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Abstract: In this paper, we consider a system with rapidly oscillating coefficients, which includes
an integral operator with an exponentially varying kernel. The main goal of the work is to develop
the algorithm of Lomov’s the regularization method for such systems and to identify the influence
of the integral term on the asymptotics of the solution of the original problem. The case of identical
resonance is considered, i.e. the case when an integer linear combination of the eigenvalues of a rapidly
oscillating coefficient coincides with the points of the spectrum of the limit operator is identical on the
entire considered time interval. In addition, the case of coincidence of the eigenvalue of a rapidly
oscillating coefficient with the points of the spectrum of the limit operator is excluded. This case is
supposed to be studied in our subsequent works. More complex cases of resonance (for example, point
resonance) require a more thorough analysis and are not considered in this paper.
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1. Introduction

When studying various applied problems related to the properties of media with a periodic structure,
it is necessary to study differential equations with rapidly changing coefficients. Equations of this type
are often found, for example, in electrical systems under the influence of high frequency external
forces. The presence of such forces creates serious problems for the numerical integration of the
corresponding differential equations. Therefore, asymptotic methods are usually applied to such
equations, the most famous of which are the Feshchenko — Shkil — Nikolenko splitting method
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[9-12, 23] and the Lomov’s regularization method [18, 20, 21]. The splitting method is especially
effective when applied to homogeneous equations, and in the case of inhomogeneous differential
equations, the Lomov regularization method turned out to be the most effective. However, both
of these methods were developed mainly for singularly perturbed equations that do not contain an
integral operator. The transition from differential equations to integro-differential equations requires
a significant restructuring of the algorithm of the regularization method. The integral term generates
new types of singularities in solutions that differ from the previously known ones, which complicates
the development of the algorithm for the regularization method. The splitting method, as far as we
know, has not been applied to integro-differential equations. In this article, the Lomov’s regularization
method [1-8, 13-17, 19, 24] is generalized to previously unexplored classes of integro-differential
equations with rapidly oscillating coefficients and rapidly decreasing kernels of the form

Lez(t, &) = e% — A(t)z — eg(t) cos E2B (1)
(1.1)
~ IR 1 5) (s, )5 = WD), i, e) =, 1€ T, T,
where z = {z1,22},h(t) = {h1 (t),h, ()}, u(t) < OVt € [ty,T]), g () is the scalar function, A () and

—ag ) (1) ), w (1) > 0,8 (1) > 0 is the frequency of the

rapidly oscillating cosine, z° = {z(l), zg} , & > 0 1s a small parameter. It is precisely such a system in the

B (¢) are (2 X 2)-matrices, moreover A (¢) = (

| 8 and in the absence of an integral term was considered in [18,20,21].
The functions 4, () = —iw (t), A, (1) = +iw (¢) form the spectrum of the limit operator A (¢), the
function As (f) = u(t) characterizes the rapid change in the kernel of the integral operator, and the
functions A3 (1) = —if’ (¢), A4 (t) = +if’ (t) are associated with the presence of a rapidly oscillating
cosine in the system (1.1). The set {A} = {4,(?), ..., A5(¥)} is called the spectrum of problem (1.1).
Such systems have not been considered earlier and in this paper we will try to generalize the Lomov’s
regularization method [18] to systems of type (1.1).
We introduce the following notations:
A1) = (A (D), ..., A5 (1),
m = (my, ..., ms) is a multi-index with non-negative components m;, j = 1,5,
|m| = Z?zl m; is the height of multi-index m,
(m, (1)) = 232, mjd; (D).
The problem (1.1) will be considered under the following conditions:
D w@,u®,B@) € C”(H,T],R),w@®) #p (Ot € [f,T],
g () € (It, T1,C"), k() € C (16, T1,C?),
B(1) € C*([t5.T1.C¥?) K (t.5) € C*(ltg < s <t < T},C¥2);
2) the relations (m, A (¢)) = 0, (m, A (1)) = A;(1), j € {1,...,5} for all multi-indices m with |m| > 2
or are not fulfilled for any ¢ € [#y, T'], or are fulfilled identically on the whole segment [#y, 7] . In other
words, resonant multi-indices are exhausted by the following sets:

Io={m: (m,A() =0, m| >2,Yte|[ty, T]},
L={m: mA@®)= 4,0, m22,Vtel,T1}, j=1,5.

caseB(t) =2y (t),B(t) = ( 0

Note that by virtue of the condition w(¢) # B'(¢), the spectrum {A} of the problem (1.1) is simple.
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2. Regularization of the problem (1.1)

Denote by o; = o, (¢) independent on 7 the quantities o = e~ g, = i) and rewrite the
system (1.1) in the form

' B'(0)d L' g(6)d
L.z(t,e) = 8 —A(H)z - P ( e PO 90'1 + e+£ffo’8(9) 90'2)B(I)Z

(2.1)
[l IR 1, 5) (s, 0)ds = WD), 2Ainae) = 2, 1€ (10,7
We introduce regularizing variables (see [18])
1 [ i (
Tj:—fﬂj(e)des J(),jzl,s (2.2)
e Jy £
and instead of the problem (2.1) we consider the problem
% N g(0)
LZ(t,1,e)=e— Z A; (t) — —A()Z - 8— (ePoy+e™oy)B(1)Z
“r -1
t
e Lok 25, YD oyds = oy, 30, Eli=tpr=0 = 2" 1€ [10,T] (2.3)

To
for the function 7 = Z(¢,7,&), where it is indicated (according to (2.2)): 7 = (71,....,75), ¥ =
W1, ..., ¥s) . It is clear that if Z = Z (¢, 7, €) is the solution of the problem (2.3), then the vector function
z=1Z (t, @, s) is the exact solution of the problem (2.1), therefore, the problem (2.3) is expansion of
the problem (2.1). However, it cannot be considered completely regularized, since the integral term

W (s)

!
J2= T (21,8 somiiose) = f et LHOB K (1 555, o2 g)ds

fo
has not been regularized in (2.3).

To regularize the integral term, we introduce a class M., asymptotically invariant with respect to the
operator JZ (see [18], p. 62]). We first consider the space of vector functions z (¢, 7) , representable by
sums

z(t,1,0) =70 (t,0) + Zle zi(t,o)e" + Z;SImISNz 7" (t, o) ™D,
2.4)

2(t,0),2 (), 2" (t,0) € C ([0, T1,C?),i = 1,5, 2<|m| < N,

where the asterisk * above the sum sign indicates that in it the summation for |[m| > 2 occurs only over
nonresonant multi-indices m = (m;, ..., ms), i.e. over m ¢ U,io I';. Note that in (2.4) the degree of the
polynomial with respect to exponentials e™ depends on the element z. In addition, the elements of the
space U depend on bounded in £ > 0 constants oy = o7 (¢) and 0, = 0, (¢), which do not affect
the development of the algorithm described below, therefore, henceforth, in the notation of element
(2.4) of this space U, we omit the dependence on o = (01, 0) for brevity . We show that the class
M, = Ul:=y). 1s asymptotically invariant with respect to the operator J.
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The image of the operator J on the element (2.4) of the space U has the form:

f 5 t ,
1t 1t 1.
Jz(t,7) = f er LSOV (1 o) 70 (s)ds + E f s LBOUK (1 5y 7. (5)e* Jo 408 4
o i=1 0]

* f . l .
+ Z f i s 1500 g (t,5) 7" (s)e* f,o(m,ﬂ(e))do ds

2<|m|<N, Y10

f . '
= f esl; BOGK (¢, 5)z0(s)d's + et o AS(G)def K(t, s)z5(s)ds

to 1o
5

!
1" 25(0)do L P Que)-as@)do
+ 2‘ o7 o 5O fK(t,s)Zi(S)egftO( (©)-As(60d0 ;

i=1,i#5 fo

* | ! s,
N Z RYRECT f K (1, 5) 2" (5) e+ Jotmesa@nao ;o
fo

2<|m|<N,

Integrating in parts, we have

! !
1 K 1
Jo(t,&) = f K (t,9) 20 (5) €2 500 g = ¢ f K6.92008) 41 [t asoan

to to _/15 (S)
K(f, S) 20 (s)eé f;/ls(e)df) = _ 8ft (2 K(l, S) 20 (S))eifs’,ls(g)dgds
=5 () s=to 0w \0s  —A4s5(s)
. [K(f, 1) 20 (l‘o)eé f as@ade _ K1z (1)] te f’ (EK(L $) 20 (S))e; [ ast@an g
As (1) As (1) w0 \0s  As(s)

Continuing this process further, we obtain the decomposition

Jo(t,8) = Y !
v=0

(K @920 () _ e b= = (K .92 (0),_],

s=1y s=t

0_ _1  qgv_ _1 0qgv-1
Iy = %5100 = el (v=D.

Next, apply the same operation to the integrals:

!
RO L [*(0)-2s5(0))do
Jsi(1,€) = e Jo 5@ fK(t,s)zi(s)esffo( O-As)d6

fo

_ ot haswan [ K@) L e-asoas
0 Ai(s) — As(s)

L[t asoae | K( 9)zi8) L P aser-asenae| T . f (0 K(t,5)zi(s) RYRCIOSRO
Ai(s) = As(s) 0 \0s ;i (8) — A5 (s)
_ 8[ K0z 1fwoan _ Kt1)zilo) 1p /15(9)d9]
A; (1) — A5 (1) A; (19) — As (to)

ot lnAstoo ff ( 9 K(t,5)zi(s) ) ot o O=15@)0
0 \0S 4; (s) — A5 (s)

= &e

s=io
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= b [ (I (K (1) 20 () € o O — (1 (K (1,5) 2 (5)),, e ASM],
v=0

1 1 9
= s T ie et vz =1
CIo-Le " T Ae-kwas VD

L asode [ 1[5 (mmes A(0)d0
I (t,8) = et ho ™ fK(t,s)z’"(s)esfro(’" es- A0 4 ¢

fo
: Jo As0)d t M deé Jpm=es,a@ndo - _ & eé Jr As(@)de [ w L [y (m—es.26)de
n (m—es, A(s)) (m — e5, A(s))

(0 Kt)Z"(5) \ L[ m-esaoae

s=t

= ce

s=fo

_ 8[ K (1,0)7" (1) ot Joma@as _ K (1, 19) 2" (t9) ot /15(6)d9]
(m —es, A(1)) (m — es, 1(19))

gt Jo 150 ff ( 9 K(t.5)2"(s) ) ot Jom=es.1@)ds
o \0s (m—es,A(s))

s=t > s=to

= i(—l)vsv+1 [(Ig,m (K (t,5)2"(5))) o JomA©@X0 _ (1, (K (t.)2" (5)) et ho 45(9)""]’
v=0

1 1 0
0 2% v—1
=— [ =— — ——|] >1),2<|m| <N,.
S e ) T e Ay a5 o = 2SS A
Here it is taken into account that (m — es, A (s)) # 0, since by definition of the space U, multi-indices
m ¢ I's. This means that the image of the operator J on the element (2.4) of the space U is represented

as a series

1t ! o) L
J2(t,7) = ¢ h MO f K(t.5)25 ()ds + » (=1)e""! [(15 (K (1, 5) 20 () ., € Jo 5
fo v=0

—(I; (K (1,5) 20 (S)))s:t] + Z Z(_l)vsvﬂ [(Itv K (1,92 ()., ot Jr Ai@)ae

i=1,i#5 v=0

5
i=1,i

— (I (K (t,5)z (s)))s=t0 e% f,(') /ls(e)dg]

+ Z*: i(_l)v8v+l [(Igm (K (1, 5) 2" (S)))s:, eé f,;(m,w))de_ (1§m (K (t,5)7" (s))) . eé ft; As(e)de] .

s=
2<|m|<N, v=0

It is easy to show (see, for example, [22], pages 291-294) that this series converges asymptotically as
& — +0 (uniformly in ¢ € [ty, T']). This means that the class M, is asymptotically invariant (as £ — +0)
with respect to the operator J.

We introduce the operators R, : U — U, acting on each element z(z,7) € U of the form (2.4)
according to the law:

Roz(t,7) = €™ f K (t,5)z5(s)ds, (2.50)
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Riz(6,7) = [(I§ (K (,9) 20 (s)) €™ = (I (K (1. 9)20 (5))) _]

s=t

4

+ ) MK 9z())_ e = (MKt 9z(5))_, €] (2.51)

i=1

(B, (K @92 () e = (18, (K (1, 9)2" () _, €],

s=t
2<|m|<N;

(o)

Ry z(t, 1) = Z(—l)y[(lg (K (7, 5) 20 (5))),-,, €” = (Ig (K (£, 5) 20 (5)) ]

v=0

4
£ DI K (192 (), € = (I (K (1, 9) 7 (), €] (2.5,1)

i=1 v=0

+ ) i(—l)V[(lg,m (K (1,)2" () _, " = (I, (K (t,9)2" () _, €"].

2<|m|<N,; v=0

Let now Z (¢, 7, €) be an arbitrary continuous function in (¢, 7) € [ty, T] X {T :Rer; <0,j= 1,_5} with
asymptotic expansion

(o)

2tTe) = ) futn), ut el (2.6)

k=0

converging as € — +0 (uniformly in (¢, 7) € [#y, T] X{T :Ret; <0,j= 1,_5}) Then the image JZ (¢, T, €)
of this function is decomposed into an asymptotic series

o0

JEtre) = Y 8In ) = D & D R 2 (60 bemyie
r=0 s=0

k=0

This equality is the basis for introducing an extension of the operator J on series of the form (2.6):

e =T (Z ez (t, T)) = Z & Z Rz, (t,7). 2.7)
k=0 r=0 s=0

Although the operator J is formally defined, its usefulness is obvious, since in practice it is usual to
construct the N-th approximation of the asymptotic solution of the problem (2.1), in which only N-th
partial sums of the series (2.6) will take part, which have not formal, but true meaning. Now we can
write down a problem that is completely regularized with respect to the original problem (2.1):

LAt1e) = %+ X0, 4;(D) g—z — Az - 622 (") + e ory) B
(2.8)
_jz = h(l)a Z(ta T, 8)|l:to,‘l':0 = ZO, re [t()v T]’

were the operator J has the form (2.7).
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3. Iterative problems and their solvability in the space U

Substituting the series (2.6) into (2.8) and equating the coeflicients for the same powers of &, we

obtain the following iterative problems:

5
0z
Lap (1) = ) 4;(0) 52 = Az = Rozo = (1), 20(10,0) =
j=1 /

0 t
La o = _§ " % (o1 +e™o2) B(t)z0 + Rizo, 21 (£9,0) = 0;
Lz (1,7) = =% + 20 (emory + e 0) B(H) 21 + Rizi + Rozo, 22 (1,0) = 0

(3.1p)

(3.11)

(3.12)

Lz (t,7) = -2 1+ 80 (em0r) + €™0) B(D) z5et + Rizo + oo + Rizicr, 2(6,0)=0, k> 1. (3.1p)

Each of the iterative problem (3.1;) can be written as

5
Lz(t,7) = Zaj(t)% ~AMz-Ryz=H(t,7), z(1,0)=2",

=1 J

(3.2)

where H (t,7) = Hy (t) + Z?:l H; (1) e + 5 men, H™ (1) €™ is a well-known vector-function of the
space U, z* is a well-known constant vector of a complex space C2, and the operator R, has the form

(see (2.5¢))

5 * 1
Roz = Ry {ZO (1) + Z zj (e + Z 2" (1) e(’"’T)] =" f K (¢, )25 (5) ds.
j=1

2<|m|<N, fo

In the future we need the A; (1)-eigenvectors of the matrix A (¢) :

1 1
@1 (1) =( i (@) ),902(1) =( i (7) ),

as well as A ;i (n-eigenvectors of the matrix A () :

1 1 1 1
X1(1)=—( i ),Xz(l):—( i )
2 o0 2 +m

These vectors form a biorthogonal system, i.e.

@Hﬂwﬂm={é£;;(hj:Lm.

We introduce the scalar product (for each ¢ € [fy, T']) in the space U :

5 * 5
<z,w>=<zo(H) + Z Z; (1) e+ Z 7" (1) e(””), wo (1) + Z w; (1) et
j=1 2<|m|<N, j=1
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* Z W (0™ > 2 (2 (1), wO(t>>+Z @.w0)+ > @O ),

2<|m|<Nyy 2<|m|<min(N;,N,,)

where we denote by (x, *) the ordinary scalar product in a complex space C>. We prove the following
statement.

Theorem 1. Let conditions 1) and 2) are satisfied and the right-hand side H (t,7) = H,(t) +
Z;: VHj () e+ 35 en, H™ (D) e of the system (3.2) belongs to the space U. Then for the solvability
of the system (3.2) in U it is necessary and sufficient that the identities

<H@t1),xx(@®e* >=0,k=1,2,Vt €[y, T], (3.3)

are fulfilled.
Proof. We will determine the solution to the system (3.2) in the form of an element (2.4) of the space
U:

*

5
(D =200+ Y e+ Y (@B, (3.4)

j=1 2<|m|<Ny

Substituting (3.4) into the system (3.2), we have

*

5
DvOI-am|h@wer+ > [mam) - A®1" (1) "
j=1

2<|m|<Ngy

*

t 5
—A (1) 20 (1) _eT5f K (t,5)zs (s)ds =H, (1) + ZH/‘ (t) €™ + Z H™ () ™,

1o j=1 2<|m|<Ny

Equating here separately the free terms and coefficients at the same exponents, we obtain the following
systems of equations:

~A(0)20 () = Ho (1), (3.50)
[ OT-A®|z;0=H;@),j=T.4, (3.5))
[s () = A (D] 25 (1) - f K (t,5)zs (s)ds = Hs (1), (3.55)
5
[(m,A)I-A®]Z" @) =H" (@), 2<|m <N, m¢ U r;. (3.5,)
j=0

Due to the invertibility of the matrix A (¢), the system (3.5() has the solution —A~! () Hy (¢). Since
As (#) = u(¢) is a real function, and the eigenvalues of the matrix A (¢) are purely imaginary, the matrix
As (£) I — A (¢) is invertible and therefore the system (3.55) can be written as

25 (1) = f (s 1= AW K (1,9) 25 (s)ds + [As ()] = A)] ™ Hs (1), (3.6)

fo
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Due to the smoothness of the kernel ([/15 OI-AD] 'K, s)) and the heterogeneity

[As () I — A ()] Hs (1), this Volterra integral system has a unique solution z5 (1) € C* ([to, T] ,Cz).
Systems (3.53) and (3.5,) also have unique solutions

G0 =[401-A0] H e (110, T1.C%). ) = 3.4, 3.7)

since A3 (1), A4 (¢) do not belong to the spectrum of the matrix A (). Systems (3.5;) and (3.5;,) are
solvable in the space C* ([to, T], C2) if and only if the identities (H (D, x; (t)) =0 VreltT],j=
1,2 hold.

It is easy to see that these identities coincide with the identities (3.3).

Further, since multi-indices m ¢ U?:o I'; in systems (3.5,,), then these systems are uniquely solvable

in the space C* ([to, T] ,Cz) in the form of functions
2"(0) = [(m, A@) =AW H" (1), 0 < |m| < Ny. (3.8)

Thus, condition (3.3) is necessary and sufficient for the solvability of the system (3.2) in the space U.
The theorem 1 is proved.

Remark 1. If identity (3.3) holds, then under conditions 1) and 2) the system (3.2) has (see (3.6) —
(3.8)) the following solution in the space U :

*

5 2
16D =20+ ) 50T+ Y W™ =50+ ) aOgn)e
j=1 k=1

2£ImISNH

*

4
+hiy () @a (D) e™ + +hy (D@ (He™ +z5() e” + Z Pi(t)e” + Z P" (1) ™", (3.9)

j=3 2<|m|<Ng

where a; (1) € C® ([to,T],Cl) are arbitrary functions, k = 1,2, zo(1) = —A'Hy(1), z5 (1) is the
solution of the integral system (3.6) and the notations are introduced:

O ®) | H 00 0)
LO-LO T Lo -0

P"(t) = [(m, A -ADOI " H" ().

s (1) = P =[401-A@] H®,

4. Unique solvability of the general iterative problem in the space U. The remainder term
theorem

We proceed to the description of the conditions for the unique solvability of the system (3.2) in the
space U. Along with the problem (3.2), we consider the system
dz g

Lw(t,T) = r + — (ePoy+e™oy)B(t)z+ Riz+ Q(t,71), “4.1)

where z = z(¢,7) is the solution (3.9) of the system (3.2), Q(¢,7) € U is the known function of the
space U. The right-hand side of this system:

0 t
G(t,71)= _8_§ + % (ePoy+e™oy)B(t)z+ Riz+ Q(t,7)

AIMS Mathematics Volume 6, Issue 8, 8835-8853.
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5 %
9
_ _ ) T m (m,7)
=5+ Y 50+ ) e
j=1 2<|m|<Ny
5 *
(" + €0 B(D)|20 (1) + ) (D)€" + Z 2" (1) ™| +Riz + Q (1,7),
j=1 2<|m|<Ny

g
N

may not belong to the space U, if z = z(#,7) € U. Since —%, Rz, Q (¢,7) € U, then this fact needs to be
checked for the function

g()

Z(t,1) = 2 (€00 + e"o) B [20 () + sz (1) e"

g (@)

> —B()zo () (e + e™0)

+ Z Zm (I) e(m,T)]

2§ImISNH

W
*

t
gTB(f> GO @0+ )+ ED e B Y 2 0.

2<|m|<Ny

Function Z (t, 7) ¢ U, since it has resonant exponents

T3+T. m,T T3+ m,T — — — —
et = D] 00.0.1.0 €D (3 + 1 = my,my = my = ms = 0),

e (my + 1 = ma,my =my =ms =0),

therefore, the right-hand side G (t,7) = Z(t,7) — % + Rz + Q (¢, 7) of the system (19) also does not
belong to the space U. Then, according to the well-known theory (see [18], p. 234), it is necessary
to embed A : G (1,7) = G (1,7) the right-hand side G (¢, 1) of the system (4.1) in the space U. This
operation is defined as follows.

Let the function G (¢, ) = Z%:O w" (£) "™ contain resonant exponentials, i.e. G (¢, 7) has the form

N

G (1,7) = wo (1) + Zw (1) e" + Z Z W @et" I N W (e,
J=0 |mi|=2: mierl; Im|=2,m#mi, j=0,5
Then
: N
G(t,7) = wo (1) + Zw] (e + Z Z wr@e+ Y wWe™,
Jj=0 |m/| 2:mlel |m|=2,m#mJ,j=0,5

Therefore, the embedding operation acts only on the resonant exponentials and replaces them with a
unit or exponents e’ of the first dimension according to the rule:

A

We now turn to the proof of the following statement.
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Theorem 2. Suppose that conditions 1) and 2) are satisfied and the right-hand side H (t,7) = H, (t) +
Z;z VHj(2) e +Z;S|mls Ny, H™ (0) e € U of the system (3.2) satisfies condition (3.3). Then the problem
(3.2) under additional conditions

<G, xx(De™ >= 0V € [1y,T], k= 1,2, (4.2)

where Q (t,7) = Qo (1) + Zi:l O (D) e™ + Z;les No Q" (t) €' is the well-known vector function of the
space U, is uniquely solvable in U.
Proof. Since the right-hand side of the system (3.2) satisfies condition (3.3), this system has a solution
in the space U in the form (3.9), where ay () € C* ([to, T] ,Cl), k = 1,2 are arbitrary functions so
far. Subordinate (3.9) to the initial condition z (ty, 0) = z*. We obtain Zl%:l ay (o) @i (to) = z., where is
indicated

4

% -1 1 .
z. = 2"+ A7 (o) Ho (t0) = [As (1)) I — A ()] Hs (to) — Z [/lj (to) I - A (to)] H; (o)
=3
(Hi (1) , x2 (1)) (H, (to)  x1 (t0)) S
T -4 2T ) - 2, Pl

2§|m|§NH

Multiplying scalarly the equality Zi:l ay (o) pr (fo)) = z. by x;(f) and taking into account the
biorthogonality of the systems {¢; (t)} and {X j (t)} , we find the values ay (fty) = (Z., xx (%)), k = 1,2.
Now we subordinate the solution (3.9) to the orthogonality condition (4.2). We write in more detail the
right-hand side G (¢, 7) of the system (4.1):

5 2
G(t1)= _H_I[ZO () + Z () @ (1) e™ + hip (1) o (1) e™
=1

*

4
+hy1 (1) @1 (1) €™ + 25 (1) €™ + Z Pi(H)e" + Z P" (1) ™)

=3 2<|ml<Ny

g (@)

2
HE (T + o) BO 0+ ) o (@ ()€ + hi (g (1) e
k=1

*

4
o ()@ (e +z5 (e + ) Pier+ Y P (D)™

=3 2<m|<Ny

2
+R[zo (1) + Z () @ (D) e™ + hip (1) pa (D) e™ + hyy (1) gy (1) e™
=1

*

4
+zs(e+ ) Pie”+ Y P (e +0(,7).
j=3

2<|Im|<Ny

Putting this function into the space U, we will have
2
A d T 71
Gn=-2la0+ ) a@e e +ha (e
t k=1
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+
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*

4
o g1 €™ +z5 (e + ) Pi(DeT + ) P (e

j=3 2<|m|<Ny

2
? (o +e™oy) B(t) (20 (1) + Z @, (1) @ (1) €™ + hip (1) 2 (1) €7
k=1

*

4
+hy (1) @1 (D) ™ + z5 (D) e™ + Z Pi(t)e" + Z P" (1) &m0

Jj=3 2<|m|<Ngy

2
+Ri[zo (1) + Z () @ (D) e™ + hip (1) pr (D) e™ + hyy (1) i (1) e™
=1

*

4
+zs(e + Y Pie”+ > P 0™+ 0,7)
j=3

2<|m|<Ny

9 2
= T al (1) + kz:; @ (1) g (1) €™ + hip (D) @2 () € + Iy (1) 1 () €7

4 ®
+z5 (1) e™ + Z P;(H)e” + Z P" () ™)
=3

2§|m\§NH

+{%g (D B(1) (e"0120 (1) + e "oy (1) @1 (1) + €™ 2oy (1) 2 (1)
+e" oy (1) @ (1) + €701y (1) @y (1) + €™ 025 (1)
+e™R 0 P3 (1) + €™M0 Py (1) + €™ 0020 (1) + €™ oy (1) ¢ (1)
+e" 2o, (1) o (1) + e oyl () @ (1) + €™ ok (1) @i (1)

+e™ 0075 (1) + €70 Py (1) + ¥ 0 Py (1)

+%g (1) B (1) Z P"(1) (" 0y + " o))

2<|m|<Ngy

2
+Ri[zo (1) + Z () @ (D) e™ + hip (1) pa (D) e™ + hyy (1) @y (1) e™
P

*

4
+zs(e” + Y Pie + Y P 0"+ Q1)
i=3

2<|m|<Ny

()
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Given that the expression R; (zy (¢, 7)) linearly depends on a; (¥) and «; (¢) (see the formula (2.5,)) :

2
R (20 (2, 7)) = Ry[z0 () + Z ay (1) o (1) e™+hip (1) pr (1) 7' + Iy (1) @ (2) e
=1

*

4 2
+zs(e+ ) PieT+ Y PP =) Fiar (0,0 (1), 0" + R (2 (1,7)),
j=3

2<|m|<Ng j=1

(here Fj(a; (¢),as (1) ,1) are linear functions of a; (¢), @, (t), and the expression R, (zo (t,7)) does not
contain linear terms of a; (¢),a, (¢)), we conclude that, after the embedding operation, the function
G (1,7) will linearly depend on scalar functions @ () and a; (¢) .

Taking into account that under conditions (4.2), scalar multiplication by vector functions y (¢) e™,
containing only exponentials e™, k = 1,2, it is necessary to keep in the expression G(t,7) only terms
with exponents e™ and e™. Then it follows from (**) that conditions (4.2) are written in the form

8 2
< _E (Z (077 (t) D (t) e’k + h12 (t) ©2 (l) e’ + h2l (l) 01 (t) €T2)
k=1

#(F1 @ 0,020.0+ 5, W @ 0,02 0,0
#(F2@1 0,02 0,0 Ty oo, W7 (@1 (0,02 0),0)
+O1 (e + O (e x () e™ >=0,Vte [t,T],k=1,2,

where the functions w" (1 (1),a2(),1),j = 1,2, depend on a;(t) and a, () in a linear way.
Performing scalar multiplication here, we obtain linear ordinary differential equations with respect
to the functions ay () , k = 1, 2, involved in the solution (3.9) of the system (3.2). Attaching the initial
conditions ay (ty) = (2., xx (o)), kK = 1,2, calculated earlier to them, we find uniquely functions «; (),
and, therefore, construct a solution (3.9) to the problem (3.2) in the space U in a unique way. The
theorem 2 is proved.

As mentioned above, the right-hand sides of iterative problems (3.1;) (if them solve sequentially)
may not belong to the space U. Then, according to [18] (p. 234), the right-hand sides of these problems
must be embedded into the U, according to the above rule. As a result, we obtain the following
problems:

5
0z —
Lo ()= )40 =2 = AWz = Rozo = h(D). - 20(10,0) = % (3.To)
J=1 !
0 t A _
La (7)== + [%) (€0 +e ) B z| +Rizs 71 (10,0) = 0; G1)
Loy (1,7) = =% + [ (e + e™0) B 21| + Rizi+Roz0,22 (10, 0) = 0; (3.12)

/\ —
Lz (t,7) = —% + [% ("o + e™oa) B(1) Zk—l] +Rizo + ... + Rizier, 21 (8,0) =0, k> 1, (3.1y)
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(images of linear operators % and R, do not need to be embedded in the space U, since these operators

act from U to U). Such a replacement will not affect the construction of an asymptotic solution to
the original problem (1.1) (or its equivalent problem (2.1)), so on the narrowing 7 = YD the series of

&

problems (3.1;) will coincide with the series of problems (3_1k) (see [18], pp. 234-235].

Applying Theorems 1 and 2 to iterative problems (3_1k) , we find their solutions uniquely in the
space U and construct series (2.6). As in [18] (pp. 63-69), we prove the following statement.

Theorem 3. Let conditions 1)-2) be satisfied for the system (2.1). Then, for € € (0,&0]l(gp > 0 is
sufficiently small) system (2.1) has a unique solution z(t, &) € C'([ty, T1,C?); at the same time there is
the estimate

llz(t, &) — zenllcppr) < eve™ ™, N =0,1,2, ...,

where 7.y(t) is the restriction on T = @ of the N -th partial sum of the series (2.6) (with coefficients

7k (t, ) € U, satisfying the iterative problems (ﬁk) ) and the constant cy > 0 does not depend on € at
g € (0, &].

5. Construction of a solution of the first iterative problem

Using Theorem 1, we try to find a solution to the first iterative problem (370) . Since the right-hand

side 4 (¢) of the system (ﬁo) satisfies condition (3.3), this system (according to (3.9)) has a solution in
the space U in the form

2
20 =20 O+ ) ol (1) e™, (5.1)
k=1

where a/jco) (recCc™ ([to, T], Cl) are arbitrary functions, k = 1, 2, zg)) (t) = —A~' (1) h (t) . Subordinating
(4.2) to the initial condition z, (#y, 0) = z°, we have

2
D@ (@ (t) =2 + A () h (1)
k=1

Multiplying this equality scalarly y; (#o) and taking into account biorthogonality property of the systems
{ (0} and {x; (0} , find the values

o (1) = (& + A (1) h (10) . i (t0)) k= 1,2. (5.2)

For a complete calculation of the functions af{o) (1), we proceed to the next iterative problem (3_11)

Substituting the solution (5.1) of the system (ﬁo) into it, we arrive at the following system:

K@,z (1) - K1)z ()
Lo s (10)

d 2\ d
Lo (1.7) = ==z (0 = ) —(@ O g (0)e"+
k=1

2 A
* % ("0 + €a2) B() [zf)‘” OEDWHOLAC e)] (5.3)
k=1
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J —

2
*)
=

4,0 ¢ A; (to)

(Ko@) wmmﬁmem]

(here we used the expression (2.51) for R,z (z,7) and took into account that when z(¢,7) = z9(¢,7) in

the sum (2.51) only terms with ¢™', ¢™ and e™ remain). We calculate

g(1)

2
M = [7 ("0 +e"o) B(D)| 2 (1) + Z a? (1) @i (1) e]]
k=1

A

1
= 58 BO ey 141 (1) ™™ + 203" (91 (€™

+0103” (02 (1) €™ + 020y (1) 2 (1) €777 + P02 (1) + €™z ()]

Let us analyze the exponents of the second dimension included here for their resonance:

" emyiyye = ot b
0, —-ip,
—if —iw=| —iw, ©0, —if —-ivw=| +if,
+iw, u
et |T=l//(l)/£ — eé fl:)(+i,8'—iw)d6’
O e,
+if —iw=| —-lw, © ’
] B =2w,
(+iw),
(=B,
+if —iw=| +if, 2 =w=>
M

e =) =1 (8 =w),
= | e =en (B =2w),
e = ¢ (26 = w);

Lty o s
5 (—if’ +iw)dd
eT3+T2|T:l//(l)/€ =e fo ,
0. o
—if tiw=| (miw), | L =
. B =2w;
+iw,
_iﬂ’,
—if +iw=| (+if), 26 =w
M,

= =1 (8 = w),

= | = (B =2w),
—

ent = e (2 = w);

e yyye = ot o+ s,
09 _iﬁ/a
+if +iw=| —iw, ©0, +if +ivw=| +if,

+iw, M,
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Thus, the exponents e™*"'and e™*™ are not resonant, and the exponents e™*™' and e™*™ are resonant
at certain ratios between frequencies £’ (¢), and w (¢), moreover, their embeddings are carried out as

follows: o —
ei==1 B =w), [en=e"=1EF =w),

e = e (B = 2w), et = " (B = 2w),
T = e (28 = w), e =" (28 = w).

So, resonances are possible only in the following cases of relations between frequencies: a) 8 = 2w,
b) 8 = w,c) 2B’ = w. Case b) is not considered (see condition (1)). We consider cases a) and c).
a) 8/ = 2w. In this case, the system (5.3) after embedding takes the form

K0z o)
————¢€

La (17) = =2 (1) - Z @ O e + —=8

Ktz () 1

) 58 B (@) [012” (1) @1 (D) €™ + 020" (1) ) (1) €™

+0103 (1) 2 (1) €™ + 020 (£) 2 (D) €777 + €701 20 (1) + €7 220 (1))]
. i (K@na?0e0) — (K@wa] @) g ()
1 4,0 ‘ A, (t0) '

This system is solvable in the space U if and only if the conditions of orthogonality are satisfied:

2
d
(=D @ D@ )e™ + g(r)B(r) (10 ()2 (1) €™

(K .0 1) ¢ (1)

a0 (D) 1 (1) €] + Z 0

e xihey=0,j=1,2.

Performing scalar multiplication here, we obtain a system of ordinary differential equations:

dal (1)

— (@1 (0,01 () e ) +58 () o1 BO) @2 (1), x1 (1) @y (1) + 2D () =
5.4

daz (1)

— (@2 (), x2 () @y () ++38 () 2 (B (D) 1 (1), x2 (D) @ (1) + FEELOD D) (1) =

Adding the initial conditions (5.2) to this system, we find uniquely functions a,(co) (1), k = 1,2, and,
therefore, uniquely calculate the solution (5.1) of the problem (ﬁo) in the space U. Moreover, the
main term of the asymptotic solution of the problem (2.1) has the form

2 t
w00 =2 0+ Y Oge b0 (55)
k=

where the functions a; © (tp) satisfy the problem (5.2), (5.4), Z(O) (t) = —A~'(H)h(f). We draw attention to
the fact that the system of equations (5.4) does not decompose into separate differential equations (as
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was the case in ordinary integro-differential equations). The presence of a rapidly oscillating coefficient
in the problem (1.1) leads to more complex differential systems of type (5.4), the solution of which,
although they exist on the interval [#y, T'], is not always possible to find them explicitly. However, in
third case this it manages to be done.

¢) 26" = w. In this case, the system (5.3) after embedding takes the form (take into account that

_— —
ettt = €T3, et = eT4)

K0z @) . K1)z 1)
o < s (fo)

Lz (6,7) = - “”() Z — (@ () g ()" +

1
+58 (OB (@) [01a” (1) 1 (1) e + 02" (1) @1 (1) €

+010Y () @2 (D €™ + 020 (1) @2 (1) €77 + €™ 0120 (1) + €™ 0220 (1))]

+i (K@na? 0e0) — (K@wa] @) g ()
Z Lo 2, (1)

This system is solvable in the space U if and only if the conditions of orthogonality

2

I

k=1

(K t.0al” 1) (1))
4; (1)

O (1) g (1)e™ + Z e, x; (1)) =0

Q..lQ‘

Jj = 1,2, are satisfied. Performing scalar multiplication here, we obtain a system of diverging ordinary
differential equations

d(x (l)

— @1 (D)1 (1) (1) + ELLUD 4O () =

daZ ()

— (@2 (0 x> (D) @y (1) + TR (1) =

Together with the initial conditions (5.2), it has a unique solution

"(K(6,0) — ¢ (0), x« (9))d0}
A (0)

a (1) = (2 + A7 (t0) h (t0) . xu (t0)) exp { f

k = 1,2, and therefore, the solution (5.1) of the problem (ﬁ ) will be found uniquely in the space U.

In this case the leading term of the asymptotics has the form (5.5), but with functions «, O, explicitly
calculated. Its influence is revealed when constructing the asymptotics of the first and higher orders.
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