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1. Introduction

The Cahn-Hilliard-Hele-Shaw system is a very important mathematical model which describes the
motion of a viscous incompressible fluid between two closely spaced parallel plates and can be viewed
as the simplification of the Cahn-Hilliard-Navier-Stokes system [1–3]. The model are widely applied in
different fields, such as simulations of nonlinear tumor growth and neovascularization [4–7], spinodal
decomposition in a Hele-Shaw cell [8], and two-phase flow in porous medium [9,10], etc.

The Cahn-Hilliard-Hele-Shaw system is a gradient system coupled with fluid motion, which is
difficult to solve because of its complex form. For this model, purely explicit methods are limited by
strict time step constraints for stability, and completely implicit numerical methods must contend with
potentially large systems of nonlinear algebraic equations [11]. There have been many effective
numerical schemes for the Cahn-Hilliard-Hele-Shaw system. Guo et al. proposed a semi-implicit time
integration scheme based on convex splitting technique, and proved the unconditional stability of the
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fully discrete scheme of the Cahn-Hilliard-Hele-Shaw system [12]. S.M. Wise put forward an
unconditionally stable finite difference scheme for the Cahn-Hilliard-Hele-Shaw [13]. Chen et al.
established a finite difference simulation of Gagliardo-Nirenberg-type inequalities to analyze stability
and convergence [14]. Liu et al. developed a mixed finite element numerical scheme for the
Cahn-Hilliard-Hele-Shaw system and proved its unconditional stability [15]. Guo carried out a
numerical analysis for the Cahn-Hilliard-Hele-Shaw system with variable mobility and logarithmic
Flory-Huggins potential [16]. The above mentioned works are numerical methods to solve the
Cahn-Hilliard-Hele-Shaw system. However, there are few researches on the modified
Cahn-Hilliard-Hele-Shaw system.

The modified Cahn-Hilliard equation (also named Cahn-Hilliard-Oono equation) used to suppress
phase coarsening in [17] is as follows

φt + ∆(ε∆φ −
1
ε

f (φ)) + θ(φ − φ̄0) = 0, x ∈ Ω, 0 < t ≤ T, (1.1)

∂φ

∂n
=
∂(ν∆φ − f (φ))

∂n
, x ∈ ∂Ω, (1.2)

φ(x, 0) = φ0(x), x ∈ Ω, (1.3)

where φ0 :=
1
|Ω|

∫
Ω
φ0(x)dx. More works on the modified Cahn-Hilliard equation can be found in

[18–21]. For the modified Cahn-Hilliard equation, when θ = 0, the equation becomes the classical
Cahn-Hilliard equation[22-24]. When the modified Cahn-Hilliard is coupled with the Darcy equation,
the modified Cahn-Hilliard-Hele-Shaw equation can be obtained. Jia et al. introduced a novel finite
element method for the modified Cahn-Hilliard-Hele-Shaw system [25], in which the time
discretization was based on the convex splitting of the energy functional in the modified Cahn-Hilliard
equation. Of course, the above numerical methods are directly solved based on the coupling equation,
and the solving process is complicated. To solve this kind of problem, many decoupled methods have
been proposed to solve the Cahn-Hilliard-Hele-Shaw system in recent years. Han [26] presented a
decoupled unconditionally stable numerical scheme for the Cahn-Hilliard-Hele-Shaw system with
variable viscosity, in which the operator-splitting strategy and the pressure-stabilization technique
were used to completely decouple the nonlinear Cahn-Hilliard equation from pressure. Similar
strategies were also adopted in [27]. Then, Gao [28] studied the fully decoupled numerical scheme of
the Cahn-Hilliard-Hele-Shaw model, in which the scalar auxiliary variable method was used to deal
with the nonlinear term in the free energy. Similarly, decoupled schemes are also effectively used in
other systems and models recently. Zhao et al. [29] developed an energy-stable scheme for a binary
hydrodynamic phase field model of mixtures of nematic liquid crystals and viscous fluids. A
second-order decoupled energy-stable schemes for Cahn-Hilliard-Navier-Stokes equations was
suggested in [30]. For thermodynamically consistent models, Zhao [31] investigated a general
numerical framework for designing linear, energy stable, and decoupled numerical algorithms.
However, to the best of our knowledge, there are few researches on decoupling methods of the
modified Cahn-Hilliard-Hele-Shaw system, it will be the purpose of our paper.

Based on Eqs (1.1)–(1.3), the modified Cahn-Hilliard-Hele-Shaw system with double well potential
is given by

∂tφ + ∇ · (φu) = ∆µ, in Ω × (0,T ), (1.4)
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µ = f (φ) − ε2∆φ + ξ, in Ω × (0,T ), (1.5)

− ∆ξ = θ(φ − φ0), in Ω × (0,T ), (1.6)
u = −(∇p + γφ∇µ), in Ω × (0,T ), (1.7)
∇ · u = 0, in Ω × (0,T ), (1.8)
φ|t=0 = φ0, in Ω, (1.9)
∂nφ = ∂nµ = 0, u · n = 0, on ∂Ω × (0,T ). (1.10)

where Ω ∈ Rd(d = 2, 3). φ is the concentration field, u is the advective velocity, ε > 0 is the constant to
measure the thickness of the transition layer between the two phases, and µ is the chemical potential.
f (φ) is the derivative of the double well potential F(φ), ξ is an auxiliary variable. p and γ represent the
pressure and the dimensionless surface tension parameter, respectively. n is the unit outer normal of
the boundary ∂Ω. when θ = 0, the equation becomes the classical Cahn-Hilliard-Hele-Shaws equation.
With regard to the double well potential corresponding to f (φ) in Eq (1.2), the following F̌(φ) can be
taken[32–34]

F̌(φ) = F̌1(φ) + F̌2(φ) := (φ2 +
1
4

) +


−2φ +

3
4
, φ ≥ 1,

−
3
2
φ2 +

1
4
φ4, φ ∈ [−1, 1],

2φ +
3
4
, φ ≤ −1.

(1.11)

Correspondingly, the derivatives of F̌(φ) can be split as follows

f̌ (φ) = F̌′(φ) = f̌1(φ) + f̌2(φ) = 2φ +


−2, φ ≥ 1,
−3φ + φ3, φ ∈ [−1, 1],
2, φ ≤ −1.

(1.12)

F(φ) and f (φ) are replaced by F̌(φ) and its derivative f̌ (φ), which are still recorded as F and f for
simplicity. Typically, the free energy functional of a modified Cahn-Hilliard-Hele-Shaw system with
double well potential is given by

E(φ) =

∫
Ω

(
ε2

2
|∇φ|2 + F(φ))dx. (1.13)

In this paper, a decoupled finite element scheme for a modified Cahn-Hilliard-Hele-Shaw system
with double well potential is proposed. The temporal discretization is based on the convex splitting of
the energy functional in the modified Cahn-Hilliard equation, and the spacial discretization is carried
out by the mixed finite element method. The computation of the velocity u is separated from the
computation of the pressure p by using an operator-splitting strategy. A Possion equation is solved
to update the pressure at each time step. We prove that the the proposed scheme is unconditionally
stable in energy, and the error analyses are obtained. Finally, the numerical results verify the theoretical
analysis. The rest of this article is structured as follows.The finite element discrete scheme of the Cahn-
Hilliard-Hele-Shaw system combing with the convex splitting is given in Section 2; The theoretical
preparations and stability of the proposed numerical scheme are proved in Section 3; The error analyses
of the proposed scheme are addressed in Section 4; Some numerical examples are given to verify the
previous theory in Section 5, and the conclusion is given in Section 6.

AIMS Mathematics Volume 6, Issue 8, 8681–8704.



8684

2. Mathematical model

2.1. Semi-discrete scheme

Let L2(Ω) is a space of square integrable function and Hk(Ω),Hk
0(Ω) denote the usual Sobolev

spaces. L2(Ω) inner product and its norm are denoted by (u, v) =
∫

Ω
u(x)v(x)dx, ‖φ‖ = ‖φ‖L2(Ω) =√

(φ, φ). The weak formulation of the modified Cahn-Hilliard-Hele-Shaw system with double well
potential can be written as

(∂tφ, v) + (∇ · (φu), v) + (∇µ,∇v) = 0, ∀v ∈ H1(Ω),
(µ,w) − ( f1(φ) + f2(φ),w) − ε2(∇φ,∇w) − (ξ,w) = 0, ∀w ∈ H1(Ω),
(∇ξ,∇ψ) − θ(φ − φ0, ψ) = 0, ∀ψ ∈ H1(Ω),
(∇p + γφ∇µ,∇q) = 0. ∀q ∈ H1(Ω).

(2.1)

where,

f1(φ) = 2φ, f ′1(φ) = 2. f2(φ) =


−2, φ ≥ 1
−3φ + φ3, φ ∈ [−1, 1]
2, φ ≤ −1

, f ′2(φ) = 3(φ2 − 1) ≤ 0.

Let N be a positive integer and 0 = t0 < t1 < · · · < tN = T be a uniform partition of [0,T ], where

ti = iτ, i = 0, 1, · · ·,N − 1, τ =
T
N

.
The semi-discrete scheme of the modified Cahn-Hilliard-Hele-Shaw system with double well

potential is as follows. For n ≥ 0, find {φn+1, µn+1, ξn+1, pn+1} such that

(
φn+1 − φn

τ
, v) − (φnun+1,∇v) + (∇µn+1,∇v) = 0, (2.2)

(µn+1,w) − ( f1(φn+1) + f2(φn),w) − ε2(∇φn+1,∇w) − (ξn+1,w) = 0, (2.3)
(∇ξn+1,∇ψ) − θ(φn+1 − φ0, ψ) = 0, (2.4)
(∇(pn+1 − pn),∇q) = (un+1,∇q), (2.5)

where the velocity is given by

un+1 = −(∇pn + γφn∇µn+1). (2.6)

Combing with the idea of the literatures [26,35], the computation of the modified Cahn-Hilliard
equations (2.2)–(2.4) are decoupled from Eq (2.5) after substituting un+1 into Eq (2.2), since the
pressure is explicit in Eq (2.6). The velocity un+1 is regarded as an intermediate velocity by using the
incremental projection method similar to the Navier-Stokes equation. The real velocity ũn+1 is
obtained from the intermediate velocity and satisfies

ũn+1 − un+1 = −(∇pn+1 − ∇pn), ∇ · ũn+1 = 0. (2.7)

Then Eq (2.6) and Eq (2.7) are added together to obtain the original Eq (1.7). If the divergence
operator is applied to both side of Eq (2.7), the real velocity ũn+1 will vanished. We have

∇ · (∇pn+1 − ∇pn) = ∇ · un+1. (2.8)
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2.2. Fully discrete scheme

Let Th = {K} be a regular partition of the domain Ω that is divided into triangles with the size
h = max

0≤i≤N
hi. S h is a piecewise polynomial space, which is defined as

S h = {υh ∈ C0(Ω)|υh|K ∈ Pk(x, y),K ∈ Th} ⊂ H1(Ω),

where Pk(x, y) is a polynomial of degree at most r.
Let us denote

L2
0 := {u ∈ L2(Ω)|(u, 1) = 0}, Ŝ h := S h ∩ L2

0,

Ĥ1 := H1(Ω) ∩ L2
0, Ĥ−1 := {v ∈ H−1(Ω)|(v, 1) = 0}.

The corresponding fully discrete scheme have the following expression, find
{φn+1

h , µn+1
h , ξn+1

h , pn+1
h } ∈ S h × S h × Ŝ h × Ŝ h, such that

(
φn+1

h − φn
h

τ
, vh) − (φn

hun+1
h ,∇vh) + (∇µn+1

h ,∇vh) = 0, (2.9)

(µn+1
h ,wh) − ( f1(φn+1

h ) + f2(φn
h),wh) − ε2(∇φn+1

h ,∇wh) − (ξn+1
h ,wh) = 0, (2.10)

(∇ξn+1
h ,∇ψh) − θ(φn+1

h − φ0, ψh) = 0, (2.11)
(∇(pn+1

h − pn
h),∇qh) = (un+1

h ,∇qh), (2.12)

where the velocity is given by

un+1
h = −(∇pn

h + γφn
h∇µ

n+1
h ). (2.13)

3. The analysis of stability

Definition 3.1. [36] The Ritz projection operator Rh(Ω): φ ∈ H1(Ω)→ S h satisfies

(∇(Rhφ − φ),∇χ) = 0, ∀χ ∈ S h, (Rhφ − φ, 1) = 0. (3.1)

and have the following estimates,

‖Rhφ‖H1(Ω) ≤ C‖φ‖H1 , ∀φ ∈ H1(Ω), (3.2)
‖φ − Rhφ‖ + h‖φ − Rhφ‖H1(Ω) ≤ Chq+1‖φ‖Hq+1 , ∀φ ∈ Hq+1(Ω). (3.3)

Definition 3.2. [36] Define the operator Th : Ĥ−1 → Ĥ1 through the following variational problems,
given ζ ∈ Ĥ−1, find Th(ζ) ∈ Ĥ1 such that

(∇Th(ζ),∇χ) = (ζ, χ), ∀χ ∈ Ĥ1. (3.4)

Lemma 3.1. [12,15] Let ζ, ϕ ∈ Ĥ−1 and set

(ζ, ϕ)−1,h := (∇Th(ζ),∇Th(ϕ)) = (ζ,Th(ϕ)) = (Th(ζ), ϕ), (3.5)

where (·, ·)−1,h defines an inner product on the Ĥ−1 and its corresponding H−1 norm is written as

‖ζ‖−1,h =
√

(ζ, ζ)−1,h = sup
0,χ∈Ĥ1

(ζ, χ)
‖∇χ‖

. (3.6)
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Consequently, for ∀χ ∈ Ĥ1, ζ ∈ Ĥ−1,

|(ζ, χ)| ≤ ‖ζ‖−1,h‖∇χ‖. (3.7)

Furthermore, the following Poincaré inequalities holds,

‖ζ‖−1,h ≤ C‖ζ‖, ∀ζ ∈ L2
0. (3.8)

Definition 3.3. [12,15] Define W := {u ∈ L2(Ω)|(u,∇q),∀q ∈ H1(Ω)}. The projection operator
P : w ∈ L2(Ω)→W is defined as

P(w) = ∇p + w, (3.9)

where p ∈ Ḣ1 := {φ ∈ H1(Ω)|(φ, 1) = 0} is the unique solution to

(∇p + w,∇q) = 0, ∀q ∈ H1(Ω). (3.10)

Lemma 3.2. [12,15] Projection operator P is linear and satisfies the following properties

(P(w) − w, v) = 0, ∀v ∈W, (3.11)

and

‖P(w)‖ ≤ ‖w‖. (3.12)

Definition 3.4. [12,15] Define Wh := {uh ∈ L2(Ω)|(uh,∇qh) = 0,∀qh ∈ S h}. The projection operator
Ph : w ∈ L2(Ω)→Wh is defined as

Ph(w) = ∇ph + w, (3.13)

where ph ∈ Ŝ h is the unique solution to

(∇ph + w,∇qh) = 0, ∀qh ∈ Ŝ h(Ω). (3.14)

Lemma 3.3. [14,15] Projection operator Ph is linear and satisfies the following properties

(Ph(w) − w, vh) = 0, ∀vh ∈Wh, (3.15)

and

‖Ph(w)‖ ≤ ‖w‖. (3.16)

Lemma 3.4. [12,15] Suppose that w ∈ Hq(Ω) with the compatible boundary condition w · n = 0 on
∂Ω and q ∈ Hq+1(Ω), then

‖Ph(w) − P(w)‖ = ‖∇(p − ph)‖ ≤ Chq|p|Hq+1 . (3.17)
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Theorem 3.1. Let {φn+1
h , µn+1

h , pn+1
h , ξn+1

h } be the unique solution of Eqs (2.9–2.12). Define

Ξ(φn+1
h ) := E(φn+1

h ) + ‖φn+1
h ‖

2 +
θ

2
‖φn+1

h − φ0‖
2
−1,h +

τ

2γ
‖∇pn+1

h ‖
2. (3.18)

Then for any h, τ, ε > 0, n ≥ 0, scheme (2.9)–(2.12) satisfies the following property,

Ξ(φn+1
h ) + τ‖∇µn+1

h ‖
2 + ‖φn+1

h − φn
h‖

2 +
ε2

2
‖∇φn+1

h − ∇φn
h‖

2

+
θ

2
‖φn+1

h − φn
h‖

2
−1,h +

τ

2γ
‖un+1

h ‖
2 ≤ Ξ(φn

h).
(3.19)

Proof. Taking vh = τµn+1
h in Eq (2.9), one has

(φn+1
h − φn

h, µ
n+1
h ) − τ(φn

hun+1
h , µn+1

h ) + τ‖∇µn+1
h ‖

2 = 0. (3.20)

In Eq (2.10), f1(φn+1
h ) = 2φn+1

h , f2(φn
h) = (φn

h)3 − 3φn
h. For f2(φn

h), through Taylor expansion

F2(φn+1
h ) = F2(φn

h) + f2(φn
h)(φn+1

h − φn
h) +

f ′2(η)
2

(φn+1
h − φn

h)2.

where η is a number between φn
h and φn+1

h , we have

f2(φn
h)(φn+1

h − φn
h) = (F2(φn+1

h ) − F2(φn
h), 1) −

f ′2(η)
2

(φn+1
h − φn

h)2.

Then, choosing wh = −(φn+1
h − φn

h) and using the fact that (a, a − b) =
1
2

[a2 − b2 + (a − b)2] give

− (µn+1
h , φn+1

h − φn
h) + (‖φn+1

h ‖
2 − ‖φn

h‖
2 + ‖φn+1

h − φn
h‖

2) + (F2(φn+1
h ) − F2(φn

h), 1)

−
f ′2(η)

2
‖φn+1

h − φn
h‖

2 +
ε2

2
(‖∇φn+1

h ‖
2 − ‖∇φn

h‖
2 + ‖∇φn+1

h − ∇φn
h‖

2)

+ (ξn+1
h , φn+1

h − φn
h) = 0.

(3.21)

Replacing ψh by −Th(φn+1
h − φn

h) in Eq (2.11). By Eq (3.1) in definition 3.1, Eq (3.5) in lemma 3.1 and

(a, a − b) =
1
2

[a2 − b2 + (a − b)2], one obtains

−(ξn+1
h , φn+1

h − φn
h) +

θ

2
(‖φn+1

h − φ0‖
2
−1,h − ‖φ

n
h − φ0‖

2
−1,h + ‖φn+1

h − φn
h‖

2
−1,h) = 0. (3.22)

Next, we take inner product of Eq (2.13) with
τ

γ
un+1

h to get

τ

γ
‖un+1

h ‖
2 +

τ

γ
(∇pn

h,u
n+1
h ) = −τ(φn

hµ
n+1
h ,un+1

h ). (3.23)

Now, taking qh =
τ

γ
pn

h and using the fact that (a− b, 2b) = a2 − b2 − (a− b)2 in Eq (2.12), we arrived at

τ

2γ
(‖∇pn+1

h ‖
2 − ‖∇pn

h‖
2 − ‖∇pn+1

h − ∇pn
h‖

2) =
τ

γ
(un+1

h ,∇pn
h). (3.24)
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To deal with the
τ

2γ
‖∇pn+1

h −∇pn
h‖

2 in Eq (3.24), replacing qh with (pn+1
h − pn

h) in Eq (2.12) and using

Cauchy-Schwarz inequalities, the following estimation can be obtained

‖∇pn+1
h − ∇pn

h‖
2 ≤ ‖un+1

h ‖
2. (3.25)

Combining Eqs (3.23)–(3.25), it can be written as
τ

2γ
‖un+1

h ‖
2 +

τ

2γ
(‖∇pn+1

h ‖
2 − ‖∇pn

h‖
2) = −τ(φn

hµ
n+1
h ,un+1

h ). (3.26)

Summing Eqs (3.20)–(3.26), one concludes that

τ‖∇µn+1
h ‖

2 + (‖φn+1
h ‖

2 − ‖φn
h‖

2 + ‖φn+1
h − φn

h‖
2) + (F2(φn+1

h ) − F2(φn
h), 1)

−
f ′2(η)

2
‖φn+1

h − φn
h‖

2 +
ε2

2
(‖∇φn+1

h ‖
2 − ‖∇φn

h‖
2 + ‖∇φn+1

h − ∇φn
h‖

2)

+
θ

2
(‖φn+1

h − φ0‖
2
−1,h − ‖φ

n
h − φ0‖

2
−1,h + ‖φn+1

h − φn
h‖

2
−1,h) +

τ

2γ
‖un+1

h ‖
2

+
τ

2γ
(‖∇pn+1

h ‖
2 − ‖∇pn

h‖
2) = 0.

(3.27)

Since f ′2(φ) = 3(φ2−1) ≤ 0, φ ∈ [−1, 1], there is
f ′2(η)

2
‖φn+1

h −φ
n
h‖

2 ≤ 0 by Taylor expansion. Therefore,

Ξ(φn+1
h ) − Ξ(φn

h) + τ‖∇µn+1
h ‖

2 + ‖φn+1
h − φn

h‖
2 +

ε2

2
‖∇φn+1

h − ∇φn
h‖

2

+
θ

2
‖φn+1

h − φn
h‖

2
−1,h +

τ

2γ
‖un+1

h ‖
2 ≤ 0.

(3.28)

The proof is completed. �

Corollary 3.1. Suppose that Ξ(φ0
h) ≤ C0, there is a constant C > 0 independent of τ and h, such that

the following estimates hold for any τ, h > 0,

max
0≤n≤N

(‖∇φn+1
h ‖

2 + ‖φn+1
h ‖

2 + ‖φn+1
h − φ0‖

2
−1,h) ≤ C, (3.29)

max
0≤n≤N

‖∇pn+1
h ‖

2 ≤ C, (3.30)

N∑
i=0

(‖φi+1
h − φ

i
h‖

2 + ‖∇φi+1
h − ∇φ

i
h‖

2 + ‖φi+1
h − φ

i
h‖

2
−1,h) ≤ C, (3.31)

N∑
i=0
τ(‖∇µi+1

h ‖
2 + ‖ui+1

h ‖
2) ≤ C. (3.32)

Proof. Summing the Eq (3.19) from i = 0 to N, we get

Ξ(φN
h ) + τ

N∑
i=0

‖∇µi+1
h ‖

2 +
τ

2γ

N∑
i=0

‖ui+1
h ‖

2 +

N∑
i=0

‖φi+1
h − φ

i
h‖

2

+
ε2

2

N∑
i=0

‖∇φi+1
h − ∇φ

i
h‖

2 +
θ

2

N∑
i=0

‖φi+1
h − φ

i
h‖

2
−1,h ≤ Ξ(φ0

h) ≤ C.

(3.33)

The proof is completed. �
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4. Error estimates

In this section, we assume that the weak solution {φ, µ, ξ, p} satisfies the following regularity

φ ∈ H1(0,T ; Hq+1(Ω)) ∩ L∞(0,T ; H1(Ω)) ∩ L∞(0,T ; Hq+1(Ω)),
µ ∈ L∞(0,T ; H1(Ω)) ∩ L2(0,T ; Hq+1(Ω)),
ξ ∈ L2((0,T ; Hq+1(Ω))),
u ∈ L∞(0,T ; Hq(Ω)),
φ∇µ ∈ L∞(0,T ; Hq(Ω)).

For the convenience of subsequent analysis, we introduce some notations,

φn+1 = φ(tn+1), δτφ
n+1 =

φn+1 − φn

τ
,

ẽn+1
φ = φn+1 − Rhφ

n+1, ên+1
φ = Rhφ

n+1 − φn+1
h ,

ẽn+1
µ = µn+1 − Rhµ

n+1, ên+1
µ = Rhµ

n+1 − µn+1
h ,

ẽn+1
ξ = ξn+1 − Rhξ

n+1, ên+1
ξ = Rhξ

n+1 − ξn+1
h ,

ẽn+1
p = pn+1 − Rh pn+1, ên+1

p = Rh pn+1 − pn+1
h ,

σ(φn+1) = δτRhφ
n+1 − ∂tφ

n+1.

Lemma 4.1. [36] Suppose the {φ, µ, ξ, p} is the solution to Eq (2.1), the following estimate holds

‖σ(φn+1)‖2 ≤ Ch2q+2 + Cτ2. (4.1)

Theorem 4.1. Suppose the solutions of the initial problem Eq (2.1) and the fully discrete scheme
Eqs (2.9)–(2.12) are {φ, µ, ξ, p} and {φn+1

h , µn+1
h , ξn+1

h , pn+1
h }, respectively. Then for any h , τ > 0, the

following estimate holds

n∑
i=0

τ‖∇êi+1
µ ‖

2 + ε2‖∇ên+1
φ ‖

2 + θ‖ên+1
φ ‖

2
−1,h +

n∑
i=0

τεγ‖∇êi+1
p ‖

2

+

n∑
i=0

τγ‖Ph(φi
h∇êi+1

µ )‖2 ≤ Cτ2 + Ch2q.

(4.2)

Proof. Subtracting Eqs (2.9)–(2.12) from Eq (2.1) at t = n + 1, one has

−(σ(φn+1), vh) + (δτên+1
φ , vh) + (φn+1(∇pn+1 + γφn+1∇µn+1),∇vh) (4.3)

−(φn
h(∇pn

h + γφn
h∇µ

n+1
h ),∇vh) + (∇ên+1

µ ,∇vh) = 0,
(ẽn+1
µ ,wh) + (ên+1

µ ,wh) + ( f1(φn+1
h ) + f2(φn

h),wh) − ( f (φn+1),wh) (4.4)
−ε2(∇ên+1

φ ,∇wh) − (ên+1
ξ ,wh) − (ẽn+1

ξ ,wh) = 0,
(∇ên+1

ξ ,∇ψh) + (∇ẽn+1
ξ ,∇ψh) − θ(ên+1

φ , ψh) − θ(ẽn+1
φ , ψh) = 0, (4.5)

(∇ên+1
p ,∇qh) + (γφn+1∇µn+1 − γφn

h∇µ
n+1
h ,∇qh) = 0. (4.6)
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We choose vh = ên+1
µ in Eq (4.3), wh = −δτên+1

φ in Eq (4.4), ψh = −Th(δτên+1
φ ) in Eq (4.5), qh = εên+1

p in
Eq (4.6) and sum them to get

‖∇ên+1
µ ‖

2 +
ε2

2τ
(‖∇ên+1

φ ‖
2 − ‖∇ên

φ‖
2 + ‖∇ên+1

φ − ∇ên
φ‖

2)

+
θ

2τ
(‖ên+1

φ ‖
2
−1,h − ‖ê

n
φ‖

2
−1,h + ‖ên+1

φ − ên
φ‖

2
−1,h) + ε‖∇ên+1

p ‖
2

= (σ(φn+1), ên+1
µ ) + (ẽn+1

µ , δτên+1
φ ) − θ(ẽn+1

φ ,Th(δτên+1
φ ))

+ ( f1(φn+1
h ) + f2(φn

h), δτên+1
φ ) − ( f (φn+1), δτên+1

φ )

− (φn+1(∇pn+1 + γφn+1∇µn+1),∇ên+1
µ ) + (φn

h(∇pn
h + γφn

h∇µ
n+1
h ),∇ên+1

µ )

− εγ(φn+1∇µn+1 − φn
h∇µ

n+1
h ,∇ên+1

p ) =

6∑
i=1

Mi,

(4.7)

where we denote

M1 = (σ(φn+1), ên+1
µ ),

M2 = (ẽn+1
µ , δτên+1

φ ),

M3 = −θ(ẽn+1
φ ,Th(δτên+1

φ )),

M4 = ( f1(φn+1
h ) + f2(φn

h), δτên+1
φ ) − ( f (φn+1), δτên+1

φ ),

M5 = −(φn+1(∇pn+1 + γφn+1∇µn+1),∇ên+1
µ ) + (φn

h(∇pn
h + γφn

h∇µ
n+1
h ),∇ên+1

µ ),

M6 = −εγ(φn+1∇µn+1 − φn
h∇µ

n+1
h ,∇ên+1

p ).

(4.8)

Next, we estimate Mi. According to the poincaré inequality, the Cauchy-Schwarz inequality, the Young
inequality and lemma 4.1, one obtains

M1 = (σ(φn+1), ên+1
µ )

≤ |(σ(φn+1), ên+1
µ )|

≤ |(σ(φn+1), ên+1
µ − ên+1

µ )|

≤ ‖σ(φn+1)‖‖∇ên+1
µ ‖

≤
1
M
‖σ(φn+1)‖2 +

M
4
‖∇ên+1

µ ‖
2

≤ Cτ2 + Ch2q+2 +
M
4
‖∇ên+1

µ ‖
2.

(4.9)

Using Eq (3.7) in lemma 3.1, the Young inequality and Eq (3.3) in definition 3.1, we have

M2 = (ẽn+1
µ , δτên+1

φ ) ≤ |(ẽn+1
µ , δτên+1

φ )|

≤ ‖∇ẽn+1
µ ‖‖δτê

n+1
φ ‖−1,h ≤

1
α
‖∇ẽn+1

µ ‖
2 +

α

4
‖δτên+1

φ ‖
2
−1,h

≤ Ch2q +
α

4
‖δτên+1

φ ‖
2
−1,h.

(4.10)

Similarly, according to lemma 3.1, the Schwarz inequality, the Young inequality, and Eq (3.3) in
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definition 3.1, we can estimate M3 as follows,

M3 = −θ(ẽn+1
φ ,Th(δτên+1

φ ))

≤ θ|(ẽn+1
φ ,Th(δτên+1

φ ))|

≤ θ‖ẽn+1
φ ‖‖Th(δτên+1

φ )‖

≤ θ‖ẽn+1
φ ‖‖δτê

n+1
φ ‖−1,h

≤
θ2

2
‖ẽn+1

φ ‖
2 +

α

4
‖δτên+1

φ ‖
2
−1,h

≤ Ch2q+2 +
α

4
‖δτên+1

φ ‖−1,h.

(4.11)

As for M4, there is f1(φn+1) − f1(φn+1
h ) = 2(φn+1 − φn+1

h ) for f1(φ) = 2φ, and f2(φn+1) − f2(φn
h) ≤

C(φn+1 − φn
h) for f2(φ) = φ3 − 3φ. Then, according to lemma 3.1, the Young inequality, definition 3.1

and Taylor extension ‖∇τδτφ(t)‖2 ≤ Cτ2, the following inequality is established

M4 = ( f1(φn+1
h ) + f2(φn

h), δτên+1
φ ) − ( f (φn+1), δτên+1

φ )

≤ |( f1(φn+1) − f1(φn+1
h ), δτên+1

φ ) + ( f2(φn+1) − f2(φn
h), δτên+1

φ )|

≤ |2((φn+1 − φn+1
h ), δτên+1

φ ) + f ′2(η)((φn+1 − φn
h), δτên+1

φ )|

≤ 2‖∇(φn+1 − φn+1
h )‖‖δτên+1

φ ‖−1,h + L‖∇(φn+1 − φn
h)‖‖δτên+1

φ ‖−1,h

≤
16
α
‖∇ẽn+1

φ ‖
2 +

4
α
‖∇ên+1

φ ‖
2 +

16L
α
‖∇(φn+1 − φn)‖2 +

16L
α
‖∇ẽn

φ‖
2

+
16L
α
‖∇ên

φ‖
2 +

α

2
‖δτên+1

φ ‖
2
−1,h

≤ Cτ2 + Ch2q +
4
α
‖∇ên+1

φ ‖
2 + C‖∇ên

φ‖
2 +

α

2
‖δτên+1

φ ‖
2
−1,h.

(4.12)

To deal with M5, we denote b(φ,u, v) := (φu,∇v). Referring to the method in [15], M5 can be analyzed
as

M5 = −(φn+1(∇pn+1 + γφn+1∇µn+1),∇ên+1
µ ) + (φn

h(∇pn
h + γφn

h∇µ
n+1
h ),∇ên+1

µ )

= −b(φn+1,un+1, ên+1
µ ) + b(φn

h,u
n+1
h , ên+1

µ )

= −b(ẽn+1
φ ,un+1, ên+1

µ ) − b(τδτRhφ
n+1,un+1, ên+1

µ )

− b(ên
φ,u

n+1, ên+1
µ ) − b(φn

h,u
n+1 − un+1

h , ên+1
µ )

≤ b(ẽn+1
φ ,un+1, ên+1

µ ) + b(τδτRhφ
n+1,un+1, ên+1

µ )

+ b(ên
φ,u

n+1, ên+1
µ ) + b(φn

h,u
n+1 − un+1

h , ên+1
µ )

≤ CD(τ2 + h2q) + CD‖∇ên
φ‖

2 +
1
4
‖∇ên+1

µ ‖
2 − γ‖Ph(φn

h∇ên+1
µ )‖2,

(4.13)

where D := ‖φn
h‖

4
L∞ + 1 ≤ C. Therefore,

M5 ≤ Cτ2 + Ch2q + C‖∇ên
φ‖

2 +
1
4
‖∇ên+1

µ ‖
2 − γ‖Ph(φn

h∇ên+1
µ )‖2. (4.14)
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According to the definition 3.3, definition 3.4, lemma 3.4, Taylor expansion ‖∇τδτpn+1‖2 ≤ Cτ2, the
Cauchy-Schwarz inequality and the Young inequality, the following error estimation formulation holds

M6 = −εγ(φn+1∇µn+1 − φn
h∇µ

n+1
h ,∇ên+1

p )

= −εγ(∇pn+1 + φn+1∇µn+1,∇ên+1
p ) + εγ(∇pn+1 − ∇pn,∇ên+1

p )

+ εγ(∇pn − ∇pn
h,∇ên+1

p ) + εγ(∇pn
h + φn

h∇µ
n+1
h ,∇ên+1

p )

≤ εγ‖∇(pn+1 − pn)‖‖∇ên+1
p ‖ + εγ‖∇(pn − pn

h)‖‖∇ên+1
p ‖

≤
εγ

2
‖∇τδτpn+1‖2 +

εγ

2
‖∇(pn − pn

h)‖2 + εγ‖∇ên+1
p ‖

2

≤ Cτ2 + Ch2q + εγ‖∇ên+1
p ‖

2.

(4.15)

Combining Eqs (4.7)–(4.15) gives

1
2
‖∇ên+1

µ ‖
2 +

ε2

2τ
(‖∇ên+1

φ ‖
2 − ‖∇ên

φ‖
2 + ‖∇ên+1

φ − ∇ên
φ‖

2)

+
θ

2τ
(‖ên+1

φ ‖
2
−1,h − ‖ê

n
φ‖

2
−1,h + ‖ên+1

φ − ên
φ‖

2
−1,h) + εγ‖∇ên+1

p ‖
2

+ γ‖Ph(φn
h∇ên+1

µ )‖2

≤Cτ2 + Ch2q + C‖∇ên
φ‖

2 +
4
α
‖∇ên+1

p ‖
2 + εγ‖∇ên+1

p ‖
2

+ α‖δτên+1
φ ‖

2
−1,h.

(4.16)

For ‖δτên+1
φ ‖

2
−1,h, taking αvh = Th(δτên+1

φ ) in Eq (4.3) and using a similar idea as M5, the following
inequality can be obtained,

α‖δτên+1
φ ‖

2
−1,h =α(σ(φn+1),Th(δτên+1

φ )) − α(∇ên+1
µ ,∇Th(δτên+1

φ ))

− α(φn+1(∇pn+1 + γφn+1∇µn+1),∇Th(δτên+1
φ ))

+ α(φn
h(∇pn

h + γφn
h∇µ

n+1
h ),∇Th(δτên+1

φ ))

≤α‖σ(φn+1)‖‖Th(δτên+1
φ )‖ + α‖∇ên+1

µ ‖‖Th(δτên+1
φ )‖

+ αb(ẽn+1
φ ,un+1,Th(δτên+1

φ )) + αb(τδτRhφ
n+1,un+1,Th(δτên+1

φ ))

+ αb(ên
φ,u

n+1,Th(δτên+1
φ )) + αb(φn

h,u
n+1 − un+1

h ,Th(δτên+1
φ ))

≤2α‖σ(φn+1)‖2 +
α

8
‖δτên+1

φ ‖
2
−1,h + α‖∇ên+1

µ ‖
2 +

α

4
‖δτên+1

φ ‖
2
−1,h

+ CD(τ2 + h2q) −
γ

α
‖Ph(φn

h∇ên+1
µ )‖2 + CD‖∇ên

φ‖
2 +

α

8
‖δτên+1

φ ‖
2
−1,h

≤Cτ2 + Ch2q+2 + CD(τ2 + h2q) −
γ

α
‖Ph(φn

h∇ên+1
µ )‖2

+ α‖∇ên+1
µ ‖

2 + CD‖∇ên
φ‖

2 +
α

2
‖δτên+1

φ ‖
2
−1,h.

(4.17)

Therefore, it follows that

α‖δτên+1
φ ‖

2
−1,h ≤ Cτ2 + Ch2q + 2α‖∇ên+1

µ ‖
2 + C‖∇ên

φ‖
2 −

γ

α
‖Ph(φn

h∇ên+1
µ )‖2. (4.18)
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Then, combining Eq (4.16) with Eq (4.18) and multiplying by 2τ, one has

τ‖∇ên+1
µ ‖

2 + ε2(‖∇ên+1
φ ‖

2 − ‖∇ên
φ‖

2 + ‖∇ên+1
φ − ∇ên

φ‖
2)

+ θ(‖ên+1
φ ‖

2
−1,h − ‖ê

n
φ‖

2
−1,h + ‖ên+1

φ − ên
φ‖

2
−1,h) + 2τε‖∇ên+1

p ‖
2

+ 2τγ‖Ph(φn
h∇ên+1

µ )‖2

≤Cττ2 + Cτh2q + Cτ‖∇ên
φ‖

2 +
8τ
α
‖∇ên+1

φ ‖
2 + 2τεγ‖∇ên+1

p ‖
2

+ 2ατ‖∇ên+1
µ ‖

2 −
2τγ
α
‖Ph(φn

h∇ên+1
µ )‖2.

(4.19)

Finally, we take the appropriate α(0 < α ≤
1
2

) and add the above estimates from i = 0 to n. When

0 < τ ≤
αε2

8
, according to the discrete Gronwall inequality, one concludes that

n∑
i=0

τ‖∇êi+1
µ ‖

2 + ε2‖∇ên+1
φ ‖

2 + θ‖ên+1
φ ‖

2
−1,h +

n∑
i=0

τεγ‖∇êi+1
p ‖

2

+

n∑
i=0

τγ‖Ph(φi
h∇êi+1

µ )‖2 ≤ Cτ2 + Ch2q.

(4.20)

The proof is completed. �

5. Numerical analysis

In this part, some numerical examples are used to verify the correctness and validity of the
theoretical analysis. Next, let us take the initial conditions
φ0 = 0.24 ∗ cos(2πx)cos(2πy) + 0.4 ∗ cos(πx)cos(3πy), and the domain of the calculation is
[0, 1] × [0, 1].

5.1. The spatial convergence order

For Tables 1 and 2, the parameters are chosen as follows, τ = 0.01, T = 0.1, ε=0.14 and mesh
steps h = 1

16 ,
1
32 ,

1
64 ,

1
128 . The spatial convergence orders of relative error ‖êφ‖H1 are close to 1, which is

consistent with the convergence order obtained from theoretical analysis. Moreover, different θ and γ
have little effect on the corresponding convergence order.

Table 1. The spacial convergence rate of êφ with θ = 0.

γ = 0.02 h ‖êφ‖H1 rate γ = 0.5 ‖êφ‖H1 rate
1

16 0.114235 0.112924
1

32 0.0538164 1.08589 0.0532056 1.08571
1

64 0.0276215 0.962255 0.0272203 0.966891
1

128 0.0137438 1.00701 0.0135257 1.00898
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Table 2. The spacial convergence rate of êφ with θ = 0.5.

γ = 0.02 h ‖êφ‖H1 rate γ = 0.5 ‖êφ‖H1 rate
1

16 0.113003 0.113255
1

32 0.05391 1.06774 0.0529089 1.09799
1

64 0.0275791 0.966978 0.0272109 0.959326
1

128 0.0137206 1.00723 0.0134845 1.01288

5.2. The temporal convergence order

For Tables 3 and 4, the parameters are chosen as follows, ε = 0.01, T = 0.1, h = τ =0.0625,
0.03125, 0.015625. The temporal convergence orders of relative error ‖êφ‖H1 are close to 1, which is
consistent with the convergence order obtained from theoretical analysis.

Table 3. The temporal convergence rate of êφ with θ = 0.

γ = 0.01 τ ‖êφ‖H1 rate γ = 0.08 ‖êφ‖H1 rate
0.0625 1.00089 1.14072
0.03125 0.50614 0.983677 0.998929 0.981451
0.015625 0.259234 0.965282 0.505928 0.968364

Table 4. The temporal convergence rate of êφ with θ = 0.01.

γ = 0.01 τ ‖êφ‖H1 rate γ = 0.08 ‖êφ‖H1 rate
0.0625 1.00089 1.14072
0.03125 0.506139 0.983679 0.998926 0.981446
0.015625 0.259234 0.96528 0.505928 0.968365

5.3. Energy dissipation

Let us test the energy dissipation of our proposed scheme. The energy functional Eq (1.13) of the
modified Cahn-Hilliard-Hele-Shaw system Eqs (1.4)–(1.10) can be discreteized as

E(φn+1
h ) =

∫
Ω

(
ε2

2
|∇φn+1

h |
2 + F(φn+1

h ))dx. (5.1)

Correspondingly, the modified energy of the fully discrete scheme Eqs (2.9)–(2.13) is defined as

Ξ(φn+1
h ) := E(φn+1

h ) + ‖φn+1
h ‖

2 +
θ

2
‖φn+1

h − φ0‖
2
−1,h +

τ

2γ
‖∇pn+1

h ‖
2. (5.2)

For the test, the parameters are chosen as follows: T = 5, τ = 0.001, h =
1

64
, ε = 0.4, γ = 0.5. In

Figure 1, we can see that the energy functional is non-increasing for θ=0, 0.1, 1.
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Figure 1. the evolutions of discrete energy.

5.4. Spinodal Decomposition

In this part, we present the phase separation dynamics that is called spinodal decomposition in the
modified Cahn-Hilliard-Hele-Shaw system. In the simulation, the computational domain is chosen as
[0, 1] × [0, 1], the parameters are chosen as follows: ε = 0.05, γ = 0.45, τ = 0.0001. Then, let us take
the initial condition

φ0 = 2 ∗ rand() − 1,

where rand() ∈ [0, 1]. The process of coarsening is shown in the following figures. From figures 2–19,
we can see that the contours of φ are gradually coarsened over time. However, the profiles obtained by
different θ are similar at the same time T . From left to right, the coarsening processes of θ = 50, 200
are not obvious compared with the coarsening processes of θ = 0. We know the bigger θ can suppress
the coarsening process.
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IsoValue
-0.622292
-0.537068
-0.480252
-0.423436
-0.36662
-0.309804
-0.252988
-0.196173
-0.139357
-0.0825408
-0.0257249
0.031091
0.0879069
0.144723
0.201539
0.258355
0.31517
0.371986
0.428802
0.570842

Figure 2. T=0.0001, θ = 0.

IsoValue
-0.63011
-0.543399
-0.485592
-0.427785
-0.369978
-0.31217
-0.254363
-0.196556
-0.138749
-0.0809414
-0.0231341
0.0346731
0.0924803
0.150288
0.208095
0.265902
0.323709
0.381516
0.439324
0.583842

Figure 3. T=0.0001, θ = 50.

IsoValue
-0.627985
-0.542079
-0.484809
-0.427539
-0.370268
-0.312998
-0.255727
-0.198457
-0.141186
-0.083916
-0.0266456
0.0306248
0.0878953
0.145166
0.202436
0.259707
0.316977
0.374247
0.431518
0.574694

Figure 4. T=0.0001, θ = 200.
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IsoValue
-0.515468
-0.448217
-0.403383
-0.358549
-0.313715
-0.268881
-0.224046
-0.179212
-0.134378
-0.089544
-0.0447098
0.000124338
0.0449585
0.0897926
0.134627
0.179461
0.224295
0.269129
0.313963
0.426049

Figure 5. T=0.0005, θ = 0.

IsoValue
-0.51813
-0.45119
-0.406563
-0.361936
-0.317309
-0.272682
-0.228055
-0.183428
-0.138801
-0.094174
-0.049547
-0.00492006
0.0397069
0.0843339
0.128961
0.173588
0.218215
0.262842
0.307469
0.419036

Figure 6. T=0.0005, θ = 50.

IsoValue
-0.478902
-0.414308
-0.371245
-0.328182
-0.28512
-0.242057
-0.198994
-0.155931
-0.112869
-0.0698059
-0.0267432
0.0163195
0.0593823
0.102445
0.145508
0.18857
0.231633
0.274696
0.317759
0.425416

Figure 7. T=0.0005, θ = 200.
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IsoValue
-0.50561
-0.441298
-0.398423
-0.355549
-0.312674
-0.2698
-0.226925
-0.18405
-0.141176
-0.0983011
-0.0554265
-0.0125518
0.0303228
0.0731974
0.116072
0.158947
0.201821
0.244696
0.287571
0.394757

Figure 8. T=0.001, θ = 0.

IsoValue
-0.509813
-0.445648
-0.402871
-0.360094
-0.317318
-0.274541
-0.231764
-0.188988
-0.146211
-0.103434
-0.0606577
-0.017881
0.0248956
0.0676723
0.110449
0.153226
0.196002
0.238779
0.281556
0.388497

Figure 9. T=0.001, θ = 50.

IsoValue
-0.490176
-0.42747
-0.385666
-0.343863
-0.302059
-0.260255
-0.218451
-0.176648
-0.134844
-0.0930403
-0.0512366
-0.00943284
0.0323709
0.0741746
0.115978
0.157782
0.199586
0.241389
0.283193
0.387702

Figure 10. T=0.001, θ = 200.
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IsoValue
-0.465272
-0.395155
-0.348409
-0.301664
-0.254919
-0.208174
-0.161429
-0.114684
-0.0679386
-0.0211935
0.0255516
0.0722968
0.119042
0.165787
0.212532
0.259277
0.306022
0.352768
0.399513
0.516376

Figure 11. T=0.005, θ = 0.

IsoValue
-0.482662
-0.412901
-0.366393
-0.319885
-0.273378
-0.22687
-0.180362
-0.133854
-0.0873467
-0.040839
0.00566876
0.0521765
0.0986842
0.145192
0.1917
0.238207
0.284715
0.331223
0.37773
0.494

Figure 12. T=0.005, θ = 50.

IsoValue
-0.458916
-0.390181
-0.344358
-0.298534
-0.252711
-0.206888
-0.161064
-0.115241
-0.0694178
-0.0235944
0.0222289
0.0680522
0.113876
0.159699
0.205522
0.251346
0.297169
0.342992
0.388816
0.503374

Figure 13. T=0.005, θ = 200.
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IsoValue
-0.603642
-0.514763
-0.45551
-0.396258
-0.337005
-0.277752
-0.2185
-0.159247
-0.0999947
-0.0407421
0.0185104
0.077763
0.137016
0.196268
0.255521
0.314773
0.374026
0.433279
0.492531
0.640663

Figure 14. T=0.01, θ = 0.

IsoValue
-0.600381
-0.513918
-0.456276
-0.398634
-0.340991
-0.283349
-0.225707
-0.168065
-0.110423
-0.0527809
0.00486118
0.0625033
0.120145
0.177788
0.23543
0.293072
0.350714
0.408356
0.465998
0.610103

Figure 15. T=0.01, θ = 50.

IsoValue
-0.584125
-0.499459
-0.443015
-0.386571
-0.330126
-0.273682
-0.217238
-0.160794
-0.10435
-0.0479058
0.00853836
0.0649825
0.121427
0.177871
0.234315
0.290759
0.347203
0.403647
0.460091
0.601202

Figure 16. T=0.01, θ = 200.
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IsoValue
-0.874529
-0.752556
-0.671241
-0.589925
-0.50861
-0.427295
-0.345979
-0.264664
-0.183349
-0.102033
-0.0207178
0.0605976
0.141913
0.223228
0.304544
0.385859
0.467174
0.54849
0.629805
0.833094

Figure 17. T=0.02, θ = 0.

IsoValue
-0.853478
-0.73447
-0.655131
-0.575792
-0.496453
-0.417114
-0.337775
-0.258436
-0.179098
-0.0997588
-0.02042
0.0589189
0.138258
0.217597
0.296935
0.376274
0.455613
0.534952
0.614291
0.812638

Figure 18. T=0.02, θ = 50.

IsoValue
-0.798533
-0.688321
-0.614847
-0.541372
-0.467898
-0.394424
-0.320949
-0.247475
-0.174
-0.100526
-0.0270518
0.0464226
0.119897
0.193371
0.266846
0.34032
0.413794
0.487269
0.560743
0.744429

Figure 19. T=0.02, θ = 200.
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6. Summary

In this paper, a decoupled scheme of the modified Cahn-Hilliard-Hele-Shaw system is studied. In
our scheme, the velocity and pressure are decoupled, and a Possion equation is solved to update the
pressure at each time step. Unconditional stability of the scheme in energy is proved. The convergence
analysis are addressed in the frame of finite element method. Furthermore, the theoretical part is
verified by several numerical examples. The results show that the numerical examples are consistent
with the results of the theoretical part.
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