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1. Introduction

In this work, we consider the following Cauchy problem of a coupled linearly-damped wave
equations

u; — Au+ i (x, t) = fi(u,v), in R"x (0, 0),

Vi — Av + Lv(x, 1) = fr(u,v), in R"x (0, ), (L.1)
u(x,0) = ug(x), u,(x,0) = u(x), xeR", ’
v(x,0) =vo(x), vi(x,0) =vi(x), x € R",

where A;, A, are two positive constants. The functions uy, u;, vy, v; are the initial data to be specified
later.
A single equation of problem (1.1), in a bounded domain Q C R" (n > 1), has been extensively

studied and many results concerning global existence and nonexistence have been proved. For instance,
for the equation

u; — Au + auJu,|" = blul"u, Q% (0, ), (1.2)
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m,y > 0, it is well known that, for a = 0, the source term bulu|”, (y > 0) causes finite time blow
up of solutions with negative initial energy (see [1]). The interaction between the damping and the
source terms was first considered by Levine [2, 3] in the linear damping case (m = 0). He showed
that solutions with negative initial energy blow up in finite time. Georgiev and Todorova [4] extended
Levine’s result to the nonlinear damping case (m > 0). In their work, the authors introduced a different
method and showed that solutions with negative energy continue to exist globally ‘in time’ if m > y and
blow up in finite time if y > m and the initial energy is sufficiently negative. This last blow-up result
has been extended to solutions with negative initial energy by Messaoudi [5] and others. For results of
same nature, we refer the reader to Levine and Serrin [6], Vitillaro [7], Messaoudi and Said-Houari [§]
and Messaoudi [9, 10].

For problem (1.2) in R"”, we mention, among others, the work of Levine Serrin and Park [11].
Where the authors established a global existence and global nonexistence of solutions of the Cauchy
problem for a nonlinearly damped wave equation. Todorova [12, 13], showed that restriction in the
case of compactly supported initial data is crucial for the blow-up result and it is not essential for the
global existence. The local existence theorem could be proved without the requirement for the compact
support of the data. Messaoudi [14], consider the Cauchy problem for the nonlinearly damped wave
equation with nonlinear source

uy — Au + auu,|" = blul’u, in R" x (0, 00),

where a,b > 0 and m,y > 2. He proved that given any time 7 > 0, there exist always initial data with
sufficiently negative initial energy, for which the solution blows up in time < 7. This result improves
an earlier one by Todorova [12]. Zhou [15], considered the Cauchy problem for a nonlinear wave
equation with linear damping and source terms. He proved that the solution blows up in finite time
even for vanishing initial energy if the initial datum u, u; satisfies fRn upudx > 0.

In [16], Kafini and Messaoudi considered the Cauchy problem

Uy — Au + fot g(t — )Au(x, s)ds +u; = [ulP~'u, xeR* ,t>0
u(-xa 0) = MO(X), I/l[(.x, O) = l/tl(X), X e Rn

with negative initial energy and

' 2p -2
f g(s)ds < p and f uou1dx > 0,
0 2]7 -1 R”

they proved a finite-time blow-up result. In [17], the same authors proved a blow-up result to a coupled
system

Uy — Au + fot g(t — s)Au(x, s)ds = fi(u,v), inR" x (0, c0)
Ve — Av + fot h(t — s)Av(x, s)ds = fo(u,v), inR" x (0, 0)
u(x,0) = up(x), wu;(x,0)=u(x), xeR”
v(x,0) =vo(x), vi(x,0)=vi(x), xe€R"
Systems in a bounded domains of R" have been extensively studied by many authors. Messaoudi
and Houari [18], established a global nonexistence of positive initial-energy solutions of a system
of nonlinear viscoelastic wave equations with damping and source terms. Agre and Rammaha [19]
studied the following system

(1.3)

(1.4)

Uy — Au+ wlu, ™" = fi(u,v)
Ve — Av + v v = fu,v),
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in Q x (0,7) with initial and boundary conditions of Dirichlet type. They proved several results
concerning local and global existence of a weak solution and showed that any weak solution with
negative initial energy blows up in finite time. For more results on different systems, we refer to
Messaoudi et al. [20], Santos [21], Cavalcanti et al. [22] and Wu [23].

Looking at our system in (1.1) and the system in (1.3), they differ by the type of damping only. But
the proof is completely different due to nature of the viscoelastic damping. Although the damping in
(1.4) is nonlinear, but it is proved in a bounded domain 2 C R” and for n = 1,2,3 only. Also the
method is different.

Our aim is to study (1.1) and establish the local existence of solutions, the blow-up result in a finite
time using the concavity method introduced by Levine in [2]. In addition, we obtain the lower bound
of the blow-up time. To achieve this goal some conditions have to be imposed on the source functions
f1 and f, and the initial data as well. The paper is organized as follows. In section 2, we present
conditions needed for our results and the proof of the local existence. In section 3, we present the
statement and proof of the main result.

2. Local existence

We start with the following theorem and assumptions.
Theorem 2.1. [24] (Sobolev, Gagliardo, Nirenberg)
Suppose that 1 < p < n. If
ue WHP(R"), then ue LP*(RY),

with | -
— - __ (2.1)
p* p n

Moreover there exists a constant C=C(N, p) such that

lull,» < CliVull,, — Yue WHR".
Corollary 2.2. [24] Suppose that 1 < p < n. Then

WP R") = LYR"), Vg€ [p,p']

with continuous injection.
(G1) There exists a function /(u, v) > 0 such that

ol ol
(% = filu,v), 5 = fo(u,v).

(G2) There exists a constant p > 2 such that

f [ufi(u,v) +vh(u,v) — pl(u,v)ldx > 0. VYu,ve H'(R"M.
R)‘l
(G3) There exists a constant d > 0 such that

Aol < d(f +16?),  V(r.¢) e R,
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Aol < d( +10"),  Vir¢) e R,

where

Bi>2 if n=1,2 and n>3, i=1,2,34 (2.2)

< pb; <
_ﬁl_n_z, el

(G4) Further assume that f;, f» € C'(R") such that
VA < C(uf™" + P +1), YuveR, i=1.2,

and 8 =max{B;, i=1,2,3,4} > 1.

Note that condition (G3) and (G4) are sufficient to establish the existence of a local solution of (1.1)
in an interval (0, T'] (see [20,25-27]) and not needed for the blow-up result.

An example of a function that satisfying the other conditions (G1) and (G2) is

a
I(u,v) = —lu—vf,
o)

where we have o )
5 = Jiw,v) = alu— v (u—-v),

-2
g—‘{ = Hhu,v) = —alu—vf~ (u-v).

To start the proof, we set ¢ = u, , y = v, and denote by

® = (u,p,v,00)",
D0) = ®y = (ug, uy, vo, V1)T s

J(CD) = (O’fbo,fZ)T .

Therefore (1.1) can be rewritten as an initial value problem:

0,0 + AD = J(D)
{@@:%, (23
where the linear operator A : D(A) — H is defined by
—¢
AD = :2” +Aig (2.4)
—-Av + Ly

The state space of @ is the Hilbert space
2

H = [HI(R") % LZ(R”)]

equipped with the inner product
<CI), 6)7{ = f (Vu. Vi + ¢ + Vv.Vv + y) dx,

AIMS Mathematics Volume 6, Issue 8, 9059-9074.



9063

for all ® = (u, ¢, v,¥)" and = (ﬁ, 5,7, Q)T in H. The domain of A is

D(A) = {0 eH :uveHR", .y € H'R").

Then, we have the following local existence result.

Theorem 2.3. Assume that (G4) holds. Then for any ®, € H, problem (2.3) has a unique weak solution
® e C(R*; H).

Proof. First, for all ® € D (A), we have

(AD, D)4y
= —fV¢.Vudx+f (—Au+/11¢)¢dx—f Vy.Vvdx (2.5)
R” R” R”

+ f (—Av + L) vwdx
R}l

A f |6 dx + A, f l|* dx > 0.
Rn Rl‘l

Therefore, A is a monotone operator.
To show that A is maximal, we prove that for each

G = (g]’gz’ g3ag4)T € 7_{7

there exists V = (u, ¢, v, )" € D (A) such that (I + A)V = G. That s,

u—¢ =g
¢—Au+ 19 =g
V- =g;3 2.6)

Y —Av+ Ly =g

From (2.6), and (2.6);, we have ¢ = u — g; and ¢ = v — g3. Thus, (2.6), and (2.6), give

1
- Au = + g1,
" 1+ “ 1+/11g2 &1
1 1
- Av = —— it
Y 1+ 4, Y 1+/12g4 &3

2
Now we define, over [H 'R x H 1(R”)] , the bilinear form

B((u,v), (w,v)) = f (I/[I:[ + VvV + Vu.Vu + ) VV.W) dx,
n 1 2
and over H'(R") x H'(R"), the linear form
L((u,v)) f ! +g1|u+ ! + g |v|d
u,v) = u v|dx.
’ R® 1+ /11 s27 81 1+ /12g4 &2
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It is easy to verify that B is continuous and coercive over H'(R") x H'(R") and L is continuous on
H'(R"). Then, Lax-Milgram theorem implies that the equation

B((u,v), @, V) = L(@,v), Y@,v) e H'®R")xH'R"), (2.7)
has a unique solution (u,v) € H'(R") x H'(R"). Hence,

p=u-g cH'R") and y=v-g3e HR".

Thus, V € H.
Using (2.7) forv = 0, we get
f T+ — vuva|d —f ! + g1 |udx Yue H'R") (2.8)
y uu T4 uVuldx = Rn1+/11g2 g1 |udx Vu . .
The elliptic regularity theory, then, implies that u € H*(R") and, in addition, Green’s formula and (2.6),
give
1 1
- Au - +g1||[u=0, YueH'R. 2.9
Lﬂ[” 1+/11”(1+/1182 gl)u u R") (2.9)
Hence,

1 1
- Au = +g]e*®RY.
“ 1+/11 " (1+/llg2 gl) ( )

Similarly, using (2.7) for u = 0, we get that v € H*(R") and

1 1
- Au=|——g, + L (R").
T (1+/12g4 g3)e ®

Therefore,
V= (u,d,v,p) €DA.

Consequently, I + A is surjective and then A is maximal.
Finally, we show that J : H — H is locally Lipchitz. Hence, we estimate

J7@) - 1@,

100, £i(u, v) = i@, ), 0, fr(u, v) = fo(@, )iy
ILfi @, v) = A@DIE: + 10, v) — o W (2.10)

il v) — AiGEDP dx + f wv) - HED dx.
R2 R2

To handle the first term of the right-hand side of (2.10), we use the mean value theorem to get

i, v) = fi@, V] < IV filu, v (u—ul + v = V). (2.11)

Therefore, (G4) implies
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f fitwv) - fi@wFdx<C f (ju = + v =) (2.12)
Rn Rn

X (|u|2(ﬁ‘” + @Y 4 pPED 4 el 4 l)dx.

All terms in (2.12) are estimated in the same manner. As u,u,v,v € H'(R"), we use Theorem 2.1,
Corollary 2.2 and Holder’s inequality, to obtain

=l PV dx

Rn
n=2 2
__on n . n
< C( lu — |2 dx) (f |u"® “dx)
R” R?
2 2(6-1)
< —
— C ||I/t FIZHL’IZT'E(RVL) ||u||Ln(p—])(Rn) (213)
5 2(8-1)
< Cllu =l gy (ol s-v i)
2 2(8-1)
< Cllu =5 gy (el )
Hence
2 2 2
f G v) = AGVI dx < C (Jlu =Tl ey + IV =) - (2.14)
Rn

Also, similar estimations yield to

o, v) = S dx < C ([l =Ty + IV =) - (2.15)

Rn
Inserting (2.14), (2.15) in (2.10), we have
~ 2 ~112
|[7(@) = J(@)||,, < C||@ - D], - (2.16)
Therefore, J is locally Lipchitz. Thanks to the theorems in Komornik [28] (See also Pazy [29]), the

proof is completed.
The energy functional associated to the above system is given by

n

1
E(?) ;:§(||u,||§+||v,||§+||vu(z)||§+||Vv(z)||§)— f I(u,v)dx, t>0. (2.17)

Consequently, we present the following lemma.
Lemma 2.4. The solution of (1.1) satisfies,

E' (1)< -2 f (I + i) dx < 0, (2.18)
Rn
where A = min{A;, A»}.
Proof. Multiplying Eq (1.1), by u,, equation (1.1), by v, and integrating over R” then summing up we
get the result.
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Finally, we set

F(t) = f (luCe, D + v(x, 1)) dx + i+ 1ﬁ(: +19)%, (2.19)
- 2 2

| =

for t, > 0 and B > 0 to be chosen later and L(?) is define by

L) = [ [, (luCx, )P + v(x, 5)I?) dxds

2.20
+(T =) [, (luo()” + vo(s)) ds. (220

3. Blow up

In this section we state and prove our main result.
Theorem 3.1. Assume that (G1)—(G3) hold and the initial data

(g, vo), (1, v1) € H'(R") x LA(R"),
satisfying,

1
E©0) = 5 (Il + 1Vuoll; + w11 + 19 voll) - f 1(up, vo)dx < 0. 3.1)

Rn
Then the corresponding solution of (1.1) blows up in finite time.
Before the proof of this theorem, we need the following technical lemmas.
Lemma 3.2. Along the solution of (1.1), the functional L(t) defined in (2.20) satisfies,

L' = 2f (uu,(x, s) + vv(x, s)) dxds (3.2)
0 Jrn

and
L'(¢) = 2[ (uu,(x, s) + vi(x, 5)) dxds. (3.3)

Proof. A direct differentiation of (2.20) yields
f (luCx, )P + Iv(x, $)P) dx — f (luo()I + vo(9)I) ds

Rn R)l
t
2 f f (uu(x, 8) + vwi(x, s)) dxds
0 Jrr

L'(1)

and
L'(r) = 2f (uu,(x, s) + v, (x, s)) dxds.
Rﬂ

Lemma 3.3. Along the solution of (1.1), we estimate,

aty + vedx = (8 = 1)(1val? +19vIP)

+§(L u,zdx+f vtzdx)

AIMS Mathematics Volume 6, Issue 8, 9059-9074.
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—-pE(t) — /l(f uu,dx + f vv,dx).
R R

Proof. Multiply Eq (1.1); by u and Eq (1.1), by v and integrate by parts over R” to get

fRn(uutt + v, )dx = — fRn(IVLtI2 + |VvPdx — A4 fRn uudx

- A fRn wdx + p fRn I(u,v)dx.

Exploiting (2.17) to substitute for fRn I(u,v)dx, we have

aty + widx = (5= 1) (19ulP + 19vIP)

+£ fu,zdx+f vidx

2 Rﬂ R’l

—pE(t)—/l(f uutdx+f vvtdx).
Rn Rl‘l

Lemma 3.4. Along the solution of (1.1), we estimate, for any € > 0,

RVL

2
J ( (uu + vv)dx + B(t + to) + %L’(I))
Rﬂ

¢l +e)(f u?dx+f vfdx)+2(1 + l)(ﬂ—ﬂz(z))].
R" R" €

Proof. By using Young’s inequality, we have

IA

F(1)

2

<~
IA

2
( f Gttt + v,v)dx) ; (,B(t + 1)+ %L’(t))

+2 [,B(t + 1) + /—lL’(t)] f (wu +vyv)dx
2 R
2

IA

2
(f (uu + v,v)dx) + (,B(t + 1) + gL’(t))

2 2
+2 [%( Gt v,v)dx) + zie(,g(r +19) + %L’(t)) ]

2

IA

2
(1+ E)( (uu + vtv)dx) + (1 + 1) (ﬁ(t + 1) + EL’(I))
€ 2

er

and using Cauchy-Schwartz inequality yields

J < (1+e)(f uzdx+fv2dx)(f u,zdx+fvt2dx)
R’l Rn Rn Rll
2

I 1
+2(1 ; E) ﬁz(t+to)2+(§L (t)) ]

(3.4)

(3.5)

AIMS Mathematics Volume 6, Issue 8, 9059-9074.



9068

Recalling (3.2), we estimate

(L'0))

t 2
(2 f f (uu,(x, 8) + vv,(x, 5)) dxds)
0 Jre

IA

Using (2.18) and (3.1), we have
E(t) < E0) < 0.

Hence,
! 1 1
f (I + I dr < < [E©) = E@)] < ~~ E0).
0
Using (2.19) and (3.7), estimation (3.6) becomes

(%L'(;))z < —AF()E(?).

(1+e) F(t) (f uldx + f vfdx) + 2(1 + E)F(t) [B— AE(D)]
n Rn

(1+e)(f u,zdx+fvtzdx)+2(1+é)(ﬁ—/1E(t))].
n Rn

Proof of theorem 3.1. By differentiating F in (2.19) twice we get

Hence,

~
A

IA

F(1)

F'(r) = f (uu + vv)dx + gL’(t) + B(t + to)
Rrn

and

A
F"(f) = f (et + vyv)dx + f (u)? + v,))dx + EL”(t) +B.
Rn Rn
Inserting (3.3) and (3.4) in (3.9), yield

i > (5 + 1)l + 1) + (5 = 1) (190 + 1991B] - pE) + 5.

We then define

G@) :=F7),
for y > 0 to be chosen properly.
Differentiating G twice we arrive at
G'(1) = —yF "V ()F' (1) and G"(1) = —yF "2 (1)Q(),

where
Q1) = FO)F"(t) — (y + DF*(p).

4( fo (lucollz + ||v<r>||§)df) ( fo (eI + ||vt<r>||§‘)dr).

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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Using (3.5), the last term of (3.11) takes the form

2
—(y+1) (f (uu; + vv,)dx + %L'(t) + B(t + to))
]Rn

> —(y+ 1DF@)

(1+ ) (Il + [Ivil) +2 (1 + é) B - AE(r))] :
Recalling (3.10), estimation (3.11) becomes
o = FO(5 - 1)(1vu + 19vIE)|
FO|(5+ 1= +2) 0+ D) (lalf + IviB)|
) [—pE(r) 2y + 1) (1 + é) @B - ﬂE(t))] . Ve>0.

It is known, from (G2), that %’ > 1. Consequently, we choose € < § and vy so that

p—4e

O<y<ya+ve

Hence, (3.12) becomes

(1) > F(1) {—E(t) [p — 2y + 1)(1 + é)/l] —2B(y + 1)(1 + é)} Ve > 0.

Now, the choice of
Jo,

20+ (1+1)

A<

will make

1
k:p—2(y+1)(1+—)/1>0.
€

Using the fact that
—kE(t) > —kE(0) > 0,

we infer, from (3.13), that

o) > F(r) [—kE(O) - 2B8(y + 1)(1 + é)

Then for § small enough we conclude, from (3.14), that
o) >0, Vt>0

and
G'(1) <0, VYt > 0.

Therefore, G’ is decreasing. By choosing 7, large enough we get

(3.12)

(3.13)

(3.14)
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F,(O) = f (I/t()l/ll + V()V])d.x +Bl0 > 0,
RI’L

hence G’(0) < 0.
Finally Taylor expansion of G yields

G(1) < G(0) +tG'(0), Vr=0,

which shows that G(¢) vanishes at a time ¢, < __g(?o))'

L.

Consequently F(7) must become infinite at time

4. Lower bound for the blow-up time

In this section, we estimate a lower bound for the blow-up time through the following theorem.
Theorem 4.1. Assume that (G1)—(G3) hold and the initial data

(uo, vo), (u1,v1) € H'(R") x L*(R™),

are with compact support. Assume further u is a solution of (1.1) which blows up at a finite time T".
Then there exists a positive constant C such that

f‘” dy )
<T",
w0y +Cy

w(t) =L+ f I(u, v)dx.
Rn

where r = max {B;, i =1,2,3,4} > 1 and

Before we start the proof, we exploit the finite wave speed of propagation to have the following lemmas.
Lemma 4.2. If the initial data uy, u;are with compact support then for any solution u of (1.1), we have

lu@®ll < C(L + DIIVu@)|l2.
Proof. In Theorem 2.1, if we let p = 2 then we have p* = 2%, n >3 and

n-2"

llully- < ClIVull,.

f lul* dx = f u|? dx,
R B(L+1)

Supp{ug(x), u1(x)} € B(L)
and B(L + 1) is the ball, with radius L + ¢, centered at the origin. Using Holder inequality, we get

Now

where L > 0 is such that

2

-2 . P
f ufPdx < ( f ldx) ( f (|u|2)”zdx)
R® B(L+t) B(L+1)

AIMS Mathematics Volume 6, Issue 8, 9059-9074.
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< CL+ w3,

or
lu@llz < C(L + Dllu@®ll,» < CL+ DIIVu@ll.

Hence, the result follows.
Proof of Theorem 4.1. A direct differentiation of y(¢) yields

W'(1) —2r(L+1)>! f I(u, v)dx
Rn

+(L+0)7% f (w1, (u,v) + vI,(u,v))dx
Ri‘l

IA

(L+ t)_zrf (u L, (u,v) + v, (u,v)) dx.
Rn

Using Young’s inequality and (G1), we have
r ’ 1 1
(L+ DY (1) Efn(uf+v,2)dx+Efn(13+lf)dx

= %fﬂ(utz+vtz)dx+%Ln(f12+f22)dx.

IA

Using (G3), we get

1
(L+0%y' (1) < 5 f (47 +7)dx +d f (] + v[")* dx.
Rn Rn

To estimate the last term of (4.1), we have two cases:
Case I: For |u| < |v].
Using Theorem 2.1 and Corollary 2.2, we have

IA

(lul” + V") dx 4 |v|2’deC((L+t)2 f |Vv|2dx)
Rn

R2 R®

C (L + 0 (I9VIB + IVulR)) -

IA

Case II: For |u| > |v|.
Similar to case I, we have

(" + R dx <4 [ dx < C (@02 (19918 + 19ul2))

R" R

Thus, estimation (4.1) becomes

(L+0" /(1) < % (B + 1val2) + € (L + 0 (I9VIE + IVad3))

Recalling the fact that E(¢) < E(0) < 0, we deduce, from (2.17), that

IVu()||? + IVv()|)? < 2 f I(u, v)dx.

R

(4.1)

(4.2)

4.3)
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Inserting (4.3) in (4.2), gives

| =

L+ ¢ (1) < (IIu,II%+||vt||§)+C((L+t)2 f I(u,v)dx). (4.4)
R"

Again (2.17) yields
llagll3 + vill5 < Zf I(u, v)dx < 2 (L + 1) y(0),
R)l

thus, from (4.4), we have

(L+ 02 y/(1) < (L+ 07 () + C((L+07y() (4.5)

or
'@ <)+ C ().

If we use the substitution y = ¥(#) and solve (4.5) over (0, T*), then we reach

foo dy .
<T".
w0y +Cy

This completes the proof.
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