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Abstract: In this paper, we study the elliptic system of competitive type with nonhomogeneous terms
Au = uPv? + hi(x), Av = u"v* + hy(x) in Q with two types of boundary conditions: (I) u = v = +o0
and (SF) u = 400, v = f on 6Q, where f > 0, (p — I)(s — 1) —gr > 0, and Q c R" is a smooth
bounded domain. The nonhomogeneous terms /;(x) and /,(x) may be unbounded near the boundary
and may change sign in Q. First, for a single semilinear elliptic equation with a singular weight
and nonhomogeneous term, boundary asymptotic behaviour of large positive solutions is established.
Using this asymptotic behaviour, we show existence of large positive solutions for this elliptic system
with the boundary condition (SF), existence of maximal solution, boundary asymptotic behaviour and
uniqueness of large positive solutions for this elliptic system with (I).
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1. Introduction and main results

Consider the following elliptic system

{ Au = uPv? + hi(x), %nQ, (1.1)
Av =u'v' + hy(x), inQ,
with two types of boundary conditions:
U = +00,v = +00, on 0Q, D
u=+oo,v = f, ondQ, (SF)

where Q C R" is a bounded domain of class C** for some 0 < u < 1 and h;(x), ha(x) € C(Q), f > 0,
the parameters p, s > 1 and g, r > 0 such that (p — 1)(s — 1) — gr > 0. The condition u = +o00,v = +00
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on 0L is defined in the sense of that u(x) — +co and v(x) — +co as d(x):=dist(x, 9Q) — 0. The system
can represent the competitive model of the two populations in the environment €. If the problem have
a solution, it indicates that the two populations can coexist in €.

The large solutions of a single equation with nonhomogeneous terms have been studied recently
(see [3,7,8,10,15-17,19]). In [10], Garcia-Melian studied existence, uniqueness and nonexistence of
boundary blow-up solutions to problem

Au = [ulP~'u + h(x), in Q,
U= +oo, on 0Q),

where p > 1, Q c R" is a bounded smooth domain. As far as we know, it was the first time that an
unbounded and sign-changing inhomogeneous term /A(x) in this equation was studied. In [17], Wang
investigated the problem

Au = b(x)u? —ad(x)™, inQ,
U= 400, on 09,

where the parameters p > 1, a > 0, g € R are constants, and b(x) € C¥*(QQ) is a positive function. They
showed existence, uniqueness and the first order asymptotic behaviour of positive solutions. And,
in [19], Wang et al. studied the following problem

{ Au = a(X)u)’'u + h(x), inQ,

U = +oo, on 4Q, (1.2)

where p > 1, h(x) € C(Q), a(x)is a Cﬁ) . (0 < u < 1) continuous nonnegative function in £ and satisfies

Cid(x)7 <a(x) < Cod(x)™ in{x € Q0 < d(x) < 6o}

for some positive constants Cy,C,,0p and 0 < y < 2. They studied existence, uniqueness and
nonexistence of large solutions. For more results about existence and uniqueness of positive large
solutions, we refer to the citation of [6].

In addition to the single equation, the study of systems is also meaningful due to its multiple
applications. For example, the application of Newtonian fluids theory. Boundary blow-up solutions
for elliptic systems have been studied in many papers [5,9,11-13,18]. Dancer and Du [2] studied the
predator-prey model. The boundary blow-up solutions to elliptic systems were studied in [11]. The
existence, uniqueness and the first order boundary estimates of large solutions to the following
systems (h;(x), hy(x) = 0),

Av=u"Vv’, 1nQ,

with conditions: (F) u = g, v = £, (I), (SF) on 0Q, where Q c R" is a bounded domain of class
C?** for some 0 < u < 1 and the parameters p,s > 1, ¢g,r > 0, g, f > 0, were investigated in Garcia-
Melian and Rossi [12]. In [18], Wang et al. showed the existence of positive solutions for the elliptic
system (1.1) with (I). However, for large positive solutions to an elliptic system of competitive type
with nonhomogeneous terms, we need to find appropriate conditions to get properties of solutions. We
have to overcome this difficulty with the relevant results of a single equation.

In this paper, firstly, we explore boundary asymptotic behaviour of large positive solutions to

{ Au = a(x)u” + h(x), in Q,

{ Au=uPv?, in Q,

U = +oo, on 0Q. (1.3)
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Obviously all positive solutions of problem (1.2) are also solutions of (1.3). Then, we show boundary
asymptotic behaviour and uniqueness of large solutions for (1.1) with the boundary condition (I) using
the conclusions about the single equation.

The notations Qs := {x € Q : d(x) < 6}, Q° = {x € Q : d(x) > §} for § > 0, h*(x):=max {h(x), 0}
and A~ (x):=min {h(x), 0} are used through this paper.

The weight function a(x) in (1.3) satisfies the following two conditions.
(ap) a(x)isa Cﬁ) . continuous nonnegative function in Q, 0 < u < 1.
(a») There exists a positive continuous function cy(x) on dQ such that lim d(x)”a(x) = co(xp) for every

X— X0

X €0Q,0<y<?2.

For h(x) in (1.3), here are three conditions that will be used and vy is the same constant in (a;).

() lim inf d(x) 77 A(x) > =0,

(hy) d(x)**h*(x) < C, where C is a constant and 0 < A < min {1,2 — y}.
() Tim d(x) 7T () = 0.

Apparently, (h3) implies (k). We use different conditions in our theorems.

The main purpose of the paper is to study the influence of nonhomogeneous terms on the properties
of the solution for the elliptic systems. In fact, the results shows that the solution is stable when the
nonhomogeneous terms don’t change much. It is worthwhile to mention our assumption that a(x) is
nonnegative in Q and singular on 9Q. And, h(x) may be unbounded near €2 and change sign in Q.
This work can be considered as an extension of such results on the system without nonhomogeneous
terms. With regard to boundary asymptotic behavior of positive solutions to (1.3), we have:

Theorem 1.1. Suppose that p > 1, a(x) satisfies conditions (a;) and (ay), h(x) € C(Q) satisfies (h;)
and (h3). The problem (1.3) admits at most one positive solution and if u(x) is the solution, then u(x)
satisfies

. T _ T(r+]) %1
lim d(xyu(x) = ()7

for every xy € 0Q, where T = Izﬁ and vy is given in (a,).
With regard to existence of positive solutions for the elliptic system with the boundary condition
(SF), we have:

Theorem 1.2. Suppose that (p — 1)(s — 1) > qr and %(p - <r<p-1 For 0 <A <1,

2 - pz%l < A, < 1, there exists a constant ¢ > 0 such that if sup d(x)z‘;“h](x) < ¢, sup d(x)z‘izhz(x) <,
xeQ xeQ
then system (1.1) with the boundary condition (SF) admits a positive solution.

Definition 1.3. If the solution (#*, v*) and any other solution (u, v) of system (1.1) with the boundary
condition (I) is such that #* > u, v* < v, then we call (", v*) the maximal solution of system (1.1) with

the boundary condition (I). And, if the reversing inequalities hold, then we call it is a minimal solution
(denoted as (u*, v)).

For the elliptic system with the boundary condition (I), we have:

Theorem 1.4. Suppose that (p—1)(s—1) > qr, 2(p—1) <r < p-1. For 0< 4, <, 2—1% <A <1,

there exists a constant ¢ > 0 such that if sup d(x)z‘zlhl(x) < ¢, sup d(x)z‘bhz(x) < ¢, then system (1.1)
xeQ xeQ

with the boundary condition (1) admits a maximal solution.
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Theorem 1.5. Suppose that (p — 1)(s — 1) > gr, hi(x), ha(x) € C(Q) and

d(x)> ™" hi(x) < C, lim d(x)"h;(x) = 0,

1.4
d(x)*2hi(x) < C, lim d(x)***h; (x) = 0, (14

_ _2s=1-9) _ _ 2p-1-n : :
where a = o B = TRy C>0,0<4; <min(l,2 - Bg), and 0 < 4, < min(1,2 — ar).

Assume (u,v) is a positive solution to system (1.1) with the boundary condition (I), then

lim d(x)*u(x) =

X— X0

BB+ 1)) ,

BB + 1))P—1)W
@+ D)y :

(1.5)
lim d(xYPv(x) = (

for every xy € 0Q.

Theorem 1.6. Suppose that (p — 1)(s — 1) > gr, hi(x), hy(x) € C(Q) are non-positive functions and
satisfy (1.4). Then system (1.1) with the boundary condition (1) admits at most one positive solution.

This paper is organized as follows. Section 2 presents some preliminaries. In Section 3, we proceed
with the study of boundary asymptotic behaviour of positive solutions for the single equation. In
Section 4, the existence, global estimates, boundary asymptotic behaviour and uniqueness of positive
solutions to the system of competitive type with different boundary conditions are considered.

2. Preliminaries

We present some useful results about solutions to problem (1.3) in this section. The following
lemma is the remark after Lemma 4.1 in [19].

Lemma 2.1 ( [19]). Suppose that p > 1, a(x) satisfies conditions (a,) and (a,). And h(x) € C(€)
satisfies (hy) and (hy). Then for any positive solution u of (1.3), Pd(x)™ < u < Pd(x)™ for some
positive constants P, P in Qgs, where T = fﬁ.

Next lemma shows the uniqueness of positive solutions for problem (1.3), even when A(x) may be
unbounded near 0Q2.

Lemma 2.2. Suppose that p > 1, a(x) satisfies conditions (a,) and (a,). And h(x) € C(Q) satisfies (hy)
and (h,). Then problem (1.3) has at most one positive solution.

Proof. We know that the condition (/,) implies that the function A(x) is bounded from above. Then,
we have the conditions of Theorem 1.4 in [19] and omit the detail. O

In particular, for the following problem

{ Au = d(x)7u’ + h(x), inQ, 2.1)

u = +oo, on 89,

where p > 1,0 < y < 2 and h(x) € C(Q) satisfies (h,), (h3), we have:
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Corollary 2.3. Assume that p > 1 andy < 2. If U, denotes the unique positive solution of problem
(2.1), then

m d(x)? U, 4(x) = (a(a + 1)71

2—
for every xy € 0Q, where a = Pt

<

Lemma 2.4. Let u € CX(Q) satisfies

{ Au < cod(x)u” + h(x), inQ,

U= +oo, on 0Q, (22)

1

where ¢ is some positive constant and h(x) € C(Q) satisfies (hy), (h3). Then u(x) > c(_) Ty oy Where
1

h(x) = CF h(x). Similarly, if

Au > cod(x)7u? + h(x), in Q,
U = +oo, on 0€,

1

p—1
then u(x) < ¢y U, j-

_L _L

1
Proof. Firstly, A(c] ' u) = ¢ Au. By (2.2), we have

1

1 1

1 1 1
Alcy ) < ¢ - cod(x) TP + ¢ h(x) = d(x) V()T w)? + ¢) ().
Note (x) = ¢j " h(x), then A(c) " u) < d(x)7(cj " u)” + h(x). It is clear that h(x) € C(Q) and satisfies
the conditions (4,), (h3). By Corollary (2.3) and the methods of sub- and supersolutions, we have
1 1

cf ux)=U that is u(x) > c; Ty sy The other case is proved similarly. O

pryho

The following lemma is a straightforward extension of Lemma 2.4 that is about the case where Q is
a half-space D = {x € RY : x; > 0}. We write x = (x;, x ), where x € R"~!. This lemma will be used
to deduce boundary estimates for positive solutions to system (1.1).

Lemma 2.5. Suppose that u € C*(D) satisfies

Au < Cyx,"u” + h(x), in D,
u>Kx?,

where Cy, K are some positive constants, @ = % and h(x) € C(Q) satisfies (hy), (h3). Then u >

(a<0é1+1>)ﬁ x7* in D. Similarly, if

Au> Cyx,"u” + h(x), in D,
u< Kx\?,

a@+D\-L o
then u < (—Cl )T x["in D.

Proof. The proofs are analogous to the one of Lemma 9 in [12]. Assume that there exists x° € D and
1
[ > 1 so that u(x®) > [E(x9)™®, where x! is the first component of x” and E = ("(‘é—lﬂ))ﬁ. Set

AIMS Mathematics Volume 6, Issue 8, 8191-8204.



8196

Dy = {u > [Ex[*} N B,(x%)

-K; 1_(“+2) in D, for some

with r = &

X—
positive constant K;. Then we deduce

A(u = IEx(?) > [Ea(a + DIP — K| — [Ea(a + 1)])(1“"‘2 in Dy.

For simplification, we note F := Ea(a + 1)l — K| — [Ea(a + 1).

Choose K; > 0 such that F > 0. Since x; < % in Dy, and if we define w(x) = £ 22%(’:;_2 (2 —|x—x"]%),
then A(u — [Ex;™ + w) > 0 in D,. By the maximum principe, we have that there exists x' € 9D, such
that

u(x®) — IE(X)™ + w(x%) < u(x") — [E(x})™ + w(x").

Thus x' € 8B,(x°). Then w(x®) < u(x") — IE(x])™.
Now, using xi > % and the definition of w, we have

u(x") >% +1E(x])™
=(§zas Eala + D@ = 1) = K]+ IE}(x})™
=({zez Eleta + D@t -1) - %1 +IE)(x})™
:{N3a+2 [a(a + DI = 1) - %1 + 1}E(x})™,
where a(a + (7' = 1) — f—E‘ > 0 by F > 0. Proceeding inductively, a sequence of points x* € D
satisfies

u(x") > {gglada + DA = 1) = 1+ VIE)™

can be obtained, which contradicts with the inequality u < Kx[“. Similarly, we can prove the other
case, and the lemma follows. O

3. The single equation

Proof of Theorem 1.1. Let xy € 0Q and {x,} C Q be a sequence converging to x,. Let W be an open
neighborhood of x, such that AQ admits C** local coordinates ¢ = (¢, @5, ,¢,) : W — RY with
x € WN Qif and only if ¢;(x) > 0. We can also suppose ¢(xy) = 0. If u(x) = i(p(x)), h(x) = h(e(x)),
a(x) = a(e(x)), then we have

Z alj(‘ﬁ)@; 0 + Z bt]((p)a = a(p)u’ + h(QO) in (W N Q),

i,j=1
where a;;, b; are C* and a;;(0) = 6;;. Denote t, be the projections onto ¢(WNJQ) of ¢(x,), and introduce
the functions

u,(y) = dyu(t, + d,y),
where d, = d(¢(x,)), ¢(x,) = t, + d,(1,0,---,0). Then the function u, satisfies
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And, the conclusion of Lemma 2.1 implies that, for y in compact subsets M of D := {y e RV : y; >
0}, there exists ng = no(M) such that A;y|" < u,(y) < Ayy|" for n > ny, where A, A, are positive

constants. By the above estimates, the conditions (4;), (h3) and standard methods, we obtain that for a
subsequence we have u, — uy in CI]O”C‘ (M), where u satisfies

{ Aug = co(xo)y, uy, in D,
Ay Sug < AgyT.

By Theorem 10 and Remarks 3 b) in [1], we know this problem has a unique positive solution, that is
1
wi) = (&)

which completes the proof. m|
4. The system of competitive type

In this section, it is shown that existence, global estimates, asymptotic behaviour and uniqueness of
positive solutions to this system with different boundary conditions.

4.1. Existence of positive solutions

In this subsection, we present existence of positive solution for the elliptic system (1.1) with (SF)
and existence of maximal solution for the elliptic system (1.1) with (I).
Recall that if
Au > uPv? 4+ hi(x), inQ,
{ Ay < u'v' + hy(x), inQ,
then (u, v) is called a subsolution. And, if the reversing inequalities hold, then we call it a supersolution
(denoted as (i1, V)).
We shall show existence of positive solutions for the elliptic system (1.1) with (SF). First, we show
some lemmas which will use to prove Theorem 1.2.

Remark 4.1. The following conclusions also hold if v = f(x) is a continuous positive function on 9<Q.

Lemma 4.2. Let n € N. Suppose that p > 1, a(x) satisfies conditions (a,), (a,). There exists a constant

¢ > 0 such that if h(x) € C(Q) satisfies sup d(x)*h(x) < & for 0 < A < 1, then the following problem
xeQ

Au = a(x)u” + h(x), inQ,
u=n, on 09,
admits a unique positive solution.

Analogous to the proofs of Corollary 1.2 in [19] and Lemma 3 in [1], we omit the proof of Lemma
4.2.

Lemma 4.3. Suppose that (p — 1)(s — 1) > gr, hi(x), hy(x) € C(Q) satisfies (1.4). If (u,v) denotes a
solution to system (1.1) with (SF), then
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1

lim d(x)ﬁu(_x) — ((ﬂ(l;;'l)))(p—l),
X—X(

where ¥ = .
p-1

Proof. Since v = f on 0Q, u is a positive solution to problem

Au = viuP + h(x), inQ,
U = +oo, on 0Q),

then the proof is completed by Theorem 1.1 with y = 0 and co(x) = f9, for every x € Q. O

Lemma 4.4 ( [4]). Let Q be a C? bounded domain of R, g € C(Q) is a function such that sup d(x) |
xeQ)

g(x) |< +oo for some 1 <y < 2 and u € C*(Q) is a solution to the problem Au = g in Q withu = 0 on
0Q). Then there exists C > 0 depending only on Q and 7y such that

supd(x)’2 | u(x) |< Csupd(x)” | g(x) |.

xeQ xeQ)
Lemma 4.5. Suppose (i,V) is a supersolution and (u,v) is a subsolution to the problem (1.1) with
u=1i=+00,v>f>vondQ andu < it, v > vin Q. Also assume that i < Cd(x)™" for some

positive constant C and ¢ < %, %(p ~D<r<p-1For0<2 <1,2- % < A, < 1, there exists

a constant ¢ > 0 such that if sup d(x)z‘i'hl(x) < ¢, sup d(x)z‘;lzhz(x) < ¢, then system (1.1) admits at
xeQ) xeQ)
least a solution (u,v) suchthatu <u <iu,v>v=>vinQandu = +oo,v = f on 0.

Proof. From Lemma 4.2, there exists a constant ¢; > 0 such that if sup d(x)z‘izhg(x) < ¢, thenvisa
xeQ

positive, bounded function in Q. There exists a constant & > 0 such that if sup d(x)z‘izhz(x) < ¢,, then
xeQ

the problem
= ayP ;
{ Au = viu? + hi(x), 1inQ, @.1)

U = +oo, on 0Q),

admits a unique positive solution, which we denote by u;. And, Au > v?u” + h;(x) in Q. By uniqueness
of solutions to (4.1) and the methods of sub- and supersolutions, we have u < u;. Similarly, Az <

Vi + hi(x) < v?? + hy(x) in Q, and so it > u;. By Lemma 4.2 and 0 < u] < Cd(x)™, 9r < 2, we let
v as the unique solution to

Av = uv’ + hy(x), inQ,
{ v=F, on 0. 4.2)
We see at once that v > v; > v in Q. We let u, as the unique solution to
Au=viu’ + h(x), inQ,
{ U = +oo, on 0Q. 4.3)

Then, we also have that u < u, < it in Q. And, Auy = viul + hi(x) > viu? + hi(x), so uy < us.
Recursively, we let v, be the unique solution to (4.2), with u; replaced by u,, and u, be the unique
solution to (4.3), with v; replaced by v,_;. Thus, we can obtain two sequences {u,} and {v,} which
satisfy {u,} is increasing, {v,} is decreasing, u < u,, < it and v > v, > v in Q. By standard methods, we
conclude that there is a subsequence (still labelled by u, and v,) such that u,, = u, v, — v in Cll(;’c‘ (Q),

AIMS Mathematics Volume 6, Issue 8, 8191-8204.



8199

where (u,v) 1s a solution to (1.1) with the boundary condition (SF) and u < u < t,v > v > v in Q,
u = +oo on 0.

Now let w, = f —v,. Then Aw, = —u,(f — w,)* + h(x) in Q, w, = 0 on 9. Since u), < Cd™"" and
9 < % in Q and w, is uniformly bounded, then

| w, |< C'd* 4.4)

by Lemma 4.4. The inequality (4.4) also holds for w = f — v, therefore w = 0 on 9L, thatis v = f on
0Q. m]

Proof of Theorem 1.2. By Lemma 4.2, p > 1,y < 2, h(x) € C(€) and there exist constants ¢ > 0,
0 < A < 1 such that sup d(x)>~*h(x) < &, then there exists a unique positive solution to problem
xeQ
Au = d(x)u” + h(x), in €,
u=1, on 09,

which is denoted by V. Let £ > 0 be small, 6 > 0, o = p%’l to be chosen and (i, v) = (U, 0, °V,,),
where U, is a positive solution to problem

Au = u? + h(x), in Q,
U= +0o, on 0Q.

We show (u, v) is a subsolution to system (1.1) with (SF) firstly. That is to show

1> eI+ U G = Dh(x),

4.5
1 < &7Md(x)7U; o + d(x)TV, 5" = Dhy(x). ()

Inequalities p — 6q = 1 > 0 and r — 65 + 6 < 0 will be hold if we fix § € (5, Z). We know
Ve, and d(x)‘TU;’0 are bounded. Then, for € small, inequality (4.5) holds because of conditions about
hi(x), h,(x), and we get a subsolution to (1.1) with (SF).

Similarly, let (iZ, V) = (QU,, 0°V,). Now we show (i1, V) is a supersolution to system (1.1) with

the boundary condition (SF). That is to show
1< Qr%'ve + U PO = Dhy(x),
s e oy (4.6)
1>Q* d(x)7U, o+ d(x)7V ,(Q° — Dha(x).

Then, for Q large, inequality (4.6) holds because of conditions about /;(x), h;(x), and we get a
supersolution to (1.1) with (SF) and u < u,v > v. Therefore, the existence of a positive solution (u, v)
to (1.1) with (SF) follows from Lemma 4.5 and r < p — 1. O

Next, we show existence of solutions to the following problem

Au = uPv? + hi(x), 1inQ,
Av=uVv+ hy(x), 1inQ, 4.7
u=ki(x),v=ki(x), onodQ,

where k;(x), k,(x) are positive continuous functions on 9€2. By the standard method in [14], one can
prove the following lemma.
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Lemma 4.6 ( [18]). Suppose that (i,V) is a supersolution and (u,v) is a subsolution to problem (4.7)
withu < ki(x) <, v = ky(x) > vondQ. And, u < i1, v > v in Q. Then Problem (4.7) admits at least a
solution (u,v) thatu <u < i, v>v>vin Qand u = ki(x), v = ky(x) on 0Q.

Proof of Theorem 1.4. Define Q1 := {x € Q : d(x) < %}. First, we prove that for the following

problems
Au, = ubvl + hi(x), in Qi,
Av, = u)vi + hy(x), in Qz, n,ng € N,n > ny, 4.8)
u, = +oo,v, = f(n), on 6&2%,

we have
Uy > Uy, 1IN,
V, < V1, InQi.
n

Choose f(n) = 1 + C'(5)?, where C’ is the uniform constant in (4.4), o = 2 — 9r, that is | v, — f(n) |<
C'd?. Since f(n+1) = 1+C'(—=)?, f(n) = 1+C'(ni2)9 on 0Q1, then f(n+1) > f(n). Thatis v, > v,

(n+1)2
on 0Q.. Clearly, u,,; < u, on 0Q:. By Lemma 4.6, we have

U, > Uy, 1IN,
n
Vo < Vpe1, 1In Q1.
n

Thus, we get two sequences {u,} and {v,} which satisfy {u,} is decreasing, {v,} is increasing and u,, —
u,v, — v in Q. It is easy to check that (i, V") is a solution to system (1.1) with (I) and by the
construction of {u,}, {v,}, (", V") is also the maximal solution. Then, for any positive solution (i, v) to
system (1.1) with (I) and for any x € Q, we have u,, > u, v, < v. Thus, #l, > u, Voo < v asn — +oo.

The Theorem is proved. O

4.2. Global estimates of solutions

Theorem 4.7. Assume that (p — 1)(s— 1) > qgrandr < p—1, g < s — 1, and hy(x), ho(x) satisfy (1.4),
then positive solutions (u,v) of system (1.1) with the boundary condition (I) satisfy

Ad(x)™™ < u < Bd(x)™, Ad(x)® <v < Bd(x)*,in Q, 4.9)

for some A, B > 0.

Proof. Let ag = inf v > 0. Then Au > aju” + hy(x) in Q. Note

(x), B

py.h Py =

Apyi = sup d(x)*'U inf d(x)" U, 5(x). (4.10)

__4
Clearly, they are positive and finite. ~Lemma 2.4 implies that u < a,”' U PO that is
__a » _a_
u < ay"'A,0d ", where ap = p—%l, h(ll) = a/'hy. We use this into the right side of the latter
P Sa
equation in (1.1). Then,

qr

Av < a;ﬁAr

poﬁ(l)d“’o’vs + hy(x), in Q.
0.7

Using Lemma 2.4, we obtain

AIMS Mathematics Volume 6, Issue 8, 8191-8204.



8201

qr_

r
p-1 r — .
4 > (aO A Oh(l)) S CYOVJl(ZI)d ﬂo’ n Q’

2-apr h(l)

s—1 7

where ) = (a,” lA OHT T h,. Inductively, we have

_a

-1 —W&n —Pn
u<a," A,y end V2 uad (4.11)

in Q, where

_2_ﬁn—1q
Op=—"F,
p—1
2 —a,r
s—1"~

T 4T
Apy1 = Ay Apig qus,anr’

B =
4.12)

7 1
h(n+ ) - an lhla

h(n+l) — (anp lApﬂ lqh("“))s Thy.

In fact,

_ 20p-1-n
Bn = D60 T G- 1)<v 1>ﬁ" 1

2(p—1-r)

m as n — +oo. Then

and B; > o, B, < B. By elementary calculations, we have 8, — 8 =
2(s—1—q)

(p-D(s—D—qr*

For a1, the third Eq in (4.12) and Lemma 7 in [12] imply that there exists a positive constant N

such that a,,; > Na’, where 6 = < 1. Iterating above inequality we deduce
n g q y

a, > a=

(p- 1)(3 D

O+ ATO 0 041
Aptl Zao N .

Then liminf a,., > N7 % > 0 is obtained by n — +oo. Then, for h("“) the fifth equation in (4.12) and

n—+oo

the analysis of a,,;, we have

= 1><v T A 5T 9 (—0)" A71=0+0% =03+ +(=0)""]
a, A~ 2Na >2a," N
PiPu-19:h)

Passing to the limit we have liminf(a, "‘IA )71 > N' > 0 when n are odd numbers, and
g PBn-19:h)

n—+oo

lim inf(a, ”‘1Apﬂ lq,;(nm)ﬁ > N7 > (0 when n are even numbers.
~n— 9 1

n—+0o

Therefore, fz(ln”) and 71(2'”]) satisfy the conditions (h,) and (h3). Thus, by (4.11), we have u < Bd™,
v > Ad™®in Q as n — +oo for some A, B > 0. Similarly, the reversed inequalities can be proved, thus
the proof is complete. O
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4.3. Boundary asymptotic behavior and Uniqueness of positive solutions

Proof of Theorem 1.5. Let xy € 0Q and {x,} C Q be a sequence converging to xo. Take V be an open
neighborhood of x, such that AQ admits C** local coordinates & = (£),&,---,&y) : V. — RY with
x € VN Qif and only if & (x) > 0. We can also suppose &(xg) = 0. If u(x) = u(é(x)), v(x) = v(€(x)),
hi(x) = hi(£(x)), ha(x) = ha(é(x)), then we have

N — -
Z az](f)afaf Z blj(é:)a_u = ulvl + h(§),

l]_

Z au(f)amf + Z bl](f)(,f_ =WV + hy(é),

in §(V N Q), where g;;, b; are C* and a;;(0) = ¢;;. Denote ¢, be the projections onto £&(V N Q) of &(x,,).
Let us introduce the functions

w,(y) = di(d, + dpy), va(y) = div(Ly + dpy)
where d, = d(&(x,)), é(x,) = {, + d,(1,0,---,0). Then the functions (u,, v,) satisfy the equations

% il + )L o+ d, z bij(& + duy) 52 = upviy + P&, + dy),

1/-

z ai(ln + dny)af g z bij(Zn + duy) 52 = upvs + di P ho(4 + dyy)

i,j=1

On the other hand, Theorem 4.7 implies that, for u, and v, in compact subsets of D := {y € R :
y1 > 0}, we have Ayl‘“ < u,(y) < By}, Ayl_ﬁ < v(y) < Byl_ﬂ . Using standard theory we obtain that

U, — Uy, v, — vp in CIOC(D), where (ug, vo) satisfies

Augy = uovo,
Avy = ugvy, in D.
Ay[® <up < By;”, Ay” <vo < By,

Now, we claim uy = n;y;%, vo = nzyl_ﬂ , where

(Cy(a/ + 1))5_1 (P—l)(;—l)—qr (ﬂ(ﬁ —+ 1))17—1 (p—l)(;—l)—tﬁ
m = (—) = (— ) . (4.13)
BB+ 1)) (a(a + 1))
Since Aug > Ay, P4 ug + hy(x) in Q, Lemma 2.5 implies that uy < Byy;® in Q, where B, = (C'(Zf,r”)il

And, since Avg < Bjy[*"vj+hy(x) in Q, Lemma 2.5 implies that vy > A 1)’1 in Q, where A| = (B (‘;;1))

Iterating this procedure, we obtain uy < B,y ", vo = A,,y1 in Q, where

1
1 p— 1 s=T
Bn+l = (Q(Z; ))’ l An+1 = (ﬁg+ ))

n+l

Clearly, if A is small enough, then the sequences {A,} and {B,} are convergent. And, A, — 12, B, — 1.
Thus, ug < 1y, vo 2 nzyl_ﬁ in Q. Similarly, we can prove the reversed inequalities.

By setting y = ey in u, — myIﬁ and v, — 772)7;'8 , and recalling &(x,) = {, + d,e;, the Theorem is
proved. O
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The uniqueness of solutions to system (1.1) can be obtained based on the fact that all positive
solutions have the same boundary behavior.

Proof of Theorem 1.6. Let (uy,vy) and (u,, v,) be two positive solutions to system (1.1). By Theorem
1.5, we have Z—; =1, % = 1 on 0Q, that is, w := Z—; = 1 on 0Q. Assume that k := supw > 1. We will
Q

prove k < 1 to establish a contradiction.
On the one hand, we prove v, < kv, in Q. We argue by contradiction. Assume Q.= vy > k=1v,}
is nonempty. Since 3Q € Q, k> 1and & = 1 on 9Q, v, = k+1v; on Q. Then

Avy = uhv + ho(x) = K 5TV + ho(x) > ks Tulvs + ks Tha(x) = Ak Tvy)

in Q. Using the maximum principle, we have v, < ks1v,, which is impossible. Then, through the
strong maximum principle, we have v, < kv in Q and v, < k5Tvy.

On the other hand, we conclude from w = 1 on 0Q that there exists x;, € Q such that w(xy) = k.
Then Aw(xy) < 0, that is u,Au; — uAuy < 0 at xy. Therefore

_ 1-k)h _
vg(xo) > kP 1v?(xo) + U=Rhulx) kug)(;g(’) > kP 1v‘{(xo),

that is v>(xo) > k"7 vy (xo).

By the above inequalities, we deduce that k=1 (x) > ka_l v1(xp), and so k(p_lﬂf)é;-_ll))_qr < 1. We obtain
k < 1by(p—1)(s—1) > gr. This is a contradiction. Thus k < 1 and u; < u,. Similarly, we can prove
u; > u,. We obtain u; = u,. Since

Auy = ulVl + hy(x), Auy = ubvi + by (%),

we have v; = v,. The uniqueness of solutions is established. O
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