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Abstract: This paper investigates the problem for exponential stability of Hopfield neural networks
of neutral type with multiple time-varying delays. Different from the existing results, the states of the
neurons involve multiple time-varying delays and time derivative of states of neurons also include
multiple time-varying delays. The exponential stability of such neutral-type system has not been
received enough attention since it is not easy to construct a suitable Lyapunov-Krasovskii functional
to analyze the exponential stability of this type of neural system. Novel sufficient conditions of the
exponential stability are established by using Lyapunov method and inequality techniques. Compared
with some references, the mathematical expression of the neutral-type system is more general and the
established algebraic conditions are less conservative. Three examples are given to demonstrate the
effectiveness of the theoretical results and compare the established stability conditions to the previous
results.
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1. Introduction

The stability of Hopfield neural networks is a necessary prerequisite in the practical applications
of signal processing [1,2], pattern recognition [3], associative memory [4], nonlinear programming
[5] and optimization [6]. Accordingly, the stability of various delayed Hopfield neural networks has
been received enough attention [7-33]. In particular, the neutral delays have been introduced into the
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model of neural networks and the stability of neutral-type neural networks has become a hot topic
[18-33]. The mathematical model of neutral-type neural networks extends its application domain to a
wider class of practical engineering problems, (for the detailed applications of such neural networks,
the readers may refer to the references [34-36].)

The model of Hopfield neural networks of neutral type considered in this paper is expressed as

(D) = =t + ) ayfie() + ) bigi(xilt = Ty + ) ekt = £i(1) + i, 2 0; (1.1)
j=1 j=1 j=1

xi(1) = @i(1), X:(1) = ¢i(0), 1 € [-max{r,&},0],i=1,--- ,n,

where &, T and ¢; are positive numbers, ¢;(f) and ¢;(¢) are continuous functions, &;;(¢) and 7;;(¢) are delay
functions, f;(-) and g;(-) are nonlinear continuous activation functions. These functions satisfy that for
every x,ye R, t>0andi,j=1,--- ,n,

0<&)<E0<T;()<T,é&()<E;(D<T (1.2)

1fi(x) = il < lilx = I, lgi(x) = &I < milx =y, (1.3)

where E 7,1; and m; are some positive numbers. From [37,38], we know that x() = (x;(?), - - , x,(t))T
of (1.1) is continuously differentiable.

The mathematical expression of system (1.1) includes some models studied in existing references.
For example, when 7;;(#) = 7;(t) and &;;() = &,(¢), system (1.1) transforms into the following vector-
matrix form studied [18,20]:

xX(t) = —Cx(t)+Af(x(t)) + Bg(x(t — 7(t))) + Ex(t — £(t)) + u,t > 0, (1.4)
WhereA = (aij)nxn’ B = (bij)nxn’ C = diag(cla ) Cn)’ u= (ub R un)T’
xX(1) = (x1(0), -+, (O, %1 = €(1)) = (i (E = E1(0), -+, Xt = Ex(D)

FO@) = (@), ol gt = 7(0) = (81001 (2 = T1(0)), -+, guXa(t = T1())))

When 7;5(¢) = 7, f; = gj and &;;(1) = &; (or &), system (1.1) transforms into the following system
studied in [30]:

() = —emi(D)+ Y afi0e0) + ) bufixit—Ti)) + Y eyiit— &) +uw,  (15)
j=1 j=1 =1
or the following system studied in [29]:
() = —cixi(t) + Z a;; fi(x;(1) + Z bijfi(xj(t — 7)) + Z e;ix;(t— &) +u. (1.6)
j=1 j=1 j=1

Different from the systems studied in [18-28], system (1.1) cannot be expressed in the vector-matrix
form due to the existence of multiple delays 7;;(¢) and &;;(¢). Therefore, it is impossible to obtain the
stability conditions of the linear matrix inequality form for the system with multiple delays [29,31].
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In this case, it is necessary to develop new mathematical techniques and find more suitable Lyapunov-
Krasovskii functional for the stability analysis of system (1.1).

On the other hand, the results of [18-33] have only provided the sufficient conditions of global
asymptotic stability and have not considered the exponential stability. Actually, in the stability
analysis of neural networks, exponential stability is a better property than asymptotic stability since it
can converge to the equilibrium point faster and provides information about the decay rate of the
networks. Moreover, the exponential stability property can ensure that whatever transformation
occurs, the network stability of fast storage activity mode remains unchanged by
self-organization [39]. Therefore, the exponential stability analysis of neural networks with multiple
time-varying delays is worth investigating.

In addition, based on our careful review of recently almost all the existing stability results for system
(1.1), we have realized that the research on the exponential stability of system (1.1) has not received
enough attention. These facts have been the main motivations of the current paper to focus on the
exponential stability of system (1.1).

The primary contributions and innovations of this work are summarized as follows: (1) novel
sufficient conditions of exponential stability are established for Hopfield neural networks of neutral
type with multiple time-varying delays; (2) a modified and suitable Lyapunov-Krasovskii functional is
provided to study the exponential stability; (3) novel sufficient conditions of global asymptotical
stability are provided for the systems studied in the existing references; (4) compared with the
existing results, the established conditions are less conservative.

2. Exponential stability
From [18,20], we know that system (1.1) has at least one equilibrium point x* = (x},-- -, x)T under

the conditions (1.2) and (1.3). By employing the formula y;(¢) = x;(1) — x;(i = 1,--- ,n), system (1.1)
can be transformed into the following equivalent system

D = =D+ ) afi0H0) + ) byt = TN + ) et =), (2.1)
Jj=1 j=1 j=1
where

F040) = 00 + x5 = FD. G0t = 155(0) = 8,0t = Tij(D) + x}) = g,(x)).

Similarly, system (1.5) can be transformed into the following equivalent system
0 = —eyi®+ ) ayfioi0) + > byfiyt =) + Y eyt - &), (2.2)
j=1 Jj=1 Jj=1

It is obvious that if the origin of system (2.1) is exponentially stable, then the equilibrium point of
system (1.1) is also exponentially stable. Meanwhile, the origin of system (2.1) and the equilibrium
point of system (1.1) are also globally asymptotically stable. Now, we state the main stability result
for system (2.1).
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Theorem 1. Suppose that there exist some positive numbers v, py, p2,---,p, such that
y < 1,max{é, T} <1-v,

Ypici — ij(li|aji|7 +mylbjil) > 0, piy — ijleji| >0,i=1,2,---,n

J=1 J=1

Then the origin of system (2.1) is exponentially stable.
Proof. Let B
h(x)=1-eé—-ey,h(z)=1-e"T-v,

(@) = ypici —zpry =2 ) pilejl = ) piilasly + milbjle™).

J=1 J=1

Then, /;(z) < 0, hj(+c0) < 0,i = 1,2, 3, and

M) =1-E-y>0,0)=1-T—y>0,

h3(0) = ypici = Y piilaly + milb;l) > 0.
=1
Therefore, there exist some positive numbers A;, A, and A3 such that h;(1;) = hy(4;) = h3(A3) = 0,
which implies that there must exist a positive number A € (0, min{4;, 4, 43}) such that

e¥é—e¥y>01-e"T-—y>0, (2.3)
ypici = Apiy = A ) pjleil = > pillilajiy + milbjle™™) > 0. (2.4)
j=1 j=1

We construct the following Lyapunov-Krasovskii functional [40]

V() = “’“f)Z[py Zp]|ej,|sgn(yl(t»sgn(y,(r)) i)l + ZZplleul f "Ny (s)lds

i=1 j=1 =&ij(0)

+e‘fZZp,|bl,|m, f &'y (s)lds, (2.5)

i=1 j=1 1=7j(1)

and derive
min(pyy Zl] pileille’ Oyl < 'O Zl[m - Z‘ pilellly (o) (2.6)
J = Jj=
< &9 N [pry = ) pjleslsen(i)senGi Nyl < V(@),

i=1 j=1

V) = ¢ Ipiy =) pileslsgn(i0)sgn(: 0Ny 0)|

i=1 j=1
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n 0
+e' pileil f e“l)'/j(s)lds + 1D Z Z pilbijlm; f “ij(S)Ids
—£(0)

n
i=1 j=1 ij i=1 j=1 ~7ij(0)

¢ max{py + Z Pyl + ¢ 3 S ey f [9,(5)lds

i=1 j=1

+e‘<f”>ZZp,|bl,|m, f [y ()lds. 2.7)

i=1 j=1

IA

Taking the right upper Dini derivative of the first term and the time derivatives of the all other terms
in the Lyapunov-Krasovskii functional V(¢) along the trajectories of system (2.1), we derive

V@) = Ae“”f)Z[p, Zp,-|ej,-|sgn(yia))sgn(y'i(t»]|y,-(t>|

+e! Z Z pile ilsgn(yi(1) sgn(s()lsgn(yn)3i()

i=1

+e 0 Z Z pileilly; ()l - Z Z(l = &j(0)e T pilelly (1 — &)

i=1 j=1 i=1 j=1

+e 33" pilbyim j(e”*””lyj(t)l — (1 = 1) OOy (e - 7 ,-(t))|)

i=1 j=1

IA

M0 Z(P Y+ Z pileiDlyi(0)] + e Z {eﬂfpﬂsg”(yl'(l)))'/i(l)

i=1
—e Z Pj|€ji|(58”()’i(f)))2|)"i(f)| +e* Z Pj|€ji||)"i(t)|}
Jj=1 j=1
+ ) D (EGne IO — AEOE) p e (1 — &)
i=l j=1

n n
+e/1,f Z Z pilbijlmj(e/l(tw) ij(t)l + [j.ij(t)e/l(t—r,-j(t)w) _ e/l(t—r,-j(t)+r)]|yj(t _ Tij(l))l)

i=1 j=1

IA

219 Z(Pi)’ + Z pileiDlyi(ol + e Z {e/lfpﬂsg”()’i(f)))"i(f)

i=1 j=1 i=1
- Z pileil(sgn(y () Iy:()] + ¥ Z pj|eji||yi(t)|}
= j=1
£ @M — eMpieslly e - £
i=1 j=1

+e® Z Z Pi|bij|mj(e/l(t”)|)’j(f)| + (70 — eyt - Tij(t))l)

i=1 j=I
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= 20 iy Y pilebbil + ¢ Y {e pvsen(ri)sio
i=1

j=1 i=1
—e Z Pj|€ji|(58”()’i(f)))2|)"i(f)| +e¥ Z Pj|€ji||Yi(t)|}
=1 j=1
+e"Ee 1) Y N pileyllyj(t — &)
i=1 j=1

e ) ) p,~|b,~j|mj(e*<’”>|yj(r)| + (7' = eyt - Tij(t))l)- (2.8)

i=1 j=1

It is noted that for y;(¢) # 0O,
e piysgn(y()5i(H) — € )" pjle;il(senGi) il + € Y pileill)l
j=1 j=1

= ¥ prysgn(yi(t)yi(t)

= = ypisgnOi O + ypisgni0) Y aisfi3,(0)
=1

+ypisgn(i(®) D big it = 1) + ypisgn((1) ) eyt - fijm)}
j=1 j=1

IA

e = ypisgnuO)emi®) + ypisgn(i() Y assfy0)
J=1

Hypisgn() - bt = T O] + ypisgn(i(t) ) et = £l

=1 J=1

e/lf{ —ypicilyi Ol + ypi Z lai 11y (O] + yp Z |byjlmly (1 — Tl.].(t))|}

Jj=1 j=1

+e'Syp; ) leylly it = £5 ),
j=1

IA

and for y;(r) = 0,

¥ piysgn(i)3i(t) — € ) pjleil(sgn(i®N o)l + €* Y pilellyi(o)

j=1 J=1
= ¢ pileillio)
j=1
= e”f{ = > pileilsgnGi)e(®) + Y pileslsgn(i) D aiifivi)
J=1 Jj=1 j=1
+ ) pileilsgnGie) > big it = i) + D pjleslsgn(i0) ) eijyt - fija))}
=1 J=1 /=1 J=1
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IA

el = ypici] + 1) pileslsgnGi®) Y. aifi,0)
J=1 j=1

H Y pileslsgnGi) Y. b0t = Tl + | Y pileilsenGi() Y et - 50|
J=1 J=1 J=1 =1

IA

el = ypaliOl+ ) pileil Y a1+ Y pilesd Y bimily ¢ = 7o)}
Jj=1 Jj=1 Jj=1 Jj=1

+¢' Y pileil Y leifly (e — £5(0)

J=1 J=1

IA

e”f{ —ypicilyiOl + ypi Y laillily (01 + ypi ) Ibijlmjly;(c - rij<r>>|}

J=1 J=1

+e'Syp; ) leylly (= £5 (1)),
j=1

where we use Z?:l pjlejil < pry, and 2?21 pjlejilsgn(yi(0)ciyi(t) = ypicily(H)l = 0 when y;(z) = 0.
Therefore, for every y;(f) € R, we have

¥ piysgn(i)3i(t) — € ) pjleil(sgn(iON o) + €* Y pjlellyi(o)

=1 j=1

< e/l‘f{ - 7Pi6i|)’i(t)| +YDi Z Ia,-jlljlyj(t)l + ypi Z |bij|mj|yj(t - Tij(t))l}

=1 j=1

+e'yp; Y leifly (e — £5(0)). (2.9)

J=1

Then, from (2.3), (2.4), (2.8) and (2.9), we have

V@ < 20 g+ Y pleainl+ e D {e =yl + v Y a0
=1

i=1 i=1 J=1

+yp; Zl byl y (- rij<t>>|) T (e%y + e - 1)p; Zl sl — fij<r>)|}
Jj= Jj=

+e't Z Z pilbijlm j(e*“”)ly O+ @™ = Dellly(t — 1 ,-(t))|)
i=1 j=1
= -\ Z (VPiCi —Apiy— A Z pijlejil — Z plilajly + m,-lbﬁleh))lyi(t)l
i=1 =1 =1
—e(1 — e¥E - e¥y) Z Z pileijlly (t = &j(D)]
i=1 j=1
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~(1 =T =)0 X" 3" pilbylmly (= 7D < 0. (2.10)

i=1 j=1

Finally, (2.6), (2.7) and (2.10) imply that there must exist a number ¢ > 1 such that

ly@ll < se™ gl + liglh), 7 = 0,

where
llelly = sup @l gl = sup  [l¢@l;.

te[— max({r, &}, 0] te[— max{r, &}, 0]

Generally speaking, it is not easy to find the values of the positive constants py, - - , p,. Therefore,
it is necessary to give a result without involving the constants py,---, p,. The following result is a
special case of Theorem 1 for p; = --- = p,, which is easier to validate.
Theorem 2. Suppose that there exists a positive number y such that

maX{é,‘T} <1 —7,2 |eji| <y< 1,’}/Ci - Z(lilaji|7+mi|bji|) >0,i=1,2,---,n.

Jj=1 J=1

Then the equilibrium point of system (1.1) is globally asymptotically stable, even exponentially
stable.
Remark 1. Theorem 1 and Theorem 2 give novel sufficient conditions of global asymptotical stability
for the systems studied in [18,20,29,30] since these systems are some special cases of system (1.1).
For system (1.5) or (1.6), Theorem 1 and Theorem 2 give the following results.
Corollary 1. Suppose that there exist some positive numbers vy, pi, p2,- - , p, such that y < 1,

ypici— Y pilillaly +1bjl) > 0, piy = > pjlesl > 0,i=1,2,--- ,n.

J=1 Jj=1

Then the equilibrium point of system (1.5) (or (1.6)) is globally asymptotically stable, even
exponentially stable.
Corollary 2. Suppose that there exists a positive number y such thaty < 1,

yei- Zl Iajly +1b;l) > 0,y - Zl leil > 0,i= 1,2, ,n.
J= J=

Then the equilibrium point of system (1.5) (or (1.6)) is globally asymptotically stable, even
exponentially stable.

Remark 2. It is noted that yp;c; — Z;le pjli(lajily +1bjil) > 0 and 0 < y < 1 can deduce that p;c; —
Z?zl pjli(laj| +1bjl) > 0. Therefore, the conditions of Corollary 2 are less conservative than those of
the result in [29].

Remark 3. For system (1.5), the conditions of Theorem 1 in [30] are as follows:

n n n n
2 2 2
@ = =By 1Y aual =B (agllbul + bjllagl + 1blbl)
k=1

j=1 k= j=1 k=1
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n n n n
2

=12 efleadail + by = > > cjleslllad + 1bul)

J=1 k=1 j=1 k=1
n n
2 2
= > el = > clleiil > 0,
j=1 1

Jj=

and 1 - 2?21 lejl >0,i=1,---,n. Example 2 demonstrates the above conditions are not satisfied while
the conditions of Corollary 1 and Corollary 2 can be satisfied.
Remark 4. Global asymptotical stability of a more general class of multiple delayed neutral type
neural network model has been studied in [31, 32]. The results of [31,32] can be particularized for
system (2.2) as follows:

i) The sufficient conditions of global asymptotical stability are given in [31]:

o = 2¢- Z(lj|aij| + lilajil) - Z(ljlbijl +1ilbjil) - Z(leijl +lejil)
j=1 j=1 j=1
= > D laidlle| + liballerd = > " (elaslleil + Llbjelle;i > 0,
j=1 k=1 j=1 k=1

and 1 =3 le;l > 0,i=1,--- ,n.
i1) The sufficient conditions of global asymptotical stability are given in [32]:

n n n n
2
€ = Ci—Z|Zakiak1’|_Zz(laﬁ”bﬂ‘l

j=1 k=1 j=1 k=1
+lajille | + 1bjillal + 1bjlle il + 1bjillbul) > 0,

1 < .
&ij =~ Z(leji”ejk| +lajlleil + 1bjlle;i) > 0,4, j=1,---,n.
k=1
Example 3 demonstrates the above conditions are not satisfied while the conditions of Corollary 1 and
Corollary 2 can be satisfied.
Example 1. Consider system (1.1) with the following conditions:

I -1 1 -1 I 1 -1 1 0.1 -0.1 -0.1 -0.1
-1 1 1 -1 -1 -1 1 -1 -0.1 0.1 0.1 0.1

A= I 1 1 1 B = I 1 1 1 b= 0.1 -0.1 0.1 =01 |
I -1 -1 -1 -1 -1 -1 1 -0.1 -0.1 -0.1 0.1

c1 =c¢ =c3=9,¢4 =8, fi(x) = tanh(x), g;(x) = 0.5tanh(x),&;(t) = 0.1sint + 0.1, 7;;(t) = 0.1cost +
0.1;&;(r) = 0.1cost + 0.1, 7;;(1) = 0.1sint + 0.1,i # j;i,j=1,2,3,4.
We calculate € = 7 = 0.1,1; = 1,m; = 0.5, ijl lejil = 0.4 and

4
ciy — Z(Zilajib’ +mylbjil) =

J=1

S5y-2, i=1,2,3;
4y -2, i=4.
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It is clear that when y € (0.5,0.9), Theorem 2 holds.
Now we choose y = 0.424 and require that

4
Ypici — ij(li|ajz’|7 +mylbj|) = 0.01,i =1,2,3,4.

J=1

Then, we calculate p; = p, = p3 = 2.2222, p, = 2.5000, and

4 4 .
0.025552, i=1,2,3;
Y — i€ i 20424 l-—O.l P =
Py ijl pitei P ijl Pi {0.14334, i=4.

Thus, all conditions of Theorem 1 are satisfied.
If we choose y = 0.423 and still require that

4
ypici = ) pillaly +mibjl) = 0.01,i = 1,2,3,4.

j=1

Then p; < 0,i = 1,2, 3,4. Therefore, when y € [0.424,0.9), the system (1.1) in this example is globally
asymptotically stable, even exponentially stable.
Example 2. Consider system (1.5) with the conditions: ¢; = ¢; = ¢3 = 9,¢4 = 8.5, fi(x) = tanh(x),&; =
02,7; =0.1;&; =03,7;; =04,i # j;i,j = 1,2,3,4, the matrices A, B, E are the same as in Example
1.

Then, we calculate [; = 1, ijl leji| = 0.4 and

4 .
Sy — 4, i=1,2,3;
ciy = P lillajily +1bjil) = ,
,Z‘ ! a5y -4, i=4

It is clear that when y € (8/9, 1), Corollary 2 holds.
Now we choose y = 0.85 and require that

4
ypici = ) pilillazly +1bjl) = 0.01,i = 1,2,3,4.
j=1

Then, we calculate p; = p, = p3 = 0.0708, p, = 0.0750, and

4 4 .
0.03144, i=1,2,3;
Y- leil = 0.85p; — 0.1 =
piy ;Pﬂ jil P ;Pj {0_03501’ —

Thus, all conditions of Corollary 1 are satisfied.
On the other hand, we calculate

4 4
@ = 81— > 1> anayl-3x4x4-355x4x02-355x4x0.2
j=1 k=1

-81x0.4-315.25%x0.1 <0,
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which shows the conditions of Theorem 1 in [30] are not satisfied. Therefore, Theorem 1 in [30] is
invalid for the system (1.5) in this example.

Example 3. Consider system (2.2) with all parameters and functions are the same as in Example 2.
Then, we calculate [; = 1, Z?:l lejil = 0.4,

1
&ij = 7 -0.21x4=-0.59<0,

01 =2X9-2%x4-2%x4-02%x4-02x4>-02x4>=-52<0.

Therefore, the sufficient conditions of the results in [31,32] are not satisfied. Meanwhile, all conditions

of Corollary 1 and Corollary 2 are staisfied for system (2.2) since system (1.5) is equivalent to system
(2.2).

3. Conclusions

This paper has investigated the exponential stability of neutral-type Hopfield neural networks
involving multiple time-varying delays. Different from some existing results, linear matrix inequality
approach cannot be used to determine the stability conditions of such networks since the networks
studied here can not be expressed in vector-matrix form. By using a modified and suitable
Lyapunov-Krasovskii functional and inequality techniques, novel algebraic conditions are established
to ensure the exponential stability and the global asymptotic stability of neutral-type Hopfield neural
networks involving multiple time-varying delays. Compared with some references, the networks
studied here 1s more general and the established conditions are less conservative. Three examples are
given to demonstrate the effectiveness of the theoretical results and compare the established stability
conditions to the previous results.
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