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Abstract: We investigate the global structure of nodal solutions for the Kirchhoft-type problem
L, 2 ’”
—(@+b [ [Pdou’ = Af (), x € (0,1),
u(0) = u(l) =0,

where a > 0,b > 0 are real constants, A is a real parameter. f € C(R,R) and there exist four constants
s1 < 55 <0 < 53 < 854 suchthat f(0) = f(s;) =0,i =1,2,3,4, f(s) > 0 for s € (s1,5) U (0,53) U
(84, +00), f(s) < 0 for s € (—00, 51) U (52,0) U (53, 54). Under some suitable assumptions on nonlinear
terms, we prove the existence of unbounded continua of nodal solutions of this problem which bifurcate
from the line of trivial solutions or from infinity, respectively.
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1. Introduction
This paper is devoted to the Kirchhoff-type problem

~(a+b [ lWPdou’ = Af ), x € (O, 1),
(1.1)
u(0) = u(l) =0,

where a > 0,b > 0 are real constants, A is a real parameter. In recent years, a lot of classical results
have been concerned on a bounded domain for Kirchhoff equation. For example, the existence of
solutions can be founded in [1-9] and the references therein.

When a = 1,b = 0 in problem (1.1), it reduces to the classic second-order semilinear problem.
The conclusions of global bifurcation of such problems are well known, see [10-14] for details. In
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particular, Ma [10], Ma and Han [12] discussed the existence of nodal solutions when the nonlinear
term of the problem (1.1) has two non-zero zeros.

In this article, we are interested in studying nodal solutions of problem (1.1) with the nonlinear
term f has some zeros in R \ {0}. This work is motivated by the recent results of Cao and Dai [1] who
concerned with determining values of A for which there exist nodal solutions of the Kirchhoff-type
problem

{ ~(@+b [ W Pdxu’ = Af (x,u), x € (0, 1),
(1.2)

u(0) =u(l) =0.

(1.2) is often used to describe the stationary problem of a model introduced by Kirchhoff to describe
the transversal oscillations of a stretched string. Where f satisfies the following assumptions:

(Al) f € C((0,1) x R,R) with sf(x, s) > 0 for all x € (0,1) and any s # 0.

(A2) There exist fy, fw € (0, o) such that

fo = lim Z2, £, = lim /)

Isl=0 as sloco bs3

uniformly with respect to x € (0, 1).
It is well known that the problem

—u"” = Au, x € (0,1),
u0)=u(l)=0

possesses infinitely many eigenvalues 0 < 4y < A < -+- < Ay < --+ = +oo, all of which are simple.
The eigenvalue ¢, corresponding to A; has exactly k — 1 simple zeros in (0, 1). According to the
Theorem 1.2 of [1], we know that the eigenvalue problem

—(fol W' Pdx)u” = uu?, x € (0,1),
(1.3)
u@)=u(l)=0
possesses infinitely many eigenvalues 0 < p; < pp < -+ < . < --+ = +oo0. Every py 1s simple and

the corresponding one-dimensional space of solutions of the problem (1.3) with u = yy is spanned by
a function having precisely k bumps in (0, 1). Each k—bump solution is constructed by the reflection
and compression of the eigenfunction ¢/, associated with ;.

Using the bifurcation results of [1], the authors further established the following result:
Theorem A. ([1]. Theorem 1.3) Let (A1)-(A2) hold. Then for

A A
de (2 By (B Sk,

fo fo" feT S0
problem (1.2) possesses at least two solutions u;” and u, such that u; has exactly k — 1 simple zeros in
(0, 1) and is positive near 0, and u, has exactly k — 1 simple zeros in (0, 1) and is negative near 0.
Based on the above works, of course the natural question is what would happen if f is allowed to
have some zeros in R \ {0}? In this paper, we will establish the global bifurcation results about the
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components nodal solutions for the Kirchhoff-type problem (1.1). In order to obtain our main results,
let us make the assumptions as follows:

(H1) f € C(R,R) and there exist s; < s, < 0 such that f(0) = f(s;) = f(s2) = 0, and f(s) > O for
s € (s1,52), f(s) <0 for s € (—o0, 51) U (57,0).

(H2) f € C(R,R) and there exist 0 < s3 < s4 such that f(0) = f(s3) = f(s4) = 0, and f(s) > O for
s € (0, 53) U (84, +00), f(s) < 0 for s € (53, 54).

(H3) There exists fy € (0, 00) such that f; = lls}ir}) @ uniformly with respect to all x € (0, 1).

(H4) There exists f, € (0, o) such that f,, = lim @ uniformly with respect to all x € (0, 1).

|s]—>+00 *

(HS) There exist f,, = +oco such that f, = lim % uniformly with respect to all x € (0, 1).

|S|—>+oo

The paper is organized as follows. In Section 2, we state some notations and preliminary results.
Sections 3 and 4 are devoted to study the bifurcation from the trivial solution and infinity of problem
(1.1), and we show the optimal intervals of A for which the nodal solutions exist.

2. Preliminary

In this section, we introduce some lemmas and well-known results which will be used in the
subsequent section.

Definition 2.1. Let X be a Banach space, {C,|n = 1,2,3,---} be a family of subsets of X. Then the
superior D of C, is defined by

D :=limsup C, = {x € X| dn; C N and x,, € C,,, such that x,, — x}.

n—oo

Definition 2.2. The component of M is the largest connected subset in M.

Lemma 2.3. ( [I5]) Let X be a Banach space, C, is a component of X, assume that
(i) There exists z, € C,(n =1,2,---)and 7" € X, such that z, — 7*;
(ii) lim r, = oo, where r,, = sup{||x|| : x € C,,};
(iii) For every R > 0, (|J C,) ( Qg is a relative compact set of X, where Qg = {x € X : ||x]| < R}.
n=1

Then D := lim sup C, contains an unbounded component C such that 7* € C.

Denote Y = C[0,1],E := {u € Cé[O, 1] : u(0) = u(l) = 0} with the norm ||u||c = Hﬁ% |u(t)| and
te(0,

llullz = max{|ulle, llu’|l}, respectively.

Let S denote the set of functions in E which have exactly k — 1 interior nodal (i.e. non-degenerate)
zeros in (0, 1) and are positive near ¢ = 0, and set S, = =S, S, = S, US . Obviously, §; and S are
disjoint and open in E. Finally, let ® = R X §; and &, = R X §}.

When considering Kirchhoff-type problem, Dancer-type unilateral global bifurcation theorem is
established in [1], which can be applied to similar problems.

Lemma 2.4. ( [1], Theorem 1.1) The pair (aly;,0) is a bifurcation point of problem
—(a+b fol W' Pdx)u” = Au + h(x,u, d), x € (0,1),

u(0) =u(l) =0,
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where h : (0,1) x R? — R is a continuous function satisfying lirr(} M = 0 uniformly for all x € (0, 1)

and A on bounded sets. Moreover, there are two distinct unbounded continua in RxHé 0,1), € and €,
consisting of the bifurcation branch €, emanating from (aly,0), such that €, C ({(adx,0)} U @)),v = +
or —.

Let £,n € C(R,R) be such that
f($) = fos +€(s),  f(8) = fios” +1(s).

Obviously,
lim &) =0 and Ilim ‘&? = fo uniformly on [0, 1],
Isl=0 § Isloe0 8
Illin}) @ = fo and |llim Lf) = (0 uniformly on [0, 1].
K S S|—00  §-

Let us consider

~(a+b [ WPdxu’ = Afou+ A£w), in (0, 1),
2.1
u)=u(l)=0
as a bifurcation problem from the trivial solution u# = 0, and
—(a+b fol W' Pdx)u” = Afou® + An(u), in (0, 1),
2.2)
u@ =u(l)=0

as a bifurcation problem from infinity. (2.1) and (2.2) are equivalent to the problem (1.1).

Let us discuss (2.1). According to Lemma 2.4, we can see that for each integer k > 1 and v € {+, -},
there exists a continuum C} of solutions of (2.1) joining (%’ 0) to infinity. In addition, C; \ { (“f—’})k, 0)} c
RxS;.

Let us discuss (2.2). According to the proof of Theorem 1.3 of [1], we can see that for each integer
k > 1andv € {+, -}, there exists a continuum D, of solutions of (2.2) meeting (%, 00). In addition,

D\ (%, 00)} CR XS}

Remark 2.5. We note that when A = 0, (1.1) has only trivial solution. Therefore, C{ and C; are
separated by the hyperplane A = 0. Furthermore, we know that C; and C; are both unbounded.

3. Global bifurcation results for £, € (0, c0)

In this section, we will provide more details about the connected components of nodal solutions
under the assumptions that f has some zeros.

Theorem 3.1. Let (HI)-(H4) hold. Then we have the following results:
(i) If (A, u) € C[ U C,, then
s, <u(x) < s3, xe€][0,1];

(ii) If (A, u) € O] U Dy, then either

max u(x) > s4 or min u(x) < sj.
xe[0,1] x€[0,1]
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Proof. (i) For (4,u) € C;, UC; _, we just need to prove that max{u(x)|x € [0, 1]} # 53 and min{u(x)|x €
[0, 1]} # s5. Otherwise, there is (4, u) € C; U C; such that

max{u(x)|x € [0, 1]} = s3 3.1

or
min{u(x)|x € [0, 1]} = s,. (3.2)

Denote
O=7<m<---<1=1

as the zeros of u in [0, 1].
If (3.1) holds, then there exists j € {0,--- ,[— 1} such that

max{u(x)|x € [t;, 711} = 53 (3.3)

and
0<u(x)<s3, xe€l[t),Tjal

We consider the boundary value problem
—(a + bfol ' Pdx)u” = Af(u(x)), x € (T, Tjs1)s
u(tj) = u(rj) =0.
We claim that there exists a constant m > 0 such that
fw) <m(s3—u) and O0<u<s3 forall x € [, 7;,4] (3.4

It is seen form (H2) that the claim is true for the case u = 0 or u = s3. Suppose on the contrary that
there exists 55 € (0, s3) such that f(s;) > m(s3 — s}) for any m > 0. This gives that m < S];(f}) which

7y
53

contradicts the arbitrariness of m.
Noting (3.4), we obtain that

1
—(a + bf (53 — u) Pdx)(s3 — u)’ + Am(sy — u) > Am(sy —u) — Af(u) > 0, x € (T}, Tj+1)-
0

It is straightforward to see from s; > 0O that
s3—u(tj)) >0, s3—u(rjq)>0.

By virtue of the strong maximum principle [16], we can show that s3 > u(x), x € [7},7;]. This
contradicts (3.3).
If (3.2) holds, then there exists j € {0,---,/— 1} such that

min{u(x)|x € [7j,Tj1]} = 5 3.5

and
$52u(x) <0, x€[r),7jml
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Similarly, we claim that there exists a constant m > 0 such that
fu)>m(sy—u) and s, <u <0 forall x € [7),7).1]. 3.6)

Noting (3.6), we obtain that

1
—(a + bf (52 — w)'|Pdx)(s2 — u)” + Am(sy — u) < Am(s, —u) — Af(u) <0, x € (T), Tj1)-
0
It is straightforward to see from s, < O that
$>—u(tj) <0, s —u(rj) <O0.

By virtue of the strong maximum principle [16], we can show that s, < u(x), x € [7},7]. This
contradicts (3.5).

The argument of (ii) is similar to that of (i). |

Remark 3.2. From Theorem 3.1, it is easy to see that
llulle < max{lsal, s3} = s".

Further,

llulle < max{s", Amax|f(s)]}.

Combining Theorem 3.1 and Remark 3.2, by virtue of the similar argument of [10, Corollaries
2.1-2.2] with obvious changes, we conclude the following results:

Theorem 3.3. Let (H1)-(H4) hold. Assume that % < ﬁf:j then

(i) if 1 € a}%", l;ﬁ“‘ ), then problem (1.1) has at least two solutions u; , and u, , such that w, has
exactly k — 1 zeros in (0,1) and is positive near 0, u, , has exactly k — 1 zeros in (0,1) and is negative
near 0;

(ii) if A € (%, +00), then problem (1.1) has at least four solutions u; _, w,_, u; , and u, , such that
u,:roo, ”Zo have exactly k — 1 zeros in (0,1) and are positive near 0; u, _, u, , have exactly k — 1 zeros in
(0,1) and are negative near O.

Theorem 3.4. Let (HI)-(H4) hold. Assume that MO" > I;f:: then

(i) if A € (b“ . “If‘] then problem (1.1) has at least two solutions ukoo and Uy o such that uk has
exactly k — 1 zeros in (0,1) and is positive near 0, u_ , has exactly k — 1 zeros in (0,1) and is negative
near 0;

(ii) if 1 € (“ﬂk +00), then problem (1.1) has at least four solutions u;;m, Uy oo ”Z,o and U such that
U o0 Up o have exactly k — 1 zeros in (0,1) and are positive near 0; ., u; , have exactly k — 1 zeros in
(0,1) and are negative near Q.
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4. Global bifurcation results for f,, = +oo

Theorem 4.1. Let (HI), (H3) and (HS5) hold. Then,
(i) if 1 € (0, %), then problem (1.1) has at least two solutions u,  and u; such that u; has exactly
k — 1 zeros in (0,1) and is positive near 0, Uy oo has exactly k — 1 zerés in (0,1) and is negative near 0;
(ii) if A = % then problem (1.1) has at least one solution U oos

(iii) if A € (%, +00), then problem (1.1) has at least two solutions Uy oo Up

Proof. For any n € N* and n > —s;. Define the function 1 : R — R as follows

f(s), Is| < n,
() = “4.1)
Sfm)s’, sl >n.
Thus ! € C(R, R). Further, f"(0) = f"I(s;) = f"!(s,) = 0, and
n f(n)

We can see from (H5) that lim ("), = +oo.
Consider the following auxiliary problem

~(a+b [ wPdou’ = Af"w), x € ©,1),
(4.2)
u(0) = u(1) = 0.
Let ' € C(R,R) be such that
M) = ("’ + 7" (@),
Then lim W — 0 uniformly on [0, 1].
We consider |
~(a+b [ Ww'Pdxj’ = A"’ + 7" w), x € (0,1),
(4.3)
uw(0) = u(1)=0

as a bifurcation problem from infinity.
It is easy to see from [17, Theorem 1.6 and Corollary 1.8] that for each integer k > 1 and n € N*
with n > —s, there exists a continuum Z),E’ﬂ;_ of solutions of (4.2) meeting ((ﬁ+ o0) and Z),[{flg;_ \

k
Deo?
(=, o)} € R X S).

Similar to the proof of Theorem 3.1, for any (4,u) € Z),E’g;_, we obtain that u(xy) < s; for some

Xxo € (0, 1). Further, it is direct to check that
sup{A|(2, u) € D7} = o0, (4.4)

It remains to be shown that for each n € N* with n > —s,, there exists a positive constant M such
that
sup{llullo|(2,u) € D' and 2 € I} < M, (4.5)
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where I C ((ﬁ%{;, 00) is a closed and bounded interval.

Suppose on the contrary that there is a sequence {(«;, u;)} C Z),[:,’i;_ N (I X E) satisfying
)|l = 00 as [ — oo. (4.6)

We claim that
4]l = 0 as [ — oo. “4.7)

In fact, it is straightforward to see that («;, u;) satisfies
—(a+b fol uyPdxyu) = ki f" ), x € 0, 1),
M[(O) = M[(l) =0.

Thus, we know that there exists x; € (0, 1) such that u;(x;) = 0 and

¥ 1
uj(x) = — f K 1 S uy(s))ds.
% a+b fo lu, (7)Y Pdt

There is a positive constant N such that |||, < N for each [. Further, combining the definition of f!™
and (4.7), gives
lu/llo < N’ forsome N’ >0 andall L

This is a contradiction. Therefore, we complete the proof of (4.7).
Let0 = 7(0,) < 7(1,]) < --- < 7(k,l) = 1 denote the zeros of ;. Taking a subsequence and
relabeling if necessary, we assume that for each i € {0, 1,--- ,k},

llim 7(i, 1) = 7(i, ).
Moreover, it is interesting to see that there exists @ € R such that
min{(—1)'u;(x) : x € I(i, 1)} > a max{|u,(x)| : x € [t ), 7(G + 1,D]}, (4.8)

where I(i, ) = [7(i, [) + "D 7 4 1, ) — XELD-TCD] By virtue of (4.7) and (4.8), we get that there
isi’ €{0,1,--- ,k— 1} and a closed interval I; C (7(7’, 00), T(i’ + 1, 00)) with positive length such that

(=1 u(x) = 0o as [ — oo uniformly for x € I;. (4.9)
Since {k;} C I, then there must exist a ¥* with * > i f?ﬁ‘f)m such that llim k; = k. In view of the above
arguments, we obtain that
[n]
lim e S‘” = K'(f") uniformly for x € I,. (4.10)
—00 u

l

Since «*(f1") > by and —(a+b fol ) Pdx)u) = Klfi—é”)u? for x € I;. We conclude that u; must changes
1
its sign on /; with / large enough. This is a contradiction. Therefore, we complete the proof of (4.5).
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Next we prove that Z),[("i;_ satisfies all the conditions of Lemma 2.3. Since

b, b
lim — 2% = fim 22X,
n—o0 (f[n])oo n—00 L’;)
this together with (4.5) gives that there is a closed interval J C (0, co) and a positive constant y. Denote
X ={u € E|-s1 <|lullo < v}, thus there must exist u,; € Z),Ef’i;_ N (J xX) such that u,, — u*. Therefore,
condition (i) in Lemma 2.3 is satisfied. It is clear that

ra = sup{d + [lullg : (4, u) € D'} — oo,

Thus, (i1) in Lemma 2.3 holds.
According to the Arzéla-Ascoli Theorem and the definition of f™, (iii) is obviously valid.
Therefore, with the help of Lemma 2.3, we get that lim sup Z),[(f’i;_contains an unbounded connected

n—+oo

components D, with
sup{a (4, u) € Dy} = oo.

In view of the similar arguments of the proof of Theorem 3.1, for (1,u) € f),;w, one has that
u(xp) < s1 for some xy € (0, 1).

Next we prove that _lim A = 0. Suppose on the contrary that there exists {(A,, u,)} C @,:w
AuweDy llullg—oo ’

such that ||u,||z — 0,4, > ¢ for some constant § > 0. Thus, (4.7)-(4.9) hold. We can see from (H5)
and (4.9) that
im

e 1

= oo uniformly on x € I;.

This ensures that for all n sufficiently large, the solution u, of

1
—(a+b f P = 4,2
0 u

n

must change its sign on /;. This contradicts (4.9). Thus, _lim A = 0. According to the above
(AeDy . llullp—eo

,00’

arguments, we conclude that
Projz Dy, = (0, ). 4.11)

Moreover, it is straightforward from Theorem 3.1 to see that for any (4, u) € C 10’

s> < u(x) <0.

Remark 3.2 yields that the set {(p, z) € Cro lp €10,A]} is bounded for any fixed 4 € (0, c0). Combining
the above with the fact that C; , joins (%, 0) to infinity gives
A
Proj;C, 2 (%, +00). (4.12)
0

On the other hand, according to the Lemma 2.4, for each integer k > 1, we conclude that there

exists unbounded continuum C} joining (%, 0) to infinity such that C; \ {(%, 0)} € R xS)). Next,

we prove that C; joins (%, 0) to (0, o0).
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Let {(os,u)} € C; be such that |p;| + |yl — oo as [ — oo. Suppose that {|lu|z} is bounded,
then we can assume that llg{l.o p; = oo. Since Zifz‘ol [7(i + 1,00) — 7(i,00)] = 1, this implies that there is
ip € {0, -,k — 1} such that 7(iy, o) < 7(ip + 1, o). Then there must exist iy € N and a closed interval
Iy C (1(ip, ), 7(iy + 1, 00)) with positive length such that I, C (7(ip, m), 7(ip + 1,m)) for all i > iy.
Further,

(=), >0 forall i> iy, x €. (4.13)

) . . 1
In view of the relations lhmpl =ooand —(a+b fo |u;|2dx)u;’ = pif () for x € Iy, we get that u; must

change its sign on [, if [ is large enough. This contradicts (4.13). Therefore, {||u||g} is unbounded.
Similarly, we can show that llim p;=0and

A
Proj,C} o (0, %). (4.14)
0

By virtue of the above arguments, it is easy to get the desired results.
O

As an immediate consequence of Theorem 4.1, we have the second main result in this section read
as follows:

Theorem 4.2. Let (H2), (H3) and (H5) hold. Then,
(i) if 1 € (0, %), then problem (1.1) has at least two solutions u; ., and u; such that u; , has exactly
k =1 zeros in (0,1) and is positive near 0, w; has exactly k — 1 zeros in (0,1) and is negative near 0;
(ii) if A = %, then problem (1.1) has at least one solution u;;oo;

(iii) if A € (%, +00), then problem (1.1) has at least two solutions u , u; .
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