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1. Introduction

In 1982, Pommerenke studied the properties of solutions of second order differential equation

[’ +A@f =0, (1.1)

where A(z) is an analytic function in D = {z : |z| < 1}, some conditions of A(z) such that every solution
of (1.1) belong to the Hardy space H* have been obtained in [15]. The concepts concerning Hardy
space and other related spaces will be given below. Later on, Heittokangas investigated the properties
of solutions of higher order differential equation

[P +AR)f =0, (1.2)

where A(z) is analytic function in D, some conditions of the coefficient A(z) such that all solutions
of (1.2) belong to some analytic spaces, for example, weighted Hardy space, Bloch space and so on,


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2021478

8257

see [7] for more details. At the same time, the following equation
fO+ A @f Y+ + A f = F(2) (1.3)

was also studied, where A (z) and F(z) are analyticinD, j = 0,1,...,k—1, k > 2. It was shown that all
solutions of (1.3) are analytic in D, for more details refers to [7, Theorem 7.1, p. 42]. From that time,
it has been very interesting to investigate function space’s properties of solutions of linear differential
equations in D, and more and more results have been obtained by many different researchers, for
example, see [5, 8,9, 12, 14, 16] and references therein. Here the properties of solutions of (1.3)
are studied again, in which the growth of solutions and function space’s properties of solutions are
considered. According to the function space’s properties, usually, we consider two kind questions, one
is called direct problem, in which we ask the properties of solution by using condition of coefficients.
Another aspect is called the inverse problem, in which we ask the properties of coefficients by using
the conditions of solutions.

In order to state our results, some concepts will be recalled. Let H(D) denotes a set of all
holomorphic functions in D. Let 0 < p < oo, the Hardy space H” is defined as

0<r<1 \ 27

N z
HP = { fz) € HD) : [|fllr = sup (_ f | f(re"")lpd(p) < OO},
0

see [4] for more details. For the case of p = oo, f(z) € H(D) is said to belong to H* if and only if

sup [ f(z)] < co.

zeD

Obviously, H* denotes the set of bounded analytic functions in D. For 0 < g < oo, the weighted Hardy
space H,® is defined as

H = {f(z) € HD) : [Iflly = sup [f@I(1 = |z < oo}.

zeD

Obviously, H® = H*. Moreover, f(z) is said to belong to G, if
p=inflg>0: f(z) € H},

more details of G, can be found in [2].
The Bloch space is defined as

B={f(x) e HD) :|Iflls = Sug(l ~zP)If ()] < eo}.

For a > 0, the @-Bloch space is also defined by

B = {f(2) € HD) : || fllg= = sup(l — z)*If(2)] < eo},

z€D

which can be found in [17].
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Now, we introduce the &® space and the order of growth of f(z) € H(D). Let 8 € (0,) be a
constant. Then f(z) € H(D) is said to belong to & space if and only if

lf@)l < eXP((l )ﬁ)

for some constant @ € (0, o), which can be found in [7, p. 12]. Let f(z) € H(D). Then the order oy(f)
of f(z) can be defined by
log™log™ M(r, f)

ou(f) = limsup ] ,
r—1- lOg -

where M(r, f) = max | f(z)|. For a real number x > 0, the positive logarithm is defined as follows,

logx, x>1,

log" x = I ,0) =
og” x = max(log x, 0) {O, O<x<l,

which can be found in [6, p. 3].

We say that A and B is comparable if there is a positive constant C such that g < A < CB. The
paper is organized as follows, the growth of solutions of differential equations is estimated in Section 2.
The direct problem and inverse problem of differential equations are studied in Section 3 and Section 4
respectively. Finally, the higher order derivative of solutions of differential equations is characterized
in Section 5.

2. Growth of solutions

Auxiliary results. In order to prove Theorems 2.3 below. The following Lemma 2.1 plays an important
role in dealing with the coefficients A; of (1.3).

Lemma 2.1. [17] Let A(z) be an analytic function in D, 1 < @ < oo and n € N. Then the following
quantities are comparable:

@ NAllge .

(i) [|Allg + |A(O)],

(iii) sup|A™(2)I(1 — [z?)"~"+* + Z |AV(0)].

z€D Jj=0
In 2003, Chyzhykov-Gundersen-Heittokangas investigated the growth of solutions of (1.2) when

the coefficient A(z) € G, and obtained that every solution f(z) of (1.3) satisfies oy (f) < % — 1 for
p = k, see [2, Theorem 2.2, p. 738] for more details. In 2010, Chyzhykov-Heittokangas-Rittyi studied
the growth of solutions of (1.3) for F(z) = 0, and obtained more sharp results as Theorem 2.2 below.

Theorem 2.2. [3, Theorem 1.4, p. 147-148] Let Aj(z) € G, j = 0,1,...,k—1, F(z) = 0 and
1 <a<oo, pr=0.If f(2) is a solution of (1.3), then thefollowmg statements hold.

(1) ou(f) < {0 max {kp—’J - }} and

<j<k-1

max{o(f), 1} > min {Po __pj — 1};
1<j<k J
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i in (22 - - Pi_ .
(i1) Suppose that {2}2{{7’} > 2, then oy(f) < a if and only lfogsk): {k_’j l} < a,
(i11) Suppose that lmlr}c{@} > 2 holds. If n € {0,1,...,k — 1} is the smallest index for which
<J<
Pr = max {% - } then in every solution basis of (1.3) there are at least k — n linearly
k=n o<jck—1 \k=J
independent solutions f(z) such that oy(f) = max {ka’ - }
0<j<k—1 K7/

Main result. Here we estimate the growth of solutions of (1.3) for the case of F(z) # 0, and prove the
following result.

Theorem 2.3. Let A(z) and F(z) be analytic in D, j = 0,1,...,k — 1. Then the following statements
hold.

(1) IfAj(z) € HF and F(z) € H, where q > 1, then every solution f(z) of (1.3) satisfies oy (f) <
q-1

(1) If Aj(z) € HP and F(z) € &, where g > 1 and B > 0, then every solution f(z) of (1.3) satisfies
ou(f) < max{g —1,8}.

Proof. (i) Since Aj(z) € H and F(z) € H;°, then by Lemma 2.1, there exist constant C; > 0 and

C, > 0 such that for any natural numbers n and j =0,1,...,k -1,
C] C2
AP ()| < — |F@Q)| £ ———. 2.1
A" (2)l A= Py |F(2)l 1= Py (2.1)

It follows from [10, Theorem 1 (a)] that there exist constant C; > 0 and C4 > 0 such that for all
i0
z=re’ eD,

|f(re"")|s(c3+ ! f r|F(re"”)|(1—t)’<-‘dt)
0

(k—1)!
[ (2.2)
- exp [c4 Z Z f A (re)(1 - t)k_j+"_ldt].
=0 n=0 0
Combining (2.1) and (2.2), there exist constant C5 > 0 and constant C¢ > 0 such that
Cs ex Co >k
(q-bd-nrt “P\g=na-ne1) 170
Cs
Cslog 'exp( ) q =k,
; 1-r - D)(1 = r)e!
Cs e Cs l<g<k
‘ X b b
k=g " P\lg- DA -y 1
Cs _1
h-g-nc 175
which implies that
ou(f) <q-1.
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(i) Since F(z) € £°, then there exists a constant @ > 0 such that for all z = re® € D,

04
F@) < exp((l = )ﬁ). 2.3)

Combining (2.1), (2.2) and (2.3), there exists a constant C; > 0 such that

exp( G + Co ), qg>1,
(I=rf " (q= DA =Dt

G ) 1 _,
SPNa—rmp) =pe 175

[f(re®)] <

which implies that
ou(f) < max{g — 1,8}

]
The following example shows that Theorem 2.3 is sharpness.
Examples. We consider the differential equation
"+ M@+ A@F + AR = F). (2.4)

(1) Let Ag(2) = 0, A1) = g%, A22) = 5 + 1% F(2) = g + 54 Obviously, f(2) =
eﬁ +(z—1)% is a solution of (2.4). It is easy to see that Ay(z), A|(2), A2(z), F(z) € H and oy (f) = 2.
1 .
(2) Let Ao(2) = 2 A1) = 7% A2(2) = 757 + 1= aI]ld F(z) = g25e07 + gl Itis easy
to see that Ay(z), A;(z), Ax(z) € HY, F(z) € €% and f(z) = e1-" + (z — 1)? is a solution of (2.4) with
ou(f) =2.

3. Direct problem

Auxiliary results. Here we study the properties of function space of solution of (1.3) by limiting the
condition of coefficients. In order to deal with the term F(z) of (1.3), the Lemma 3.1 below is needed.

Lemma 3.1. [I3, Lemma 2.5] Let A(z) be analytic in D. If A¥(z) € H?(3 < p < co, k > 2), then
A(z) € H*.

The following Lemma 3.2 can be proved by using the similar reason as in the proof of [11, Lemma
5.10 (Gronwall), p. 86], here we omit the details.

Lemma 3.2. Let u and v be nonnegative integrable functions in [0, 1), and let ¢ > 0 be a constant. If

u(t) <c+ f u(s)v(s)ds, te][0,1),
0

then

u(t) < cexp (f v(s)ds), te[0,1).
0
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Lemma 3.3. Let g(¢) be annalytic in D. For any z, 7o € D and || < |z|, set h(z) = fz z(z — &)k g(&)dé,
where k € N*, Then

h(")(z) —

' 4
o [ - er e

holds for anyn e Nand 0 <n < k.
Proof. If k = 1, then

H(2) = ( f (e f)g(f)df)
z 1
= f g@)dE + ) Cl" (=)' "g(2)
20 n=0

= f g(&)de.

Obviously, the conclusion holds.
If kK = 2, then

W) = ( f - §>2g<§>d§)’
( f (24 22(-8) + £ )g(f)dé)
-2 f (- Og()de + Z Cl (-2 "g(2)
=2 f (2 - gz,
And by the case k = 1, we get

h'(z) = (2 f (z—f)g(f)d‘f) =2 f g(&)de.

Obviously, the conclusion holds.
If £k > 2, then

h(z) = f (2 - &) ge)de

z k
- f > iz (—) gy

0 p=0

k 4
- Ya [ ot e
n=0 0
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Therefore,
H(z) =k 2 Cz’iz’“ f (of (@ + Zk; Ci2'(-2)"g(2)
=k Zk; o f (o @ + Zk(; Cid' (-2 "8(2)
=k f (- @ + Zké Ci2'(=2)"g(2)

—k f (2 — &/ g&)de.

Z

Then we summarize that

W'(2) = k(= 1) f (2 - 6 g()de.

W) = k(k=1)---(k=n+1) fv(z - & Tg(§)de.

By these equalities above, this proof is completed. O

In 2014, the higher order non-homogenous linear differential equation
fP+AQf = F@ 3.1

is studied by Li-Xiao in [13], where A(z) and F(z) € H(D), which is improvement of previous results
from [7, Theorem 4.3, p. 21].

Theorem 3.4. [13, Theorem 1.10] Let A(z) and F(z) be analytic in D satisfying

a
Al £ ——=, F(2) € H”,
(1 —1z?

where « > 0 and > 0 are finite constants, and % < p < +oo. If f(2) is a solution of (3.1), then the

following statements hold.
(1) If0 < B <k, then f(z) € H®;
(ii) IfB =k, then f(z) € H>, ;
(k=1)
(iii) Ifk < B < oo, then f(z) € 6%
Main results. Here we investigate the properties of solutions of (1.3) similarly to Theorem 3.4.

Theorem 3.5. Let A;(z) and F(z) be analytic in D satisfying

|A;(z)] < ﬁ, F(z) e H",

where a > 0 and 8 > 0 are finite constants, and % <p<+4oo, j=0,1,...,k— 1. If f(2) is a solution
of (1.3), then the following statements hold.
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(1) If0 < B <k, then f(z) € H®;
(1) If B =k, then f(z) € H.°, where q only depending on k, a and 3;
(iii) If B > k, then f(z) € &#7*.

Proof. Set g(z) = = [ (z — &) ' F(£)dé, z € D. By Lemma 3.3, we get
g¥(2) = F(2).
Combining Lemma 3.1 and F(z) € H?, we have

1
(k- 1)!

8(2) = fo (z - &FF(&)dé e H™.

Hence, there exists a constant C; > 0, such that

1
(k—=1)!

192) = | fo (o f)"‘lF(§)d§‘ e (3.2)

It follows from [10, Theorem 9, p. 152-153] that

=~

S n 1 ‘ k—1
10 = Y -a)'+ o= f F@)(z - £)-de

(=]

n=

k—

J z
+ djn f AV@fE) - & e,
0 20

j:O n=

—_

where the constants ¢, € C depend on the initial values of f(z), f'(2),..., f*"(z), the constants
d;, € Q", and the path of integration is a piecewise smooth curve in D joining 7z and z. Let zyp = 0,
z = re" and & = te®. Combining this and (3.2), we obtain
k-1 r
If@I < C, +Cs f AP ()| - | f(2e™)| (1 = 1) de,
2325 ), e Jraen

j=0 n=0

where C, and Cj are positive constants. It follows from this and Lemma 3.2 that

k-1 j r
If@)] < Crexp [QZZ f |A§.">(tei9)‘(l —t)k_j+"_1dt). (3.3)
j=0 n=0 YO0

Next, we divide into three cases to estimate the derivative of the coefficients A ;.
Case 1: If 8 = 0, it is easy to see that

Aj(z) e H® C H,,

jl = 0,1,...,k'— 1

holds for any g, € (0, 1). Then, there exists a constant C; > 0 such that for n € N, and any g, € (0, 1),

’

A" (2)] < G =0,1 k-1 (3.4)
/ S A —jgpyorn I ' '
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Combining (3.3) and (3.4), we get
I/ (@) < +o0 (3.5)

for 8 = 0. Therefore, f(z) € H* for 0 = 8 < k.
Case 2: If max{j: A; # 0} > 5 > 0, then there exist a constant s € {j : A; # 0} satisfying s—1 < < s.
By using the similar reason as in the proof of case 1, we get

Ajl(Z)Engi- j1:0,1,...,S—1,j1<ﬁ

Jr’
and for any ¢, € (0, 1)
AR €Hy, jp=ss+1,..k=1, =B

By Lemma 2.1, there exists a constant C;’ > 0 such that for every n € N,

144

AP ——2 .
UDOI T (3.6)
and for any ¢ € (0, 1),
CI/
() 4
AL @] < P (3.7)
Combining (3.3), (3.6) and (3.7), we get
|f(2)] < 400 (3.8)

for max{j: A; # 0} > B8 > 0. Therefore, f(z) € H* for0 < < max{j tA; # 0} <k
Case 3: If max{j : A; # 0} < 3, then it follows from |A (z)| < T=E |),3 - that

Aj(2) EHEij’ j=0,1,...,k—1.
Then, by Lemma 2.1, there exists a constant C;” > 0 such that foreveryn € Nand j =0,1,...,k -1,

7z
_— 4
(1 = [gPypen=i”

It follows from (3.3) and (3.9) that there exists a constant Cs > 0 such that for all z = re’ € D,

vw<Qadfa_wmm)

A () < (3.9)

and then

C,exp C510g1 ), B =k,
-r

1 Cs
B—k (1—rp*
Cs
k-B

lf(@)] < {Crexp

), B>k, (3.10)

C2 exXp

), max{j:A;#0} <pB <k,
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which implies that
|f()| < +o0 (3.11)

for max{j : A; # 0} < B < k. Therefore, f(z) € H* formax{j: A; # 0} <B < k.

Therefore, by (3.5), (3.8) and (3.11), we get the conclusions (i) holds when 0 < 8 < k. It follows
from (3.10) that the conclusions (ii) holds when 8 = k; the conclusions (iii) holds when 8 > k. This
proof is completed. O

The following examples show Theorem 3.5 is sharpness.

Examples. (1) Let
18

(1-2)

1
A)@) = ——, A = —, A @) =
(1-2)2 (1-2)2

and
1

(1-2)
It follows from [7, Lemma 1.1.2, p. 8] that F(z) € H” for any p € [%, %), thus A ;(z) and F(z) satisfy the
conditions of Theorem 3.5(i) with 8 = 3, where j = 0, 1,2. Obviously, f(z) = (1 - 2+ 2 is a solution

of (2.4) and f(z) € H*™.
(2) Let

F(z) = +1.

6 -6 -3
Ao(z) = ——, A1(z) = ———, Ay(z) = ——, F(z) = -84(z— 1)
0@ = g A0 = o A0 = 7 F@ = -84 D)
Here A j(z) and F(z) satisfy the conditions of Theorem 3.5(ii) for any p € [%, +oo)and B =3,=0,1,2.
Obviously, f(z) = ﬁ + 1= + (1 —2)° is a solution of (2.4) and f(2) € Hy'.
(3) Let
-6 -4 -1 1 1
— A= ——, A= ——, F@) = —+ .
T M@ = o A0 = g FO =+
It is easy to see that Ay(z), A1(2), A»(z) and F'(z) satisfy the conditions of Theorem 3.5(iii) with 8 = 4
. 1
and 5 < p < 1 ([4, exercise 1, p. 13] shows that ;= € H” for any p < 1). And f(z) = ™= + 3;(z — 1)’
solves the equation (2.4) with f(z) € &'.
It is well known that f(z) = Y a,z" € H? if and only if 3 |a,> < +oco [4, p. 93]. Therefore, we
obtained the following Corollary 3.6 by the Theorem 3.5.

Ao(2) =

Corollary 3.6. Let Aj(z) and F(z) = ) a,7" be analytic in D satisfying

a 2
|Aj(2)| < W’ Z |la,|” < oo,

where a > 0 and > 0 are finite constants, and j = 0,1,...,k — 1. If f(z) is solution of (1.3), then the
following statements hold.

(1) If0 < B <k, then f(z) € H*;
(1) If B =k, then f(z) € H.°, where q only depending on k, a and 3;
(iii) If B > k, then f(z) € &#7*.

Next, we get the following result by changing the condition of F(z).
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Theorem 3.7. Let Aj(z) and F(z) be analytic in D satisfying

A;(2)] < F()| <

a @
(1 = [z])pr=7" (1 =1z’
where a; > 0, a; > 0, B, > 0, B > 0 are finite constants, j = 0,1, ..., k— 1. If f(2) is solution of
(1.3), then the following statements hold.

(1) If0<B1 <kand0 < B, <k, then f(z) € H*;
(1) If 0 < By < kand B, =k, then f(z) € H; for any g > 0;
(iii) If0 < By <kand B> > k, then f(2) € Hy ;;
(iv) If B1 = k, then for all finite number [3,, there exist a constant q > 0 such that f(z) € H’;
(v) If B > k, then for any finite number B,, f(z) € €#7*.

Proof. By the conditions of Theorem 3.7 and using the similar way as in the proof of the case 3
of Theorem 3.5, then there exists a constant C¢ > 0 such that for all non-negative integers n and
j=0,1,...,k—1,

. C
AP (9)] < I - (3.12)

— |z]?)prn=i
holds for the case max{j: A; # 0} <.

Combining (3.12), [10, Theorem 1 (a)] and the conditions of Theorem 3.7, there exist constant
C; > 0 and Cg > 0 such that

r C, r Cs

Let h(z) = exp ( for (H)C,ﬁdt). By using the similar reason as in the proof of Theorem 3.5, we get

Csg
’ k,
eXp (ﬁl _ k)(l _ r)ﬂl_k) Bl >
Ih(@)] < | exp|Cslog 7 _r), Bi =k, (3.13)
exp = max{j:A; # 0} <pB <k
X , x{j:A; .
Let g(z) = fo ' (l_t;ﬁdt and by the condition of F(z), we get
Gy
k
Bz — k)(1 = r)pk’ P2 >k
1
|g(Z)| <4Cy 10g 11— ,82 =k, (314)
Gy
, 0< k.
k-, B2 <
Therefore, by (3.13) and (3.14), we get
: 1
|f(re”) < O

( 1 _ r)C8+max{ 1,82—k,}
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for B; = k and any finite 3,, and

|f(re59)| <0 (exp (ﬁ))

for 8, > k and any finite 3,. Therefore, these conclusions (iv)-(v) hold.
By the inequality (3.13), we get

|h(z)| < oo (3.15)

formax{j: A; # 0} < B; < k. Now, we claim that if | f(z)| < log ﬁ forall z = re € D, then f(z) € Hy
for any ¢ > 0. In fact,

1
lirln_(l —r)?log 7 = lim

—-r r—1-

=0.

Combining with (3.14) and (3.15), these conclusions (1)-(iii) can be deduced when max{j : A; # 0} <

ﬁ] < k.
For the case 0 < 8, < max{j : A; # 0}, by (3.14), [10, Theorem 1] and using the similar way in the

case 1 and case 2 of the proof of Theorem 3.5, there exists a constant C* > 0 such that
Cc*C,
(B2 = R)(1 =yt
. 1
f@I<\CCrlogr—, pr=k

B>k,

cC,
, 0B <k,
which implies that these conclusions (i)-(iii) hold for 0 < g; < max{j : A; # 0}. Then, these
conclusions (i)-(iii) can be deduced from these inequalities above. This proof is completed. O

Next, some examples for Theorem 3.7 are given.
Examples. We consider the following second order differential equation

["+AQf + A f = F(2). (3.16)
(1) Let Ap(z) = ——, A(zr) = —— and F(z) = —— satisfying the conditions of Theorem 3.7
4(1-2)2 4(1-2)2 ] 4(1-2)2
(i) with B = 2 and B, = 2. Then f(z) = @e"" +1 is a solution of (3.16) and f(z) € H™, where a # 0
is a finite constant.
(2) Let Ap(z) = %_Z, Ai(z) =log(1-z)and F(z) = ﬁ satisfying the conditions of Theorem 3.7 (i1)
with 8, € (1,2) and 3, = 2. Then f(z) = log %_Z is a solution of (3.16) and f(z) € H;® for any g > 0.
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(3) Let Ag(z) = Z_Ll, Ai(z) = % and F(z) = a izz)s satisfying the conditions of Theorem 3.7 (iii) with

B1=1and B, =5. Then f(z) = ﬁ is a solution of (3.16) and f(z) € H'.

(4) Let Ap(z) = ﬁ A1(2) = 2(11_1) and F(z) = (1:2)2 satisfying the conditions of Theorem 3.7 (iv)

with B = 2 and B, = 2. Then f(z) = =5 + 1 is a solution of (3.16) and f(z) € H".

(5) Let Ap(z) = ﬁ, A(z) = ﬁ and F(z) = ﬁ satisfying the conditions of Theorem 3.7 (v)

with 8, = 4 and 8, = 4. Then f(z) = T + 1 is a solution of (3.16) and f(z) € &*.
The following Theorem 3.8 is the generalization of [8, Theorem 3.3, p. 96], which they considered
only the case of F(z) =0and B = 1.

Theorem 3.8. Let 0 < 6 < 1. Suppose that A (z) and F(z) are analytic functions in D satisfying

supA;@)I(1 = 2P < a, j=0,1,....k~1,

|z|>6

and

ag
F _—,
IF(2)l < TP

where ay > 0, @ > 0, B > 0 and B > 0 are finite constants. If f(2) is a solution of (1.3), then the
following statements hold.

() If0 < B <1, then f(z) € Hg;
B +iat, O<a<l,

ﬁ1+k2a, a>1, ’

(iii) If B > 1, then for any finite B, f(z) € /7.

(1) If B =1, then f(z) € H’, where g =

Proof. By [10, Theorem 2], there exists a constant Cy > 0 such that forall 8 € [0,27) and 0 < s < r <
L,

|f(re)| < Co (1 + max |F(tef")|) - exp (r +k | max |A j(sef‘))vifds) :
<t<r 0

0<j<k—1

Combining the inequality above and the conditions of Theorem 3.8, we get

|f(rei0)| Se'C9'(1 + A ihr)ﬁl)

-exp(kf max IAj(se"e)Ikljds+kf max IAj(se"H)Iklfds)
o 0<jsk-1 5 0<jck—1

@, ' (se™)
Sclo((l—r)ﬁl) exp(kf(; omax, |A ;(se")|% ds),

where Cq¢ > 0 is a constant.
If0 < a < 1, then

. : ' 1
1 (re®) < Cm((1 flr)ﬂ' ) - exp (kzak L (1- s)ﬁds)
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1
Clo( @ ) - exp (kza/i log I

(l_r)ﬁl )’ ﬁ:l,

aj KRat
Clo(—(l_r)ﬁl).eXp((ﬂ—l)(l—r)ﬂ_l)’ ﬁ>1,
KCat a
a —ﬁ)((l—r)ﬁl)’ 0<pB<l,
HZH@Q%’ ﬁ: 1’

which means that f(z) € H;O’ 0<pB<1,
g1 > 1.

IA

Cio

If @ > 1, then

. ' 1
If(re'®)| < C10(1 + a C_er)ﬁ) - exp (k%yfﬁ - S)Bds)

)-exp(kza/log ) B=1,

1-r

ay
CIO((I —

a ko
C1o((1_—r)ﬁl)-eXp((B_ D —r)ﬁ—l)’ B>1,
Ka ( ad ) 0<pB<1,

IA

C
Y@-p\a-rp
H;T+k20,, ﬁ = 19
which means that f(z) € {Hy/, 0 <pg <1, The proof is completed. |
£ p>1.

4. Inverse problem

Auxiliary result. In order to prove Theorem 4.3, we need the following Lemma 4.1, which can be
deduced from [2, Theorem 3.1].

Lemma 4.1. [2, Theorem 3.1] Let k be integer satisfying k > 0, and let € > 0 and d € (0, 1). If f(z) is
meromorphic in D such that f does not vanish identically, then there exist a set E C [0, 2r), which has
linear measure zero, such that if 0 € [0,2n)\E, then there is a constant ro = r(6) € (0, 1) such that for
all argz = 0 and |z| € (ry, 1),

k

(( : )2+8 { : })
< - max 1 log T (s(r), e s
1-r l-r

Main result. Now, we consider the following equation

P @)
f@)

where s(r) =1—-d(1 —r).

P+ AQRf = F(), 4.1)

where A(z) and F(z) are analytic functions in D, in which the inverse problem is studied.
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Theorem 4.2. Let A(z) and F(z) be analytic in D, and A(z) € HP. If every solution f(z) of (4.1)
satisfies f(z) € £°, then F(z) € &°. Furthermore, if ¢ < k, then every solution f(z) of (4.1) satisfies
f(2) € €8 ifand only if F(2) € €.

Proof. Suppose that A(z) € HY and f(z) is any solution of (4.1) satisfies f(z) € £°. First, we prove
that f®(z) € £° holds for any integers k € N*. If f¥(z) ¢ £°, then there exist a constant 8 > S such
that [f®(z)| > exp (m), which implies that o, (f®) > g'. It follows from [1, Proposition 1.2] that
ou(f) = ou(f®) > B. This contradicts with our hypothesis, and then f®(z) € & holds for any
integers k € N*.

Next, we prove that F(z) € £°. By (4.1) and the conditions of Theorem 4.2, we get

|F(Z)| < |f(k)(Z)| + |A(Z)| : |f(Z)| < eXp (ﬁ) ’

where @, > 0 is a constant depending only on ¢ and . This implies that F(z) € &°.
Finally, we assume that ¢ < k and F(z) € &°. By using the similar method as in the proof of
Theorem 2.3, we get every solutions f(z) of (4.1) satisfies f(z) € €. The proof is completed. O

Theorem 4.3. Let A(z) and F(z) be analytic in D. If every non-trivial solution f(z) of (4.1) satisfies

i0 F
lim sup el @) eH

m St exp(ﬁ) <1 and % p°

where a > 0 and 3 > 0 are finite constants. Then A(z) € H’, where q is a positive constant depending
only on k, 8 and p.

Proof. Let f(z) is a non-trivial solution of (4.1). By the conditions of Theorem 4.3, for any € > 0,
there exist a constant r; € (0, 1) such that for all r € (11, 1),

T(s(r), ) <log" M(s(r), /) < (1 +¢) 4.2)

a
dP(1 —r)p’

By Lemma 4.1, for d € (0, 1), there exist a constant r, € [0, 1) and a set E of measure zero such that

forall r € (r,,1) and 6 € [0, 27\ E,
< max < log , T (s(r), f)
1-r 1-r

1 2+& 1 k
(5] (oeits #7600
1-r 1-r

1@
< ) (lo g

1-r

k

O e
fire?)

IA

k
I +T (s(r),f)) .
-r

Combining (4.2), for all r € (max{ry, r,}, 1), we get

FP(re?) < C
f(re®) | = (1 — p)kBrke)

4.3)
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By Eq (4.1), we have

*) F
Al < (O 4 [FOf
f@) f@)
It follows from the inequality above, (4.3) and the conditions of Theorem 4.3 that the conclusion
holds. -

5. Higher derivative problem

For an analytic function f (z), it is easy to see that f’(z) and f(z) do not necessarily belong to the
same space. Let f(z) = . Then f(z) € HY, and f'(z) = (1_1Z)2. It is easy to get f’(z) € Hy and
f'(z) ¢ HY. Therefore, a natural problem is: what conditions on coefficients guaranteeing solution of
differential equations and its derivative belong to the same space? Here we investigate this question to
the linear differential equation

P +AQRf = F@), (5.1)

where A(z) and F(z) are analytic functions in D. Firstly, we introduce some auxiliary results.
Auxiliary results. Here, an auxiliary results is given for the proof of our results.

Lemma 5.1. Let f(z) be a solution of (5.1). Then
1 " .
(m) 6 _ o\kem—1
I (@) < (C + Gk—m-1! fo |[F(se™)I(1 = s) dS)

1 r '
P (mfo |A(se®)|(1 — s)k_m_lds),

where C is a positive constant, and m € N is a natural number satisfying 0 <m < k — 1.

Proof. Let f(z) be a solution of (5.1). By [10, Theorem 9], we get

k=1 )
fo=3 L@y
n=0 n
! 1 (5.2
- z f F@ - & d )
1), f FOAE@) - &) de.
Combining Lemma 3.3, we deduce that
k—1 (n)
e = 3 LT yen
& tr=m)!
- - f=m—1 53
o ey f F@) - &/ \de (53)
k—m-—1
- . feaee- o
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where 0 < m < k— 1. And then, we choose zp = 0 and the path of integration to be the line segment
[0, 2], for all z = re” and z¢& = se (0 < s <),

m 1 " .
If" @) < C+ (kT—l)'L IF(se™)|(1 - ) ds

1

* mfo 1f(se™)| - |A(se™)|(1 = s)* " ds,

where C is a positive constant only depends on f(0), f/(0), ..., f*D(0). The assertion follows from
Lemma 3.2. i

Main results. In fact, a simple estimation shows that f(z) € H;‘il when f'(z) € H (g > 1), but
f(2) ¢ HY = H* when f'(z) € HY", for example f(z) = log ﬁ So, it is very meaningful to study the
properties of function space of derivative of solutions of differential equations.

Theorem 5.2. Let A(z) and F(z) be analytic in D satisfying

(01

AD =TTy

and F(z) € H?,

where m is a positive integer satisfies 0 < m < k — 2 and ﬁ < p < 400, and a and B are finite
constants. If f(z) is a solution of (5.1), then the following statements hold.

() If0 < B < k —m, then f™(z) € H*;
(i) If B = k — m, then f'(z) € HY, where g =
Gii) IfB > k —m, then f™(2) € &fm,

a .
(k—=m-1)!"

Proof. By (5.3) and using similar method as in the proof of Theorem 3.5, we get

1
C] CXP(CQW), ﬁ>k—m,
(m) < 1 (k—{;zl—l)!
") < a( ) Cheiem
1-r
Clexp(—Cg), 03,3<k—m,

a

where 0 < C; < +o0and C; = T DG It follows from the inequality above that these conclusion
(1)-(iii) hold. ]

The following Corollary 5.3 is also given by Theorem 5.2.
Corollary 5.3. Let A(z) and F(z) = ), a,7" be analytic in D satisfying

[0

and la,|? < oo,
(1-21 Z

where a and 8 are finite constants. If f(z) is a solution of (5.1), then for 0 < m < k — 2 the following
statements hold.

A(z) <

() If0 < B < k—m, then f™(z) € H*;
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8273

(i) If B = k —m, then f™(z) € H® , ;

F=m=D)!

(iii) If B > k —m, then f"(z) € &f7F+m,
Theorem 5.4. Let A(z) and F(2) be analytic in D satisfying

A(z) < and |F(2)| <
(1- | (1=l (1- | (1 =P
where a; > 0, @y > 0, 81 > 0 and B, > 0 are finite constants. If f(z) is a solution of (5.1), m is a
non-negative integer satisfies m < k, then the following statements hold.

() If0<B <k—-mand 0 < B, < k—m, then f™(z) € H*;
(i) If0 < By <k—mand B> = k —m, then f"(z) € H°°f0r any q > 0;
(iii) If0 < B) <k —mand B, > k —m, then f™(z) € H /32 krme
(v) If By =k—mand 0 < B, < k —m, then f"(z) € H*,, ;
T—m—1)!
V) If By =k—mand B, = k — m, then f"™(z) € H*,,

(k—m—1)!

(vi) If B1 = k —m and B, > k — m, then f™(z) € H*,,

o= 1),+ﬁ2 —k+m’

(vii) If By > k — m, then for any finite B,, f"™(z) € &#17%.

Proof. For all 7z = re?? € D, set

+1’

1 " .
g8(x) =Cs + mfo IF(se?)(1 - 5)"" ds

and .
h(z) = exp _ f |A(se”)|(1 — ) 1ds).
(k—m—-1!Jo
By Lemma 5.1, there exists a constant C3 > 0 such that
1™ @) < 1g@) - h()l.

From the conditions of Theorem 5.4, we get

Cy
C3 + W’ ﬁz >k — m,
8@I=1 5+ Colog Br=k—m,

1-r
C3=C4, Br<k-—m,

and
Cs
exp(m), ,31>k—m,
@I <4 1 \7
7 , Pi=
-r

exp(=Cs), 0<pBi<k-m,
where C; > 0, C, = Mm’ Cs W(lﬁ]km)’ Cs (k o ]), and C; = 1), are constants.
It follows from these inequalities that these conclusions (i)-(vii) hold. |
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