).

If 2] |2 =3.

421 - 10+, l<i<|%]-5and[2]>6
fQaxis) = 451 = 2151 +3 +i, l3]-4<i<|5]-2
4121 -2151+20+1, 2]-1<i<|4]
If[2] - 2] =4
4121 - 10+, 1<i<|%]-5,
fQaxis) = 451 = 2051 +5 +i, 3l-4<i<|5]-1L
512]-215] + 25, i=[%].
For 3] +1<i<[3]
451 -2(5] + 15D + 34+, if15]-151=2,
fCaxis) = 451 =2(15] + 15D +43 +4, if 151 -151=3,
451 =205+ LD + 52 +4, if15]-151=4.
For [2]+1<i<|[%]+]5]
IfFL51-151=2
_ [ 451 -205] + 15D + 26+, LEl+1<i<|5]+151-2,
S Cxitias) = { an)-20A + 1144, B+ 12T << (2] +12]

AIMS Mathematics Volume 6, Issue 9, 9342-9365.



If12)-14)=3
8L4) — 44+

+37 + 1, 2]+ 1<i<[2]+[%]-5and[%]>6,
fxixis) =4 3151 - 25—

2]+ 36+, L2+ 13 -4<i<[3]+[%3]-1,

5121 -215]+21, i=12]+[%]

If 4] - 14) =4

8l -4Lk1+ 46+,
f(xiXi+5) - { 3|_§J _ 2(6%] + L%J) + 42 + i’

For 3] +[5]+1<i<n

3141 - 2041 -8+,
(Xixiys) = { Z 3 :

JOiis) = 312y o[k~ 9 44,
Secondly, for n is even.
i,
x ZL%J - 18,
45 - 521 -5+ 14D-
—415]+ T +1,
5131+ 524 - 31 +9)-
2141+ 14D + 12,
35181 -451+15+4,
6L41 -4+ (5 - 141~
251+ L5 + 16,
314+ 5204+ 14)-
—415] - 15+,
S141- 2141 - 14,

S(xixigr) =

[51-1+4,

3 - L%Jﬁ_—ngL’;‘J - 16 +1,
3]+ =5=G - 151+ D-
—4l5]+ 6+,

A5+ 2 G - 18+ T-
20151+ 15D + 14+,
L4 -4k+ 1441,
SL81—n+ (5 - 15D~
“2(151+ L5 + 18 +1,
3141+ S -5+ 14D~
—4l51 - 16 +1,

512 -n—2[§] - 11+,

S(Xixipo) =

AIMS Mathematics

3] +1<i<|3]+1%]-5,
I+ 15)-4<i<l3l+15)

if14]- 14 =23,
if15) - 14) =4

l<i<|2]-1,

i= 2],

sH+L3I+1<i<n-1,
i=n.

1<i<|t]-2,
131 -1<i<I[3],

]+1<i<?i-2,

-1<i<3,
n o n n
§+ISlS§+L§J—2,

IS

n
2

sH3I-1<i<5+[5],

§+L§J+1$iSn—2,
n—-2<i<n.
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For I <i<|[5].

205) -3 +i,

J(xixis3) :{ 57n _ L%J _2|_§J — 13+,

For | 3]

+1<i<
If 3 - [5]=3.

n
5-

l<i<[%]-3
2)-2<i<|2]

"
F(xixisa) = 4L§J 21+ 5D+ 32+

4] - 41K +18 44,

f(xixi+3) = { 4|_§J _ 2(|_§J + L%J) +30 + i,

n M n n
For+1<i<3+|[5]

232 -4l5]+ 12+,

fixis) =3 531 -n+ G - [5)°-
20151+ LE) + 21 +1,

For%+|_§]+1$i$n.

fo) =315 - 2L’§‘ |- 1541

If 2 —[2] = 3.
If2—|2) =4

_ [ 31314l +i
S(xixiy3) = { 3[%] - ZLEJ - 17+1,

For 1 <i <[]

FixXing) = 3L§J —6+i,

Az =21k 6+,
f(x,'xi+4) - { Sl_gj _ ZL%J + 13,

S(xixipa) = 4[%] - 2L§J + 11+,

For|3]+1<i<7+[5]

~ 412 - 2('_&] + Ll—cj) + 35 +1,
J(Xixipa) = { 4@] _ 2(I_§J + L%J) +43 +1i,

AIMS Mathematics

L§J+|_§J+1§i$n—3
n—-2<i<n.

n
1<i<|=|-4.
_l_|_3_]

12]-3<i<[f]-1
i=12].

LgJ—3singJ.

_._..
— =
NS IS
[
r—
WIS WIS
Il
A~ W

| I S

Volume 6, Issue 9, 9342-9365.



9358

For—+1<l< 5 +15)

—-151=3
7\2] - 415+ 36+, Brl<i<i+|i]-4
_ ) 3l 2050+ LED+
fexia =g gy Bl -3<i<t4l2]-1
51212151+ 14, =244
If2—|2]=4
T2 - 4151 +45+1, S+l<i<i+|i]-4
Suxia) =1 3151 =250 + L5 D+
+33 +1, L5 -3<i<i+ 4]
Forf +|[3]+1<i<n
[ 3E] =20k 1244, if2—2]=3
f(x"x"*“)‘{3L§J—2L§J—13+i, if%—[%]z4.
For 1 <i<|[3].
-151=3
4151 =10+, I <i<|[3]-5and|[3]>6,
fuixis) =14 4151 =215+ 10+, 15]-4<i<[5]-
4181 -2151+ 16 +1, [2]-1<i<|[2]
If2—|2]=4
4121 - 10+, 1<i<|%]-
fuxis) =1 4151 =215+ 16 +4, 131-4=<i<[3]-1,
52] - 251 +20, i=12].
For [2]+1<i<Z
L A2 -2(151+ 5D + 38+, if2-1%]=3
S eixies) {4L§J—2(L§J+L§J)+47+i, i1 -2 =4,
For+1<i<Z+|[5]
—|_§J=
8l4] — 451+ 32+, Byl<i<i+|%]-5and|%]>6,
_ ) 35 -235] + LD+
foxis) =3 5y Byt —4<i<t4|l]-
32 2[5+ 15+, Lt -1<i<i+|4l
If2-12]=4
8l2] —4l5]+ 41+, T+l1<i<i+|3]-5,
_ )3l =205+ LED+
f(xixies) = +338+i, Ea Pt d<i<t]t] -
512]-215] +21, i=2+]4]

AIMS Mathematics
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For 3 +[5]+1<i<n.

Case 2. If 5] - [5] = 5.

fxixipr) =

S(Xixipo) =

For1 <i<|7]

k
f(xixiys) = 3|_gJ - 2|_§J -9+

i

5n—51%]-2[%] - 18,

5n—=513]1-151-
—41k] -8+,
Sn—512]-
2151+ 15D -3,
S5n—=515]1-151-
—4l5]+ 15+,
Sn— 5[]
—2(L51+ L5 - 14,
451 -151-
—415] +1,
55]-215]1 - 14,

[31-1+4
5n—=35151-151-
2141 -16+1,
5n—415]1-215]-
—4151 -9+,
5n—51-5151-
2(51+ 15D -1+,
Sn—3]-4151-
—415]+ 14+,
5n—5]1-6l5]-
“2(5]1+ 15D - 12+,
n—2[%]+32]-
—4l5] -1+,
—n+55]-2l5]-
12 +1,

2121 -3+1,
5n—3515]-151-
2[5 - 13+,

f(xixipz) =4 Sn—=315]-315]-

AIMS Mathematics

—4E1 =11 44,
5n—3]1-515]-

20151+ 15D + 2+,

l<i<|2]-1,
i= 2],

2]+ 1<i<[2]-1,
i= 2],
Bl+1<i<[5]+15]-1,
i=15]+15],

L§J+|_§J+1§iSn—1,
I=n.

1<i<|3]-2,

5] -1<i<|[§],
lsl+1<i<|5]-2,
13]-1<i<|[5],

31+ 1<i<[5]+15]-2,
L]+ 151 -1<i<[5]+15].
5]+ 5] +1<i<n-2,

n—-1<i<n.

1<i<|t]-3,

151 -2<i<I[5)
2]+ 1<i<|2]-3,
2] -2 <i<|2].
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For|[3]+1<i<n

5n—13]-315])-

—4151+ 15+, 1Bl +1<i<|3]+[5]-3,
5n—[3]-6l5]-

251+ 15D —9+i L3I+ -2<i< Bl 15

S(xixi3) = 271_3L%J+2|_§J_
—4151 -3+, 5]+ 5]+1<i<n-3,
-n+5|%]-
2151 -9+, n-2<i<n.
312 -6+1, 1<i<|3]-4,
5n—=5151-15]1-
2[5 -9+, 4] -3 <i<|%]
5n—-2[5]-4l5]-
—4151 - 14+, 3]+ 1<i<|3]-4,

5n—5]1-5151-

2051+ 15D+ 6+, [31-3<i<|3]

S(xixipg) =4 Sn—15]1-2[3]-

—451 4944, [B]+1<i<|2]+[2]-4,
Sn—5]-6l5]-

“2(51+ 15D -5+1, 31+ 151 -3<i<[3]+15)
3n—45]1+ 5]

—4151-6+i, 2]+ 2] +1<i<n-4,
—n+514]-
2151 -5+1, n-3<i<n.
42] - 10+, 1<i<|%]-5,
5n—513]1-151-
21414+, 21 -4<i<|%],
Sn—151-5151-
—415 - 18 +1, 2]+ 1<i<|2]-5and|%]-|%]>6,
Sn—6[%]-

251+ 15D+ 6+i, 151 -4<i<l5l,

S(xixiys) = 5~ LgJ N L%J—

431+ 5+, 8]+ 1<i<[2]+12]-5,

Sn—[3]1-6l3]-

=2(15] + Lgh + 4, 2] +(2]-4<i<[2]+[4],

4n - 5|2

—4[§] - 10+, 5]+ 15]+1<i<n-5and
5] =151 = 6, where n is even,

-n+5[5]-

—2|.1§J+i, n—4<i<n.
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Hence, we can see that f is k-labeling and all vertices are labeled with even numbers.

Furthermore, we will estimate the weights of edges under the labeling f as follows:

In Case 1, the edge set of C,(1,2,3,4,5),n > 15 can be split into nine mutually disjoint subsets,
Ap, 1 <€ <9 as follows:

{xixip;: 1<i<5-j1<j<4), if[5]=35.

.Al:

{xixip;:1<i<|3]-j1<j<5} if [5]1=6
the set of all edges which has end vertices labeled with 0.

o Ay = {xixiy; 151 —j+1=<i<|[5],1<j<[5]- 3] the set of all edges which has end vertices

labeled with 0 and 2|_§J +2,

o Ay = {xixiy; : [31+ 1 < i< [3]—-Jj 1 <j<[3]-15]— 1} the set of all edges which has end

vertices labeled with 2| %] + 2,

o Ay ={xixiy;: 51+ 1-j<i<|[3],1 <j<[5]- 3] thesetof all edges which has end vertices

labeled with 2|_§J + 2 and 2|_'§‘J.
x5l +1<i<[5]+5-j1<j<4), if [2]=35.

.A5:

{xixigj 5]+ 1 <i<[5]+15]1-j,1<j<5}, if[5]=6
the set of all edges which has end vertices labeled with 2L§J.

® Ag = {xixiy; sn—j<i<|[5]+15],1 <j<n—[5]-5} the set of all edges which has end

vertices labeled with 2L§J and 2|_§J.

o A7 ={xixi; [+ 1531+ 1 <i<n-j1<j<n-[5]-15]- 1} the set of all edges which has

2 3

end vertices labeled with 2| £ .

o Ag ={xixiy;:n—j+2<i<n1<j<n-|[5]-[5]} the setof all edges which has end vertices

labeled with 0 and 2|_§J.

¢ Ag = (xixiy t LB = j+ 1< i< |2L12 -2 +1 < <5 U nr : [2l-j+2<i<

n,n—|5]— 31+ 1] < j < 5} the set of all edges which has end vertices labeled with 0 and 2|_§J.

Thus, for n is odd the edge weights under the labeling f are the following:

1.

The weights of the edges of the set A;, receive the consecutive integers from the set
A ={1,2,..,5[5] - 15}

. The weights of the edges of the set A, receive the consecutive integers from the set A, = {5[5] —

9,...,50%] + SEE a1 — 2]+ 2] - 10},

2

. The weights of the edges of the set Az, receive the consecutive integers from the set {5[5] +

BEW 0 2]+ 1)+ 16,.., 5120 + (12] - [2D)? + 15).

2

. The weights of the edges of the set A4, receive the consecutive integers from the set Ay = {5[5] +

L%J;L%J(Lg — 2] = 1)+ 21,.., 10[2] — 5| 2] + 20}.

. The weights of the edges of the set As, receive the consecutive integers from the set As = {10[5] -

5051+ 21, ..., 10L5] + 5}

. The weights of the edges of the set Ag, receive the consecutive integers from the set Ag = {5[3] +

(2] = 1202 + 16, ..., 512] + e — (2] - 1) + 20).

. The weights of the edges of the set A7, receive the consecutive integers from the set A; = {5[5] +

SR - 181 = D = 9,55 - 10,
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8.

9.

The weights of the edges of the set Ag, receive the consecutive integers from the set Ag = {5[3] -

14,..,512) + 2EE e — (2] - D) — 10},
The weights of the edges of the set Ao, receive the consecutive integers from the set Ag = {5[5] +

S = 14+ 15D = 95U+ EEE Q- 14+ 1+ 15)

Also, for n is even the edge weights under the labeling f are the following:

1.

The weights of the edges of the set A;, receive the consecutive integers from the set
A =1{1,2,...,5[5] - 15}
The weights of the edges of the set A,, receive the consecutive integers from the set A, = {3 —

2
14,..,502] + 22 2] - 2+ 21) - 15).

. The weights of the edges of the set Az, receive the consecutive integers from the set {5[5] +

2]~ 1) +16,....6L2] = 2+ (&~ 2] + 15).

The weights of the edges of the set A4, receive the consecutive integers from the set Ay = {5[3] +

s [2]49) + 16,..., 51— 5[2] + 15},

. The weights of the edges of the set As, receive the consecutive integers from the set As = {Sn —

512] + 16, ..., 5n).

. The weights of the edges of the set Ag, receive the consecutive integers from the set Ag = {65 ] —

1 (8 =27+ 16, ., 518+ 58 2] +9) + 15).

The weights of the edges of the set A7, receive the consecutive integers from the set A; = {

a2]+ 7—2L§J(|_§J —249)-14,.., 2 - 15}

n
§+

. The weights of the edges of the set Ag, receive the consecutive integers from the set Ag = {5[5] —

14, .., 2+ 48]+ ZR3(2] -1+ 9) - 15).

. The weights of the edges of the set Ay, receive the consecutive integers from the set Ag = {5[5] +

- g2 - 14,50+ S - 12— 1+ 15),

In Case 2, using the similar arguments as in the proof of Theorem 1.1, the edge set of C,,(1,2,3,4,5)
can be divided into eight mutually disjoint subsets, so we can find the edge weights as follows:

1.

The weights of the edges of the set A;, receive the consecutive integers from the set
A =1{1,2,...,5[5] - 15}

. The weights of the edges of the set A,, receive the consecutive integers from the set A, = {5n —

512)—14,..,5n — [2]).

. The weights of the edges of the set A3, receive the consecutive integers from the set {5n — 55| +

.., 5n = 5|2] = 15},

. The weights of the edges of the set A4, receive the consecutive integers from the set A, = {5n —

5120+ 1,...,5n = 5[2] + 15).

. The weights of the edges of the set As, receive the consecutive integers from the set As = {5n —

512) = 512] + 16, ..., 5n).

. The weights of the edges of the set Ag, receive the consecutive integers from the set Ag = {5n —

512] - 14,...,5n = 5[4 ]).

. The weights of the edges of the set A, receive the consecutive integers from the set A; = {5[3] +

1,y 50— 512] — 15},
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8. The weights of the edges of the set Ag, receive the consecutive integers from the set Ag = {5[5] —
14,...,5[31}

We can see that all vertex labels are even numbers. Furthermore, for [ 5] — 3] < 4 the edge weights
are from the set W = {1,2,..., 105 ] + 5}, when n is odd and from the set W = {1, 2, ..., 5n}, when n is
even. Also for [ 5] — 5] = 5, the edge weights are from the set W = {1, 2, ..., 5Sn}. Finally we can easily
check that all numbers in the set W are distinct. m|

4. Conclusions

In this paper we discuss an edge irregular reflexive k-labeling for three families of the circulant
graphs C,(1,2),C,(1,2,3) and C,(1,2,3,4,5) including their exact values of the reflexive edge
strength. For n > 8 we proved that res(C,(1,2)) = [23—”] for n = 0,2 (mod 3) and
res(C,(1,2)) = [%]H for n = 1 (mod 3). Also we proved that res(C,(1,2,3)) = n for n is even and
res(C,(1,2,3)) = n + 1 for n is odd, where n > 6. Moreover we showed that
res(C,(1,2,3,4,5)) = [‘:’3—”] + 1 forn=3,4 (mod 6),n > 15 and res(C,(1,2,3,4,5)) = [53—”1, otherwise.
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