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1. Introduction

Let ¢ : I — R be a real valued function. A function v is said to be convex, if

Y Qv + (1= x) ) < xf (1) + (1 = x) ¢ (2) (1.1)
holds for all yy, x> € I and y € [0, 1].

Theory of convexity has a lot of applications in pure and applied mathematics and plays an important
and fundamental role in the development of various branches of engineering, financial mathematics,
economics and optimization. In recent years, the concept of convex functions and their variant forms
have been extended and generalized using innovative techniques to study complicated problems. It is
well known that convexity is closely related to inequality theory. Many generalizations, variants and
extensions for the convexity have attracted the attention of many researchers, see [1-4].
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The following remarkable Hermite-Hadamard inequality states that, if ¢ : I — R is a convex function
for all uy, up € I, then

w(‘““‘z)s ! fmw(x)dxgw. (1.2)
2 M2 — M1 Jy 2

1

For interested readers, see the references [5—18]. In 1929, the notion of exponential convexity was
1*" time defined and investigated by Bernstein [19]. After Bernstein, Widder [20] investigated these
functions as a subclass of convex functions in a given interval (a, b). The sizeable and worthwhile
research on big data analysis and extensive learning has recently increased the attentiveness in
information theory involving exponentially convex functions. So especially in the last few decades,
different mathematicians namely Antczak (2001), Pecaric (2013), Dragomir (2015), Pal (2017),
Alirezaei (2018), Awan (2018), Saima (2019), Noor (2019), Kadakal (2020), worked on the concept
of exponential type convexity in different directions and contributed in the field of analysis. Due to
aforesaid worked, these functions have proceeded as a remarkable and crucial new class of convex
functions, which have noteworthy benefits in technology, data science, information sciences, data
mining, statistics, stochastic optimization, statistical learning and sequential prediction. Some notable
results and wonderful literature on the term inequalities can be found for the exponential convexity,
see [21-25].

In [26], Kadakal and Iscan introduced the following class of convex functions.

Definition 1.1. A nonnegative function ¢ : I — ‘R, is said to be exponential type convex, if

Y O+ (1= ) ) < (€ = D () + (¢ = 1) ¥ () (1.3)
holds for all y;,u, € I and y € [0, 1].
Moreover, authors in [26], proved the following Proposition 1 that will be used in Section 4.
Proposition 1. Every nonnegative convex function is exponential type convex function.

Functions, like ¢ (x) = x* where s > 1; ¢»(x) = e* and y3(x) = i for all x > 0, are exponential type
convex.

The article consists of five sections. In Section 2 we recall two lemmas for deriving our main results.
In Section 3 several new Hermite-Hadamard type integral inequalities for differential exponential type
convex functions will be established and some special cases will be given as well. In Section 4, by
using the main results, we will obtain some applications for special means and error estimations as
well. Section 5 concludes the article finally.

2. Preliminaries

The following notations will be used in the sequel.
Let denote /° the interior of I and L[y, u;] the set of all integrable functions on [y, 5 ].

In order to prove our main results regarding some Hermite-Hadamard type inequalities for
differential exponential type convex function, we need the following lemmas.
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Lemma 2.1. ( [27]) Let  : I € R — R be differentiable on I° and let p,o € R, uy,ur € I with
Uy < pp. Assume that ' € Ly, o] and 0 < € < up — py. Then

epY(ur) + (U — uy — O)oY(uz) + [e(1 — p) + (2 — 1 — €)(1 — ) Y (uy + €)
— " s

Hi
1
= j(; [62(1 —p =)W (ur + (1= x)(uy + €)
+ (o — 1 — (0 — )W (Y1 + €) + (1 — Y)uo)]dyx.

Lemma 2.2. ([14]) Letm > 0and 0 < s < 1. Then

1 m+1 m+1
m ST+ (1 -9)
f s — x"dy = ,
0
1

m+ 1

f | "y "2+ (m+ 1+ s5)(1 - s)"!
S —_— = .
, X TATex (m + D(m +2)

3. Main results

Using Lemma 2.1 and Lemma 2.2, we have the following new results.

Theorem 3.1. Let y : I € R — R be differentiable on I° and let p, o € [0, 1], iy, o € I with uy < .

Assume that ' € Lluy, o] and 0 < € < up — py. If [W'|7 is exponential type convex on [uy, o] with
q > 1, then

epY(uy) + (up — g — )Y(up) + [e(1 — p) + (2 — uy — (1 — )Yy + €)
L

- 2 Y(x)dx

H1

1 =0)? + o2 1—5 1 e
< (L) (200,00 T <207+ 20 = 1

1

1 _€ q
N E(zc2<p, e — 27 + 2p 1)|w/ouz)|‘1}q

+ (2 — 1 — EV(M)I_;
x {%(2@((;, €) =202 + 20 — 1)|¢/(yl)|q + %(2@(0, €) — 202 + 20 — 1)|¢'(,u2)|q}‘11, 3.1)

where

1
Cilp, ) = f 1= p -yl dy.
0

1 e
Calp, €) = f 1= p -yl dy,
0
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1
Ci(o, €) :=f lo — xle* = dy,
0
and

1 o
Cy(o,€) := f lo —Xlel_(x_ﬁ)d)(.
0

Proof. Consider that [i)’|? is exponential type convex on [y, u] with ¢ > 1. Using Lemma 2.1 and
property of the modulus, we have

e () + (U — g — O)o(uz) + [e(1 — p) + (o — 1 — )1 — )]y + €)

M2
- f Y(x)dx
M1

1
<& fo 11— p = xll Gepar + (1 =) + ©)ldy

1
(- — O fo o — W ey + € + (1 = x))ldy.

Case (¢ = 1). This first case doesn’t need Holder’s inequality. Using exponential type convexity of [/]
and Lemma 2.2, we get

1
fo 11 =p =Xl Qe + (1 = )t + €)ldx

_ fol I —p—xl'w’((l - 2(21__;(1))”1 + Z(zl:z)”z)‘dx

! _ep di-n
< f 1= =] (55 = 1) ul + (55 1) o]y
0
! -z ! -
_ f 11 = p— e 55 1/ (el + f 11 = p— xle ™5 1/ (o
0 0
1
_ f 11 = p =l ()l + 1 ()l
0
__€ ! _&X _€ 1 il 4
_ R () f 1= p = ¥l dy + T 1/ ()] f 1= p -yl dy
0 0

1
_ fo 11 = p = Xl ()| + 10 ()

—_€ . 1 _ 2 2
= Cilp. ¢ BT/ ()] + Calp, e |y ()| - %
1

—_€ 1 €
_ E(2C1(,o, )¢ AT — 207 +2p — 1)|¢'(u1)| + 5(2C2(P, e)erm —2p% + 2p — 1)W(ﬂz)|-

(" (ol + W' (u2)D)

Similarly,
1
f o = 10 Gy +€) + (1 = x)p)ldy
0
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dy

o 20 Ul (e 120

1
< fo o = l{(e 75 — DGl + (€~ D ol

o

1 1
= f lom — x 1" = ()l + f o = xl(e! ™ ¥ =y (o)l
0 0

1
_ fo o7 — 1% (o)l + W (u2)))dy

o+ (1 - 0)?

> (" (ol + ' (u2)D)

1 1
- E(203(0, €)= 207 + 20 — 1)|¢/(y1)| + 5(204(0, €)= 207 + 20 — 1)|¢/(y2)|.

= C3(0, e (u)| + Ca(o, €)Y’ (u2)| —

Thus

ey () + (U — g — Oo(uz) + [e(1 — p) + (o — g — €)(1 — )y + €)

112
- f Y(x)dx
M1

2

%{(2C1(p e AT — 207 +2p — 1)|¢ ()l + (2C2(p e —2p* +2p — 1)|w (H2)|}
0‘%1‘6)2{(2@(0, & =20+ 20~ 1/ u)l + (20400, 0 = 20 + 20 = 1 /)

Case (¢ > 1). By Holder’s inequality and Lemma 2.2, we obtain

e () + (U — g — oY) + [e(1 —p) + (o — 1 — )(1 — )Yy + €)

U2
— f Y(x)dx
Hi

1 1-1 1 q
< fo 1-p - xidr) | fo 1= p =l Ot + (1 =) + )

1

1 1_l 1
o =y = f o~ xldy f 7~ W G+ ©) + (1 )y

1 — 2 1_7 1
e(%) { f 1= p =l g + (1 =)0 + )

2 1 2 1—7 1

) LAy f 7~ W (e + €+ (1 =yl

Applying exponential type convexity of |'|? and Lemma 2.2, we have

1
f 11 = p =W/ rats + (1 = x)ats + )y

fner
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: e cizn ,
< f 1= =[5 — D Gl + @5 — D G |ax
0
: -4=0 ! )
= [ pente R W o+ [ 18- p - xleF S
0 0
1
_ f 1= p = (W (ol + W ()
0
1 1 e
_ T () f 1= p— YleB T dy + e ' (u)f f 11— p — e dy
0 0
1
_ f 11 = p =l (ol + W ()
0
(1_ )2+ 2 ’ ’
%qw WDl + W (w)l)

1 __e , 1 _e ,
= 5(2C100. 06 ET — 2% + 20 = 1 il + 5(2Catp, =T — 20 42— 1 o).

Similarly,

= Cy(p, ©)e' "= |y (u)l + Calp, € |y ()|’ —

1
fo loo = Xl e (uy + €) + (1 = ) p)l?dy

- J el b (-l e

1
: fo o —xl[(é(‘w — DI ()l + (¢ — 1)|¢/<y2>|‘f]dx

q
dy

1 1
= [ e W ot + [l e ray
0 0

1
) fo o = XMW (Dl + W (u)l)dy

o+ (1-0)?

> (" (Dl + 1" ()l

= %(2@(0, €) — 207 + 20 — 1)|w’(/u1)|‘1 + %(204(0, €) — 207 + 20 — 1)|¢/(u2)|q.

= C3(o, el (u)l? + Ca(o, Ol (1) -

Thus

e () + (U — g — O)Y(up) + [e(1 — p) + (o — iy — )(1 — ) |Y(uy + €)

)
- f Y(x)dx
m

((1 _p; +p2)1_31

<€2

1

1 —_€ 1 €
X {5(201(,0, )¢ AT — 207 +2p — 1)|¢’(,11)|q ; 5(2c2(p, eI — 207 + 2p — 1)|¢/(u2)lq}

o2 +(1- 0)2)1—2

R ]

q
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1 1 0
x {5(203(0, €)= 207 + 20 — 1)|¢'(,11)|q + E(2c4(a, €)= 207 + 20 — 1)|¢'(,12)|‘1} ,
which completes the proof.

O

Remark 1. We have also calculated all the coefficients Ci(p, €), C2(p, €), C5(0, €) and Cy(o, €) of
Theorem 3.1 using software Maple 18. They are given as:

1
Ci(p, €) := f 11— p — xlem 7 dy
0

€ € €

€

_€e _€ _e€e _€e
emni | (1 pEer T2 — (I pEe 1 +Iu%e/‘1-#2 — 2/11/126"1“‘2 — U €eri2 +Iu%e#1—#2 + peerii

€2

~UBeT T + 4yt e T — UZen T + [1€p — taep + (U — 1)’

s
62
1
—ex
Catpe)i= [ 11 -p-xemdy
0
€p e(p+1) e(p+1) e(p+1) €p o e(p+1) e(p+1)

eH2H 2/11/126#'_”2 + [ €Eper T2 — lpEperiTia — LI eeriT2 + [p€eerii —’uleﬂl-ﬂz —ﬂzeﬂl‘#z

62
74 79 €p €p P € € €
0 > — 12 pmi— — 112 0= 2 - 22f 22f_4 e
+’u1€pe#| H2 'uzepe#l H2 /lleﬂl H2 'uzeﬂl 2 4 ,Ulllze’” 2 4 'uleﬂl 2 4 /12€“| H2 /11/126“ HY
+ 2 5
1
__e&
Ci(o,€) = f o — xle* =1 dy
0
oHy 2 oy oy oy oy oy 5 opp -+ —Hy +E
el |\pioen — QU poeinie + poeerie + usoeni — upyoeeli + uioe
T 22 +2u € + 2 — 206 + €2
H M1y + 21 € T Uy — 2[€ T €
OHp+ ] —pp+E Oy + ] —Hp +E O+~ +E Uy +H ] —Hp +E ) THY
+—2ﬂ1ﬂ20'e Mot oee Mt +pusoe M — poee M+ e
2 2
My = 21ty + 2u1€ + (5 — 21h€ + €2
oy 2 oy 2 o(uy+e) o(uy+e) 2 o(uy +e) OpHU | —Hp t+E
—2uippenn + psenin — 2uie i + duyppe i = 2use i + (U — py)ee i
+ 2 2 2
My = 2y + 2u0€ + 5 — 2ppe + €
and
: 1—()(—%)
Cylo,e) = oo — xle w1 dy
0
opteTtuy THY | OH|tHETHUY op ety —€ op ety
e | —duppoe i + 2upne Fi2 +Aune R+ ppece Fi
- 22 +2u € + 2 — 206 + €2
My — 2y + 21 € + Uy — ZHh€ + €
AIMS Mathematics
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ou|tETHU] OU|tETHUY —€ Ou|tETHUY —€ Ou|tETHUY —€

—lh€ETEe M2+ E0E MR — lhede M —2(y2+,u2)e 1

= 2u1pty + 2401 € + 15 — 24126 + €

Op HeT+HUY Op +eT+U) —€

—(3 + 43 - up uzv)e i+ (o + 30 — e+ e M
+
— 2u1py + 2401 € + 15 — 24ir€ + €

O +ETHU] Op +E0HIy —€ opp g

“2quppoe i = 2uypnoe i 4 2t + pud)e e

+ 2 2 2
My = 2y + 2 € + i — 210+ €

Let us derive from Theorem 3.1 some new trapezium and midpoint type inequalities using special
values of p, o and suitable choices of €.

Corollary 1. Taking p = o = 0 in Theorem 3.1, then

! 1 U2
210y — )|y + €) — f W(x)dx
Mo — M Iy,

1

{2(261(0 ' T — 1y ()l + 1(2c2(0 e — 1) (llz)lq}

+ (2 -1 - € { (263(0 € - 1)|w Ll + (2c4<o € - l)w (,uz)l"}
Corollary 2. Taking p = 0 = % in Theorem 3.1, then

41-4 ey(u) + (ua — py — Y(ua) + (U — )Yy + €) f”z W(x)dx
H1

2

<{3(2cy (; e)e e T (s e (% e)eﬂz R (.Uz)lq}
o = - 25 (26 (; ) 2w e + 52 (% e) - %)W(/lz)lq}q~

Corollary 3. Taking p = o = 1 in Theorem 3.1, then

| w1
21w + (s — gy — Wrtaz) — f (Ddx

M1

ez{%(zcla, &'~ 1)/ Gu)l + %(2cz<1,e>eﬂz‘-a - 1)|¢'(ﬂ2)|q};

+(ﬂz—,u1—6){ (26500 = 1w Gao + (204(1 - 1)w (,Uz)|q}

Corollary 4. Taking € = 5% in Theorem 3.1, then

oY) +oyY(n) 2—-p—0 ((+ s 1 fﬂz
- d
‘ ' l//( ) M2 = M1 Iy, pdx

2 2 2

_ 2
< (M2 — 1)
8

1

(=02 +p2)l ‘

AIMS Mathematics Volume 6, Issue 7, 7684—7703.
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x {(2c1 (p, £ ;’““)e% — 20 +2p - 1)|¢/(u1>|q

1
; (zcz (p, o )e% —2pt+ 20— 1) W(uz)w}q

1
-7

+ Tz(o-2 +(1 - 0')2)

X {(2C3 (0, a ;’ul ) 207 + 20 - 1))|!//'(N1)|q

; (2C4 (0', ’%) 20?4+ 20 - 1))|¢'(,12)|'1}‘1’.

H2— 1 IJl

Corollary 5. Taking € = in Theorem 3.1, then

vt +32(rw<uz) (-2 ) [ s

(lvlz —,Ul) (

(1-pP+p?)
y {(zc1 (0. 2255 ) ef =222 4 20 1w

1

N (zcz (p, i )e? — 20 +2p - 1) Ilﬂ'(,uz)lq}q

)2 1-1
+—2(/l29'u1) (o-2+(l —0')2) '

x{(26 (o 25 ) 202 + 20— 1)

; (204 (0‘, # ;”1 ) 20?4+ 20 - 1))|¢/(y2)|4}‘]’.

Corollary 6. Tuking € = M in Theorem 3.1, then

209 (1) + oY (wa) 20 o)\ (i + 2w 1 He
‘ 3 +(1_?_§)¢/( 3 )_,u2—,u1 Ll w(X)dx

< 2 (s )

x{(zcl( 2("23 ’“)) o +2p—1)|w<m>|q

=2

1

+(2C2 (p 2('“23 “1)) -20°+2p - 1)|:// (uz)l"}
(U2 — p1)? 1=
+ 1—8(02 +(1 - 0)2)

x{(2C3( R i) ‘“)) 2% + 20 = D) G

+ (2C4 (0’, M) _ 202 4+ 20 — 1))|¢/(,Jz)|‘f}".
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Theorem 3.2. Let y : I € R — R be differentiable on I° and let p, o € [0, 1], uy, o € I with uy < .
Assume that ' € L{uy, o) and 0 < € < up — py. If W'|1 is exponential type convex on [uy, uy| with
q > 1, then

epY(uy) + (up — py — () + [e(1 — p) + (o — iy — €)(1 — )Yy + €)

H2
- f Y(x)dx
H1
(1—p)7! + p!

< 2{((; . e)el T —
&1(Gs(g: p, )¢ 77 v
(1L=p) +pm!\ i
o o oyt
ot 4 (1 = o)+

q+1

" )Il//(uz)l‘f};, (3.2)

Jo

+ (Ga(q;p, €)er T —

+ G = - 0 (Gr@ o) - o Gy

o+ (1 - o)

qg+1

+ (Gg(q; g,€) —
where | |
Gs(q:ps €) izf 1 —p—xllemvidy, Ge(q:p.e) :=f |1 = p — xllem i dy,
0 0
1 e 1 | o
G:(q;0,€) = f lo — x17e " mwdy, Gs(g; o, €) = f o — xl9e' " dy.
0 0

Proof. Consider that [i)'|? is exponential type convex on [u;,u,] with g > 1. If ¢ = 1, then using
Theorem 3.1, we have

epy(uy) + (U2 — 1 — €)o(uz) + [e(1 — p) + (U — py — (1 — ) Yy + €)

)
— f Y(x)dx
M1

2
< %[(2& (b, )’ 77 = 2p* + 2p - 1)W(’J‘)'

(26200, 05 ~ 20 + 20~ 1)/ |

(2 — 1 — €
+—
2

X [(203(0, €) =202 + 20 — 1)|¢'(,J1)| + (204(0, €) =202 + 20 — 1)|¢'(pz)|]

= &(Cito. e 7 - W)lwm

+ (Cg(p, e)euzf: - W)W/(m)l]

+ (U2 — py — €)

x|(cstoer - M)lw’wol +(cuoo- M)Wm}

AIMS Mathematics Volume 6, Issue 7, 7684—7703.
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Next, we consider that g > 1. Using Lemma 2.2 and the well-known power mean inequality, we get

epY(uy) + (up — py — €)o(up) + [e(1 — p) + (o — 1 — €)(1 — )Y (uy + €)

)
- f Y(x)dx
M

1
<& fo 11 = p =l G + (1 =300 + )l

1
+ (up — 1 — e)zfo lo = ¥l Qv(ui + €) + (1 = x)u)ldy

1 -7 1 g
<& f dx) (f 1= p =W (g + (1= X0 + €)'y
0 0

1
q

1 1_5 1
= = f ar) fo o~ W (s + ) + (1 = oy
0

Using exponential type convexity of [’|? and Lemma 2.2, we obtain

1
fo 11— p— 0 G + (1= ) + )l

! 1- =
=£|1—p—xlqw’((1—e( X))m+6( X)uz)

M2 — g M2 — My
: 1—€d=0 , =) ,
< [ 1=t (B = 1) WGt + (55 - 1) Gt |ax
0

q

dy

: _dip : )
= f 1= p = xl%e' ™y (uo)ldy + f 11— p = xlter iy (u)l"dy
0 0
1
- [ == ot + G
0
1 1 —e
= T [ 1= p -t dy + T Gl [ 1= p - e dy
0 0

1
. fo 11— p— W () + 10 o))y

e (I—ptl ety
= (Gs(q;p, €)e' i — qu P )Itﬁ (ul?
e (L—p)tt 4 prtly
+(Ge((];P, €T pqﬂ E ot

Similarly,

1
j; o = x 1"l (e + €) + (1 = )l dx

L (e TR (R e 1)

AIMS Mathematics Volume 6, Issue 7, 7684—7703.
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1
= f o —xl"{(e*‘w — DY @)l + (¢ ) - 1>|w'<u2)|"}dx
0
1 1
_ f o — (e ()l + f o = x9N ()l
0 0

1
B fo o = X170 )l + 10 ()

ot + (1 - o)1t

+1

= G(q; o, el (u)l? + Gs(g; 0, W ()l — (" (ol + 1 (u2)I?)

ot 4 (1 — o)

qg+1

ot 4 (1 — o)

qg+1

= (Grtg:00 - o Gut + (Gtas 0. € - Jo oyt

Thus

epy(ur) + (U — py — €)o(u) + [e(1 — p) + (up — py — (1 — ) Yy + €)

w2
— f Y(x)dx
M1
(1 - p)*! + pt*!

: 2{(G p, €)e' T —

< e{|Gs(g:p,€)e 7= e

(1-p)! +p4+1) : q}é
7 ' ()

o™t + (1 = o)1t

q+1

Jo oy

o e

+ (G6(q; p. €)er i —

+ (o — 1 — 6)2{(G7(q; o,€) - )Itﬁ'(ﬂl)l"

o + (1 = o)t g
b

q+1

+ (Gs(q; o,€) -

which completes the proof. O

Let us establish from Theorem 3.2 some new trapezium and midpoint type inequalities using special
values of p, o and suitable choices of e.

Corollary 7. Taking p = o = 0 in Theorem 3.2, then

M2
(2 — u)Y(uy +€) — f Y(x)dx
m

< 62{(65(q;0, e)e' mm — ﬁ)w’,(ﬂl)w + (G6(q; 0, e)er i — ﬁ)hf/(ﬂzﬂq};

1
q

o =~ 2] (Gr(g: 0. - ﬁ)wwl)w + (Grta0.0 - ﬁ)lw’w}

Corollary 8. Taking p = 0 = % in Theorem 3.2, then

ey(u) + (uz — py — Y(ua) + (U2 — )Yy + €) H
> - Y(x)dx
M1

AIMS Mathematics Volume 6, Issue 7, 7684—7703.
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< 62{(G5 (6]; %, 6) e — ; )qH )W/ ()l
+ (G6 (l]; %,e) e — 2G )q+1)|¢/ (#2)|q}

(- — 6)2{((;7 (q; %, ) 2(%)e!

+(G8(q;%, ) ;)q+1)|w >|Q}

Corollary 9. Taking p = o = 1 in Theorem 3.2, then

Gl

w2
W) + iz — s — W(htz) — f (Ddx

M1

&{(Gstas1, 07 - q#)lw'wlq + (Geta 1,007 - ﬁ)wwz)r]}‘]’

+ G- 1 - 2| (Grla 1. e) - )l«// ()l + (Gt 1. - q%)lw’ww};.

Corollary 10. Taking € = 25 in Theorem 3.2, then

‘Pkb(ﬂl)‘i‘o'%l’(ﬂz) +2—P—0'w(ﬂ1+,uz)_ 1 fﬂzz//(x)dx
Mo = M1 Iy

2 2 2
RY
S(.Uz H1)
4
_ . 1_ q+1+ q+1
X{(Gs(q;p,mzul)w—( p) p )I;lf’(m)lq
q+1
_ 1 (1_ )q+1+ g+1 ,
+(G6(q;p,ﬂ22”1)62— L P )ll/’(ﬂz)lq
q+1
pa =) o+ (1 o)
o)
(61 (@025 A
o —pr\ o (1 - o) g
o5
( (20— 7+ 1 W' (u2)l
H2—H1 #1

Corollary 11. Taking € = in Theorem 3.2, then

3 3 3 3 M2 — Mg
2 +1 +1
< (H2 — 1) {(G ( : ,,UZ_lll)eg_ (1 -p)" + p?
9 3 qg+1

_ 2 (1 _ )q+1 + g+1 , %
T (e e TS
3 q+1
+4(llz—,u1)2{(G ( ,Uz—/ll) 0'q+1+(1—0')q+1)
—_— ;O-, a—
9 T\1 3 g+ 1

‘p¢w1)+2aw(/zz) +(1_/_9_2_0)¢,(2u1+ﬂ2)_ 1 fﬂzlp(x)dx
H

o e

' (ol
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1

+ (Gs (q; o, H2 ;,Ul ) 3 oa+1 +q(i I o) )W/('uz)lq}q.

Corollary 12. Taking € = M in Theorem 3.2, then

RACREIER BTN MR ST

3 H2 — Hi Jy,
4 _ 2 2 _ . 1= g+1 gq+1
< M - M) {(Gs (q;p, (,U23 #1))e3 ( P; : 1+p )Il//'(/11)|q
2y — i (1= p)7t! 4 pat! 7

+ (G(, (q;p, w) e’ — ( p; - 1+p )Iw'(uz)lq}

_ 2 2 _ q+1 1-— g+1
+ (12 9/11) {(G7 (q; o, (llz3 /11)) T +q(+ 1 0, )W’(ﬂl)w

L 2w\ T+ (-t g

+ (GS (Cl’ q, 3 ) - q +1 )W’ (ﬂZ)lq} .

4. Applications

In this section, we suppose that {uy, to, wy,, wy,} € (0,00) with yt; < pr and 0 < € < pp — py. The
following special means will be used in the sequel:
The weighted arithmetic mean of {u, u,} with weight {w,,,w,,} is given by

Wi M1 + Wy [o

A1, 125 Wiy, W) =
Wy + Wy,

The weighted geometric mean of {u;, u,} with weight {w,,, w,,} is defined as

Wuq Wy
Wiy Wy Wiy Wiy

g(ﬂl’ﬂl;wﬂl’wﬂl):ﬂl )

The generalized logarithmic mean of {u;, i} is given by

’u;+l _ /liv+l )lv
, s#0,s#-1.
(s + D2 — 1)

The identric mean of {u;, u,} is defined as

Li(ui, 1) = (

11ty iz
[(/'ll7/'12) = _(%) .
e\u|
Before giving our next results using above special means let investigate the following functions:
$1(x) = ﬁxéﬂ for s > 1, g > 1 and ¢»(x) = Inx for all x > 0. [¢7(x)|? = x* is nonnegative convex
function for s > 1, x > 0 and from Proposition 1 it’s exponential type convex. Similarly, |¢}(x)|? = x™7

is nonnegative convex function for ¢ > 1, x > 0 and from Proposition 1 it’s exponential type convex
as well.
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Proposition 2. Suppose that s > 1, g > 1 with0 < gy < up and 0 < € < pup — . Then

214 g(uy — ol s s
200 Ty i e 1, 1) — £ i)
s+q o
1 __e 1 e i
< EZ{E(zcl(o, e)e' A — 1)ui + 5(202(0, e — l)ué} (4.1)

+ (=t — 6)2{%(2C3(0, e) - 1),[;' ; %(204(0, e) - 1);1;};.

Proof. Taking (x) = -Lxa*! for x > 0 and applying Corollary 1, then inequality (4.1) is easily

s+q
captured. O

Proposition 3. Suppose that g > 1 with 0 < y; < pp, and 0 < € < pup — py. Then

_1 Ay, po; o — i — €, €)
21 (s — 1) ln( )
(2 = I (u1, p12)

|- e c TR TR

< 62{C1 0, ;e " + Cy(0, ), e — %} 4.2)
-4 4L
_ ow T+

+ (o — 1 — 6)2{c3(o, ;! + C4(0, ey, - 172}“

Proof. Choosing ¥(x) = In x for x > 0 and applying Corollary 1, then inequality (4.2) is obtained. O

Proposition 4. Suppose that s > 1, g > 1 with0 < gy < up and 0 < € < up — ;. Then

Zl_éq(,uz — 1) S+l 24l 241
T‘ﬂ(ﬂl My S E Uy — U _6)_~£3+1(ﬂl’ﬂ2)
,(1 e o e G
<e€ {E(ZC](I,e)e i — 1),“1 + 5(2C2(1,€)€“2‘“ - l)ﬂz} (4.3)

(- iy — e)z{%(ZQ(l, e) - 1),1; + %(2C4(1, e) - 1),1;}".

Proof. Taking y(x) = ﬁxéﬂ for x > 0 and applying Corollary 3, then inequality (4.3) is derived. O

Proposition S. Suppose that g > 1 with 0 < yy < up and 0 < € < up — py. Then

1 Ay, o} €, o — 1y — €)
214 (s — 1) ln( )
(2 = I (u1, p12)
e TR AT
< ez{Cl(l, e)y]_qe “hr 4+ Co(1, e),u;qe#r“l - %} 4.4)
—-q -q. 1
- _ M+ u q
+ (uy — pty — 6)2{03(1, ! + Cy(1, ey - %} :

Proof. Choosing ¥(x) = In x for x > 0 and applying Corollary 3, then inequality (4.4) is captured. O
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Proposition 6. Suppose that s > 1, g > 1 with0 < gy < up and 0 < € < pup — ;. Then

Q2 Z Dot i1 (e 1, 1) — L5 o)
s+4q ¢
BV o ‘
< 62{(65(q;0, E)el H2 M) — m),ui + (G6(q’ 0, E)eyz_m - g+ 1):“;} (45)

1 s 1 Y]
+ (U2 — g — 6)2{((;7(6];0, €) — m)ﬂl + (GS(Q;O, €) — m)ﬂz} .

Proof. Taking y/(x) = ﬁxi” for x > 0 and applying Corollary 7, then inequality (4.5) is obtained. O

Proposition 7. Suppose that g > 1 with 0 < y; < pp and 0 < € < pup — py. Then

(s — 111) ln(g(ﬂl,ﬂz;,uz — {1 — €, €)
Ty, 12)
e TR TR Y
< (Gs(q: 0.’ 75 + Gl 0. per'n - Hte ) (4.6)
2 » o KNG
+ (U2 — 1 — €) {G7(q;0, u,” +Gs(q;0,)u,” — ?} .

Proof. Choosing ¥(x) = In x for x > 0 and applying Corollary 7, then inequality (4.6) is derived. = O

Proposition 8. Suppose that s > 1, g > 1 with0 < pu; < up and 0 < € < uy — wy. Then

gz — ) 4l 241 241
ﬁ'ﬂ(ﬂl sHy S E My — U _6)_~£;+1(/11»,U2)
e 1 e i
< 62{(G5(q; 1,€)e mm — o 1)#7 + (G6(q; 1, e)emn — 7+ 1)#;} (4.7)
1
+ = - {(Grtas 1 e)—L) P+ (Gsas1 e)—L) 3
2 7\, 1, q+1,ul glg; 1, q+1'u2 .

Proof. Taking y/(x) = ﬁxg” for x > 0 and applying Corollary 9, then inequality (4.7) is captured. O

Proposition 9. Suppose that g > 1 with 0 < y; < pp and 0 < € < pp — py. Then

(tts — 1) ln(Q(ﬂl,,uz; € f2 — 1 ~ €)
I (y, p2)
e TR R A
< @{Gs(q: 1 opi el A + Gig: 1. ey e —HL 2 (4.8)
2 - o
+ (U2 — 1 — €) {G7(q; Leu? + Gs(g; 1, e, - qT} -

Proof. Choosing ¥(x) = In x for x > 0 and applying Corollary 9, then inequality (4.8) is obtained. O

Remark 2. For other suitable exponential convex functions interested reader can find several new
interesting inequalities using special means from our results. We omit here their proofs.
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At the end, from integral inequalities obtained above we will find some new bounds regarding error
estimation for quadrature formula. For 0 < € < up —py; and p,o € [0, 1], 1et P : pu; = xp < x; < --- <
Xn—1 < X, = [ be a partition of [u, u,]. We denote

n—1

TP,) = ) {epp(x) + (hi = €)o(xiy1)

i=0
+[e(1 —p) + (h; — &)(1 — ) Y(x; + &)},
M2
Y(x)dx =T (P, ) + R(P, ), 4.9)
Hi
where R(P, ) is the remainder term and 4; = x;,; —x; fori = 0,1,2,...,n— 1. Using above notations,
we are in position to prove the following error estimations.

Proposition 10. Let  : I € R — R be differentiable on I° and let p,o € [0, 1], u1, o € I with
Uy < Mo. Assume that ' € Ly, uz] and 0 < € < up — uy. If |W'|? is exponential type convex on [uy, uz)
with g > 1, then

n— 1=0)2+o0%\"2(1 &
612(%) q{i(ZCl,(p, Ei)el i — 2/)2 + 2/0 - 1)|¢/(~xi)|q

1 < a
+ §(2C2’i(p, €)eh — 2,02 + 2p - l)ll//,(xiﬂ)lq}

R

1
<
i=0

x {52500 )~ 207 + 20 = 1w o
+ %(2@,,-(0, €) — 207 + 20 — 1)|¢/(x,~+1)|4};, (4.10)

where 0 < € < h; foralli=0,1,2,...,n— 1, and

! 24 ! —6X
Cri(p, €) :=f 1 —p—xletdy, Cyip,e€) :=f Il —p—xle i dy,
0 0

€ixX

1 i 1 [ ex
Cyilor€) = f o=l Edy, Caoe) = f o= xle - H) gy
0 0

Proof. By applying Theorem 3.1 on the subintervals [x;, x;.1] (i = 0,1,2,...,n — 1) of the partition P
and summing the obtain inequality over i from O to n — 1, we have the desired result. O

Proposition 11. Let  : I € R — R be differentiable on I° and let p,o € [0, 1], u1, o € I with
Uy < fo. Assume that /' € L{uy, ux] and 0 < € < up — wy. If [W'|? is exponential type convex on [u, o)
with g > 1, then

S (G- (0 ere - Q=P o
‘R(P’ ‘//)‘ < Z € {(GS,i(CIap’ €e i — 7+ 1

1
i=0

o o
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1

)|W(xi+1)|q}q

o 4+ (1 - g)et!
+1

(1—p)* + pt*!
q+1

n (Gﬁ,l(q;p, e)ei

+ Zj:(hi - Ei)z{(Gn(C]; o, €) — )It//'(xi)lq

1

o Gt} (.11

o™t + (1 = o)1t

q+1

+ (Gs,i(q; o, €)—

where 0 < € < h; foralli=0,1,2,...,n—1, and

! 24 ! —&x
Gsi(g;p, €) = f Il —p—xlle"dy, Geiq;p,€):= f 1 —p—xl"e™ dy,
0 0

. o : qév—‘% ) . : g 1-(—)
G1iq;0,€) = loo — x1 idy, Gsiq,0,€):= loo — xl%e dy.
0 0

Proof. By applying Theorem 3.2 on the subintervals [x;, x;11] (i = 0,1,2,...,n — 1) of the partition P
and summing the obtain inequality over i from O to n — 1, we get the desired result. O

Remark 3. For suitable choices of p, o and ¢ in Propositions 10 and 11, like that p, o := 0, 1,1 and

s 57
€ = % % % where h; = x4, —x; (i =0,1,2,...,n — 1), we can obtain new bounds regarding error

estimation of quadrature formula given above. We omit their proofs and the details are left to the
interested reader.
5. Conclusions

In this article, we have obtained some new version of Hermite-Hadamard type inequalities for
differential exponential type convex functions. Moreover, several special cases are given in details.
Finally, we have derived as applications from our main results several interesting inequalities using
special means and some error estimations as well. This shown the efficient of our results. We believe
that our results will have a very deep research in this field of inequalities and also in pure and applied
sciences.
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