AIMS Mathematics, 6(8): 9100-9108.
ATIMS Mathematics DOI:10.3934/math.2021528
% / Received: 26 April 2021

o Accepted: 11 June 2021
http://www.aimspress.com/journal/Math Published: 17 June 2021

Ground state solution for a class of magnetic equation with general
convolution nonlinearity

Li Zhou!? and Chuanxi Zhu'*

! Department of Mathematics, Nanchang University, Nanchang, Jiangxi, 330031, China
2 Department of Basic discipline, Nanchang JiaoTong Institute, Nanchang, Jiangxi, 330031, China

* Correspondence: Email: zhuchuanxi@ncu.edu.cn; Tel: +8613970815298.

Abstract: In this paper, we consider the following magnetic Laplace nonlinear Choquard equation

—Apu+ V(xu =, * F(|u|))%u, in RY,
u
where u : R¥Y — C, A : R — R is a vector potential, N > 3, € (N-2,N),V: RY - Risa
scalar potential function and /, is a Riesz potential of order @ € (N —2, N). Under certain assumptions
on A(x), V(x) and f(r), we prove that the equation has at least a ground state solution by variational

methods.

Keywords: magnetic Laplace operator; ground state solution; Nehari manifold
Mathematics Subject Classification: 35A15, 35J35, 35J60, 35R11

1. Introduction

In this article, we study the following magnetic Laplace nonlinear Choquard equation

{—AAM + V(o = (I, = F(uD) Ly, in RY, 0

u € H'(RM),

where Aju := (V — iA)%u is the magnetic Laplace operator. Here u : RY — C, A : R¥Y — RV is a
vector magnetic potential, N > 3, F(¢¥) = fot f(s)ds, V: RY — Ris a scalar potential function and I,

r(%e)

is a Riesz potential whose order is @ € (N — 2, N) defined by /,= , where I is the Gamma

N
T(§)m 2 20|xjN-o
function. V(x) : R¥ — R is a continuous, bounded potential function satisfying:

(V1) inf V(x) > 0,
R
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(V?2) there exist a constant V,, > 0 such that for all x € RV,

0<Vix)< llirlnian(y) =V < +o0.
[y|—=+o0

We also suppose A satisfies:
(A1) llirln infA(x) = A,
x|—+00

(A2) A € LYRY,RY), v > N > 3,

(AV) JAG)I® + V() < |Acl* + V.

Moreover, we assume that the function f € C 'R, R) verifies:
(fD) f(t) = o(t¥) ast — 0,

(f2) lim L8 =0,

[t|>+c0 ¢ N-2

(f3) @ is increasing on (0, +00) and decreasing on (—oo, 0).

(f4) f(¢) is increasing on R.

It should be noted that there is a lot of literature on the competition phenomena for elliptic equations
without magnetic potential in different situations, i.e. A = 0. Actually, when A = 0 it conduces to the
Choquard equation. There is a huge collections of articles on the subject and some good reviews of the
Choquard equation can be found in [1-9].

On the other hand, there are works concerning the following Schrédinger equations with magnetic
field recently:

—Aqu+ V(u = [ulPu, in Qc RY, N >2. (1.2)

Here u: Q — C, —Aqu := (=iV + A)u, 2 < p < 2*, where 2* = %isz 3and2* = 0 if N =1 or
2. Besides, A : Q — R¥ and V : Q — R are smooth.

To the best of our knowledge, the first paper in which problem (1.2) has been studied maybe
Esteban-Lions [10]. They have used the concentration-compactness principle and minimization
arguments to prove the existence of solutions for N = 2 and N = 3. More recently, applying
constrained minimization and a minimax-type argument, Arioli-Szulkin [11] considered the equation
in a magnetic filed. They established the existence of nontrivial solutions both in the critical and in the
subcritical case, provided that some technical conditions relating to A and V were assumed. We also
refer to [12, 13] for other results related to problem (1.1) in the presence of the magnetic field when
the nonlinearity has a subcritical growth. Besides, we must mention the works [14, 15] for the critical
case and also refer to the recent papers [16—-18] for the study of various classes of PDEs with
magnetic potential.

Inspired by the above works, we want to research the Eq (1.2) with general convolution term as the
right-hand side, i.e. Eq (1.1). Our aim of this paper is to prove the existence of a ground state solution
for problem (1.1), that is a nontrivial solution with minimal energy.

Notice that if we define o

t
fo = { e 10

0, t=0,

our assumptions assure that £(¢) is continuous. Therefore, Eq (1.1) can be rewritten in the form
— Agu+ V(X)u = (I * F(ul) f(ul)u. (1.3)
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The right-hand side of problem (1.3) generalizes the term (# % |ulP)|ulP~2u, which was studied by

Cingolani, Clapp and Secchi in [19]. Similar problems were also studied in [20-22]. Especially, it is
worth mentioning that in [23], the authors obtained the ground state solution of the following Eq (1.4)

—(V+iA u+V(x)u = (# % F(|u|))%u, in RY, (1.4)
which can be rewritten in the form
1 B
— (V+iAu+ Vxu = (— = F(lu)) f(u)u. (1.5)

| x]

They considered the “limit problem” of problem (1.4), then by the splitting lemma, they proved that
(1.4) has at least a ground state solution. In our paper, we improve the growth condition of f to the
critical case, and generalizes the convolution term to a more general case. Most importantly, we get
the ground state solution in a more straightforward way which is completely different from [23].

Our main result is as follows:
Theorem 1.1. If o € (N — 2,N), (Al), (A2), (VI), (V2), (AV) are valid, and f € C'(R,R) verifies
(f1)-(f3), then problem(1.1) has at least a ground state solution.

Now we define V u = —iVu — Au and consider the space

Hyy,={ue*R",C): Vaue *R",C)}

equipped with scalar product

(U, V)oy = Re f (Vau - Vv + V(x)uv)dx.
RN
Therefore
llll3.y = f N(IVAuIZ + V(0)lul*)dx
R

which is an equivalent norm to the norm obtained by considering V = 1, see [6].
Hereafter for the convenience of narration, we will use the following notations:

e L'(RM)(1 < r < o) denotes the Lebesgue space in which the norm is defined as follows

lul, = (f lul"dx)"",
RN

e C,C,,Cy,C,,... denote positive constants which are possibly different in different lines.
2. Preliminaries

In this section, we will give some very important inequalities and lemmas.
Lemma 2.1. [10] Assume u € H/i’v, then |u| € H'(RN) and the diamagnetic inequality holds |V|u|(x)| <
[Vau(x)l.
Remark 2.2. It is well known that the embedding H[lw < L"(RY, C) is continuous for r € [1,2"].
Lemma 2.3. Assume (f1)—(f4) hold, then we have
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(1) for all € >0, there is a Cs > 0 such that |f(1)| < &lt|¥ + C.|t|¥2 and |F(1)| < &lt| ¥ + Clt| ¥,
(2) for all € > 0, there is a C, > 0 such that for every p € (2,2%), |F(t)| < g(ltl% + |t|%) +
N+a
Land |F(0|% < et +11%2) + C.ll?,

P(N+a
Celt]
3) forany s #0, sf(s) > 2F(s) and F(s) > 0.

Proof. One can easily obtain the results by elementary calculation.O

Lemma 2.4. [23] Let O C RY be any open set, for 1 < p < oo, and {f,} be a bounded sequence in
LP(0,C) such that f,(x) — f(x) a.e., then f,(x) = f(x).

Lemma 2.5. [23] Suppose that u, — ug in H)LV(RN ,0), and u,(x) = uy(x) a.e. in RY, then I, *
F(lun(0))) = I = F(lug(x)]) in L= (RV).

Corollary 2.6. Suppose that u, — ug in H, ,(R",C), then Re fRN L, * F(lu,)) f(lu)un@ — Re fRN I, *
F(luol).f(luo)uo@ for ¢ € CZRY, C).

Lemma 2.7. (Hardy-Littlewood-Sobolev inequality [6]). Let 0 < « < N, p,g > land 1 <r < s <

oo be such that
1 1 a 1 1 a
—+-=1l+—=, ——==—.
p q N r s N

(1) For any f € LP(R") and g € LY(R"), one has

X
f f dedy’SC(N,Q',p)l|f||L1’(RN)”g”Lq(RN)'
RN JRN

x = yV=e

(2) For any f € L'(R") one has

< CN, a, DI fllr@my.

Ls(RY)

1
—xf
|

Remark 2.8. By Lemma 2.3 (1), Lemma 2.7 (1) and Sobolev imbedding theorem, we can get

(I * F(w))F(u)dx| < CIF ()
RN N+a

N+a
N+a N+a @ N
< C[f (|u] ¥ +|u|~iz)N+adx]
RN

2.1
Nta
< C[ f (uf? + |u|~2”z)dx]
RM 2N+2a
< Cllull,yy =+ Mloell )
3. Variational formulation
The energy functional associated to problem (1.1) is given by:
1 1
Jav() = 5 f [IVaul® + V(x)u’ldx — 5 f (Lo * F(Jul))F (Jul)dx. 3.1)
2 RN 2 RN
The derivative of the energy functional J4 y(u) is given by
oy, @) = Gt @)ay = Re | (L Ful)f(uluigdx. (3.2)
R
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Thus,
(Jay@), u)y = fN[IVAMI2 + V(ou'ldx - fN(Ia s F(|ul) f(luD)|uldx. (3.3)

R R
Now, we can prove the following results.

Lemma 3.1. The functional J, y possesses the mountain-pass geometry, that is

(1) there exist p,6 > 0 such that J,y > 6 for all ||ul| = p;
(2) for any u € H) ,(R", C)\{0}, there exist T € (0, +c0) such that ||tull > p and Jy(tu) < 0.

Proof. (1) By Lemma 2.7 (1) and Lemma 2.3, one can get

1 5 220 2420
Jay(@) 2 Sllullsy = Cllully -+l Gy )-

Thus there exist p, 6 > 0 such that J, y > ¢ for all ||u|]| = p > 0 small enough.
(2) For any fixed u, € H}W\{O}, consider the function g,,(?) : (0, +o0) — R given by

8up(?) = %f (IG*F( o ))F( dui )dx, (3.4)
RN

l|zeolla,v llzeoll,v

0L f (1.« F tuo| i fl o
-

||M0||A,V ||M0||A,V ||M0||A,V

=‘—‘fRN I(IQ*F( fluol ))lf( ol y_Mtol_ (3.5)

t 2 lluolla,y /27 “lluolla,y ™ lletolla,v

then

4
> ~g,(1) > 0.(t> 0)

>  4int

> (lluolla,y)* which implies that

Tlluolla,v Tluolla,v S ug (Tlluolla,v)
1 1 :

Thus, Ing,, (1) 8up(D)
Guo (Tlluollav) = M(|luollav)* for a constant M > 0. Then we can get

2
T
Jayv(Tug) = E”MO”,ZA,V — gu(tlltollay) < C17° = Co1* (3.6)

yields that J, y(7up) < O when 7 is large enough.O
Hence we can define the mountain-pass level of J, y :

= inf 1)) >
¢ = inf max Jav(y(@®) >0,

where: ' = {y € C([0, 1], H; ,(RY, ©)) : ¥(0) = 0, J4v(¥(1)) < 0}
Now we recall the Nehari manifold
No :={u € Hy y(RY, O\{0} : (J} (), uy = O}

Letc, = il’/lg Jav(u), Moreover by the similar argument as Chapter 4 [24], we have the following
UEN,

characterization

¢ =inf max J4 y(y(t)) = ¢, = inf Jyy(u) =c* = inf max Ju y(tu).
yeT t€[0,1] ueN, ueH} , (RN, O)\{0} 120
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Remark 3.2. If we set ®(¢) = %Iltulli’v - % RN(Ia % F(|tul))F ([tu])dx, the proof of Lemma 3.1 assures

that @(7) > O for # small enough, and ®(r) < O for ¢ large enough. Besides g/ (t) > 0 if r > 0, we can

get that m%x ®(¢) is achieved at a unique ¢, > 0. Furthermore, ®’(z,) = 0 implies that 7,u € N, and the
>

map u —>_tu(u # 0) is continuous.
4. Ground state solution for problem (1.1)

In this section, we prove the main theorem.
Proof of Theorem 1.1. Let {1,} be minimizing sequence given as a consequence of Lemma 3.1 i.e.

{u,) C H,, such that J, (u,) — 0, Jav(u,) — ¢, where
c=co=1Inf Jyy(u)=c" = inf max J, y(tu). Then we have
ueNa ueH, ,(RN,O)\{0} 120

1
Cq + 0(1) = JA,V(un) - Z(JA,V(un)’ un>

1
= = | OVawal® + V() *1dx +

1 f (Lo * F(lunDLf (tnDlotn] = 2F (lus, |)1dx 4.1
RN RN

I

2
2 Z”un”A,v-

Consequence, {u,} is bounded. Then by standard methods we can get the convergence of {u,,}.

Next, let 6 := lim sup sup fBl ) |u,[*dx. We claim § > 0. On the contrary, by Lions’ concentration
n—oo yeRN

compactness principle, we have u, — 0 in L?(R") for 2 < p < 2*. By Lemma 2.3(2), for any & > 0
there exist a constant C, > 0 such that

lim sup LN(IQ * F(lun))) f Clet )1t dx

n—oo

N+a
. 2N N
< Climsup [8( junPdx + | s/ 2dx) + C, f |un|de]
n—o0 RN RN RN
Nta

eC, + Cglimsupf |un|pdx] "
RN

n—oo

<C

N+a

= C(Cy)'™ .

Note that ¢ is arbitrary, we get

fRN(la  F(lun) f(lunDluldx = o(1).
Combining with J; ,,(u,) — 0, we can get
o(1) = (Jj y(un), tn)
= | [IVaus* + V(x)u;]dx - fR o FuaD) f Dl dx,

RN

(4.2)

which implies that

[IVaual® + V(xpuz]dx = f (Lo * F(lun)) f (JunDltnldx + o(1) = 20(1) (4.3)
RN

RN
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9106

Then we have RN[|VAu,,|2 + V(®)lu,ldx — 0, which implies u, — 0 in H, ,,. We deduce that ¢, = 0,
which contradicts to the fact that ¢, > 0. Hence 6 > 0 and there exist {y,} € R" such that
Sy 1l dx 2§ > 0. We set vy(x) = un(x + ), then Jlusll = Wil [y o Wul’dx > 3 and
Jav(vy) = ¢y =, J;‘,V(v,,) — 0. Thus there exist a vg # 0 such that

v, = Vo in ij,
v, — vo in L'RN), ¥ 5 € [2,27)

v, = vy a.e. on RY.

Then for any ¢ € Cg’(RN) we have 0 = (J) ,(va), @) + o(1) = (J} (o), ¢), which means vj is a solition
of Eq (1.1).
On the other hand, combining with the Fatou Lemma, we can obtain

1
Ca = Jav(vy) — ZUA,V(Vn), V) +o(1)

1 1
=7 f (Vv + VOl + 2 f o * Fva)LF (vaD)val = 2F(vuD)]dx + o(1)
RN RN

1

> — (4.4)
4

1
[IVavol” + V(x)lvol*1dx + 1 f (Lo * F(vo)Lf (IvoDIvol = 2F (lvo)]dx + o(1)
RN

RN
1

= JA,V(VO) - Z(JA,V(VO)’ VO> + 0(1)

= Jay(vo) + o(D).

At the same time, we know ¢, < J4y(vo) by the definition of ¢,. Then we can deduce that v is a
ground state solution of Eq (1.1).0
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